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THE K — w TURBULENCE MODEL

The Wilcox k — w turbulence model reads [8]
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The standard coefficients are used, i.e. C,1 =5/9, C,2 = 3/40, o = 0, = 2 and
C, = 0.09.
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FULLY-DEVELOPED CHANNEL FLOW, K — w MODEL, Re. = 5200
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(A) Mean velocity.

FiGURE: Fully-developed channel flow. Solid lines: k — w; dashed lines:DNS [6].

e The mean flow, shear stress (and hence the turbulent viscosity, v;) agree well
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FULLY-DEVELOPED CHANNEL FLOW, K — w MODEL, Re. = 5200
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(A) Mean velocity. (B) Turb. kinetic energy.

FiGURE: Fully-developed channel flow. Solid lines: k — w; dashed lines:DNS [6].

e The mean flow, shear stress (and hence the turbulent viscosity, v;) agree well
¢ But not the turbulent, kinetic energy
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FULLY-DEVELOPED CHANNEL FLOW, K — w MODEL, Re. = 5200
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(A) Mean velocity. (B) Turb. kinetic energy. (c) Terms in k equation.

FIGURE: Fully-developed channel flow. Solid lines: k — w; dashed lines:DNS [6].

e The mean flow, shear stress (and hence the turbulent viscosity, v;) agree well
¢ But not the turbulent, kinetic energy
¢ |t seems to be because the diffusion of k is poorly predicted
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FIND A NEW vt pinn
¢ Our ordinary differential equation reads in fully-developed channel flow

d dk
dy (V + Vt,PINNd—y) +Pk-e=Q
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FIND A NEW vt pinn

¢ Our ordinary differential equation reads in fully-developed channel flow
d dk
o (V + Vt,PINNdy> +Pk—c=Q

d?kpns | dkpns AvepinN
dy? dy ady

where v; pyy is the turbulent viscosity in the kpys equation and Q = 0.

(v + vepinn) + Phns — eons = Q (@)
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FIND A NEW vt pinn

¢ Our ordinary differential equation reads in fully-developed channel flow
d dk
o (V + Vt,PINNdy> +Pk—c=Q

d?kpns  dKpns AVt pinn
dy? dy ady

where v; pyy is the turbulent viscosity in the kpys equation and Q = 0.

(v + vepinn) + Phns — eons = Q (@)

* v; pin IS the unknown
* Kpns, PE,NS and epys are known (taken from DNS),
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FIND A NEW vt pinn

¢ Our ordinary differential equation reads in fully-developed channel flow

d dk
dy <I/ + Vt’PINNdy> + Pk —e=Q

d?kpns | dkpns AvepinN
dy? dy  ay
where v; pyy is the turbulent viscosity in the kpys equation and Q = 0.

* v; pin IS the unknown

* Kpns, PE,NS and epys are known (taken from DNS),

e First | tried to use the finite volume method, but failed

(v + vepinn) + Phns — eons = Q (@)
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FIND A NEW vt pinN

¢ Our ordinary differential equation reads in fully-developed channel flow

d dk
dy <I/ + Vt’PINNdy> + Pk —e=Q

d?kpns | dkpns AvepinN
dy? dy  ay

where v; pyy is the turbulent viscosity in the kpys equation and Q = 0.

vt piNN 1S the unknown

Kpns, PENS and epys are known (taken from DNS),

First | tried to use the finite volume method, but failed

* vt pinn in EQ. 2, will be predicted by PINN while minimizing the error Q2.

(v + vepinn) + Phns — eons = Q (@)
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SOLVING EQ. 2 WITH PINN.

—— PINN
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FiGURE: Prediction by PINN compared to DNS and the Wilcox k — w model. Re, = 5200.
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CFD, Re, = 5200

The equation below is solved is using pyCALC-RANS

d dk
@ (V + Vt,P/NNd—y> + Plns — cpnvs = 0 (3)

where v; pyy is known (given by PINN) and PBNS and epys are taken from DNS.
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CFD, Re, = 5200

The equation below is solved is using pyCALC-RANS

d dk
Fy (V + Vt,PINNdy> + PgNs —epns =0 (3)

where v; pyy is known (given by PINN) and P,’;NS and epys are taken from DNS.
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FiGUurE: GFD prediction of Eq. 3 using o pinn.
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FIND Ck pinn AND C,2 piNN

¢ Recall that the standard k — w gives correct v; = k/w = Kpns/wpns
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FIND Ck pinn AND C,2 piNN

¢ Recall that the standard k — w gives correct v; = k/w = Kpns/wpns
e | must predict a correct € = epps, i.€.
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FIND Cy pinnv AND Ci2 pinn

¢ Recall that the standard k — w gives correct v; = k/w = Kpns/wpns
e | must predict a correct € = epps, i.€.

K K
Dpns + Pons

Dfns + Pns — CrpnCukonswpns =0 = C =
ons + Pons — Ck pinn Cukpnswons K, PINN
: : C.kpnswpns

EDNS
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FIND Ck piny AND C2 pinn

¢ Recall that the standard k — w gives correct v; = k/w = Kpns/wpns
e | must predict a correct ¢ = epps, i.€.

K K
Dpns + Pons

Dfns + Pns — Cr pnnCukonswons =0 = C =
ons + Pons — Ck pinn Cukpnswons K, PINN
: ; C,.Kpnswpons

EDNS

¢ Finally, the w equation in the new k — w model must predict w = wppns

d vt dWDNS WDNS pk 2
.dy (aw dy TGt Kons | PNS w2, PINNYDNS w2, PINN

Dw

W wpns pk
D + Cotins Ppns

2
wpNs

(5)
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PLOT Cx AND C,»
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FIGURE: Cx and C,2 vs. y /4.
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IMPORT PINN 1O PYCALC-RANS

* Solve U, k, w using ok pinns Ck,PINN> C2,PINN

— k= w, PINN-NN
- k—w
---- DNS

5
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(1}.0" 10! 102 103 00 2000 4000
y* y*
(A) Velocity. (B) Turbulent kinetic energy. (c) Turbulent viscosity.

F1GURrE: Fully-developed channel flow comparing k — w PINN and standard k — w model. ok pinny
(Eq.3), Ck,pinn (EQ. 4) and C,2 pinw (Eq. 5) are used. Re, = 5200.
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DRAWBACK/PROBLEM

¢ | have made Ok,PINN Ck,PINN and Cw2,PINN functions of y/5
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DRAWBACK/PROBLEM

* | have made Ok, PINN > Ck,PINN and Cw2,PINN functions of y/5
* Hence, the current formulation of the model is not applicable to re-circulating flow
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DRAWBACK/PROBLEM

* | have made Ok, PINN > Ck,PINN and CwQ,PINN functions of y/5
* Hence, the current formulation of the model is not applicable to re-circulating flow

¢ Using Neural Network (NN), I've tried to make them functions of different input
parameters such a Py /e, P, vt/(yu,), . ..
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DRAWBACK/PROBLEM

| have made Ok, PINN > Ck,PINN and CwQ,PINN functions of y/5
Hence, the current formulation of the model is not applicable to re-circulating flow

Using Neural Network (NN), I've tried to make them functions of different input
parameters such a Py /e, P, vt/(yu,), . ..

Finally, | found a good combination input parameters: 7/u? and v¢/(yus,)

- —\1/2 - 1 /0y, 0y
ot = 2 (v + 1) (885) Sff:2<3x;+ax,->

During training, | find min/max of r4o: and v:/(yu;). When the NN models are used in
the CFD code, | use min/max as limiters on 7i; and v¢/(yu;)
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RESULTS. CHANNEL FLOW & FLAT-PLATE BOUNDARY LAYER
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(A) Skin friction. (B) Velocity. (¢) Turbulent kinetic (D) Turbulent shear

energy. stress.

CHALMERS T ——



HILL FLOW.

y = 3.035H

1,

FiGURrE: The geometry of the hill.
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HiLL FLOW. EXCELLENT RESULTS. PURE LUCK!
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FIGURrE: Hill flow. Velocity. — : kK — w-PINN-NN; — - : standard kK — w; ==: DNS by [5]

NN models predict ox yy = 1.21, Cx yyv = 0.41 and C o yyv = 0.043 at y — Yy 2 0.03.
CHALMERS Lars Davidson, ME Fluid Dynamics ~ 13/26



SYMBOLIC REGRESSION

¢ Above | have used three NN models for
ak.nN> Cknv and Cuo nv 15

e They can be replaced with symbolic 10
regresson (pySR). °

0.5
* The formula for o is given below

0.0

* Advantage of PySR: these formulas can o0 v -
conveniently be used in commercial (A) oy predicted with pySR.
CFD codes

( )
0.0133xp | —27.4x1 + 3 +—
—1.35 + seFo—ooses) X

+Xo (Xo (XO + 0385) + (X1 + 0385) 00575)_1 , Xo= Vt/(yUT), Xq = Ttot/U?.

CHALMERS T ——T



ANALYTICAL SOLUTION

e The heat conduction equation reads

0 oT

This equation can be solved by simply integrating from 0 to x, i.e.

T(a(x) ~ T(0)a(0) = [ 8(0)ds = a(x) = 1 a0+ s [ S0k
for T'(x) # 0.
* The k equation reads
d dk
o [(Vt,P/NN +v) dy} +PF—ec=0 (6)

Sk
* The analytical solution of Eq 6 reads
1 X
=—— [ SK©)d 7
vt PINN(X) dk/dy/o (£)d¢ (7)
CHALMERS Lars Davidson, ME Fluid Dynamics ~ 15/26



ANALYTICAL SOLUTION
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(B) Turbulent viscosity. Zoomed view

FiGUre: Prediction by PINN (Eq. 2) compared to the analytical solution (Eq. 7). Re, = 5200.
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NEURAL NETWORK

e For in-depth understanding of autograd and NN, the reader is referred to this
report [3] and the references therein.
e Neural Network and PINN in Python.

* Good YouTube lectures: "3Blue1Brown: But what is a neural network”; "3Blue1Brown:
gradient descent, how neural networks learn”; "3Blue1Brown: backpropagation,
intuitively”; "3Blue1Brown: backpropagation, calculus”; "Sebastian Lague: how to create
a neural network”.
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https://www.tfd.chalmers.se/~lada/postscript_files/understanding-autograd-and-neural-network-in-pytorch.pdf
https://www.tfd.chalmers.se/~lada/postscript_files/understanding-autograd-and-neural-network-in-pytorch.pdf
https://www.youtube.com/watch?v=aircAruvnKk
https://www.youtube.com/watch?v=IHZwWFHWa-w
https://www.youtube.com/watch?v=IHZwWFHWa-w
https://www.youtube.com/watch?v=Ilg3gGewQ5U
https://www.youtube.com/watch?v=Ilg3gGewQ5U
https://www.youtube.com/watch?v=tIeHLnjs5U8
https://www.youtube.com/watch?v=hfMk-kjRv4c&t=946s
https://www.youtube.com/watch?v=hfMk-kjRv4c&t=946s

DOWNLOAD

¢ Download paper (Journal of Turbulence), Python scripts and CFD codes
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https://www.tfd.chalmers.se/~lada/Using-Physical-Informed-Neural-Network-PINN-and-NN-improve-a-k-omega-turbulence-model.html

WORKSHOP

¢ In the PINN-NN directory of pyCALC-RANS you find the Python scripts

® vist-diffusion-pinn-5200-half-channel-load.py for solving Eq. 10 in [1]in
order to find Vt, PINN

® OpINN = Vt/Vt,PINN is Computed in
compute-c_k—-and-c_omega_2-from-balance-of-k—-and-omega-eqgqns.py as
well as Cx pivn (balance of k eq.) and C,2 pinn (Palance of w eq.)

® neural-k-omega-prand_k-vist-over-y-and-uv_tot.py is the NN model for onyn

® neural-k-omega-c_k-vist-over-y-and-uv_tot.py is the NN model for Cx nn

® neural-k-omega-c_omega_2-vist-over—-y-and-uv_tot.py is the NN model for
Cu2,NN
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WORKSHOP

e Create a new directory (in the main directory of pyCALC-RANS ) and copy all files
from the directory PINN-NN.
® Study vist-diffusion-pinn-5200-half-channel-load.py and try to
understand it.
® How sensitive is the convergence rate to, for example, the learning rate, the number of
neurons, the number of hidden layers, the milestones (the epochs at which the learning rate
is reduced by 0.7).
® Study neural-k-omega-prand_k-vist-over-y—-and-uv_tot.py and try to
understand it.
® How sensitive is the convergence rate to, for example, the learning rate, the number of
neurons, the number of hidden layers?
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WORKSHOP: FIND V; pinN

® Invist-diffusion-pinn-5200-half-channel-load.py, the predicted

turbulent viscosity, v; pyyy is saved in file
vist_pred-PINN-from-vist-diffusion-pinn-5200-plus—-units—-load.txt

* Modify RANSO0.py so that you can solve the k equation (Eq. 3)
* You should use v; pyn in the diffusion term and the production and dissipation are
taken from DNS.
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WORKSHOP: SOLVE THE U, kK AND w EQUATIONS (NOT MANDATORY)

* Now you will solve fully-developed channel flow using v; pjyn in the k equation

* But instead of using vt vy, you will use the turbulent Prandtl number,
ok.pPINN = Vt/Vt pinn Where vy is taken from a simulation using the standard k — w
model (e.g. file y_u_k_om_uv_5200-RANS-half-channel.txt in folder
channel-5200-half-channel-yfacl.1/)

* The equations to solve are given in the next slides (see Eq. 1)
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WORKSHOP: EQUATIONS

d dv - K
dX2<V+thX2>+Ay—O, Vt—;

d v dk dvy\?
T& <V + Uk,P/NNdX2> + UVt <dX2> — CuCk,PINNkw

d vy dw dvy 2 >
— —— — ] =C
% (u + o dx2> + ( ng) w2, PINNW
e The last term in the vy equation is the driving pressure gradient

* Ck piny @and Cyp pivn are computed in
compute-c_k—-and-c_omega_2-from-balance-of-k-and-omega-eqns.py
which can be found in folder PINN-NN

* Modify RANSO.py to solve these equations
* | solve these equations in [2], see folder channel-2000-half-channel-PINN
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