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MACHINE LEARNING

* Machine learning (ML) is often a method where known data are used for teaching the
algorithm to classify a set of data.

* Photographs where the machine learning algorithm should recognize, e.g., traffic
lights [? ].

* ECG signals where the machine learning algorithm should recognize certain unhealthy
conditions of the heart [? ].

¢ Detecting fraud for credit card payments [? ].

* In my case, input and output are numerical values.
e The ML will then be some form of regression method.
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TARGET DATABASES

¢ At the previous slide, the targets for the Neural Network training process are:
* Real photographs of, e.g., traffic signs
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TARGET DATABASES

e At the previous slide, the targets for the Neural Network training process are:

* Real photographs of, e.g., traffic signs
e ECG signals of healthy hearts
* Normal credit card transactions

¢ In this work | will use DNS databases of channel flow and flat-plate boundary layer
flow

¢ The objective is to improve the Explicit Algebraic Reynolds Stress Model (EARSM)
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FLOW EQUATIONS
The momentum equations read

ouv,  1op Py vV

ox;  pox ”ax,ax, IXj
In EARSM

0xj pOx; = 0x 0x;

ouvi _ 19 + aa [(VJr Veff) <8v,- +

0x;

where vqf is the effective viscosity including the EARSM coefficient 34, see Eq. 16 in [? ].
The last term includes (v,.’vj’), which is the residual stress tensor in EARSM. The total

stress tensor is

ov; o0V
Vv = — T Vv
[y Veff (a)(j + 8X1> +( 1 )f

-
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K — w TURBULENCE MODE

The Wilcox k — w turbulence model reads [? ]

OV/k K 0 143 ok
INE _pky 2 L A o
ox; "X [(”+ok) 8)(/] Cukes

Vjw wok o 0 v\ Ow >
ox C“”kP + ox; [(V—i—gw) 8)(/} — Cuow

glx

vy =
The standard coefficients are used, i.e. C,1 =5/9, C,o = 3/40, o = 0, = 2 and
C, = 0.09. The production term is computed as
Bvavial
] jaxj
and the dissipation in the EARSM reads
e = Cukw
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EARSM

The Algebraic Stress Model (ASM) with the LRR pressure-strain models [? ] reads

8_ Tco+1, = =
<C1 -1+ Pk/é‘) aj = —ES,‘/' + i—1(a;k§2;(j — Q,-kakj)
1
5-9¢ [ - 2 vivi 2 ()
——37 \@KSk + Sikay — gamnSnomdjj |, & = — = — 30j
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EARSM
The Algebraic Stress Model (ASM) with the LRR pressure-strain models [? ] reads

8 _ 7co + 1 = =
(o 1P ) =~ S5 T g

15 11 1)
5-9¢ [ - 2 vivi 2
——37 \@KSk + Sika — g@mnSomdjj |, @j=— " — 3

Wallin & Johansson [? ? ] and Girimaji [? ? ] derived an explicit form which in 2D which
reads

1_ _
a// - ,31 Sl/ + /62 ( lkSk/ 3Smnsnm Ij) + ﬁ4s/k ( Qlkskj) (2)

~ ko s Kk
Sj = s,,, Q;}:EQ,-,-
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EARSM
The Algebraic Stress Model (ASM) with the LRR pressure-strain models [? ] reads

8 _ 7co + 1 = =
(o 1P ) =~ S5 T g

15 11 )
5-9¢ [ - 2 vivi 2
——37 \@KSk + Sika — g@mnSomdjj |, @j=— " — 3

Wallin & Johansson [? ? ] and Girimaji [? ? ] derived an explicit form which in 2D which
reads

1_ _
a// - ,31 S,/ + /82 ( lkSk/ 3Smnsnm Ij) + ﬁ4s/k ( Qlkskj) (2)
ke s ks

Note that Eq. 1 is simplified if ¢, is set to 5/9.
CHALMERS

Lars Davidson, ME Fluid Dynamics 6/32



EARSM: ANALYTICAL SOLUTION

Wallin & Johansson [? ? ] and Girimaji [? ? ] derived an analytical solution of Eq. 2.
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EARSM: ANALYTICAL SOLUTION

Wallin & Johansson [? ? ] and Girimaji [? ? ] derived an analytical solution of Eq. 2.
In[? ] it reads

AN A Ay A 2

1 2 2
SEAL —2 = =— =N? —2llq — Z A2l
ﬁ‘] Q ) 62 2 O ) 54 Q ) Q Q 3 PRLC)
where N is given by the cubic equation
’
N3 — A3N? <<A1 Ay + §A§> lls + 2//Q> N + 2A; <3A§//S + //Q> =0 (3)

where lls = 85,55, and llg = Q5. Q.
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EARSM: ANALYTICAL SOLUTION

Wallin & Johansson [? ? ] and Girimaji [? ? ] derived an analytical solution of Eq. 2.
In[? ] it reads

AN A Ay A 2

_ A — 12 = = N2 —2llg — = A3l
ﬁ‘] Q ) ﬁz O ) 54 Q ) Q Q 3 PRLC)
where N is given by the cubic equation
3 2 2 4o 12
N° — AsN AiAs + §A2 ”S +2llq | N + 2A3 §A2/IS +1lg) =0 (3)

where lls = 85,55, and llg = Q5. Q.
Equation 3 can be solved analytically.
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EARSM: NEURAL NETWORK (NN)

Instead of using the expression on the previous slide for 81, B, 84, let’'s make them
functions of something using NN.

. I D o (& e m Vi 2
aj = 18] + fz (srks;,—§sfnns;m5,, + 83 (g~ USi) . A= L — 50
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e Train the NN model in fully-developed channel flow
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EARSM: NEURAL NETWORK (NN)

Instead of using the expression on the previous slide for 81, B, 84, let’'s make them
functions of something using NN.

aj = 18] + fz (s;;s;j - 3s;<ms;;m5,-,> + 83 (g~ USi) . A= L — 50

e Train the NN model in fully-developed channel flow
e Qutput variables: 51, 32, 54
e | will use NN in Python’s pytorch
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EARSM IN FULLY-DEVELOPED CHANNEL FLOW

e | will train NN in fully-developed channel flow
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e | will train NN in fully-developed channel flow
e Then the EARSM (Eq. 2) reads:
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EARSM IN FULLY-DEVELOPED CHANNEL FLOW

e | will train NN in fully-developed channel flow
e Then the EARSM (Eq. 2) reads:

=% a
an = 15 (gi‘) (% — 684), 322—11—2<8V1) (%o + 684)

. __% MNP BOW o ko
3 8X2 ’ ! 2 8X2’ an 15 8x2
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EARSM IN FULLY-DEVELOPED CHANNEL FLOW

e | will train NN in fully-developed channel flow
e Then the EARSM (Eq. 2) reads:

N ov* 2
an = 11—2 (8v1 ) (B2 —604), a2 = 11—2 < “ ) (B2 + 604)

8X2 an
a = 22 (VN B0V OV kow
33 12 \oxa) 7 "% 20x% O0x cO0x

e Find 31, B2, B4 (targets for NN and computed from DNS):
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EARSM IN FULLY-DEVELOPED CHANNEL FLOW

e | will train NN in fully-developed channel flow
e Then the EARSM (Eq. 2) reads:

v 1 [0V\?
an = 15 ! (g?) (B2 — 64), 322—12<av1) (B2 +6034)

2 :_% ovy 2 :&% 8v1:k8v1
3 0Xo ’ ! 2 8X2’ 0Xo € 0Xo

e Find 31, B2, B4 (targets for NN and computed from DNS):

8 — 2a1o By = 6(a11 + ax) By = ap — a1
1 391* ) 2 8?1* P ; 4 8?1* P
8X2 8X2 8)(2
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EARSM, CHANNEL FLOW, Re. = 2000, Re. = 5200, Re- = 10000

¢ Input variables?

TN CHALMERS  Lers Davidson, ME Flid Dynamis 10732



EARSM, CHANNEL FLOW, Re. = 2000, Re. = 5200, Re- = 10000

2
* Input variables? Ilg =% (’g‘g—X;> , N = PK/e, ‘gyLI, Pkt and y*
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EARSM, CHANNEL FLOW, Re, = 2000, Re, = 5200, Re, = 10000

2
* Input variables? llg =} (’gg-g) , N = PK/e, %},LI, Pkt and y*

450 450 450
—— Re:=550 —— Rer =550 —— Re;=550 —— Re;=550
—— Re:=5200 —— Rer=5200 —— Re;r=5200 —— Re;=5200
300 T :T,:Rle(:iojsoo 300 j ST,_RIE(:OZUI‘:SDO 300 r gi,zklejiojsau 100 T :i‘..:Rle:injsoo
+ + + i +
> > > >
150 150 150 50
00 5 10 15 20 (?.00 0.25 0.50 0.75 1.00 00 1 2 %.O 0.1 0.2
2lls U * /oy * N2 pk+
(A) Velocity gradient (B) Velocity gradient () Ratio of P¥to 2. (D) Production scaled
scaled with k and &. scaled with u,- and v. with u, and v.

FIGURE: DNS data. & = ¢ — v9?k/dy?.
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EARSM, CHANNEL FLOW, Re. = 2000, Re. = 5200, Re- = 10000

e | choose PXt+ and yt as input parameters.
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EARSM, CHANNEL FLOW, Re. = 2000, Re. = 5200, Re- = 10000

* | choose P¥* and y* as input parameters.

e The velocity gradient, ‘gyli, could be an option
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EARSM, CHANNEL FLOW, Re, = 2000, Re, = 5200, Re, = 10000

* | choose P¥* and y* as input parameters.

e The velocity gradient, ‘?WLI, could be an option
e But it was found that the NN training process does not converge. Probably because
of the large gradients near the wall.
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EARSM, CHANNEL FLOW, Re, = 2000, Re, = 5200, Re, = 10000

| choose PX+ and yt as input parameters.

The velocity gradient, ‘gyLI, could be an option

But it was found that the NN training process does not converge. Probably because
of the large gradients near the wall.

| scale the two input parameters using MinMaxScaler () so that they are in the
range [0, 1]
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NEURAL NETWORK (NN). PYTHON’S PYTORCH

D

FiGUurE: The Neural Network with two input variables, a\” = y* and &) = P+ and three output

variables, aﬁs) = b1, af) = f» and a?) = 4. There are three neurons in this figure; in the
simulations | have 50.
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PYTHON’S pyToRCH. TRAINING & PREDICTING

e | train the NN model using DNS data of channel flow at Re, = 10000.

* | exclude data in the viscous sublayer (y* < 5) and near the center (y™ > 9800)
where g—g goes to zero.

* | train on 80% of the data (approx 800 randomly selected DNS data points) and test
(predict) on the remaining 20%.

8000 8000 8000

4000 4000 4000
— A
— B
— Bs

0 0
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 -0.3 -0.2 -0.1 0.0 0.1

Reynolds stresses v Bu B2 Ba

0
0

() Reynolds normal stresses. (B) Reynolds shear stress. (c) Predicted EARSM coefficients.
Fi1GURE: Predicted with NN. Re, = 10 000. Trained on Re, = 10000.
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CFD SOLVER

¢ Fully vectorized (i.e. no for loops).
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CFD SOLVER

Fully vectorized (i.e. no for loops).

SIMPLEC and Wilcox k — w model

¢ Discretization: Hybrid first-order upwind/second-order central differencing
The discretized equations are solved with Python sparse matrix solvers.
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STANDARD K — w MODEL

K _pk, 0 Ok

— k
ja Xj =7 3 [( * ) axj] Cukiw
_.(9w B g K i a2
o ki () 5] o

I/t:

glx
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INCLUDING NN PREDICTION IN THE CFD SOLVER

© Load the NN model into pyCALC-RANS
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INCLUDING NN PREDICTION IN THE CFD SOLVER
© Load the NN model into pyCALC-RANS

® Solve U, V and PP equations. The Reynolds stresses W v_éz viv5inthe Uand V
equations are taken from previous iteration
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® Compute 54, B2, B4 using NN. Use limits from training data.
® Compute the anisotropic Reynolds stresses (aq1, ass, aio) using 51, B2, B4
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INCLUDING NN PREDICTION IN THE CFD SOLVER

© Load the NN model into pyCALC-RANS

® Solve U, V and PP equations. The Reynolds stresses v}2, v2, v/} in the U and V
equations are taken from previous iteration

® Compute 54, B2, B4 using NN. Use limits from training data.
® Compute the anisotropic Reynolds stresses (aq1, ass, aio) using 51, B2, B4
o

_ 2 — 2 ——
V1,2 = ka1 + gky Véz = Kagp + §k7 V1/ Vé = ka2
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INCLUDING NN PREDICTION IN THE CFD SOLVER

© Load the NN model into pyCALC-RANS

® Solve U, V and PP equations. The Reynolds stresses v}2, v2, v/} in the U and V
equations are taken from previous iteration

® Compute 54, B2, B4 using NN. Use limits from training data.
® Compute the anisotropic Reynolds stresses (aq1, ass, aio) using 51, B2, B4
(5]

_ 2 — 2 ——
V2 = kayg + 3k V¥ = kago + 3k ViV = Kaiz

® Solve k and w equations. The Reynolds stresses v}2, vZ2, V] v} are used in the
production terms
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INCLUDING NN PREDICTION IN THE CFD SOLVER

© Load the NN model into pyCALC-RANS

® Solve U, V and PP equations. The Reynolds stresses v}2, v2, v/} in the U and V
equations are taken from previous iteration

® Compute 54, B2, B4 using NN. Use limits from training data.
® Compute the anisotropic Reynolds stresses (aq1, ass, aio) using 51, B2, B4
(5]

—s 2 — 2 —
V1,2 = Kkay1 + gk, Vé2 = Kaoo + gk, V1’ Vé = Kai»

® Solve k and w equations. The Reynolds stresses v}2, vZ2, V] v} are used in the
production terms

@ End of global iteration. Repeat from Step 2 until convergence (1000s of iterations)
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CFD & NN. Re, = 10000. NN TRAINED ON Re, = 10000

8000 I
N w2
> - DNS, u'?
4000 s oNs v
- DNS, w2
0 .
100 102 104 Y00 075 —0.50 —0.25 0.00 9% 25 50 5%
yt u'v' normal stresses
(A) Velocity. (B) Reynolds shear stresses. () Reynolds normal stresses.

CHALMERS T ——



WHY SUCH POOR PREDICTIONS? LET’S LOOK AT K — w PREDICITONS

—— RANS

8000

+

>

4000

(]J.0° 102 10¢ —q..OO -0.75 —-0.50 —-0.25 0.00
yt uv'
(a) Velocity. (B) Reynolds shear

stresses.

¢ Velocity and shear stress are (or seems to be) well predicted
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WHY SUCH POOR PREDICTIONS? LET’S LOOK AT K — w PREDICITONS

30
—— RANS —— RANS
8000 8000 - DNS .
20 + . >
g > > 80
10 4000 4000
950 2 7 (}_ ‘ 0 0
10 10 10 —1.00 -0.75 -0.50 —-0.25 0.00 0 2 4 6 ~0.2 0.0 0.2
¥ uv' .k error
(a) Velocity. (B) Reynolds shear (¢) Turb. kinetic energy. (D) Error
0u/0y)y_.,—(9u/dy)
stresses. ( k—w ons
(0U/0Y)pns

¢ Velocity and shear stress are (or seems to be) well predicted

e Both k and the velocity gradient are poorly predicted
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LET’S TRAIN NN WITH K — w DATA AND DNS AT Re. = 10000

¢ | use NN with
* Input: PXand y* from k — w predlct|on
e Target: 81, B2 and 34 from v1’2, véz and v1 v, K, 3
DNS K—w

¢ Note that kDNS =05 (WDNS + V_ézDNS + V_fl>’2DNS) 75 Ki_o
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LET’S TRAIN NN WITH K — w DATA AND DNS AT Re. = 10000

¢ | use NN with
* Input: PXand y* from k — w predlct|on
e Target: 81, B2 and 34 from v1’2, véz and v1 v, K, 3
DNS K—w

¢ Note that kDNS =05 (WDNS + V_ézDNS + V_fl>’2DNS) 75 Ki_o

* v predicted by NN will give kx_,, = 0.5 (V1/2DNS VR ons Vézzws)
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LET’S TRAIN NN WITH K — w DATA AND DNS AT Re. = 10000

| use NN with
* Input: PXand y* from k — w pred|ct|on
e Target: 81, B2 and 34 from v1’2, véz and v1 v, K, 3
DNS K—w

Note that kDNS =05 (WDNS + V_ézDNS + V_fl)’2DNS) 75 Ki_o

v predicted by NN will give kx_,, = 0.5 (V1/2DNS VR ons véZDNS>

* = wrong v§2 (even negative near the wall)

CHALMERS T ———r



LET’S TRAIN NN WITH K — w DATA AND DNS AT Re. = 10000

| use NN with
* Input: PXand y* from k — w predlct|on
e Target: 81, B2 and 34 from v1’2, véz and v1 v, K, 3
DNS K—w

v predicted by NN will give kx_,, = 0.5 (V1/2DNS VR ons véZDNS>

= wrong v§2 (even negative near the wall)

butin 2D v_§)2 is not used

CHALMERS T ———r



LET’S TRAIN NN WITH K — w DATA AND DNS AT Re. = 10000

| use NN with
* Input: PXand y* from k — w predlct|on
e Target: 81, B2 and 34 from v1’2, 2and v/ v}, ke
DNS . ' k—w '

v predicted by NN will give kx_,, = 0.5 (v1’2 Vi

Y2
ons T V2 pons T V3 DNS)

= wrong v§2 (even negative near the wall)

but in 2D VT’)? is not used
In order to make this approach applicable in 3D:
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LET’S TRAIN NN WITH K — w DATA AND DNS AT Re. = 10000

| use NN with
* Input: PXand y* from k — w predlct|on
e Target: 81, B2 and 34 from v1’2, 2and v/ v}, ke
DNS . ' k—w '

V’2 predicted by NN will give kx_,, = 0.5 (v1’2

Y2 12
pns T V2 pns T Vs DNS)

= wrong v§2 (even negative near the wall)

but in 2D VT’E is not used
In order to make this approach applicable in 3D:
* develop a new k — w model that accurately predicts k
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RESULTS

* | will compare two models.

* NN EARSM with kK — w trained in channel flow at Re, = 10000
e Standard EARSM with kK — w

e Four flows

® Channel flow at Re, = 10000, Re, = 5200, and Re, = 2000
* Flat-plate boundary layer, Rey = 5500.
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CHANNEL FLOW, Re. = 10000

8000 — V7 -
5 o, 7
4000
Y00 10? 10t o0 107 0 95 25 50 75 0 25 5.c‘)\ 75
y* y normal stresses normal stresses
(A) EARSM & NN. (B) Standard EARSM (c) EARSM & NN. (D) Standard EARSM

FiGurEe: CFD predictions with NN and standard EARSM at Re, = 10000.
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CHANNEL FLOW, Re. = 5200

— v __| 4000 — v _
- DNS:sz +>\ - DNS:F
2000
Y00 102 Y00 102 Q0 =5 5.;\ 75 8o 23 5.5‘- 75
y* y* normal stresses normal stresses
(A) EARSM & NN. (B) Standard EARSM (c) EARSM & NN. (D) Standard EARSM

FIGurEg: CFD predictions with NN and standard EARSM at Re, = 5200.
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CHANNEL FLOW, Re. = 2000

20

10

9[00 101 102 103

y+
(n) EARSM & NN.

www.tfd.chalmers.se/lada

9[0” 10! 102 103

y+
(B) Standard EARSM

CHALMERS

-=- DNS, u?
--- DNS, V2

-~ DNS, u?
--- DNS, V2

%.0 2.5 5.0 7.5
normal stresses

(c) EARSM & NN.

normal stresses

%.0 I 25 5~.~(.) 7.5

(D) Standard EARSM
FIGurE: CFD predictions with NN and standard EARSM at Re, = 2 000.
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FLAT-PLATE BOUNDARY LAYER, Rey = 5500.

¢ Inlet b.c. taken from a pre-cursor k — w simulation at Rey ~ 2500

X[0jn
50 100 150

0
0.0040

— CFD

0
0.0040

0.0032
S 0
0.0024 | o.0024f °

2000 4000 6000 2000 4000 6000

Reg
(A) EARSM & NN.

www.tfd.chalmers.se/lada

Reg
(B) Standard EARSM

— e
DNS, 1600 DNS,

— 7 N — vz
DNS, v2 > DNS, v2

5
Reynolds stresses

(c) EARSM & NN.

CHALMERS

5
Reynolds stresses

(D) Standard EARSM

Ficure: CFD predictions with NN at Reg = 5500.
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FLAT-PLATE BOUNDARY LAYER, Rey = 5500.

Q
10° 10! 107 103

+

y
() EARSM & NN.

20

10

Q
10° 10! 10?2 103

+

y
(B) Standard EARSM

Ficure: CFD predictions with NN at Reg = 5500.
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CONCLUSIONS

¢ A new NN EARSM model has been presented
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CONCLUSIONS

A new NN EARSM model has been presented

It is incorporated into a CFD solver and coupled to the Wilcox k — w model
It is found that the NN model cannot be trained with only DNS data

Input, channel flow. Re, = 10000: PX and y* from k — w prediction

Target, channel flow. Re, = 10000: v/2, v2 and V] vj, k, ¢

TV
Good results are obtained for channel flow at Re, = 2000, 5200, 10 000 and
flat-plate boundary layer (better than the standard EARSM)
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WORKSHOP

* You find the assignment in Section AE.1 in my eBook
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https://www.cfd-sweden.se/lada/postscript_files/solids-and-fluids_turbulent-flow_turbulence-modelling.pdf
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