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���	� Göteborg
Sweden
Phone: + 
�� - ��������� - �	������
����
Fax: + 
�� - ��������� - �
���������

Printed at Chalmers Reproservice
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Abstract
Large eddy simulations (LES) of shock wave/turbulent boundary layer
interaction (SWTBLI) have been carried out. The flow configuration
was that of transonic flow over a bump with inlet Mach number �������
and maximum Mach number ������� . The Reynolds number based on
the free stream velocity and inlet momentum loss thickness was � 
��	� .
The Favre filtered Navier-Stokes equations were solved using a finite
volume solver. The convective fluxes were discretized with a low dis-
sipative third order upwind scheme and the viscous fluxes were dis-
cretized using a second-order central scheme. The subgrid stresses were
modeled using a compressible version of Smagorinsky’s model. Time
marching was performed using a low-storage three-stage Runge-Kutta
scheme. In each stage of the Runge-Kutta scheme, cells close to a solid
wall were pre-conditioned using a newly developed pre-conditioning
method saving up to ���"! of the computational time.

The computational domain was discretized using block structured
grids, the largest one with approximately ������#��$��% nodes. Time depen-
dent inlet data constructed from measurements and DNS computations
were used and the computations were performed on parallel computers
using message-passing interface MPI. Computations from three differ-
ent grids were compared to ensure good enough resolution and wide
enough domain to contain all structures of the flow.

PDF of the skin friction coefficient and large amplification of the
Reynolds stresses suggest strong separation at the SWTBLI. Still, no
shock movement could be detected, which is in contradiction with mea-
surements made at KTH. The form factor of the incoming boundary
layer never exceeds � which is much lower than the conventional con-
dition for separation. By fast Fourier transforms of autocorrelations,
characteristic frequencies could be found in the separated region. These
frequencies could all be found also in the autocorrelations of the incom-
ing boundary layer. The bursting frequency of the incoming boundary
layer was found to be in agreement with the outer scaling ���&��
�'�(*)�+�,-, ,
but it could not be detected anywhere in the separated region.
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Nomenclature

Roman letters.
total fluxes/10
inviscid fluxes/1230
viscous fluxes4 0 space coordinates5 0 velocity in space direction 67 time8 pressure9
: total internal energy; : total enthalpy< 0 heat transfer in space direction 6=
temperature>@?
Prandtl number9 internal energy;
enthalpyA�B and A 2 specific heats? 0
distance variableC 0ED
the strain rate tensorF�G

and
FIH

filter constants>@?$J
turbulent Prandtl numberK
total fluxes (filtered and modeled)L 0
inviscid fluxes (filtered and modeled)LM2N0
viscous fluxes (filtered and modeled)O speed of soundP 0
characteristic variables, 6RQS��T3��T3��T-
UT3�V< primitive variables
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viiiW
frequency>YX
power spectrum' streamwise velocityZ
Mach number[ 5 0 5 D]\ (resolved) Reynolds stressesA�^ skin friction coefficient> � ’event’ � probability for ’event’ to occure_
acceleration parameter`
form factora
b
indicator function

Greak lettersc density+ 0dD Kronecker’s deltae dynamic viscosityf 0dD viscous stress tensorg
filter widthh 0
eigenvalue to charateristic variable 6i recovery factorf�j wall frictionk kinematic viscosityl standard deviation

Subscriptsm free-stream conditionP wall condition



ix

Superscripts

space filtered quantityn
favre filtered quantityo o
deviation from favre averaged valuep
quantity evaluated at cell faceq
left upwinding quantityr
right upwinding quantityF /
cell faces*>
boundary data pointC
point on a surfaceo
fluctuation from time averaget wall friction unit

Conventionsuwv�x 9zy{O�| x The grids, which are structured grids, are built up fromA$9
}�}~y � nodes. A cell consists of eight nodes, one in each corner.
The flow data is represented as averages over these cells.
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Chapter 1

Introduction

Shock wave/turbulent boundary layer interactions (SWTBLI) commonly
arise in the field of turbo machinery, aero-space applications and on the
exterior of high-speed aircrafts. In all of these cases, shock wave bound-
ary layer interaction can significantly change the flow and hence the
physical load enforced by it. Also, the performance of the object studied
can be significantly altered if shocks and boundary layer separations do
not occur where expected. It is therefore desirable to have reliable and
effective prediction tools for SWTBLI. But today, no such tools exist.
Instead, compromises often have to be made in performance to ensure
dependability.

Many experimental studies have been performed, but most of them
are done using intrusive methods [1] or methods that only give a quali-
tative picture of the flow, like Schlieren photographs. Thus, from older
experiments, only basic understanding of the phenomena has been
achieved [2]. There are of course newer techniques such as PIV and LDV
which can give deeper understanding [3], specially when combined with
numerical simulations (see for example ref. [4]).

Quite a few calculations done on SWTBLI can be found, but most
of them are from Reynolds averaged Navier-Stokes (RANS) computa-
tions since since the high computational cost long has hindered more
advanced calculations. There are several reasons why RANS methods
at best give fair results. Firstly, flows of the kind considered here in-
clude both separation and recirculation, phenomenas hard to capture
with RANS. Secondly, flows with SWTBLI often feature low frequent
shock motions which cannot be captured by RANS. See for example ref-
erence [1] and reference [5] for more detailed discussions. In resent
years, large eddy simulations (LES) [6, 7] have been performed showing
much better agreement with experiments than RANS calculations [5],
but the references are few.

In this work, transonic flow over a bump (see chapter 4) is studied.
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2 CHAPTER 1. INTRODUCTION

The goal of the study is twofold. The first goal is to investigate the flow
properties of SWTBLI in a transonic flow to contribute to a deeper un-
derstanding of such flow phenomena. That investigation is made both
by experiments performed at KTH (see ref. [8] and [9]) and by numeri-
cal simulations presented here. The investigation will result in a data
base which shall be used to reach the second goal: Development of new
computational tools suitable for transonic flows. For the purpose of de-
veloping new computational tools, it is of utmost importance that the
investigations are made using methods that are as accurate as possible.
Considering the shortcoming of RANS, and the absurdly high computa-
tional costs for direct numerical simulations (DNS), LES was selected
for this work.



Chapter 2

LES numerics

2.1 Governing equations

The solver for the Navier-Stokes equations is based on the G3D series
of codes developed by Lars-Erik Eriksson [10]. The conservative forms
of the continuity, momentum and energy equations governing viscous
compressible flow, solved by the code, can be written in the form:�� 7 . t �� 4 0 � /10���/Y2N0 ��Q�� (2.1)

where

. Q ������
cc�5��c�5��c�5��c�9 :

������� / 0 Q ������
c�5 0c�51�N5 0 t 8 + � 0c�5���5 0 t 8 + � 0c�5���5 0 t 8 + � 0c ; : 5 0

������� / 2N0 Q ������
�f � 0f � 0f � 0f D30 5 D � < 0

�������
where in turn f 0ED Q � �� e � 5��� 4 � + 0ED t e�� � 5 0� 4 D t � 5 D� 4 0�� (2.2)< 0 Q � e�A�B>�? � =� 4 0 (2.3)

To close the equation system, calorically perfect gas is assumed, i.e. the
following relations can be used8 Q c r =

(2.4)9 Q A 2 = (2.5); Q A�B = (2.6)A 2 Q A B ��r
(2.7)

and A�B and e are constant.
r

is the ideal gas constant.

3



4 CHAPTER 2. LES NUMERICS

2.2 Large eddy formulation

A filtered quantity � is obtained from the unfiltered quantity � by the
integral operation�@� 4 0 T 7 ��Q������
��� ?z0 T 4 0 �-��� 4 0�� ?
0 T 7 � x�? � x�? � x�? � (2.8)

For each 4 0 , the filter function ��� ?]0 T 4 0 � has a maximum at
?z0 Q¡� and��� ?z0 T 4 0 �£¢¤�¥����T 4 0 �§¦ ?z0*¨ª© �

. Furthermore, �¥� ?z0 T 4 0 � is normalized so
that ��� � ��� ?
0 T 4 0 � x�? � x�? � x�? � QS��¦ 4 0R¨¬«

(2.9)

where
«

is the computational domain. Hence, for a specific 4 0 , �@� 4 0 T 7 �
will be a weighted average of all values within some volume centered at4 0 . The size of the volume can be represented by some length scale

g
which is called the filter width.

The large eddy formulation is obtained by applying the filter oper-
ation to the governing equations. The result, however, is often written
using the Favre notation since the results then look very similar to the
unfiltered equations. The Favre averaged quantity

n� is related to � by­�®Q c �¯c (2.10)

and to the unfiltered quantity � by�®Q ­� t � o o (2.11)n� is the resolved part of � and � o o the unresolved part. Since ��� ? 0 T 4 0 �
is often related to the computational grid in some way, � o o

is called the
subgrid fluctuations of � .

The modeling approach used in the code is very similar to the one
described by Erlebacher et.al. Details about the modeling assumptions
can be found in reference [11].

2.2.1 The continuity equation

Upon filtering, the continuity equation becomes� ¯c� 7 t � � ¯c n5 0 �� 4 0 Q�� (2.12)

which needs no modeling.
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2.2.2 The momentum equations

Applying the space filter to the momentum equations gives the result� � ¯c n5 0 �� 7 t � � ¯c n5 0 n5 D �� 4 D Q � � ¯8� 4 0 t � ¯f 0ED� 4 D t � f�°�±�°0ED� 4 D (2.13)

Only the last term on the right hand side in equation (2.13) needs mod-
eling. It can be written as:� f�°�±�°0ED� 4 D Q �� 4 D³² � ¯c ��´n5 0 n5 D � n5 0 n5 D � � ¯c � ´n5 0 5 o oD t¶µ5 o o0 n5 D � � ¯c µ5 o o0 5 o oD�· (2.14)f�°�±�°0dD is called the subgrid stress tensor and is in the code modeled byf °�±�°0ED Q¸� F�G ¯c g �$¹¬º» ¼° � nC 0EDM�½�� nC �¾� + 0dD � �¿�� FIH ¯c g ��¹ ¼° + 0ED (2.15)

where nC 0ED Q �� � � n5 0� 4 D t � n5 D� 4 0 � (2.16)¹ ¼° Q nC �¾À nC �¾À (2.17)F�G
and

F�H
are user-defined constants.

2.2.3 The energy equation

When the energy equation is filtered, the following expression is ob-
tained: � � ¯c n9z: �� 7 t � � ¯c n; : n5 0 �� 4 0 Q � � ¯< 0� 4 0 t � � f 0ED 5 D �� 4 0 t � � 0� 4 0 (2.18)

In equation (2.18) there are two terms that need modeling, the deriva-
tives of f 0dD 5 D and the last term on the right hand side which written out
is � � 0� 4 0 Q �� 4 0 ��< °�±�°0 t ¯c n5�Á µ5 o oÁ 5 o oD t �� ¯c£Ân5�Á n5�Á]5 o oD t �� ¯c£Â5 o oÁ 5 o oÁ 5 o oD (2.19)t ¯cÃ� �� ² Ân5�Á n5�Á n5 DM� µ n5�Á n5�Á n5 D · t ² Ân5�Á]5 o oÁ n5 DM� µ n5�Á
5 o oÁ n5 D · t�� ² Â5 o oÁ 5 o oÁ n5 DM� µ5 o oÁ 5 o oÁ n5 D · t ² Ân5�Áz5 o oÁ 5 o oD � n5�Á µ5 o oÁ 5 o oD�· �§�
where < °�±�°0 Q ¯c�A�B ² ´ n=Än5 0�� n=Än5 0 t µ= o o n5 0 t ´ n= 5 o o0 t µ= o o 5 o o0 · (2.20)

represents the subgrid heat fluxes and is modeled using< °�±�°0 Q � A B F�G>@?$J ¯c g �Å¹£º» ¼° � n=� 4 0 (2.21)



6 CHAPTER 2. LES NUMERICS>@? J
is the turbulent Prandtl number which is given by the user. µ5 o oÁ 5 o oD

is modeled with f�°�±�°Á D . The differences i triple correlation and the term¯c Â5 o oÁ 5 o oÁ 5 o oD can all argued to be small and are thus neglected. The term¯c£Ân5�Á n5�Á]5 o oD is also discarded. Finally, f 0ED 5 D in equation (2.18) is replace by¯f 0ED n5 D .
2.2.4 Filter and constants

There are several possible choices of filter function ��� ?	0 T 4 0 � (see for ex-
ample ref. [12]), but most common is a box filter of grid cell size, which
is used in the current case. The filtering operation is then performed
implicitly in the code by the discretization scheme.

The filter width was constant and set to 
�#��$��Æ�Ç , which is approxi-
mately equal to � g 4 gÉÈUg�Ê � �ÌË�� for the smallest grid cells. There are evi-
dence that SGS-models with only one length scale are not functional in
areas with large an-isotropy, for example in separated regions [1]. But
such a problem can be helped if the grid is fine enough in the critical
regions.

The filter constants
FMG

and
F�H

were set to ���E�U�
� and ���E�	���	� respec-
tively and the value ����� was chosen for the turbulent Prandtl number.

2.3 Space discretization

For spatial discretization, one scheme is used for the inviscid terms and
another for the viscous terms. The filtered and modeled version of equa-
tion (2.1) can be written on the form� K� 7 t �� 4 0	� LM0��ÍLM2N0 �ÎQ�� (2.22)

where K Q ������
¯cc�5 �c�5 �c�5 �c�9 :

�������LM0
and

LM230
can be identified as the filtered and modeled counterpart of

the inviscid and viscous part of the total flux and are also known as
the convective and the diffusive fluxes. Equation (2.22) is discretized
on a structured non-orthogonal mesh using the Finite Volume Method
(FVM). Integrating equation (2.22) over some arbitrary volume

«
gives��Ï � K� 7 x�Ð t �UÏ �� 4 0�� LM0��ÍLM2N0 � x�Ð Q�� (2.23)
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Taking
«

to be a cell in the grid and introducing Ñ D Q | D C as the face
area normal vector and

K
as the cell average of

K
over

«
, Gauss theorem

can be used to rewrite equation (2.23) as� K� 7 Ð t ��Ò
Ï � LM0��ÍLM230 � x Ñ 0 Q�� (2.24)

The integral of the fluxes is approximated by� Ò
Ï � LM0��ÍLM230 � x Ñ D Q¸Ó3Ô�Ô ^ Ó3Õ×ÖÙØÚÁ$Û � � L Á0 � L Á2N0 �Y#
Ñ Á0 (2.25)

where
L Á0 and

L Á2N0 are the cell face average of the convective and diffu-
sive fluxes respectively and Ñ Á0 is the area of the cell faces. In total, the
finite volume formulation of equation (2.22) is� K� 7 Ð t ÓÜÔ�Ô ^ Ó3ÕÝÖ�ØÚÁ$Û � � L Á0 �ÍL Á2N0 �Y#zÑ Á0 Q¸� (2.26)

2.3.1 Convective fluxes

From here on, it will assumed that the grid is Cartesian. If it is not, it
can be transformed into one (see for example ref. [13]). All formulations
will then apply to the transformed equations instead. This transforma-
tion is actually done in the code but will not be described here.

A purely inviscid flow is governed by Euler’s equations, which, if the
flow is smooth, can be written on the form� .� 7 t � /10� . � .� 4 0 Q�� (2.27)

If only a small area is considered, the flux Jacobian matrices, � � / 0 �-)�� � . �
can be regarded as constants and the linear relation� .� 7 t � � /Y0� . � : � .� 4 0 Q�� (2.28)

is obtained where the subscript � denotes evaluation at a reference
state. Now assume that this reference state is perturbed with pla-
nar waves. These waves are in a plane which have a normal vectorÞdß � T ß � T ß �Åà with

ß 0 ß 0 Q½� . Aligning the coordinate system with this vec-
tor will transform equation (2.28) into� .� 7 tâáp : � .��ã Q�� (2.29)
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where áp : Q ß 0 � � /10� . � :
and

ã
is the coordinate in the direction of

Vß
given byã Q ß 0 4 0

Equation (2.29) is a system of one-dimensional linear equations describ-
ing propagation of waves along the

ã
-axis. The matrix áp : may be diag-

onalized by its eigenspace vector
=

using some standard eigendecompo-
sition procedure. This will give= áp : = Æ � Q�äåQ x 6 O�æ � h � T h � T h � T hUç T h Ç � (2.30)

The eigenvalues
h � T h � T h � T h�ç T h Ç are exactly given byh � Q ß 0 5 0h � Q h �h � Q h �h�ç Q h � t O�è ß 0 ß 0h Ç Q h � � O è ß 0 ß 0 (2.31)

where O is the speed of sound. Using the characteristic variables defined
by éêQ = Æ � . , equation (2.29) can be written as the uncoupled system� é� 7 t ä � é��ã Q�� (2.32)

which describe the transport of the characteristic variables P 0
in the

ã
-

direction. Each P 0
can be interpreted as a wave carrying some kind of

information. P@� is an entropy wave, P � and PM� vorticity waves and P ç
and P Ç can be interpreted as sound waves. Each wave transports its
information with a characteristic speed described by the corresponding
eigenvalue

h 0
.

When calculating the fluxes, the code uses the flow variables on
primitive form: V< Q ������

¯cn51�n5 �n5��¯8
������� (2.33)

which are obtained from the conservative variables with second order
accuracy. ¯8 is an approximation calculated by ¯8 Që� i � �z��� c�9	: t ¯c � n5 � tnì � t nP � �-� .

To calculate the inviscid flux over a cell face A, data from four cells
are needed. The arrangement is shown in figure 2.1. The cell face A is
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PSfrag replacements íî�ï íî�ð íî�ñ íî�ò
Face A

Figure 2.1: Cells used to obtain the inviscid fluxes across the cell face
A.

described by the normal vector Ñ 0 . The outline is to use this Ñ 0 as
ã

in
equation (2.29) to obtain the characteristic speeds:h � Q n5 0ôó Ñ 0h � Q h �h � Q h �h�ç Q h � t O ó è Ñ 0 Ñ 0h Ç Q h � � O ó è Ñ 0 Ñ 0 (2.34)

where superscript
p

denotes that the variable is obtained from
V< ó Q�����U� V< � t V<z� � . The sign of each of the eigenvalues determines whether the

information is traveling from left to right or from right to left.
h�0�õ �

indicates the former while
h 0Iö � indicates the latter case. A left and a

right upwinding flux for the cell face A are computed fromV<1÷ Q F � V<�� t F � V< � t F � V<z� t F ç V< çV< G Q F ç V<�� t F � V< � t F � V<z� t F � V< ç (2.35)

The coefficients
F � , F � , F � and

FIç
define the upwinding scheme and are

here given by

� F � T F � T F � T F ç �ÎQ � � ��
� ��ø T ��
� t � ø T ��
� � � ø T � ��
� t ø � (2.36)

which along with
ø Qù�z)��$�	� gives a scheme that is third order accurate

in terms of dissipation, but still fourth order in terms of dispersion. By
determination of the sign of the corresponding eigenvalue, the charac-
teristic variables are obtained by using data from either left or right
upwinding, i.e. if

h 0 õ � ,
V< ÷ is used and if

h 0 ¢¤� , V< G is used. The
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characteristic variables are given byP � Q ¯c ÷ Ë G � ¯8 ÷ Ë G� O ó � �P � Q Ñ � n5 ÷ Ë G� � Ñ � n5 ÷ Ë G�è Ñ � Ñ � t Ñ � Ñ �PM� Q �è Ñ 0 Ñ 0�ú �-û Ñ � Ñ � t Ñ � Ñ � � n5 ÷ Ë G� � Ñ � ú Ñ � n5 ÷ Ë G� t Ñ � n5 ÷ Ë G�è Ñ � Ñ � t Ñ � Ñ �¤ü�üP ç Q �� ú ¯c óO ó Ñ 0 n5 ÷ Ë G0è Ñ 0 Ñ 0 t ¯8 ÷ Ë G� O ó � � ü (2.37)P Ç Q �� ú � ¯c óO ó Ñ 0 n5 ÷ Ë G0è Ñ 0 Ñ 0 t ¯8 ÷ Ë G� O ó � � ü
The characteristic variables are transformed back to face approxima-
tions (denoted á ) of the solution variables on primitive form usingác Q P � t P ç t P Çá5�� Q � Ñ � P �è Ñ � Ñ � t Ñ � Ñ � � Ñ �è Ñ 0 Ñ 0 � Ñ ��PM�è Ñ � Ñ � t Ñ � Ñ � � O ó¯c ó � P ç t P Ç � �á5�� Q Ñ � P �è Ñ � Ñ � t Ñ � Ñ � � Ñ �è Ñ 0 Ñ 0 � Ñ ��PM�è Ñ � Ñ � t Ñ � Ñ � � O ó¯c ó � P ç t P Ç � �á5�� Q �è Ñ 0 Ñ 0 � PM�è Ñ � Ñ � t Ñ � Ñ � t Ñ �$O ó¯c ó � P ç t P Ç �Ù� (2.38)á8 Q � O ó � � � P ç t P ���
These cell face values are then used in the evaluation of

L Á0 in equation
(2.26).

2.3.2 Diffusive fluxes

The diffusive fluxes are for each cell face treated with a second order
central scheme with no upwinding. That is, if treating the cell face be-
tween cell 6NT×ý�T3þ and cell 6 t ��T×ý�T3þ , assuming Cartesian net, the deriva-
tives are calculated by�ÿV<� 4 Q V< 0�� ��� D � Á � V< 0 � D � Á4 0�� ��� D � Á � 4 6NT×ý�T3þ�MV<��È Q �
 � V< 0 � D�� ��� Á � V< 0 � D Æ ��� ÁÈ 0 � D�� ��� Á � È 0 � D Æ ��� Á � t �
 � V< 0�� ��� D�� ��� Á � V< 0�� ��� D Æ ��� ÁÈ 0�� ��� D�� ��� Á � È 0�� ��� D Æ ��� Á � (2.39)�MV<��Ê Q �
 � V< 0 � D � Á � � � V< 0 � D � Á Æ �Ê 0 � D � Á � � � Ê 0 � D � Á Æ � � t �
 � V< 0�� ��� D � Á � � � V< 0�� ��� D � Á Æ �Ê 0�� ��� D � Á � � � Ê 0�� ��� D � Á Æ � �
where 6NT×ý and þ denote the cell indexes in the 4 ,

È
and

Ê
direction re-

spectively. These results are then also used in equation (2.26).
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2.4 Extra diffusion for strong shocks

In the case of strong shocks, the scheme previously described cannot
handle the discontinuity. Instead, instabilities cause the calculations to
diverge. To counter this, extra shock handling diffusion is added. As the
flux are calculated an extra term with the formF��
	���
�� ��� ¯8�� � � ¯8 � t ¯8�� �¯8�� t � ¯8 � t ¯8�� T � ¯8 � � � ¯8�� t ¯8 ç �¯8 � t � ¯8�� t ¯8 ç�� ��
�� Þ h 0 à � ¯K � � ¯K � � (2.40)

is added to the right hand side of equation (2.26). In equation (2.40)
the indexes of ¯8 and

¯K
refer to figure 2.1 and the index 6 on

h
refers to

equation (2.34). The spectral radius
��
�� Þ h 0 à accounts for aspects of the

flow other than the pressure.
F��
	

is a user-defined constant which, if
shocks are expected, is normally set to ���d
 . In this case, however,

F��
	
could be set to ���E��� only.

2.5 Time stepping

Time stepping is performed by a a three-stage low-storage Runge-Kutta
method combined with a semi-implicit precondition scheme. The gen-
eral outline reassembles the ordinary use of the Runge-Kutta method
which is as follow. By using the latest known data,

K À
that is valid for

time step | ,
Ò��Ò�� is approximated using the methods described in section

2.3. This term is denoted � Ò��Ò���� À . The three stages are thenK! Q K À t g 7 � Ò��Ò�� � ÀK! � Q �� ² K À t K! t g 7 � Ò��Ò�� �  ·K À � � Q �� ² K À t K  � t g 7 � Ò��Ò�� �  � · (2.41)

where
g 7 denotes the time step size between time step | and | t � .

Super scripts " and "#" denotes sub time-steps. More on Runge-Kutta
schemes can be found in reference [14].

The difference lies in that cells close to a solid wall is pre-conditioned.
The pre-conditioning is obtained by Taylor expansion of the implicit
time stepping formulation of equation (2.26). Close to a wall, the CFL-
number is totally dominated by sound waves in the wall normal direc-
tion. This information can be used to decouple the obtained equation
system in all but the wall normal direction. The preconditioning method
is described in reference [15] which is included in this thesis.

2.6 Boundary conditions

Four types of boundary conditions used in the computations of this work.
Two of them will be described here.
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Figure 2.2: Treatment of boundary cell using non-reflective boundary
condition.

2.6.1 Non-reflective boundary condition

The plane wave analysis described in section 2.3.1, can be used also on
a boundary with the normal pointing out of the domain. Since there
are no cells outside the domain, some values

V<(' are prescribed to the
boundary. Denoting the values in the cell adjacent to the boundary

V<�) ,
the cell face values are calculated by

V< ó Q¿�����ÿ� V<*' t V<*) � . The situation is
depicted in figure 2.2. Then, depending on the sign of the characteristic
speeds, components from

V< ÷ Q V<*) and/or
V< G Q V<*' are used to calculate

the characteristic variables.
This method will absorb all plane waves approaching the boundary if

they are aligned with the boundary normal. A wave which is not aligned
with the boundary normal will, by this method, be misinterpreted as a
plane wave, resulting in the wave being partially deflected.

2.6.2 Fixed static pressure

The non-reflective boundary condition is suitable for inlets, where val-
ues of all variables are known. But for outlet boundaries, all values
cannot be specified since that would prevent a natural development of
the flow in the domain. At least one variable, often the static pressure,
must however be specified for the problem to be well posed. The sim-
plest possible boundary condition is to use zeroth order extrapolation for
all variables but the static pressure which is set to a fixed value. Such
a boundary condition is totally reflective in terms of acoustic waves giv-
ing artificial pressure fluctuations of typical order �$�	� > O . Hence, this
simple method is not suitable for acoustic computations but accurate
enough for most other computations.



Chapter 3

Other numerical methods

During this work, some development of the G3D code has been made.
Section 3.1 describes the routines added for treatment of time depen-
dent boundary conditions and the code has been rewritten in Fortran ���
which is discussed in section 3.2.

Correlations and fast Fourier transforms (FFTs) are important tools
in the evalueation of the results. Some properties of these tools are
discussed in sections 3.3 and 3.4

3.1 Inlet boundary treatment

For inlet boundary condition which have variations in space, the bound-
ary data has to be interpolated to the computational grid in some way.
For the method described here, the set of all points where data is given,
must constitute a surface which is homeomorphic to an equidistant
Cartesian grid. Data points with only two or three neighbors are con-
sidered edge points and points with four neighbors are interior points
(see figure 3.1).

Figure 3.1: Boundary data set mapped onto an equidistant Cartesian
grid. Filled circles: Edge points. Open circles: Interior points.

13
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Each cell face on the boundary of the computational grid is treated
separately. The coordinates for the cell face center, 4,+.-0 , are computed
and compared to all interior points of the data set. A closest interior
data point with coordinates 4 	/�0 will be found (see figure 3.2(a)). Since
the data point is an interior point, it will have exactly four neighbor
points which in turn will have enough neighbors to construct four sur-
faces, all having 4 	/�0 as one of their corners. This construction is de-
picted in figure 3.2(a). Each of these four surfaces are treated one by
one, starting with for example the one up to the left in figure 3.2(a). The
surface has corner coordinates 4 �0 , 4 �0 , 4 �0 and 4 ç0 as shown in figure 3.2(b).
A local coordinate system

ã T�0 is defined by the bilinear transformation4 °0 Q ��� � ã ����� � 0�� 4 �0 t ã ��� � 0U� 4 �0 t ��� � ã �10 4 �0 t ã 0 4 ç0 (3.1)

Thus, � ã T�0�� has its origin in the lower left corner of the surface and � ã T�0��
equals ����T
�z� in the upper right corner. With the constraints � ¢ ã ¢ �
and � ¢20¶¢ë� a non-linear optimization routine, in this case Powell’s
method [16], is used to minimize the functionW � ã T�0���Q43 � 4 +.-� � 4 ° � � � t � 4 +.-� � 4 °� � � t � 4 +.-� � 4 °� � � (3.2)

For each surface, the value of
W � ã T�0�� is the distance from

F /
to its pro-

jection on each surface, i.e. the length of the dotted arrows in figure
3.2(a). For one of the surfaces,

W � ã T�0U� will be less or equal to
W � ã T�0�� for

all the other surfaces. Then the flux values assigned to the cell face,V< +.- are computed byV< +.- Q ��� � ã ����� � 0U� V< � t ã ��� � 0U� V< � t ��� � ã �10 V< � t ã 0 V< ç
(3.3)
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Figure 3.2: (a): Projection of a cell face centrum (
F /

) on the surfaces
spanned by the boundary data set.

sÃ>
is the interior data point closest

to
F /

.
ã

and 0 are basis vectors for one surface. (b): One surface with
corners � , � , � and 
 .
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using the
ã

and 0 obtained from the optimization.
V< D

is the data in
corner point ý .

Since no integration procedure is adopted, the computational grid
needs to be at least as fine as the data set. If the data set and the grid
both happen to be Cartesian, this method is exactly equivalent to bilin-
ear interpolation with zeroth order extrapolation if the data set does not
cover the whole grid.

The method is quite fast. For a data set of �	��PÍ�$��� points and a grid
with �
���QP � 
 cell faces, this method uses approximately one second to
find interpolation coordinates for all cell faces.

3.2 G3D in Fortran R/S
The code was orginially written in Fortran �	� using static allocation and
COMMON areas for memory communication [10]. Such construction is
sensitive to errors made by the user when defining the sizes of the com-
mon areas. The code, however was very modular in its construction
making the code easy to rewrite in true modular form using Fortran��� and thus getting access to dynamic allocation. Rewritten, the code,
which operates using message-passing interface (MPI), only needs in-
formation how to distribute the blocks on the processors and the width
of the widest discretization scheme.

The rewritten code was compared with the original version to con-
firm that they produced exactly the same result. Since allocation is a
slow process, all allocation takes place in the beginning of the execu-
tion. The dynamic allocation, and also a broader memory structure,
makes the Fortran ��� code little more than ���¬! slower than the For-
tran �	� version. This drawback can probably be eliminated since no
effort was made to optimize the Fortran ��� code for speed.

The dynamic allocation is actually critical when designing post-
processing codes and the modular structure of the computational code
is convenient when reusing subroutines.

3.3 Correlations

Correlations is a statistical concept measuring the linear relation be-
tween two jointly distributed random variables [17]. In turbulence they
are often used to measure scales of the flow, one variable taken as a
velocity component at a fixed position in space and time and the other
taken as a velocity separated from the first variable in space or time (or
both).

If the separation is in time only, the autocorrelation tensor [18] is
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Figure 3.3: Hypothetical space or time correlations.

obtained by r 0ED � 4 0 T g 7 �ÎQ [ 5 o0 � 4 0 T 7 � 5 oD � 4 0 T 7 t g 7 � \ (3.4)

A time scale characteristic for the energy-bearing scales, the integral
time scale, is defined byf � 4 0 ��Q � (: r{0 0 � 4 T g 7 �r{0 0 � 4 0 TN��� x g 7 (3.5)

For stationary turbulent flows, normally only a single streamwise com-
ponent,

r �-� � 4 0 ��Q r�\*\ � 4 0 � is used.
The two-point correlation tensor, denoted

r 0ED � 4 0 T ?
0 � , is defined for
points separated a distance

? 0
in space:r{0ED � 4 0 T ?
0 �ÎQ [ 5 o0 � 4 0 T 7 � 5 oD � 4 0 t ?z0 T 7 � \ (3.6)

In analogy to the integral time scale, an integral length scale, ] , can be
defined by ] � 4 0 ��Q ��
� � (: r{0 0 � 4 0 T ?
0 � y �-�r 0 0 � 4 0 TN��� x y (3.7)

where ��)��
� is a scale factor and y is a parametrization of the direction
given by

?z0
such that

� ?z0 ����� � Q�� and ^�_ � Øa` : � ?
0 � y � � Q m .
As long as the correlations looks like the solid line in figure 3.3, a

comparison between integral scales for different 4 0 makes perfect sense.
If, however the turbulent structures consist of vortex-like structures,
the correlations may look like the dashed line in figure 3.3, making
comparison using integral scales ill defined. The correlation described
by the dashed line obviously corresponds to a larger structure than the
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correlation described by the solid line. Yet, an integral scale calculated
using the dashed line will be much smaller than one calculated using
the solid line. Attempts to define an unambiguous length scale include
integration to the distance/time separation where the correlations first
reach zero (see for example ref. [19]). Integration could also be per-
formed using an absolute operator on the integrand. Whichever method
that is choosen, there is always a risk that a method is chosen that gives
the desired answer. Therefore, integral length scales will not be utilized
in this work.

Correlations can also look as the dotted curve in figure 3.3. An phys-
ical explanation is that the flow has a periodicity corresponding to the
separations between the peaks. Making an FFT of such a correlation
will, in case of a two-point correlation, give the wave lenth of the repe-
tition, while it for an autocorrelation, also called time correlation, gives
the frequency at which the flow structures repeat them selfe.

3.4 FFT and power spectra

Very good descriptions of the theory on fast Fourier transforms (FFTs)
can be found elsewhere [16]. Here only some aspects will be pointed out.

The data is assumed to be a time series b ; � 7 Á �dc@e Æ �Á$Û : Qfb ; Á c@e Æ �Á$Û : withu
being an power of two. The function

; � 7 � is assumed to have a pe-
riod

g 7 u where
g 7 is the time interval between two samples. Neither

may it contain frequencies higher than �z)��~� g 7 � (known as the Nyquist
criterion). The discrete Fourier transform will contain frequenciesW À Q |u g 7 with | Q � u � T$�$�$�zT u � (3.8)

There is no standardized defenition of the discrete Fourier transform.
For the one used in this work, the following relation is vaild between
the transform and its inverse:` À Q e Æ �ÚÁ$Û : ; Á�9 �hg 0 Á À Ë e (3.9); Á Q �u e Æ �ÚÀ Û : ` À 9 Æ �hg 0 Á À Ë e (3.10)

The discrete Fourier transform of
; � 7 � is then given by

` � W À � Q g 7 ` À .
Observe that

` Æ À Q ` e Æ À follows from the periodicity of equation (3.9).
For the continous case, Parseval’s theorem states that

total power Q � (Æ ( � ; � 7 � � � x 7 Q¸� (Æ ( � ` � W � � � x W (3.11)
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When the power contained in the frequencies between
W

and
W t x W

is
considered, no difference is made between positive and negative fre-
quencies. Instead, a power spectrum

>�X � W ��Q � ` � W � � � t � ` � � W � � � is
defined. The discrete analog is dependent on the exact formulation of
the transform. For a periodic time series the power spectrum will in this
case be defined by> X � W À � Q �u � � � ` À � � t � ` Æ À � � � for | õ �>YX �����âQ �u � ` : � (3.12)

It has the properties >YX �����âQ [ ; � 7 � \ÚÀCu : >YX � W À � Q ?(v y � ; � 7 �-� (3.13)

where the
?(v y is in turbulent sense, viz. deviation from the mean.

As mentioned in section 3.3, it is desirable to make FFTs of corre-
lations. They do however not meet the requirement of periodicity. This
can be circumvented by defining a sample series b ; � 7 Á �dc e Æ �Á$Û :xwb ; � 7 Á �dc :Á$Û e Æ � as illustrated in figure 3.4. That series is exactly peri-
odic, but care must be taken when interpreting the result. The seriesb ; � 7 Á �dc e Æ �Á$Û : has

u
independent frequencies while b ; � 7 Á �dc e Æ �Á�Û : wb ; � 7 Á �dc :Á$Û e Æ � will have � u frequencies, but since no extra information

has been added, only
u

of them will be independent. Also, the power
spectrum will differ since

r@0ED
already has unit power and must be kept
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that way. Thus the power spectrum for a correlation is defined as:>YX � W À � Q �u � � ` À � t � ` Æ À � � for |oy �> X ����� Q �u � ` : � (3.14)





Chapter 4

Computational setup

4.1 The domain

The computational domain is actually a numerical model of a part of
an experimental test rig that is located at the department of energy
technology, KTH. The experimental test section is ���d
	
 v long, ���&�$� v
wide and ���&�
� v high. At the bottom of the test section there is a bump.
See reference [9] for more details about the rig. The computational do-
main consists of this test section, but it has been shortened ���E��� v in
the streamwise direction and translational periodicity was assumed in
the spanwise direction for a width less than that of the test section.
The width of the domain will be considered in chapter 5. Furthermore,
the roof has been taken away and was replaced by a symmetry plane.
A two-dimensional picture of the domain is shown in figure 4.1. To
mimic the conditions in the test rig as far as possible, the symmetry
line has been lowered by one momentum loss thickness based on the
inlet boundary condition, so that

; Qª���&�	�
�	���
� 
 v . In this way possible
differences in mass displacement between measurements and calcula-
tions are prevented to a certain extent. The maximum height of the
bump is ���E�U�$��
��	� v .

−0.1 0 0.1 0.2 0.3

−0.05

0

0.05

0.1

L

h

Figure 4.1: � s projection of the computational domain.
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The geometry is such that for some subsonic boundary conditions at
the inlet and outlet, the flow will be accelerated over the bump and the
sonic pocket that is formed will be terminated by a shock. Measure-
ments have shown that no shock in the range of interest is so strong
that it will reach up to the roof. Therefore, replacing the roof with a
symmetry plane should not have any strong influence on the flow field.

4.2 Flow conditions

An LES simulation with all conditions set as in the experimental rig
would, due to high computational costs, be more or less impossible.
The Reynolds number based on

; )�� and the free-stream inlet condi-
tions would then be about �$� % . The number of nodes needed for such a
case is far beyond our capacity today. Therefore the Reynolds number
has been decreased by increasing the viscosity by a factor �	�����	� up toe Q½����� 9 Æ ç > OIy . The boundary layer upstream of the shock is, of course,
dependent on the Reynolds number. An effort to compensate for this
was made by careful choice of inlet boundary conditions (see next sub-
section). However, it is thought to be better to carry out a well-resolved,
accurate LES at a reduced Reynolds number, than an inaccurate LES
at the original, high Reynolds number.

4.3 Boundary Conditions

As already mentioned, the upper boundary was set to be a symmetry
boundary and the spanwise boundaries were given translational peri-
odic boundary conditions. Along the wall, no-slip, adiabatic conditions
were enforced.

From measurements [9] it is known that for free stream inlet bound-
ary conditions of

Z Qù����� � ,
> : Q �
�����E� þ > O ,

= : Q ����� _
and for some

outlet pressure there will be a shock at the back of the bump. In ad-
dition, the inlet should have a turbulent boundary layer. A bound-
ary layer thickness of �����	� vQv was given by a measurement made by
Sigfrids [8], at the location 4 Q � ���&�$� v whereas the computational in-
let is at 4 Q � ���E��� v (see figure 4.1). Furthermore the measurement
was made at a higher Reynolds number due to different viscosity.

An important aspect in the calculations is to match the experimen-
tally obtained boundary layer thickness at the top of the bump, since
it determines the acceleration of the flow. There are no simple tools
for approximating the development of the boundary layer as it is accel-
erated over the bump. Instead, a theory for incompressible turbulent
boundary layer [20], was used to calculate the expected boundary layer
thickness at the start of the bump, 4 Q ���E� v , in the test rig. Then, the
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required +$,-, at 4 Q � ���E��� v to get the same boundary layer thickness
at 4 Q����E� v , but with the higher viscosity, was calculated. The calcula-
tions gave +$,-,@Qª����� vQv . Such a profile would have a Reynolds numberr 9�z Q¸���
� based on 5  and +$,-, .

A profile for incompressible flow measured by Johansson and Castillo
[21] was used but needed rescaling. For a profile with a free stream ve-
locity 'Î( the following relation is valid [22]:''Î( Q W � 4 'R(k T È 'R(k Tt"z� (4.1)

where
W

is some function describing the relation and " denotes the de-
pendence on upstream conditions. Rescaling Johansson’s and Castillo’s
profile using this relation gave a profile with +],-,*Q ����� vQv and

r 9�z Q�	�	� . Both quantities are close to the desired values.
To get profiles for c and c�9]: , the temperature was assumed to fol-

lowed the Walz’ distribution [23]:== ( Q = j= ( t =.{ � = j= ( � ''R( � � ? i � �� Z �( � ''Î( � �
(4.2)

where
= j is the wall temperature,

=
{
the recovery temperature and

?
the recovery factor. The expression=.{ Q = ( t ? ' �(� A B Q = ( � � t ? i � �� Z �( � (4.3)

and the value �����	� for
?
, were also taken from Schlichting [23]. As the

wall was set to be adiabatic,
= j Q =.{

. The pressure was assumed con-
stant through the boundary layer and its value was given by the mea-
surements made by Sigfrids. Combined with the ideal gas law, the de-
sired profiles were obtained.

The fluctuations were taken from incompressible DNS of fully de-
veloped channel flow. The data had to be rescaled based on 5  , k and; 	 e ° versus +$,-, where

; 	 e ° was half the channel height for the DNS
calculation. Observe that both space and time variables needed scaling.
The pressure fluctuations were based on the dynamic pressure fluctu-
ations from the DNS. Since the DNS was incompressible, the acoustic
fluctuations were missing. They are however relatively small and were
therefore neglected. Because fully developed channel flow has a much
higher turbulent intensity in the middle of the channel than developing
boundary layer has in the outer region, the fluctuations from the DNS
had to be reduced. A filter was created by comparing RMS data from
the DNS and the measurements made by Johansson and Castillo. The
filter was applied to the fluctuations before they were added to the inlet
profile. The resulting Reynolds stresses are displayed in figure 4.2.
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Figure 4.2: Reynolds stresses at the inlet. ,
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The mathematical form of the inlet boundary condition was that of
a non-reflective boundary condition based on flow characteristics wherec T c�5 T c�ì T c�P and c�9z: are given as boundary values. The free stream value
of these five were set to ���������	��þ æ ) v �

, ���
� u y ) v �
, ���E� u y ) v �

, ���E� u y ) v �
and ���$� þ~}�) v �

.
In the experimental rig, the outlet pressure was used to control the

strength and the position of the shock [9]. An outlet pressure of �	��
 þ > O
gave a very weak shock at 4�� ���E��� while an outlet pressure of �$��
¥þ > O
gave a strong shock at 4o� ���E��� . The measurements by Bron indicated
that for an outlet pressure of �$���Mþ > O , a maximum Mach number ����� was
reached right before the shock. ����� is generally considered the critical
Mach number to get separation for transonic flows with SWTBLI [2] and
this was confirmed in Bron’s experiments. The problem is that the flow
in the wind tunnel features large zones of separation at the side walls,
thus the flow is accelerated by � D effects neither possible nor desirable
to mimic in the computational domain. The best flow configuration,
which was reached for

>��a\ � Q �$�������Ãþ > O , was a shock at 4�� ���E����� and
the maximum Mach number was ������� (see chapter 5). When the same
shock strength was obtained in the test rig, the shock was positioned at4�� ���E���	� . A stronger shock could have been achieved by lowering the
outlet pressure even more, but that was not done since the shock then
would have moved too close to the location where the wall curvature
goes from convex to concave.

4.4 Data treatment

For each grid, a calculation was run until the average wall shear stress
on the back of the bump showed no long time fluctuations. The calcula-
tions were then run for approximately � flow through times. During this
time, ���
� instantaneous solutions with equal time spacing were saved.
Tests showed that second order statistics could be calculated from ���	�
samples only without loss of accuracy, but ���
� were chosen because of
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FFT calculations in the post processing.
As explained in the nomenclature, the code gives data in form of cell

averages. For each node (node Q grid node), the values of the adjacent
cells were added and the sum divided by the number of adjacent cells.
This makes the values of the interior nodes averages of eight cell values
while the values assigned to a corner node equal those of its adjacent
cell.

Depending on the application, the nodal data were then either aver-
aged in the spanwise direction or interpolated onto the cells of another
grid. Flow statistics such as Reynolds stresses were calculated from
data averaged in both the spanwise direction and in time. For calcula-
tion of two-point correlations and frequencies, data have been interpo-
lated to a sample grid and calculations carried out on this grid using
the cell values. The results have then been averaged in the spanwise
direction.





Chapter 5

Results

5.1 Grid studies

Resolution is always a critical issue and in this case also domain width
since translational periodic boundary conditions are assumed in the
spanwise direction. This section deals with those issues. Three grids
are considered and are summarized in the following table.

Grid Nodes domain width� �	����P��
����P¬�	� ���E�U�
�	� v� ������P��
����P¬�	� ���E�U�
�	� v� ������P��
����P �z��� ���E���	��� v
A first grid, grid � , with �	����PÄ�
����P �	� nodes in the streamwise, wall-

normal and spanwise direction respectively, was constructed covering a
width of almost ���E��� v . The domain was chosen with this narrow width
since much wider would have been too costly in terms of computational
cost. The effect of the width will be considered later in this section. The
maximum stretching of this grid was �	�§! .

Initial computations showed that the resolution in terms of
g 4 � andgÉÈ �

was satisfactory. On most locations
gÉÈ �

for the first node was �����
and it was nowhere larger than � . But there was a fairly large region
where

g�Ê �
was more than ��� with a maximum value of almost 
�� . A

well resolved LES should have
g�Ê � � ��� with 
�� as an absolute maxi-

mum [24]. Therefore, another grid with �����[P �
����P �	� nodes spanning
the same domain width was created. Motivation for the extra 45 nodes
in the streamwise direction will be given later. A few nodes were added
also in the wall normal direction to give a better stretching. Some pic-
tures of this grid � can be seen in figures 5.1, 5.2 and 5.3. In figure
5.1 the block decomposition of the grid is shown and figures 5.2 and 5.3
show close up pictures at the foot of the bump and at the shock foot po-
sition respectively. The grid is of course � s , but is homogeneous in the

27
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Figure 5.1: Block decomposition of grid � .
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Figure 5.2: Close up of grid � at the foot of the bump.
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Figure 5.3: Close up of grid � at the shock foot position.Ê
-direction. Note that the 4 - and

È
-scales are approximately the same

in figure 5.2 and 5.3.
To give an overview what the flow looks like, an average Mach con-

tour plot is shown in figure 5.4. The maximum Mach number before the
shock is ������� . The results from grid � and grid � were compared. No
differences could be seen in first order statistics and most second order
statistics showed excellent agreement as can be seen in figure 5.5. Only
in the

[ P§P \
Reynolds stresses, slight differences between the two com-

putations can be seen (see figure 5.6). Notice that the streamwise scale
is different in figures 5.5 and 5.6 and that the bump has been rescaled
to have the same

È
-scale as the Reynolds stresses.

Another example of the near grid independence can be seen in figure
5.7 where the average wall shear stress can be seen. The negative wall
shear stress on the bump indicates separation and that is confirmed by
the large amplification of the Reynolds stresses seen in figure 5.5 and
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Figure 5.4: Average Mach contours computed on grid � .
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Figure 5.5: Comparison of the

[ 5�5 \ Reynolds stresses. , grid � ; ���
,

grid � .
−0.1 −0.05 0 0.05 0.1 0.15 0.2 0.25 0.3
0

0.01

0.02

0.03

PSfrag replacements �
; ���!���

�
Figure 5.6: Comparison of the

[ P P \
Reynolds stresses. , grid � ; ���

,
grid � .
5.6. From the wall shear stress, the grid resolution in terms of inner
variables has been calculated and

g 4 � and
g¥Ê �

are shown in figures
5.8 and 5.9. They more or less only confirm what has already been said
about the resolution.

Grid � has slightly more cells in the streamwise direction than grid� . As can be seen in figure 5.8, they were used to get a generally better
resolution, not only where

g 4 � were large, but also in the vicinity of
the shock. The reason for the refinement in the shock region is that in
the calculation on grid � , almost no shock movement could be detected
while in the experiments, the shock was clearly moving [9]. In this work
shock movement was measured by FFT of the shock position outside the
viscous region. Shock movement in experiments may very well be dis-
turbances in the wind tunnel or unwanted � s -effects. But shock move-
ment is often detected in computations of nominally � s flows, especially
in supersonic flows, so the grid was refined in the streamwise direction
to make sure lack of shock movement was not caused by low resolution.
Despite the refinement, no shock movement could be detected. This is
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Figure 5.7: Comparison of wall shear stress. , grid � ; ���
, grid � .
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Figure 5.8: Comparison of streamwise resolutions. , grid � ; ���
, grid� .
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Figure 5.9: Comparison of spanwise resolutions. , grid � ; ���
, grid � .

in disagreement with most experiments on transonic flows but in agree-
ment with the results of Sandham et. al. [6]

As mentioned in chapter 2.3, it is important that the computational
results are not too much dependent on the SGS model, i.e. the turbulent
viscosity may at most be of the same order of magnitude as the kine-
matic viscosity. The maximum value of k � ) k found in the ���
� samples
was �����	� . This low number confirms that the solution is only weakly
dependent on the SGS model. Thereby, it cannot be stated that the
subgrid model is good enough. Looking at figure 5.7, a plateau can be
seen in f$j before it reaches its minimum value. Compared to other ex-
periments, a more typical configuration is a local minimum before the
global minimum indicating preseparation before the large, strongly sep-
arated, region. This preseparation is connected to a lambda-shock for-
mation present at high enough Mach number before the shock. Garnier
et. al. [7] made LES calculations of supersonic SWTBLI using higher
Reynolds number and a more advanced subgrid model. Their results
showed that if the SGS model was turned off, the preseparation, oth-
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Figure 5.10: Two-point cor-
relations for grid � . ,
taken before the bump at 4 Q� ���E�U�
�	��T È Q ���E�	�U�
�	� ;

�ª�¿�
, taken down stream of the
shock at 4 Q ���&�	�
�	��T È Q���E�	����� .
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Figure 5.11: Comparison
between two-point cor-
relation for grid � and
for grid � both taken at4 Q ���&�	�
�	��T È Q ���E�	����� ; ,
grid � ; �®�®�

grid � .
erwise present, disappeared. It is possible that the SGS model used
here is too simple to be able to capture the correct wall shear stress
distribution. A much more probable explanation, however, is that the
low Reynolds number has increased the interaction length, hindering
preseparation.

From the small deviations in the Reynolds stresses and other sta-
tistical quantities, the good values of

g 4 � ,
gÉÈ �

and
g�Ê �

and the lowk � ) k , the only conclusion possible was that at least grid � has enough
resolution for LES of this flow.

The important issue of domain width was investigated with two-
point correlations in the spanwise direction. For a domain to be wide
enough, the two-point correlations must have vanished at a separation
of half the domain width. Two-point correlations are often normalized
by their auto-correlations and care must be taken so that the auto-
correlations are not small compared to the maximum normal Reynolds
stresses. Therefore, two-point correlations were calculated for several
wall normal distances and only correlations strong enough were used in
the analysis. Plotting two-point correlations for several streamwise po-
sitions showed that the domain was wide enough to contain the largest
spanwise structures of the boundary layer before the shock, but a bit
downstream of the shock, the larger structures were exactly half the
domain wide, which shows that the domain width was not sufficient.
Figure 5.10 shows two typical correlation curves, one on the flat plate
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Figure 5.12: Comparison of the wall shear stresses. , grid � ; ���
, grid� .
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Figure 5.13: Comparison of the

[ 5�5 \ Reynolds stresses. , grid � ; ���
,

grid � .
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Figure 5.14: Comparison of the

[ P§P \
Reynolds stresses. , grid � ; ���

,
grid � .
before the bump and one some distance behind the shock.

To meet the requirements of larger domain width, a grid £ was cre-
ated. It had the same resolution as the grid � , but with twice the domain
width, i.e. approximately ���E��
 v instead of ���E��� v . In figure 5.11, one of
the two-point correlations from figure 5.10, the dashed line, is compared
to the corresponding two-point correlation computed from the results for
grid � . Apart from the somewhat strange behavior for large

g�Ê
, which

will be treated in the next section, the correlation for grid � is satisfac-
tory. Although only one example is shown in figure 5.11, it displays the
general trend for the spanwise two-point correlations. For first order
statistics, both primary data, such as velocity and wall pressure, and
gradients did not changed notably by the widening of the domain. Ex-
ample of this can be seen in figure 5.12 where the wall shear stresses
are compared. The Reynolds stresses, on the other hand, showed devia-
tions which at most were somewhat less than ���¥! . The

[ 5�5 \ and
[ P§P \

Reynolds stresses are shown in figures 5.13 and 5.14 respectively. ���É!
deviation can sound like much, but it is partly an artifact of normal-
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Figure 5.15: Two-point corre-
lations at 4 Q � ���E�U��
�� v ,

È Q���E�	�U�
�	� v . ,
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Figure 5.16: Two-point corre-
lations at 4 Q � ���E���	��� v ,

È Q��������� vQv ; ,
r�\*\

;
�¿� �

,r j�j .

ization. For example, max � g [ 5�5 \ �-) max � [ 5�5 \ � is not more than ��
¥! , so
the absolute values of the deviations are large, but, taking into account
also the two-point correlations and very good agreement in first order
statistics, not large enough to justify calculations on a grid even wider
than grid � .
5.2 Flow studies

All results discussed in this section are taken from computations per-
formed on grid � since it is the only grid with both good enough resolu-
tion and wide enough domain.

It must always be checked, that the flow created in a simulation,
really is the flow that is supposed to be studied. There are two major
points of concerns in this computation. One is the strange behavior of
the two-point correlations at large spanwise separations, the other that
the shock is not moving.

5.2.1 Spanwise structures

Before proceeding with the analysis of the two-point correlations, it
should be mentioned that it takes very large amount of data to get those
correlations to converge, especially for large separations. As can be seen
in for example figure 5.11, the correlation for grid � exhibits oscilla-
tions that can be caused by too few data samples. Depictured in figure
5.15, are the

[ 5�5 \ and the
[ P§P \

two-point correlations at 4 Q � ���E�U��
�� v ,È Q ���E�	�U�
�	� v . At a beginning, they fall off as expected, but the rela-
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tively high correlations at
g�Ê � ���E�	�U�
� v are not expected. They turn

out to originate from the inlet boundary conditions. Figure 5.16 shows
the same correlations at the inlet ( 4 Q � ���E���	��� v ,

È Q ��������� vQv ) and
both have sharp peaks at

g�Ê Q ���E�U�	�
� v and
g�Ê Q ���E�U�
�	� v and some

smaller oscillatory peaks. As mentioned in section 4.3, fluctuations from
DNS data were added to a measured velocity profile, but the DNS data
covered only a width of ����� A v . To cover all of the computational domain,
the turbulent data was repeated until the whole domain was covered.
This procedure is the cause of the peaks at

g�Ê Qâ����� A v . The other
peaks are also due to the same procedure, but they turn up at other

g�Ê
because the domain is covered by �����	� repetitions of the DNS data, not
an integer number.

It was clear from the beginning that the two-point correlations would
look like this directly after the inlet, but it was not expected that the
peaks would persist that far downstream of the inlet. Even after the
flow has accelerated up the bump, the

[ P P \
correlation shows a peak atg�Ê � ����� A v . The turbulent structures on the inlet are repeated each����� A v , but since all two-point correlations goes to zero within a separa-

tion shorter than ����� A v , these structures are independent of each other.
Thus, the peaks are pure artifacts of the construction of inlet boundary
condition. Because the inlet structures are fully physical to their na-
ture, we consider the computations to be valid. The only problem is that
the spanwise two-point correlations cannot be used to draw any further
conclusions regarding the size of the turbulent scales. Remedy for this
problem will be discussed in chapter 6.

5.2.2 Shock movement

The issue of shock movement requires detailed flow analysis. That there
really is no shock movement could be seen both from FFT of the shock
position and from animations of the flow field. If an FFT is made of the
shock position and the power spectrum is plotted as a function of the
frequency, only one sharp peak at

W Q � ` Ê
with

>�X � W Q ��� Q ���E��� (the
mean shock position) is visible, the amplitude on every else frequency
being at least a hundred times smaller. The little movement there is,
can be analyzed by studying the the power spectrum of 4 Ø X � Õ Á � [ 4 Ø X � Õ Á \which is shown in figure 5.17 for

È Q ���E���	� v
. There are some low

frequency shock movements, but as can bee seen from the scale of the
power spectrum, they are of very low amplitude, making them unquali-
fied as large scale shock movement.

It is not clear in exactly what frequency region to expect shock os-
cillations. Measurements by Bron [9] show that the shock frequency is
very low, mostly contained in the region � � �$�	� ` Ê

with an additional
single peak at �	��� ` Ê

. It is possible that the simulation length of � v y
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Figure 5.17: Power spectrum
of 4 Ø X � Õ Á � [ 4 Ø X � Õ Á \ .
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Figure 5.18: Power spectrum
of upstream traveling sound
waves at 4 Q ���&�
� v and

È Q���E��� v .

is too short to resolve shock oscillations, but in the measurements made
by Bron, the shock was moving over a

g 4x� � A v , and during the � v y
simulated here, the shock is absolutely stable. If the largest amplitude
was connected to a frequency of for example �$�	� ` Ê

, at least half a rev-
olution would have been visible, resulting in the shock traveling a total
of � A v . That leaves only three possible explanations. One is that the
large scale shock movements have frequencies in order of �$� ` Ê

, but
that is much slower than any other characteristic time scale in the flow,
especially those considered as candidates for shock movement, for ex-
ample the separation bubble and the incoming boundary layer, leading
to the second possible explanation: The large scale shock movements in
the experiments may be due to disturbances in the wind tunnel facility.
The last possible explanation is that the modified viscosity has altered
the flow field and thereby eliminate shock movement. The truth of such
a statement cannot be examined using the current results, but the re-
sults can be used to rule out possible explanations of shock movement.

It is a bit dangerous to use such simple outlet boundary condition as
constant static pressure. Most computations performed today use buffer
zones to prevent reflections at the outlet, reflections that result in artifi-
cial sound waves traveling upstream. If such artificial reflections reach
the chock, they might interact with it causing unphysical shock move-
ment, or, which can be suspected in this case, prevent shock movement.
To analyze the information brought to and transported from the shock,
the plane wave analysis used to compute the convective fluxes (see sec-
tion 2.3.1) was applied before and after the shock. In particular, the
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Figure 5.19: � s visualization
of the PDF of
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power spectrum of the upstream traveling waves, i.e. those possibly em-
anating from the outlet, taken at 4 Qù���&�
� v and

È Qù���E��� v is shown
in figure 5.18. In this case, the unit of

>�X
is density squared and cor-

responds to pressure fluctuations of magnitude a few hundred Pascal.
The only way these waves can prevent shock movement, is if some of
their frequencies are resonance frequencies of the shock and that they
have exactly the opposite phase of whatever physical phenomena that
would have produced shock movement if the artificial sound waves were
not present. The risk that this is the situation is negligibly small, but
can be excluded completely only if a buffer region is introduced.

5.2.3 The separated region

Shock oscillation seems at least partly to be connected to possible sepa-
ration of the boundary layer with only small oscillations if there is no,
or weak, separation [9]. The concept of incipient separation and its de-
tection is thoroughly treated in reference [2]. Incipient separation is
when the averaged f$j is everywhere positive except for one point where
it equals zero. As can be seen in figure 5.12, the flow field considered
here is well beyond incipient separation. For the flow to be effectively
separated, there has to be a sizable region where the probability for
back-flow is larger than ����� . In figures 5.19 and 5.20, the probability
density function, PDF, of the skin friction coefficient,

F ^ , is given as a
function of the streamwise position 4 . The distribution includes instan-
taneous data from all spanwise positions. As can be seen, the presence
of the shock is first felt by the fluid at 4²� ���E��
�� v resulting in a decrease
in

F ^ , but the variance of the distribution of
F ^ is not changed until the
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Figure 5.21: The probability for
F ^ to be less than zero as a function of

streamwise position.

fluid reaches 4¸� ���E��� v where the variance increases drastically, in-
dicating effective separation with high intermittency. The probability
for back flow can be found by integrating the PDF for all negative

F ^ ,
the result is shown in figure 5.21. Clearly, there is a separated region,> � F ^ ö ��� õ ����� , of � A v ranging from 4²� ���E��� v to 4Q� ���E��� v .

Three centimeters is in this case a rather large length scale, yet, it
is not clear that the separated region can be considered sizable. Fig-
ure 5.22 depicts streamlines calculated from the average solution and
as can be seen, the separation bubble is merely one millimeter high. On
the other hand, visualizations of the instantaneous flow field reveal a
different picture. An example is shown in figure 5.23. It is obvious that
in the separated region, the mean flow field bears little resemblance to
the real flow structures which are not anywhere stationary and several
millimeters high. Thus, the seemingly low height of the separation re-
gion, is because there are several recirculation bubbles which are not
stationary. In other words, if the flow is studied using first order statis-
tics, the separation is concealed by the large Reynolds stresses.

There is no unambiguous method for calculating the size of the largest
turbulent structures. As already discussed, the spanwise two-point cor-
relations cannot be used. Turning to the 5�5 time correlation, structures
like the ones shown in figure 5.23 can be argued, using the concept of
frozen turbulence, to give negative contributions to the time correla-
tions. That makes the ordinary interpretation of the integral time scale
questionable. Some representative time correlations for 4 Q¤���E��� A v ,4 Q ���E��� A v and 4 Q ���E��� A v are shown in figures 5.24 and 5.25, all
taken roughly half a millimeter from the surface. The downstream part
of the separation bubbles are probably responsible for the negative cor-
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Figure 5.22: Streamline calculated from the averaged flow field.
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Figure 5.23: Streamlines calculated from an instantaneous flow field.

relations in the range ���&��
�#��$� Æ ç ö g 7 ö �����@#��$� Æ ç y , but they cannot ex-
plain the oscillatory trends in the correlations. These oscillations could
be due to bad convergence or repeating turbulent structures. Whichever
is the case, just by looking at the correlations, it is clear that the time
scale increases by approximately a factor three as the flow separates.

The extreme values of the Reynolds stresses are shown in figure
5.26, where it can be seen that û [ 5�5 \ )�'R( increases by more than ���	��!
as the fluid passes through the interaction region. According to ref-
erence [2], such large amplification in û [ 5�5 \ )�' ( indicates strong sep-
aration. Also visible is the high degree of anisotropy after the shock
which is to be expected since the shock is a most inhomogeneous phe-
nomenon [25]. In figure 5.27 the distance to the wall for the maxima
of the Reynolds stresses are shown. The maximum positions moves to-
wards the wall as the boundary layer is retarded by the adverse pres-
sure gradient. As the fluid passes through the separation region, tur-
bulence is thrown out from the wall where it creates a strong turbulent
region, possibly a vortex sheat. This region is clearly visible in figures
5.13 and 5.14.

Most statistical limits for separation, like increase in Reyolds
stresses, do not take into account the curvature of the wall and the con-
cept of effective separation is a bit vague. The important point here
is that the flow features strong, unsteady structures under the shock,
structures that could be the source for shock movement. The PDF ofF ^ , and the comparison between the average and instantaneous stream-
lines show that there is separation and that the flow field is highly un-
steady. The structures are furthermore strong in the sense that the
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Figure 5.24: Time correla-
tions for 4 Q����E��� v ( ), 4 Q���E��� v (
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) and 4 Q¸���E��� v
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Figure 5.25: Closeup of figure
5.24 for �¥¢ g 7 ¢���#��$� Æ � y .

Reynolds stresses are amplified with several hundred percents.
For supersonic flow in a compression ramp formation, Thomas et. al.

[26] related the shock movement to the frequency of the separated re-
gion. There are significant differences between the current case and
the supersonic one. In the supersonic case, the separation bubble is
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Figure 5.28: Power spectrum
of the fluctuations of

F ^ at 4 Q���E��� v .
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Figure 5.29: Power spectrum
of the fluctuations of

F ^ at 4 Q���E��� v .

’trapped’ between the shock and the compression ramp, whereas the
current flow features not one, but several, separation bubbles. Thus,
no single turn-over time can be computed for the current case. Instead
spectra based on the fluctuations of

F ^ were computed from 4 Q¿���E��� v
and 4 Q¤���E��� v and averaged in the spanwise direction. The results
are shown in figures 5.28 and 5.29. In the beginning of the separation,
at 4 Q ���E��� v , the fluctuations are mostly of frequencies in the region���	� ö W ö ���	�	� ` Ê

, but also some fluctuations can be found in a broad
spectra around

W Q¡����þ ` Ê
. Further downstream, at 4 Q¡���E��� v , the

fluctuations are stronger and all frequencies are represented.

If it is assumed that the oscillations of the correlations in figure 5.24
represent recurrent flow structures, then the corresponding power spec-
trum will feature peaks at the frequency of this recurrence. The power
spectra are shown in figures 5.30 and 5.31. At the start of the separa-
tion, 4 Q ���E��� v , structures of frequencies around �
���	� ` Ê

dominate,
but at 4 Q����E��� v , the frequency content is broadened with

W � �	���	� ` Ê
being the strongest frequency. From visualizations, the most conspicu-
ous recurrence is that of large separation bubbles which form close to
the surface and are ejected out in the free stream. At this ejection, sev-
eral large scale structures are formed and it is very possible that the
low frequencies in figures 5.30 and 5.31 originate from this process.

In conclusion, the strongly separated region features more or less all
frequencies, some more important than other, but non of them triggers
shock movement.
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Figure 5.30: Power spectrum
of time correlation

r�\*\ � g 7 � at4 Q����E��� v .
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Figure 5.31: Power spectrum
of time correlation

r�\*\ � g 7 � at4 Q����E��� v .

5.2.4 The incoming boundary layer

Reason for the unorthodox properties of the separated region can be
sought in the boundary layer approaching the shock, the so called in-
coming boundary layer. Also, several investigations of supersonic com-
pression ramp flow have pointed out the burst frequency in the incom-
ing boundary layer as the frequency of the shock movement. See for
example reference [27] and [28].

The boundary layer was designed to have correct turbulent intensity
at the inlet and to match the thickness of the experimental boundary
layer at the bump foot. However, as the flow is accelerated up the bump,
it is influenced by a favorable pressure gradient which starts a relami-
narization process, a process which rate is proportional to the viscosity.
Reference [29] describes the acceleration parameter_ Q k' �( � 'Î(� y (5.1)

where
� ) � y represents derivation in the streamwise direction. For re-

laminarization to occur,
_

should be larger than �*#��$��Æ�% over a long
enough streamwise distance. For this computation

_
reaches above

that limit, but as can be seen in figure 5.26, the boundary layer stays
turbulent for all 4 . This however indicates that the viscosity could not
have been much higher.

An effect of the far proceeded relaminarization process is that the
form factor of the boundary layer is affected. Lower Reynolds num-
ber gives lower form factor as the flow is accelerated. Reference [2]
also states that the strength of the separation is dependent on the form
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Figure 5.32: Form factor of the boundary layer as function of streamwise
position 4 .

factor but independent of the Reynolds number with separation if the
shock is strong enough to force

`
to become larger than ����� , the exact

number depending on the curvature of the wall. This number is close to����� which was obtained as a separation criterion by Castillo et. al. [30] in
their similarity analysis of incompressible equilibrium boundary layers.
The incoming boundary layer is probably not an equilibrium boundary
layer, but neither are those in reference [2]. The form factor for the cur-
rent case is plotted as a function of 4 in figure 5.32. It is never anywhere
near ����� , yet strong separation do occur and the curvature of the wall is
not strong enough to explain this large deviation in maximum form fac-
tor from the conventional value. Obviously, it is not necessary for the
form factor to reach ����� for separation to occur.

To detect possible burst events in the incoming boundary layer of the
current case, an indicator function was applied a distance �����	+�,-, from
the wall at 4 Q����E��� v . The indicator function,

a�b
, was defined bya
b Q ÆÇÉÈ � if

Z õ [ ZS\ t l b� � if
Z ö [ ZS\R� l b� otherwise

(5.2)

where l�� is one standard deviation of the Mach number distribution in
the point where

a b
is measured. This is the same indicator function

that was applied by Wu and Martin [28]. They found that bursts and
shock movement had a main frequency of ���&��
�' (Ã)�+ which in this case
would be approximately ���&��
Ä#��	����) ���E�	���åQ �����¬þ ` Ê

. The result is dis-
played in figure 5.33. There is one peak in the region of interest, but it
is not very strong. Ichimiya et. al. [31] describe the effect of a relaminar-
ization process on the bursting frequency. Their conclusions were that
the relaminarization starts from the outer layer and that the bursting
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Figure 5.33: Power spectrum
of the indicator function

a b
taken at 4 Q ���E��� v and

È Q���E�U��
 v .

0 1 2 3 4 5

x 10
4

0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0.009

0.01

PSfrag replacements Ê
Ë¦ÌÍ ÎÏ

Figure 5.34: Power spectrum
of the indicator function

a b
taken at 4 Që���E��� v and

È Q���E�U�
� v .

frequency decreases, at least in outer scaling. For comparison, the indi-
cator function was applied at the same 4 but at a distance �����	�	+ ,-, from
the wall. The resulting power spectrum is shown in figure 5.34. Here
a sharp peak at

W Q �����¥þ ` Ê
which probably is the sought-after burst-

ing frequency. That it is much stronger a bit closer to the wall than in
the supersonic case is in agreement with the results of Ichimiya et. al.
Of course the bursting frequency cannot be found in the shock move-
ment since there is non, but more surprisingly; it cannot be found in the
separated region either.

In figure 5.33 there is yet another peak which is in the same region
as the important frequencies in the separated region. To get a more
complete picture, power spectra of the skin friction coefficient and of
the time correlation, both computed for 4 Q¸���E��� v , are shown in figures
5.35 and 5.36. Both can be seen to have peaks at very low frequen-
cies, both probably emanating from the same boundary layer phenom-
ena, uncertain which. But the power spectrum of the time correlation
contains much more information. Apart from the lowest peak, three
more peaks can be found. The approximate location for these peaks
are �	���	� ` Ê

, ���	�	� ` Ê
and �	���	� ` Ê

. There is actually a peak also at�
�	��� ` Ê
. Both �
�	��� ` Ê

and �	���	� ` Ê
can be found in the separated re-

gion (see figure 5.31) and ���	�	� ` Ê
is very close to the bursting frequency.

This last observation strengthen the hypothesis that the oscillations in
the time correlation really originates from flow structures. The lowfre-
quency peak in figure 5.33 at �z� �	� ` Ê

and the peak at �
�	��� ` Ê
in the

power spectrum of the time correlation could much well be connected to
the same recurrent phenomenon, a phenomenon which gives rise to a
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Figure 5.35: Power spectrum
of the fluctuations of

F ^ at4 Q����E��� v .
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Figure 5.36: Power spectrum
of the time correlation

r�\*\
at4 Q ���E��� v

shown in figure
5.24.

burstlike event in the outer parts of the boundary layer.
It is clear that the SWTBLI picks one or several frequencies from

the incoming boundary layer and creates structures of these frequen-
cies. These frequencies ssems to correspond mainly to repetition of flow
strucutures in the incomming boundary layer.



Chapter 6

Conclusions

The calculation presented here of a transonic SWTBLI is accurate with
good resolution, wide enough domain and little dependence on the sub-
grid model. It could however be improved on three pointsÐ A more advanced subgrid model could be used, or at least variable

filter width introduced.Ð Buffer zone, or absorbing boundary condition, could be added at
the outlet.Ð Different treatment of the inlet data.

The first two points are computationally costly, but not impossible to
attend to. The last problem is of a more cunning nature. The only
way to extend the DNS data is to repeat it, which is in accordance with
its own boundary conditions. Unless the DNS is made as wide as the
LES domain, it is impossible to get rid of the peak turning up where
the DNS data is repeated. Some of the smaller peaks could though be
deleted by having an LES domain that is an integer multiple of the
DNS channel. But if there are resources to run a wide enought DNS to
acquire turbulent inlet data, it is highly recommended to do so.

The flow is strongly separated in terms of probability for back-flow
and increase in time-scales and Reynolds stresses through the inter-
action region. The separated region features high intermittency with
several frequencies, but non of the triggers shock movement. In fact,
the shock is quite still which is in contradiction to measurements of
the flow. At least, that situation removes the theory that the separated
structures alone should trigger shock movement.

The incoming boundary layer is on the brink of relaminarization, but
stays turbulent everywhere. The high viscosity makes the form factor of
the incoming boundary layer very low and it never reaches the conven-
tional ����� before separation. This suggests that the separation strength
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is not independent on Reynolds number as suggested in reference [2]
and that a form factor of ����� is not a necessary condition for separation.

A bursting frequency of �����§þ ` Ê
was found in the incoming boundary

layer but that frequency could not be found in the separated region.�����*þ ` Ê
is close to ���&��
�'Î(Ã)�+�,-, found in supersonic flows. In the initial

separation, a frequency of �
�	��� ` Ê
dominates, but as the separation

evolves, structures of other frequencies are added, some of them can be
found also in the incoming boundary layer.

A newly started project at Chalmers aims on making proper orthogo-
nal decomposition POD of the data presented here. Hopefully, the POD
can shed some light on what kind of structures that belong to which
frequency.



Chapter 7

Future work

Another LES is going to be performed where the inlet boundary data
has been improved by using DNS flucutuations that cover the whole
inlet. On the outlet, absorbing boundary conditions are going to be im-
plemented and a grid dependent filter width introduced in the subgrid
model. Neither of these improvements should have any large effects,
but the only way to be sure of such a statement is to run tests.

When all doubts about the quality of the computations have been re-
moved, an LES with higher Reynolds number will be run to investigate
the Reynolds number effects.

All of these calculations will give a comprehensive data base which,
in cooperation within the STEM program, will be analysed using POD.
Results from that analysis will hopfully result in the construction of a
subgrid model using POD.

47





Bibliography

[1] Dolling, D. S., “Fifty Years of Shock-Wave/Boundary-Layer Inter-
action Research: What Next?” AIAA Journal, Vol. 39, No. 8, 2001,
pp. 1517 – 1531.

[2] “Shock-Wave Boundary Layer Interactions,” AGARDograph
No.280, 1986.

[3] Beresh, S., Clemens, N., and Dolling, D., “Relationship Between
Upstream Turbulent Boundary-Layer Velocity Fluctuations and
Separation Shock Unsteadiness,” AIAA Journal, Vol. 40, 2002,
pp. 2412 – 2422.

[4] Bur, R., Benay, R., Corbel, B., and Dlery, J., “Physical Study of
Shock-wave / Boundary-layer interaction control in transonic flow,”
AIAA Paper, 2000.

[5] Knight, D., Yan, H., Panaras, A. G., and Zheltovodov, A., “Advances
in CFD prediction of shock wave turbulent boundary layer interac-
tions,” Progress in Aerospace Science, Vol. 39, 2003, pp. 122 – 184.

[6] Sandham, N., Yao, Y., and Lawal, A., “Large-eddy simulation
of transonic turbulent flow over a bump,” Heat and Fluid Flow,
Vol. 24, 2003, pp. 584 – 595.

[7] Garnier, E., Sagaut, P., and Deville, M., “Large Eddy Simulation of
Shock/Boundary-Layer Interaction,” AIAA Journal, Vol. 40, 2002,
pp. 1935 – 1944.

[8] Sigfrids, T., “Hot wire and PIV studies of transonic turbulent wall-
bounded flows,” Thesis for licentiate of engineering, Department of
Mechanics, Royal Institute of Technology, Sweden, 2003.

[9] Bron, O., Numerical and experimental study of the Shock-
Boundary Layer Interaction in Transonic Unsteady Flow, Ph.D.
thesis, Royal Institute of Technology, Sweden, 2003.

49



50 BIBLIOGRAPHY

[10] Eriksson, L.-E., “Development and validation of highly modular
flow solver versions in g2dflow and g3dflow series for compress-
ible viscous reacting flow,” Internal report 9970–1162, Volvo Aero
Corporation, Sweden, 1995.

[11] Erlebacher, G., Hussaini, M. Y., Speziale, C. G., and Zang,
T. A., “Toward the large-eddy simulation of compressible turbulent
flows,” Journal of Fluid Mechanics, Vol. 238, 1992, pp. 155 – 185.

[12] Pope, S. B., Turbulent flows, Cambridge university press, Cam-
bridge, United Kingdoms, 2000.

[13] Hoffmann, K. A. and Chiang, S. T., Computational fluid dynamics
for engineers volume II, Engineering Education System, Wichita,
Kansas, USA, 1993.

[14] Laney, C. B., Computational Gasdynamics, Cambridge university
press, New York, USA, 1998.

[15] Wollblad, C., Davidson, L., and Eriksson, L.-E., “Semi-implicit Pre-
conditioning for Wall-bounded Flow.” AIAA conference, 2004, paper
number 2004-2135.

[16] Press, W. H., Teukolsky, S. A., Vetterling, W. T., and Flannery, B. P.,
Numerical Recipes in Fortran, Cambridge University Press, 1992.

[17] Rice, J. A., Mathematical Statistics and Data Analysis, Duxbury
press, Belmont, California, USA, 1995.

[18] Wilcox, D. C., Turbulence Modeling for CFD, DCW Industries, Mill
Valley, California, USA, 2nd ed., 1998.

[19] Andersson, N., “A Study of Mach ������� Jets and Their Radiated
Sound Using Large-Eddy Simulation,” Thesis for licentiate of en-
gineering, Department of Thermo and Fluid Mechanics, Chalmers,
Sweden, 2003.

[20] Welty, J. R., Wicks, C. E., and Wilson, R. E., Fundamentals of Mo-
mentum, Heat, and Mass Transfer, John Wiley & sons, New York,
USA, 1984.

[21] Johansson, G. and Castillo, L., “LDA measurements in turbulent
boundary layers with zero pressure gradient,” Proc. Turbulence
and Shear Flow Phenomena, � À ) International Symposium, Stock-
holm, 2001, pp. 15 – 20.

[22] Johansson, T. G. and Karlsson, R. I., “Measurement Issues in High
Reynolds Number Flows,” AIAA conference, 2002, paper number
2002-1108.



BIBLIOGRAPHY 51

[23] Schlichting, H., Boundary-Layer Theory, seventh edition, McGraw-
Hill Book Company, New York, USA, 1979.

[24] U.Piomelli and Chasnov, J., “Large-eddy simulations: Theory and
applications,” Transition and Turbulence Modelling, edited by
D. Henningson, M. Hallbaeck, H. Alfredsson, and A. Johansson,
Kulwer Academic Publisher, 1996, pp. 269–336.

[25] Rotta, J. C., “Statistische Theorie nichthomogener Turbulenz,”
Zeitschrift fur Physic, Vol. 129, 1951, pp. 547 – 572.

[26] Thomas, F. O., Putnam, C. M., and Chu, H. C., “On the mecha-
nism of unsteady shock oscillation in shock wave/turbulent bound-
ary layer interactions,” Experiments in Fluids, Vol. 18, 1994, pp. 69
– 81.

[27] Andreopoulos, J. and Muck, K., “Some new aspects of the shock-
wave/boundary-layer interaction i compression-ramp flows,” AIAA
Journal, Vol. 180, 1987, pp. 405 – 428.

[28] Wu, M. and Martin, M. P., “Direct Numerical Simulation of Shock-
wave/Turbulent Boundary Layer Interaction,” AIAA conference,
2004, paper number 2004-2145.

[29] Jones, W. and Launder, B., “The Prediction of Laminarization with
a Two-equation Model of Turbulence,” International Journal of
Heat and Mass Transfer, Vol. 15, 1971, pp. 301 – 314.

[30] Castillo, L., Wang, X., and George, W. K., “Separation Criterion for
Turbulent Boundary Layers Via Similarity Analysis,” Journal of
Fuids Engineering, Vol. 126, 2004, pp. 297 – 304.

[31] Ichimiya, M., Nakamura, I., and Yamashita, S., “Properties of a re-
laminarizing turbulent boundary layer under a favorable pressure
gradient,” Experimental Thermal and Fluid Science, Vol. 17, 1997,
pp. 37 – 48.





Included Paper

C. Wollblad, L. E. Eriksson and L. Davidson,
”Semi-implicit Preconditioning for Wall-bounded Flow.”,
34th AIAA Fluid Dynamics Conference and Exhibit, AIAA 2004-2135
Portland, Oregon, 2004.




