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Abstract

In this work a two-dimensional implicit solver for the
k — e turbulence model on unstructured grids is developed.
The solver handles cells of arbitrary form and number of
faces. The convective terms are discretized using hybrid up-
wind/central differencing, and central differences are used
for the diffusive terms. The k& and e-equations are solved
with point-by-point Gauss-Seidel relaxation. Two different
ways are used for treating the wall boundaries: ) wall func-
tions, where rather coarse meshes are used; a i) two-layer
model on fine meshes, in which a one-equation model is em-
ployed near the wall and is matched with the standard & — e
model in the fully turbulent region. This type of solver has
previously been used on structured meshes in Refs.1,2. The
mean flow equations are solved employing an explicit, cell-
centered Runge-Kutta solver for unstructured meshes.”

1 Introduction

Computational Fluid Dynamics (CFD) is nowadays be-
ing used frequently in the industry. However, when using
structured methods, the grid generation for complex geome-
tries remains a major task. Generation of body-conforming
grids around three-dimensional bodies usually require con-
siderably much more time in terms of man-power, than the
actual flow-field computations. In order to become a use-
ful tool, CFD must be capable of handling complex flow
around complex geometries. The lack of generality in treat-
ing complex geometries is one of the major reasons which
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has prevented CFD to become a powerful tool in everyday
engineering.

The use of unstructured methods facilitates the grid gen-
eration enormously, and automatic methods for triangula-
tion of arbitrary geometries exist.® For Navier-Stokes com-
putations of the flow around bodies, a structured body-mesh
can be matched with an external (automatically generated)
triangulated region.®

Local mesh refinement, either adaptive or fixed, is an-
other advantage of unstructured methods. Quadrilaterals
are easily split into smaller quadrilaterals or triangles, and
triangles are readily split into smaller triangles. If, as in the
present study, cell-centered methods are adopted, ’hanging’
grid points cause no problems, since a cell can have an ar-
bitrary number of grid points (cell vertices).

Considerable work has been presented in the literature on
unstructured methods and their applications,” "' but only
few using transport turbulence models.”™"

In the present study a two-dimensional, implicit unstruc-
tured solver for the k& —e turbulence model is developed,
which on structured grids has proved to be very stable."?
Hybrid central/upwind differencing is used for the convec-
tive terms, and central differencing for the diffusive terms.
The solver can handle control volumes of arbitrary number
of cell-faces and grid points. The discretized equations are
solved by a point-by-point Gauss-Seidel relaxation method,
whilst the mean flow equations are solved using an explicit,
cell-centered Runge-Kutta method.® We present, computa-
tions around the RAE2822 airfoil and the NLR wing/flap
configuration. For the RAE2822 airfoil several local mesh
refinements are done to refine the mesh, demonstrating the
flexibility and capability of unstructured methods. The re-



fined mesh is a mixed quadrilateral-triangular mesh, where
the number of faces of the cells varies between three and
six. When computing the wing/flap configuration a mixed
mesh is used. Near the main airfoil we use a structured
mesh employing quadilaterals. The rest of the grid is fully
unstructured based on triangles.

The walls are treated in two ways: wall functions, when
coarse meshes are employed, or a low-Re two-layer k& — e
model when we resolve the boundary layer.

Several novel features are presented in this paper:

o An implicit unstructured solver for the turbulent quan-
tities (k and €) is used, which has proved to be a very
stable and reliable method

o We present calculations where the unstructured proce-
dure has been used for local grid refinement of struc-
tured meshes

o Use of mixed grids are presented. Near the walls we
use a structured mesh of quadrilaterals, and outside a
fully unstructured grid is used. This procedure avoids
the problems with very stretched triangular cells.

The paper is organized as follows: in the following section
we present the explicit Runge-Kutta solver. Section 3 gives
the main features of the turbulence model and boundary
conditions for k and e. In Section 4 the discretization pro-
cedure for the implicit method for the turbulent quantities is
described in some detail. After that, we present calculated
results and compare with experimental data. Conclusions
are drawn in the final section.

2 The Mean-Flow Solver

The Navier-Stokes equations in Favre averaged form are
solved by means of a finite-volume spatial discretisation and
an explicit time-marching scheme.

The mean-flow equations are discretized with a standard
cell-centred finite volume technique (see Ref. 3). The con-
vective and diffusive fluxes are discretized using a central
scheme, and therefore artificial dissipation is added to re-
move odd-even oscillations and to enhance shock capturing
capabilities. The artificial dissipation terms consist of a
blending of discrete Laplacians and bi-harmonic operators.
The amount of the dissipation introduced is controlled by
means of a non-linear shock sensor, some flow-adaptive scal-
ing factors, and two coefficients to be provided by the user.

After the spatial discretisation is performed, the system
of governing equations becomes a system of ordinary differ-
ential equations (ODE’s) in time

‘= Ry (1)

where Wy is the vector of the Favre-averaged conserved
variables, Rk is the residual containing all the terms deriv-
ing from the spatial discretisation, and t is the time. The
semi-discrete system of ODE’s of Eq. 1 is integrated in time
by using the following explicit multi-stage scheme
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where n is the current time level, n+1 is the new time level,
m is the intermediate stage, and M is the total number of
intermediate stages. This scheme is very similar to an M-
stage Runge-Kutta scheme, but since some terms in the
residual are evaluated only at the first intermediate stage,
it is more appropriate to interpret it as a hybrid multi-
stage scheme. In the present implementation, the convective
fluxes are evaluated at each stage, whilst the other terms are
evaluated only at the first stage (0). Therefore, the residual
is redefined as

m 1 I(m 1%
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A further advantage is that this approach is essentially
equivalent to an underrelaxation of the diffusive terms,
which leads to an enhancement of robustness and stabil-
ity of the method. The very popular 4-stage scheme has
been employed in the present work with the “standard” co-
efficients

(){1:1/47 (.Y2=1/3, (,Y3=1/2, (,Y4=1 (4)

The maximum CFL number for the above scheme is
about 2.8, but when the scheme is applied to the Navier-
Stokes equations, where diffusive terms are present, the CFL,
number has to be reduced because of stability problems.
The size of the time step to be employed is limited due to the
explicit nature of the time-integration scheme adopted. For
multi-dimensional problems the maximum allowable time
step cannot be exactly determined. Furthermore, the pres-
ence of the viscous terms adds a further complication. Here,
the time step is evaluated as a combination of an inviscid,
AtT, and a viscous time step, AtY,

o AtI ALY
= 5
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o being an adjustable constant of about 0.15-0.25. The
inviscid time step contains the maximum eigenvalues of the
convective jacobian matrices and can be written as
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and the viscous time step is constructed in a similar way
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For turbulent flows, the term u/Pr is replaced by u/Pr+
pt/Pri. An M-th order time accurate solution can be ob-
tained if the system is advanced in time, using the minimum
time step. However, accuracy in time during the transient
evolution is not required because the objective is to compute
steady-state solutions. By using the maximum allowable
time step for each computational cell, the solution in each
cell is advanced in time respecting only local stability con-
straints, and one can increase the convergence rate up to a
factor of two. Implicit residual smoothing has been adopted
in the present work in order to increase the convergence rate
towards the steady state solutions.

3 The k — ¢ Model

The standard & and e-equations have the form:
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and the turbulent viscosity is computed as
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where the term in square brackets is a dilatation term due to
compressibility. Standard values on the constants are used:

(Cpy e,y Cae, 0k, 02) = (0.09, 1.44,1.92, 1.0, 1.31)

3.1 Wall Functions

When the mesh is coarse close to the walls, wall func-
tions are used. In this approach, the friction velocity wuy is
computed (iteratively) from the law of the wall

Uy 1 (Eu*n)
— = —log

Uy K v

(11)

where U)| is the velocity component parallel to the wall, n
is the normal distance from the wall, and &, £ are constants
(=0.41,9.0). From the friction velocity, the wall shear stress
Tw, k and € are computed as:
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The k and € equations are not solved at the cells adjacent
to the wall, but are fixed according to the formulae above.

3.2 Two-layer Model

If the grid is fine enough, a one-equation model is used

near the wall in which the standard k& equation is solved,

and the turbulent length scales are prescribed as:'?1?

£, =Cin[l —exp(—Rn[/AL)] (12)

Le = Cen [l —exp(—Rn/A:)]
(13)

so that the dissipation term in the k-equation is obtained
as:

3/2
€= k[g (14)

and the turbulent viscosity as:
e = cup VRl (15)

The Reynolds number R,, and the constants are defined as

Vkn
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The one-equation model is used near the walls, and the
standard k& — e model in the remaining part of the flow. The
matching locations are set where the damping function in
square brackets in Eq. 12 takes the value 0.95.

4 The Discretization

Let ® denote a general variable (® = k or €). The trans-
port equations for ® can then be written as
3 . 3 od =&
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(16)

& .
where S~ denotes source per unit volume. If a flux vector
Jm containing convection and diffusion is defined as

o

Tm

Jm = pUpn®—Ts (17)

FEq. 16 can be written as:

OJm —

GJm — _ 5®
0T

In vector notation the equation reads:

v.) = 5°

Integrating this equation over a volume (with volume V and
bounding surface A) using Gauss’ law, gives:

/J-dA = /?d’dv
A v
N

which for a control volume gives
Z {1-A}, = 5 ?

=1

(18)

where N is the (arbitrary) number of faces of a cell, and S®
is the total source in the control volume.



Figure 1: Two control volumes (cells). Grid points (cell
vertices) are marked with black dots (e), and cell cen-
tres are marked with X’s. The area marked with dashed
lines (a—b—c—d) is used when computing the gradient
at the face (open circle, index f).

4.1

Pointer System

Since we are dealing with unstructured meshes, we need a
pointer system which carries information on grid topology.
Almost all quantities (e.g. convection, diffusion, deriva-
tives) are computed by looping over cell faces. We thus
need a pointer for each face, which gives information about
which grid points (cell vertices) form the starting and end
points of the face, and which two cells are the adjacent cells.
This information is stored in plist, which has the form®

plist(i,1) =il
plist(i,2) =ist
plist(i,3) =tend

plist(i,4) =:r

where (see Fig. 1) 7 is the index of the face, ist and iend are
the starting and ending grid points, and il and ir are the
left and right cells. Note that the vector product between

-

the vectors (#l)(ir) and £ (where £ — § — 2 defines the three
Cartesian unit vectors) is positive.

When solving the discretized equations by implicit relax-
ation, we need also a pointer from a cell to its neighbouring
cells. The number of neighbours is arbitrary, and for cell ¢
we store it as:

info(i,1) = neighbour 1
info(i,2) = neighbour 2
info(i,.) = neighbour .

info(i,n) = neighbour n

On a mesh containing only triangles we need to store three
items in info (plist contains always four items, irrespec-
tively of type of control volume), for quadrilaterals we have
to store one more, and so on. Note that plist is stored
for each face, whereas info is stored for each cell. On a
mesh containing only triangles (quadrilaterals), the number
of cell faces is approximately 1.5 (2) times number of cells.

4.2 Convection

The convection, which is the first part of the flux vector
J in Eq. 17, is the scalar product of the velocity vector and
the area vector multiplied by the density and the variable
®. 1t is computed by looping over faces. For the cell face in
Fig. 1 we get:

{m®}, ={pU - A®}, = {p(U.As + Uy A,) @},  (19)

where the face values of p, and (U, Uy) are computed as

(Uz);y = filUs)a+ (1= fi)(Uz)ir
Uy = HUy)a+ (1= fi)(Uy)ir
pr = fiva+ (1= fi)pir

where f; is a weight function for linear interpolation.

4.3 Diffusion
Diffusion is the second part of the flux vector J in Eq.
17, and it has the form:
D = (J-Ajig=-1sA-VO

For the face in Fig. 1 it gives

o o
—{IsA . VO}, = _{rq, (Aza-u\ya_y)} =
f

where (ngz, ny) is unit normal vector of the face, computed

-

as the vector product between the vectors (2l)(ir) and 2, i.e.

Nz =  Yiend — Yist

ny = —(Tiend — Tist)

Now we need to evaluate the derivatives 9®/3z and
9P /9y at the face. We do that by applying Green’s for-
mula to the volume a — b — ¢ — d (see Fig. 1) surrounding
the midpoint of the face, i.e.

29 _ 1 29 _ 1
=== | ongda, == [ on,daA
o V/A " By V/A "

where A (= a—b—c—d) is the surface enclosing the volume

V. We get
od Ny .
|:£n11| ; = {V}f {(anA)ir + ((DnmA)iend

—(PnzA),; — (@%A)ast}
(21)
oP ny . .
I:a_y”y] , = {V}f {(‘D”yA),‘r + (Q”yA)iend

- (‘I)"yA)il - (‘I’"yA)ist}



Figure 2: A triangular control volume 1 with its three
neighbours i1, 12 and 13. Grid points are marked with
black dots (e), cell centres with X’s, and cell faces with

open circles.

Since the volume a — b — ¢ — d 1s chosen so that (nA)il =
(nAd)y = (nA)ir and (nA)iss = (NA)ienag, the sum of the
two terms in Eq. 21 can be written

[22,] +[22,] =
8.77nzf 8ynyf_

= {%}f {[ni + ni]fAf (®ir — Par)

+  Aiend [(”z)f (”m)iend + (”y)f (ny)zend:l (Qiend - Qist)}

The second line represents orthogonal diffusion, and the last
line represents non-orthogonal diffusion which vanishes on
orthogonal grids. Eqs. (20-22) now can be written:

~ {TsA.V®}, =

I's|A|
{E5 (o) oo

+  Aiend [(”z)f (”Z)iend + (”y)f (ny)iend] (cbiend - qjist)}

where the second line will be treated implicitly, and the
last line will be treated explicitly, using values at previous
time level n. For the sake of conciseness, we rewrite the
orthogonal part of diffusive as

(TsA -V}, = Dy (%i; — i) (24)

4.4 The discretized equation

Combining Egs. 18, 19 and 24 for a triangular cell (see
Fig. 2) gives

{mip1®ipr — Dis1(Pin — @)} +

{mipo®ipa — Difa(Piz — @)} +

{riviga®igs — Diga(Pis — i)} = 57 (25)

where the non-orthogonal diffusion terms have been in-
cluded in the source term. The cell face values of ® are

(22)

(23)

Figure 3: A stretched triangular control volume. Grid
points are marked with black dots (e), cell centres
The two

coordinate directions for computing the diffusion term

— —

|A|n - V® are defined by (il)(ir) = € and (ist)(iend) =
7.

with X’s, and cell faces with open circles.

estimated with hybrid central /upwind differencing.'*'® The
resulting discretized equation reads'

ap® = a1 @i+ aipa®i +aips®is + S5
1, .
aif1 = max{_gmifl +Dif1,0,—mif1}
1. .
@ifz = MAX Q= 5Mif2 + Dig2,0, —1mip2
1. .
Gifs = MAaxq—gMmif + Dif3,0, —migs
ap = aif1 +aif2 +aiga — Sp. (26)

The coefficients in FEq. 26 are calculated by looping over
cell faces. We have a cell counter which is augmented by
one every time a cell is adjacent to a visited cell face, and it
is this counter which determines the values of 11, 12,13 (1 >
i1,12, i3 > 3). The discretized equation above is given for a
control volume with three faces, but the control volumes can
have arbitrary number of faces. In the refined grid low-Re
number grid (see Fig. 9), the number of faces of the control
volumes in the mesh varies between three and six.

The treatment of the source terms are described in detail
in Ref. 14.

4.5 Problems with Very Stretched Triangular
Cells

Problems have been experiences with very stretched tri-
angular cells. When the boundary layer is resolved using
the two-layer k — ¢ model, we have cells with very high as-
pect ratios (~ 500). This gives problems with regard to
the diffusion term |A|n . V®, which on the face where it is
to be evaluated is decomposed on the two coordinate direc-
tions defined by (zl)-(zr) = ¢ and (ist)(-;'end) =1, see Fig. 3.
When the cells are very stretched the angle v approaches
180°, and the é’— 1 becomes very il-conditioned, since éand
f} become almost parallel (é 7 > 0.99). In the present work
this problem is solved by using quadrilaterals near the wall,
where the aspects ratios are large.
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Figure 4: A 200 x 40 mesh where each quadrilateral is
split into two triangles. Wall functions are used on this

mesh.

5 The RAE2822 airfoil

The RAE2822 airfoil (Case 10) is used as test case. The
experiments are taken from Cook et al.'® The Reynolds
number is number is 6.2 x 10°, and the angle of attack is
2.81 Transition is imposed according to experiments at the
lower and upper side at z = 0.03.

5.1 Wall functions

When computing this flow, we start with a structured
C-mesh, where each quadrilateral is split into two triangles,
see Fig. 4. The mesh is fairly coarse near the airfoil, and
we use wall functions when computing the wall stress in
the mean flow equations, and k& and e are fixed from the
friction velocity u«, see Section 3.1. In Figs. 5 and 6 the
wall pressure, and the convergence history are shown. For
comparison, results obtained solving the k£ and e-equations
with an explicit Runge-Kutta solver®'"'® (the same solver
as for the mean-flow equations), are also included. As can
be seen from Fig. 5, the results are more or less identical (as
they should; the same turbulence model is used, but the dis-
cretized equations are solved with two different solvers), and
from Fig. 6 we see that the system of equations (mean-flow
equations and turbulence model) converge slightly better
when the implicit solver is used.

5.2 Low-Re Two-Layer Model

Here we use meshes which are finer near the wall, and
we use the Low-Re two-layer k — e model (see Section 3.2).
The first mesh is a structured C-mesh, refined near the wall,
with 200 x 40 mesh lines (quadrilaterals). For reasons ex-
plained in Section 4.5, it is not triangulated. This mesh is
too coarse, and the (negative) pressure peak at the leading
edge is not captured (see Fig. 7), and as a result the shock is
predicted earlier. It seems that we obtain a good prediction
of the shock (see Fig. 7), but this is probably coincidental,
and is a result of the poor prediction ahead of the shock.
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Figure 5: Pressure coefficient. Comparison between
implicit and explicit solver for the k and e-equations.
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Figure 6: Convergence history comparing the explicit
and the implicit k — ¢ solver. Also the low-Re k — ¢
convergence history (implicit solver) on the refined
mesh is shown. On the ordinate the p rms-residual is

shown.
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fined mesh. The low-Re two-layer model is used to-

Pressure coefficient. Comparison between

gether with the implicit solver.

In order to create a better mesh, the grid has been refined
in three steps:

Refinement 1: on the upper side of the airfoil (0.4 < z <
1.3; 0.02 < n < 0.15) [n is normal distance from the
wall] the quadilaterals are split into two triangles; the
region close to the wall is excluded in order to avoid
very stretched triangles (see Section 4.5)

Refinement 2: a partition of the refined triangles (0.5 <
z < 0.9; 0.02 < n < 0.08) are split into four new
triangles

Refinement 3: the cells close to the wall (0 < z < 1
0 < n < 0.02) are split into four quadrilaterals.

The three different types of grid refinements are shown in
Fig. 8, and blowups of the refined mesh are shown in Fig. 9.

From Fig. 7 it is seen that the refined mesh gives a shock
location at the same position as the wall functions. How-
ever, the pressure peak is still too low. Thus it seems that
the wall functions give a better representation of the flow
ahead of the shock. However, using the low-Re model should
give a more accurate representation of the boundary layer
flow, since we resolve the boundary layer. The transition
process is probably predicted quite differently with the wall
functions and with the low-Re model.

The contours of pressure and turbulent viscosity are pre-
sented in Fig. 10, and it is seen that the contours are smooth,
also across the mesh refinements.

6 The NLR Wing/Flap Configuration

Figure 11 show the geometry for the NLR wing/flap con-
figuration of van der Berg.!? The flap angle is 20° and com-
putations are here presented for the larger gap (2.6 percent
of the chord). The Reynolds number is 2.51 x 10°, and the
Mach number is 0.185.
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Figure 11: The grid for the NLR wing/flap case. Global
view (top) and zoom near the trailing edge of the main
airfoil. Wall functions are used on this grid.

6.1 Wall functions

A mixed mesh is used consisting of a structured grid
based on quadilaterals around the main airfoil and a fully
unstructured mesh based on triangles (see Fig. 11). The
grid is fairly coarse (approximately 18 000 cells, 24 000
edges), and we are using wall functions. The convergence
history is shown in Fig. 12. Calculated pressure contours
are presented in Fig. 13, and the calculated cp-coefficient
is compared with experiments in Fig.14. As can be seen,
the agreement between computations and experiments is
not very good, which we believe is due to the rather coarse
mesh.

7 Conclusions

An implicit solver for the k — € model on two-dimensional
general unstructured grids has been presented. The dis-
cretized equations are solved using point-by-point Gauss-
Seidel relaxation. The mean flow equations are solved us-
ing an explicit, cell-centred Runge-Kutta solver. The flow
around the RAE2822 airfoil and the NLR wing/flap config-
uration has been computed. Various meshes meshes have
been used.



Figure 8: Figure 8: Three types of grid refinements. e: grid point (cell vertex); X: new cell; O: deleted cell; filled
black box: new grid point.
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Figure 9: Blowups of the refined mesh. To the left: the leading edge; in the middle: the mesh in the shock region;
to the right: the trailing edge.
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Figure 10: Contours of pressure (top) and turbulent viscosity (bottom) contours. Refined mesh.
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Figure 12: Convergence history. NLR case, wall func-
tions.
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Figure 13: Calculated pressure contours. Stream lines

are also included. NLR case, wall functions.
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Figure 14: Pressure coefficient. NLR case, wall func-
tions. Comparison between calculations and experi-

ments.

i) A coarse triangulated mesh where wall functions were
used for treating the wall boundary.

ii) A finer mesh containing only quadrilaterals, on which
a low-Re two-layer kK — ¢ model was used.

iii) Mesh i) refined; it was refined near the wall, split-
ting the quadrilaterals into four smaller ones, and the
quadrilaterals in the shock region were split, in two
steps, into smaller triangles. The number of faces of
the control volumes vary between three and six.

iv) A mixed mesh with a structured quadrilateral mesh
close to the wall and a fully unstructured triangular
mesh in the outer part of the calculation domain.

Problems were encountered when very stretched triangles
were used near the wall. The problem was traced to the
diffusion term. At the control volumes faces the gradient is
decomposed onto two coordinate axis é— 1 defined by the
two cell-centres, and the direction of the face. On stretched
triangles the é— 71 system becomes very il-conditioned, since
é and 7} are almost parallel (é 7 > 0.99). This problem was
avoided by using quadrilaterals near the wall.
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