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1. Motion, ow 18

1 Motion, ow

1.1 Eulerian, Lagrangian, material derivative
SEE also B], Chapt. 3.2.

Assume a uid particle is moving along the line in Fip1 We can choose to study
its motion in two ways: Lagrangian or Eulerian. In the Lagyi@m approach we keep
track of its original positionX;) and follow its path which is described by(X;;1t).
For example, at timg; the temperature of the particleTgX;;t1), and at timet; its
temperature i (X;;t2), see Figl.1 This approach is not used for uids because it
is very tricky to de ne and follow a uid particle. It is howear used when simulating
movement of particles in uids (for example soot particlagasoline-air mixtures in
combustion applications). The speed of the particle is thegmessed as a function of
time and its position at time zero, i.@. = v; (X;;t).

In the Eulerian approach we pick a position, exg, and watch the particle pass
by. This approach is used for uids. The temperature of thel, a0, for example, is
expressed as a function of the position, Te= T(X;), see Figl.1 It may be that the
temperature at positiaq , for example, varies in time, and theril = T (x;;t).

Now we want to express how the temperature of a uid partideies. In the
Lagrangian approach we rst pick the particle (this gives starting positionX;).
Once we have chosen a patrticle its starting position is »xatt] temperature varies
only with time, i.e.T (t) and the temperature gradient can be writd@n-dt

In the Eulerian approach it is a little bit more dif cult. Weealooking for the
temperature gradientT=dt, but since we are looking at xed points in space we
need to express the temperature as a function of both timepexk. From classical
mechanics, we know that the velocity of a uid particle is ttime derivative of its
space location, i.e; = dx;=dt. The chain-rule now gives

ar_ et ¢ @1_ @1, QT

d = @t dt @x @t @ @x
Note that we have to use partial derivativeDisince it is a function of more than one
(independent) variable. The rst term on the right side isltcal rate of change by local rate

this we mean that it describes the variatiomah timeat positionx; . The second term of change
on the right side is called theonvective rate of changewhich means that it describesconv. rate

of change

(1.1)

T(Xi;t1)

X.
I T(xt;ta)

T (Xi;t2)

T(x2;t2)

Figure 1.1: The temperature of a uid particle described in Lagrangia@Xi;t), or Eulerian,
T(xi;t), approach.
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X2;r2
A
1
X1;l1
0 -
0 1 2

Figure 1.2: Flow pathx, = 1=x;. The lled circle shows the pointxi;x2) = (1;1). 5 : start
(t=In(0:5)); 4 : end ¢ = In(2) ).

the variation ofT in spacewhen it passes the poirt. The left side in Eql.1is called
thematerial derivative and is in this text denoted [T =dt

Exercise 1 Write out Eq.1.1, term-by-term.

1.2 What s the difference between— and @@i
Students sometimes get confused about the difference be and@ Here we

give a simple example. Figure2shows a ow path of uid particles which can be
expressed in time as

ri = Xypexp(t); ra= Xzexp( t) (1.2)

wherer; is the location of the particle and; is the initial location. FoiX; = X
we getr, = 1=r;. By varyingX, (and/orX,) we get different ow paths. The ow
path in Fig.1.2is steady in time and it starts @t;;r,) = ( X1;X2) = (0:5;2) and
endsafry;ra) = ( X1;X2) =(2;0:5). The ow path is taken from stagnation ow, see
Fig. 4.7. Equationl.2 gives the velocities

vi = dry _ Xiexp(t); v5= drz _ X, exp( t) (1.3)
dt dt
and Eqsl1.2and1.3give
VESTi=X; V5= M= X (1.4)

(cf. Eq.4.50. The superscript& andL denote Eulerian and Lagrangian, respectively.
Note thatvt = vE andvi = VE; the only difference is thatF is expressed as



1.3. Viscous stress, pressure 20

function of (t;x1;x2) andv’- as function of(t; X 1; X2). Now we can compute the
time derivatives of the, velocity as

L
dt =exp( t)

dvi _ @9 e @F +

(1.5)
TV =TtV —9
dt @t @x @x

=0+ x; 0 Xx» ( 1)= X2

We nd, of course, thatddﬁ dv2 = dVZ

ConS|der for example, the p0|(bt1 X2) =(1;1) in Fig. 1.2 The difference bet-

Weena and% is now clearly seen by looking at Ef}.5. The velocity at the point

(X1;%2) = (1 ;1) does not change in time and he% = 0. However, if we sit on

= Xz =exp( t).

a particle which passes the locatipn ; x,) = (1 ; 1), the velocity,v5, increases by

o dvs _ dw _ . L

time, e = o =1 (the velocity,v,, gets less negative) . Actually it increases all
. . dv: . .

the time from the starting point WhelﬁgtE =2 andvy, = 2until the end point where

dV2

— =0:5andv, = 05.
p andv,

1.3 Viscous stress, pressure
See also 3], Chapts. 6.3 and 8.1.

We have in Part 4] derived the balance equation for linear momentum which
reads

‘ Vi itii f i = 0 (16)

Switch notation for the material derivative and derivasige that

vi . @i ,
E— @?('i' f| (17)

where the rst and the second term on the right side represeaspectively, the net
force due to surface and volume forceg (denotes the stress tensor). Stress is force
per unit area. The rstterm on the right side includes thewis stress tensog; . As
you have learnt earlier, the rst index relates to the swefatwhich the stress acts and
the second index is related to the stress component. Forpd&aom a surface whose
normalisn; = (1;0; 0) act the three stress componenis, 1, and 13, see Figl.3;
the volume force acts in the middle of the uid element, seg Fi3b.

In the present notation we denote the velocity vectovby v; = (vi;Vz;V3)
and the coordinate by = x; = (X1;X2;X3). In the literature, you may nd other
notations of the velocity vector such as= (us; uz; us). If no tensor notation is used
the velocity vector is usually denoted @s v; w) and the coordinates 4s;y; z).

The diagonal components of represent the normal stresses and the off-diagonal
components of j; represent the shear stresses. In Pad} ypu learned that the pres-
sure is de ned as minus the sum of the normal stress, i.e.

P = Kk =3 (1.8)
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ti(él)
12

11

X2 fi
X2

X1 X1

(a) Stress components and stress vector on a surfapé/olume forcef; = (0; g;0), acting in
the middle of the uid element.

Figure 1.3: Stress tensor, volume (gravitation) force and stress v,et&b), see EqD.2

The pressureP, acts as a normal stress. In general, pressure is a thermmityn
property,p;, which can be obtained — for example — from the ideal gas lawtht
case the thermodynamics pressyxeand the mechanical pressuiRre,may not be the
same but Eql.8is nevertheless used. Théscousstress tensor, , is obtained by
subtracting the trace, =3 = P, from j ; the stress tensor can then be written as

i = P+ 1.9)

j isthe deviator of j . The expression for the viscous stress tensor is found i@ Bq.
atp.31. The minus-signin front o appears because the pressureiattghe surface.
When there is no movement, the viscous stresses are zerbeandftcourse the normal
stresses are the same as the pressure. In general, holweveormal stresses are the
sum of the pressure and the viscous stresses, i.e.

1= P+ 117 2= P+ 2, a33= P+ 33 (1.10)

Exercise 2 Consider Fig.1.3. Show how 21; 22; 23 act on a surface with normal
vectorn; = (0; 1;0). Show also hows;; 32; 33 acton a surface with normal vector
n; =(0;0;1).

Exercise 3 Write out Eq.1.9on matrix form.

1.4 Strain rate tensor, vorticity
See also 3], Chapt. 3.5.3, 3.6.

We need an expression for the viscous stresses,They are needed in the mo-
mentum equations, EQ.7 (see also Eqgl.9). They will be expressed in the velocity

gradients,%. Hence we will now discuss the velocity gradients.
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The velocity gradient tensor can be split into two parts as

0 1
@v _ 1 @, @v, @y @y
@x @;< @;( @x_ @x (1.11)
2@v=@x%
1l ev ey 1 @v @y _o .,
2 @;( @x 2 @x @x ! !

where

Sj is asymmetridensor called thetrain-rate tensor

i is aanti-symmetri¢gensor called theorticity tensor

The vorticity tensor is related to the familigorticity vector which is the curl of
the velocity vector,i.el =r v, orintensor notation

R
i ijk @?(

where j is the permutation tensor, see lecture notes of Efrapd TableC.1 in
AppendixC. If we set, for exampld, = 3 we get

l3= @y=@x @y=@x

(1.12)

(1.13)

The vorticity represents rotation of a uid particle. InSag Eq.1.11into Eq.1.12

gives
iz ik (S + k)= K (1.14)

since jk Sy = 0 because the product of a symmetric tens®g | and an anti-
symmetric tensor'( ) is zero. Let us show this far = 1 by writing out the full

ijk

equation. Recall thaSij = Sji (|e S, = Sp1, S13 = S3zp, Spz = 332) and
ik = ik = jki etc(i.e13= M132= "231...,"113= "221 = ::i"331 = 0)
"1k Skj = "111511 + "112S01 + "113S31
+ 121810 + 12052 + "123S32
+ "131S13 + "132S23 + "133Sa33
=0 S;1+0 Sy +0 Sz (1.15)
+0 S;p+0 Syp+1 S
+0 S;3 1 Sy3+0 Ss3
=Sz Sx3=0
Now let us invert Eql.14 We start by multiplying it with';,, so that
"tm i = "im ik K (1.16)
The"- -identity gives (see Tabl€.1at p.344)
"tmoik ok =0 mk ok mi) K= om ‘m =2 m (1.17)

Strain-rate
tensor
vorticity ten-
sor
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This can easily be proved by writing out all the componerds, EableC.1 at p. 344
Now Eqgs.1.16and1.17give

1 1
mo= 5w = S mi b= S i (1.18)

or, switching indices
1
i = 5"ijk " (1.19)

It turns out that is is much easier to go from Hql4to Eq.1.19by writing out the
components of EdL.14(here we doiit foi = 1)

'1="123 32+ "130 23= 232 3= 2 2 (1.20)

and we get
23 = E! 1 (1.21)
which indeed is identical to E4..19

Exercise 4 Write out the second and third component of the vorticitytaregiven in
Eq.1.12(i.e.! ; and! 3).

Exercise 5 Complete the proof of Ed..15fori = 2 andi = 3.

Exercise 6 Write out Eq.1.20also fori =2 andi = 3 and nd an expression for 1,
and 13 (cf. Eq.1.21). Show that you get the same result as in EG9

Exercise 7 In Eq.1.21we proved the relation betweery and! ; for the off-diagonal
components. What about the diagonal components;o? What do you get from
Eq.1.11?

Exercise 8 From your course in linear algebra, you should remember hmaampute
a vector product using Sarrus' rule. Use it to compute themegroduct

2 3
é, @&, @3
_ - @ e _@
b= v=4 @x @x @x» 5
V1 Vo V3

Verify that this agrees with the expression in tensor notain Eq.1.12

1.5 Product of a symmetric and antisymmetric tensor

In this section we show the proof that the product of a symimatrd antisymmetric
tensor is zero. First, we have the de nitions:

Atensora; is symmetric ifaj = & ;
Atensorb; is antisymmetricity; = b .
It follows that for an antisymmetric tensor all diagonal quonents must be zero;
for examplepb;; = by canonly be satised ify; = 0.

The (inner) product of a symmetric and antisymmetric tefisatways zero. This
can be shown as follows

aj by = a by = &by,
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where we rst used the fact that; = a; (Symmetric), and then thdl; = by
(antisymmetric). Since the indicésindj are both dummy indices we can interchange
them in the last expression &; b = &; b ), which gives

aj by = ajhy

This expression says that= A which can be only true i = 0 and hencey; by =
0.
This can of course also be shown be writing apyty; on component form, i.e.

aj bj = ayab + appbio + ajsbis
i n
a1 lp1 + axalps + azzlns
i m
a1 + azzbzy +azsbes = 0
I 0

+

+

The underlined terms are zerbj{ = by, = bzz = 0); terms | cancel each other
(a2 = ag1, b2 = Iypi)asdoterms il and Il

1.6 Deformation, rotation
See also 3], Chapt. 3.3.

The velocity gradient can, as shown above, be divided int parts: S; and
ij . We have shown that the latter is connecteditation of a uid particle. During rotation
rotation the uid particle is not deformed. This movementtee illustrated by Figl.4.
The vertical movement) of the right end of the horizontal edge;(+ x;) of the
particle in Fig.1.4is estimated as follows. The velocity at the left edgeisc;). Now
we need the velocity at the right edge which is locatedat  x;. It is computed
using the rst term in the Taylor series’as
@y
+ = + ==
Va(X1 X1) = V2(X1) X1 @x

It is assumed that the uid particle in Fig.4is rotated the angle during the

time t. The angle rotation per unit time can be estimated as t' d=dt =
@y=@x = @y=@Jx; if the uid element does not rotate as a solid body, the iotat

is computed as the average, id=dt = (@y=@x @y=@x)=2. The vorticity

is computed a$ 3 = @Qy=@x @y=@% = 2 1, =2d=dt, see Eql.13and

Exercised. Hence, the vorticity 3 can be interpreted as twice the average rotation per

unit time of the horizontal edgedy=@x) and vertical edge (@y=@X).

Next let us have a look at the deformation cause&py It can be divided into two
parts, namely shear and elongation (also called extensiditadation). The deforma-
tion due to shear is caused by the off-diagonal terng;ofIn Fig. 1.5, a pure shear de-
formation byS;; = (@y=@x + @y=@Xx)=2 is shown. The deformation due to elon-
gation is caused by the diagonal terms$Spf. Elongation caused 11 = @Qy=@x s
illustrated in Fig.1.6.

In general, a uid particle experiences a combination oétiain, deformation and
elongation as indeed is given by Eq11

Lthis corresponds to the equation for a straight lire kx + ~ wherek is the slope which is equal to the
derivative ofy, i.e.dy=dx, and” = vz(x1)
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= Xl

Figure 1.4: Rotation of a uid particle during time t. Here@y=@x = @y=@x so that
12 = 1322 = @y=@x > 0. The distance the upper part of the left edge is negativeuseca
it has moved with a negatiwg velocity.

@y
—= X t= X2
@x
A
X2
X1 t= X1
v
X1
X2

Figure 1.5: Deformation of a uid particle by shear during timet. Here@y=@% = @y=@Xx
(hence no vorticity) so th&1> = @y=@x > 0.

Exercise 9 Consider Fig.1.4. Show and formulate the rotation by.

Exercise 10 Consider Fig.1.5 Show and formulate the deformation$ys.

Exercise 11 Consider Fig.1.6. Show and formulate the elongation $s.
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X1 @x

1
1
1
1
1
:
X2 :
1
1
1
1
1
1

X2
L, X1 [xscale=1.7, yscale=1.7]

Figure 1.6: Deformation of a uid particle by elongation during timet.

tjd’
X2
X1

Figure 1.7: The surfacesS, is enclosing by the line. The vectort;, denotes the unit tangential
vector of the enclosing ling,

1.7 lrrotational and rotational ow

In the previous subsection we introduced different typesio¥ement of a uid parti-
cle. One type of movement was rotation, see Eig- Flows are often classi ed based
on rotation: they areotational (! ; 6 0) orirrotational (! ; = 0); the latter type is also
called inviscid ow or potential ow. We will talk more abouthat later on, see Sec-
tion 4.4 In this subsection we will give examples of one irrotaticerad one rotational
ow. In potential ow, there exists a potential, , from which the velocity components
can be obtained as @

- @x

Before we talk about the ideal vortex line in the next segtive@ need to introduce
the conceptirculation. Consider a closed line on a surface in ¥he x; plane, see
Fig. 1.7. When the velocity is integrated along this line and pra@dainto the line we

Vi (1.22)
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obtain the circulation |

= Vitmd (1.23)
Using Stokes's theorem we can relate the circulation to tréoity as
I z z z
—_— — " @y o —
= Vmtmd = ik ——n;dS = 1in;dS = ! 3dS (1.24)
s @x s s

wheren; = (0;0; 1) is the unit normal vector of the surfaG Equationl.24reads in
vector notation
| Z Z z
= vtd= (r v) ndS= ! ndS= !3dS (1.25)
s s s

The circulation is useful in, for example, aeronautics amudwower engineering
where the lift of a 2D section of an airfoil or a rotorblade ¥peessed in the circulation
for that 2D section. The lift force is computed as (see Bi4and4.85

L=V (1.26)

whereV is the velocity around the airfoil (for a rotorblade it is thedative velocity,
since the rotorblade is rotating). In an PhD project, ansioid simulation method
(based on the circulation and vorticity sources) is usedotopute the aerodynamic
loads for windturbine rotorblades]|

Exercise 12 In potential ow! ; = "jx @v=@x = 0. Multiply Eq.1.22by"x and
derivate with respect tgy (i.e. take the curl of) and show that the right side becomes
zero as it should, i.€'jx @ =(@x@x)=0.

1.7.1 Ideal vortex line

The two-dimensional ideal vortex line is an irrotationabfgntial) ow where the uid
moves along circular paths, see Fig8 The governing equations are derived in Sec-
tion 4.4.5 The velocity eld in polar coordinates reads

= —: = 1.27
VoV 0 (1.27)

where is the circulation. Its potential reads
= — (1.28)

The velocityy , is then obtained as

Sl

Vv =

@
—= — 1.29
@ 2 (1.29)
To transform Eq.1.27 into Cartesian velocity components, consider Rig. The
Cartesian velocity vectors are expressed as

X2 X2 X2

vi= vsin()= v-—-= vV =
: O Vo2 Vg™~ 2@+

(1.30)
v=vcos()=vﬁ=v X1 = X1
? r g T 2 (k)
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1.5}

-1.5 -1 -0.5 0 0.5 1 15
X1
Figure 1.8: Ideal vortex. The uid particle (i.e. its diagonal, see Fig4) does not rotate. The
locations of the uid particle is indicated by black, lledysiares. The diagonales are shown as
black dashed lines. The uid particle is shownat 0, =4,3=4, ,5=4,3=2and =6.

Inserting Eq1.30into Eqg.1.27we get

X2 X1

Vi= s Vo= ot
! 2 (x2+x2) 27 2 (x2+x2)

(1.31)

To verify that this ow is a potential ow, we need to show thtte vorticity, !
"ik @W=@x is zero. Since it is a two-dimensional ow{ = @=@x= 0),! 1 =

I , =0,weonly needto compute; = @y=@x @y=@x. The velocity derivatives
are obtained as

@v_ x4 X @Y X5 X (1.32)
@x 2 (x2+ x3) @x 2 (x2+x3)
and we get
1
lg= ————(x3 x2+x? x3)=0 (1.33)
2 0qep” 0
which shows that the ow is indeed a potential ow, i.@rotational (!;  0). Note
that the deformation is not zero, i.e.
1 X3
Sp= L @Y, 0¥ 2 (1.34)

T2 @ @x 2 (x2+x2)’

Hence a uid particle in an ideal vortex does deform but it slomt rotate (i.e. its
diagonal does not rotate, see Figd).

It may be little confusing that the ow path formsvartexbut the ow itself has no
vorticity. Thus one must be very careful when using the words “vorteg”&orticity”.  vortex vs.
By vortex we usually mean a recirculation region of the meaw. That the ow has vorticity
no vorticity (i.e. no rotation) means that a uid particle ves as illustrated in Fidl.8.
As a uid particle moves from positioa to b— on its counter-clockwise-rotating path
— the particle itself is not rotating. This is true for the uidhaow eld, except at the
center where the uid particle does rotate. This is a singplaint as is seen from
Eq.1.27for whichv 11

Note that generally a vortex has vorticity, see Secticgh The ideal vortex is a very
special ow case.
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Figure 1.9: Transformation of/ into Cartesian components.

V1 L7

X2

X1
Figure 1.10: A shear ow. A uid particle with vorticity. vi = ¢x3.

1.7.2 Shear ow

Another example — which is rotational — is the lower half dfyftdeveloped channel
ow for which the velocity reads (see E§.28

Vi _ 4o 1 X2 .
V1:max h h '

V2=0 (1.35)

wherex, < h=2, see Fig1.1Q The vorticity vector for this ow reads

1,20 1,=8¥Y @v_ 4, 26
1,=0; !3 @x @ H 1 H (1.36)
When the uid particle is moving from positioa, via b to positionc its has vor-
ticity. Its vertical too edge move faster than its bottom @dd he horizontal edges
stay horizontal because =. Its vertical edges are rotating in clockwise direction.
The diagonal is rotating which really is the de nition of edion. Note that the posi-
tive rotating direction is de ned as the counter-clockwiligection, indicated by in
Fig.1.1Q This is why the vorticity! 3, in the lower half of the channek{ < h=2) is
negative. In the upper half of the channel the vorticity isifiee becaus@y=-@x < 0.

=
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22 )

12

TH 11
X2

Figure 1.11: A two-dimensional uid element. Left: in original stategtit: rotated to principal
coordinate directions.; and , denote eigenvalue$;; and¢, denote unit eigenvectors.

It may be noted that for the ow in Figl.10the magnitude of the shed;,, and the
vorticity, 12, are equal but of opposite sign, i, = 12.

1.8 Eigenvalues and eigenvectors: physical interpretatio
See also 3], Chapt. 2.5.5.

Consider a two-dimensional uid (or solid) element, see.Big 1. In the left gure
itis oriented along th&;  x, coordinate system. On the surfaces act normal stresses
( 11, 22)andshear stresses;f, »1). The stresses form atensog,. Any tensor has
eigenvectors and eigenvalues (also called principal veetod principal values). Since

ij is symmetric, the eigenvalues are real (i.e. not imaginafyj)e eigenvalues are
obtained from the characteristic equation, s&g Chapt. 2.5.5 or Eql3.5at p.172
When the eigenvalues have been obtained, the eigenveatotseccomputed. Given
the eigenvectors, the uid element is rotateddegrees so that its edges are aligned
with the eigenvector$,; = %10 and®, = X0, see right part of Figl.11 Note that the
sign of the eigenvectors is not de ned, which means that thereectors can equally
well be chosen as¥; and/or ¥,. Inthe principal coordinates;e X0 (right part
of Fig. 1.11), there are no shear stresses on the surfaces of the uideelenThere
are only normal stresses. This is the very de nition of eigmators. Furthermore, the
eigenvalues are the normal stresses in the principal comes, i.e. ; = 1070 and

2 = 2020,
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2 Governing ow equations

SEE also B3], Chapts. 5 and 8.1.

2.1 The Navier-Stokes equation
2.1.1 The continuity equation

The rst equation is the continuity equation (the balancea@n for mass) which

ds f]
o e

Change of notation gives

d @v _
o + x 0 (2.2)
For incompressible ow ( = const) we get
Q@v _
2.3
@ (2.3)

2.1.2 The momentum equation

The next equation is the momentum equation. We have foreuaithe constitutive law
for Newtonian viscous uids4]

2
i = Pij+2Sj éskk i
5 (2.4)
i =28  3Suk i
Inserting Eq2.4into the balance equations, Elj7, we get
dv; @P @; @P @ 2 @v
— = —+ ——+f;= —+_——= 2S; - — i +f; (25
dd @ @ ' @x @x ' 3 @' (25

where denotes the dynamic viscosity. This is tavier-Stokesquations (sometimes
the continuity equation is also included in the name “Na@arkes”). It is also called
thetransport equation for momenturNote that the stress tensoy, , depends only on
the symmetrigpart (i.e. S , see Eql.11) of the velocity gradient. It is only the part
of the velocity gradient thateformsthe uid (see Figs.1.5 and1.6) that appears in
i - The part of the velocity gradient that rotates the uid (i.g; , see Eql.11and

Fig. 1.4) does not appear inj .

For incompressible ow, the last term in the diffusion terszero because of the
continuity equation (see Eg.3) so that

v, _ @pP @ @v, @y .

- @x @ @x @x '

Furthermore, if the viscosity,, is constant it can be moved outside the derivative.
We can then re-write the rst term in the parenthesis in E§.as

@ @v@p_@@v@p_@vi

@x @x @x @x @x @x @x@x

(2.6)

2.7)
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because of the continuity equation, i.e.

@ ey _ @ @y _,.
@x @x @x @x 0: (2:8)

Equation2.5can now — for constant and incompressible ow — be written

dVi _ @ P+ @Vi

dt = @x @x@x

The viscous stress tensor then reads

+ f (2.9)

@v k& @y
i =285 = — 4+ —= 2.10
i i @x ' @x (2.10)
In inviscid (potential) ow, there are no viscous (frictipforces. In this case, the
Navier-Stokes equation reduces to Eder equations Euler
equations

v @P g
L= =+ f; (2.11)
dt @x

Exercise 13 Equation1.7 states that mass times acceleration is equal to the sum of
forces forces (per unit volume). Write out the momentum guéwithout using the
summation rule) for th&; direction and show the surface forces and the volume force
on a small, square uid element (see lecture notes of Toll & 4). Now repeat it for
thex, direction.

Exercise 14 Formulate the Navier-Stokes equation for incompressibole but non-
constant viscosity.

2.2 The energy equation
See also 3], Chapts. 6.4 and 8.1.

We have in Part 14] derived the energy equation which reads

U Vij i tGi = 2 (2.12)
| |

whereu denotes internal energy (N.B.: ind][it is denoted bye). g denotes the
conductive heat ux and the net radiative heat source. For simplicity, we negleet th
radiation from here on. Change of notation gives

du_  @v @q
@ 'ox ox (2.13)
In Part | [4] we formulated the constitutive law for the heat ux vectéiolrier's
law)
@T
= k= 2.14
G a@x (2.14)
Inserting the constitutive laws, Egd.4and2.14 into Eq.2.13gives
du @v 2 @ L @T
—= P=+2S;S; = i+ — k— 2.1
dt @x ) S ij SIJ 3 S kk S". @x @x ( 5)
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where we have use8; @Qv=@x = S5 (S5 + ) = S; S; because the product of
a symmetric tensof$; , and an anti-symmetric tensor;; , is zero. The dissipation
term, , can be re-written as

n #
2

1 1
=2 SS; 3S«Si = 25 S« >0

which shows that is positive. The dissipation represents irreversibleatscheating
(i.e. transformation of kinetic energy into thermal engrgyis important at high-
speed ow (for example re-entry from outer space) and for highly vissmws (lu-
bricants). The rst term on the right side represents rabéedeating and cooling due
to compression and expansion of the uid. Equatibh5is thetransport equation for
(internal) energyy.

Now we assume that the ow is incompressible (i.e. the va&joshould be smaller
than approximately=3 of the speed of sound) for which

du= c,dT (2.16)

whereg; is the heat capacity (see Part4] po that Eq2.15gives €, is assumed to be
constant)

dT T
Cp—- = + @ kg (2.17)
dt @x  @x
The dissipation term is simpliedto=2 S §; becaus&; = @w@x=0. [fwe
furthermore assume that the heat conductivity coef cisrtanstant and that the uid
is a gas or a common liquid (i.e. not an lubricant oil) so thattiscous dissipation is

negligible (i.e. =0 ), we get

dT a@T
— = 2.18
it = @@x (2.18)
where = k=( cp) is thethermal diffusivity The Prandtl number is de ned as thermal
diffusivity
Pr=— (2.19)
where = = isthe kinematic viscosity. The physical meaning of the Btemumber

is the ratio of how well the uid diffuses momentum to how wélldiffuses internal
energy (i.e. temperature).

The dissipation term, , is neglected in EqR.18when one of two assumptions are
valid:

1. The uid is a gas with low velocity (lower that=3 of the speed of sound); this
assumption was made when we assumed that the uid is incasipie

2. The uid is a common liquid (i.e. not an lubricant oil). labricant oils the
viscous heating (i.e. the dissipation) is large. One example is the oil owin a
gearbox in a car where the temperature usually is moreXQ&C higher when
the car is running compared to when it is idle.

Exercise 15 Write out and simplify the dissipation term, in Eq.2.15 The rst term
is positive and the second term is negative; are you sure that0?

2High-speed ows relevant for aeronautics will be treatedtail in the course “TME085 Compressible
ow” in the MSc programme.
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2.3 Transformation of energy
Now we will derive the equation for the kinetic energy= v;v;=2. Multiply Eq. 1.7
with v;
dvi @i
Vige Vi @x

Using the product rule backwards (Trick 2, see Bdf), the rst term on the left side
can be re-written

vifi=0 (2.20)

'dVi _ 1 d(ViVi) _ dk

e = = 2.21
‘dt 2 dt dt (2.21)
(vivi=2 = k) so that
a=vi%'(+ vif; (2.22)
Re-write the stress-velocity term so that (Trick 1, see&ED.
k .
die_ @ v,y (2.23)

@ Tex ex
This is thetransport equation for kinetic energly, Adding Eq.2.23to Eq.2.13gives
d(u + k) _ @ji Vi @

dt @x  @x

This is an equation for the sum of internal and kinetic eneugy k. This is the
transport equation for total energy,+ k.
Let us take a closer look at E¢3.13 2.23and2.24 First we separate the term
i @w=@xin Egs.2.13and2.23into work related to the pressure and viscous stresses
respectively (see E4..9), i.e.

+ Vv ifi (224)

,ov_ ev, v
@x @x @x

a b=

(2.25)

The following things should be noted.

The physical meaning of theeterm in Eq.2.25— which includes the pressuie,
— is heating/cooling by compression/expansion. This isvargble process, i.e.
no loss of energy but only transformation of energy.

The physical meaning of thie-term in Eg.2.25— which includes the viscous
stress tensor,; — is a dissipation, which means that kinetic energy is trans-
formed to thermal energy. It is denoted see Eg2.15 and is called viscous
dissipation. It is always positive and represents irrabérdeating.

The dissipation, , appears as a sink term in the equation for the kinetic enkergy
(Eq.2.23 and it appears as a source term in the equation for the adterergy,

u (Eqg.2.13. The transformation of kinetic energy into internal enetakes
place through this source term. In incompressible ow forieththe viscous
term in Navier-Stokes can be simpli ed (see ), the viscous term reads

@v_ ©@vov

ji @ = @—?(@—?( (2.26)
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which is the viscous dissipation. When arriving at this egsion we use the
fact that the second term iy in the Navier-Stokes (EQ.9) is zero, i.e. we use
i = g_)vf (see2.10. The viscous dissipation is very important in turbulent
ow, cf. Egs. 8.14and8.39
does not appear in the equation for the total energk (Eq.2.24); this makes
sense since represents a energy transfer betweesndk and does not affect
their sumu + k.

Dissipation is very important in turbulence where transfieenergy takes place at
several levels. First energy is transferred from the meamto the turbulent uctua-
tions. The physical process is called production of tunbukénetic energy. Then we
have transformation of kinetic energy from turbulence kimenergy to thermal en-
ergy; this is turbulence dissipation (or heating). At thmeaime we have the usual
viscous dissipation from the mean ow to thermal energy,thig is much smaller than
that from the turbulence kinetic energy. For more detad, Sectiorb.

2.4 Left side of the transport equations

So far, the left sides in transport equations have been flaadi using the material
derivative,d=dt. Let denote a transported quantity (i.e.= v;;u; T :::); the left
side of the equation for momentum, thermal energy, total@némperature etc reads

d

i _@,, @

dt @t @x
This is often called theon-conservativéJsing the continuity equation, EQ.2 it can
be re-written as

non-conservative (2.27)

a_,, @, d_ 0o
dt @t '@x dt  @x
=0 (2.28)
e,,e, @, @, @
@t @x @t " @x @x
The two underlined terms will form a time derivative termdahe other three terms
can be collected into a convective term, i.e.

d _e , @y
d @t @x

Thus, the left side of the temperature equation and the K&tikes, for example, can
be written in three different ways (by use of the chain-ruld the continuity equation)

o @v, @v_@v,K @y
dt @ '@x @t @
dt = @T+ i @T: @4. @VT

- = —_ Vi ——
i @ '@x @t @
The continuity equation can also be written in three waysu$s of the chain-rule)

d+ @v_@+ @+ @v_@+@v

it @x @t '@ex @x et @x

conservative (2.29)

(2.30)

(2.31)
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The forms on the right sides of Ega.30and?2.31are called theonservativdorm.
When solving transport equations (such as the Navier-Sjok@merically using nite
volume methods, the left sides in the transport equatioralavays written as the ex-
pressions on the right side of Es30and2.31; in this way Gauss law can be used
to transform the equations from a volume integral to a serfategral and thus ensur-
ing that the transported quantities a@nserved The results may be inaccurate due
to too coarse a numerical grid, but no mass, momentum, em¢ecdy lost (provided a
transport equation for the quantity is solved): “what cornegoes out”.

2.5 Material particle vs. control volume (Reynolds Transpat The-
orem)

See also lecture notes of Toll & EkH][and [3], Chapt. 5.2.

In Part | [4] we initially derived all balance equations (mass, mogenand en-
ergy) for a collection omatgrial particles The conservation of masgzdt dV =0,
Newton's second lawg=dt v; = F; etc were derived for a collection of particles in
the volumeVpart , whereVp,t is a volume that includes the same uid particles all the
time. This means that the volumé,,: , must be moving and it may expand or contract
(if the density is non-constant), otherwise particles wiaabve across its boundaries.
The equations we have looked at so far (the continuity eqnatB, the Navier-Stokes
equation?.9, the energy equatior’is15and2.23 are all given for a xed control vol-
ume. How come? The answer is the Reynolds transport theavhith converts the
equations from being valid for a moving, deformable volunii\a collection of parti-
cles,Vpart , to being valid for a xed volumey . The Reynolds transport theorem reads
(rstline)

z z
d _ d @v
] e v dv = . i @x dv
@ @ @v @ . @v
g = =V o4y = = 4+ =2V 4v 2.32
v @t+v@><+ @x d 2 @t+ @x d (2.32)
@

= y @tdv + Sv.nI ds

whereV denotes a xed non-deformable volume in space. The divergef the ve-
locity vector, @=@x on the rst line represents the increase or decreaségf
duringdt. The divergence theorem was used to obtain the last lin&Sashehotes the
bounding surface of volum¥é. The last term on the last line represents the net ow of

across the xed non-deformable volumé, in the equation above can be, e.g.,
(mass),v; (momentum) oru (energy). This equation appliesamyvolume atevery
instant and the restriction to a collection of a materiatipkes is no longer necessary.
Hence, in uid mechanics the transport equations (Ex8. 2.5, 2.13 ...) are valid
both for a material collection of particles as well as foradume the latter is usually
xed (this is not necessary).

The left hand of the momentum equation, i.e= v, is given on the rstlinein

Eqg.2.30 However, if we want to write it adv; =dt (as in }]) we start from the right
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side of line 1in Eq2.32 i.e.

%(vi)+ vi@=v4d—+ %+ Qv

@x "a a Viex

@ @ dv; @)Y

=Vi—. 1t ViV —+ Vi—

et e dt @x
Y
T odt
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because the underlined terms on line 2 are the continuitgteaqumultiplied withv; .
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X2

# 5
E—

Figure 3.1: The plate moves to the right with spe¥gifort > 0.

X2 St

0 0.2 0.4 0.6 0.8 1
Vi=\h
Figure 3.2: Thev; velocity at three different timesz >t >t 1.

3 Solutions to the Navier-Stokes equation: three exam-
ples

3.1 The Rayleigh problem

I MAGINE the sudden incompressible motion of an in nitely long atpé. For time
greater than zero the plate is moving with the sp¥gdsee Fig.3.1 Because the
plate is in nitely long, there is nax; dependency. Hence the ow depends onlyxgn
andt, i.e.vi = vi(Xz;t) andp = p(xz;t). Furthermore@y=@x = @y=@% =0 so
that the continuity equation give®@y=@x = 0. At the lower boundaryx, = 0) and
at the upper boundaryx$ ! 1 ) the velocity component, = 0, which means that
v, = 0 in the entire domain. So, EQ.9gives (no body forces, i.d., = 0) for thev;
velocity component

@y _ @w

—_—= — 3.1

@t @3 (3.1)
where we have divided the equation by density so that = . The boundary condi-

tions for Eq.3.1are
Vi(X2;t=0)=0; wvi(x2=0;t)=Vp;, wvi(x2!1 ;t)=0 (3.2)

The solution to Eq3.1is shown in Fig.3.2 For increasing timet§ >t, > t,), the
moving plate affects the uid further and further away fronetplate.

It turns out that the solution to E&-1is asimilarity solution this means that the similarity
number of independent variables is reduced by one, in tisis fram two &, andt) to solution
one (). The similarity variable, , is related tok,; andt as

X2
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If the solution of Eg.3.1depends only on, it means that the solution for a given uid
will Ipe the same (“similar”) for many (in nite) values of, andt as long as the ratio

X2= t is constant. Now we need to transform the derivatives inEffrom @=@t
and@=@xod=d so that it becomes a function ofonly. We get

Gn_@ @ _ @ ldu _ 1 @
@% @x @x @ 2"t d " t@x d 4t

o
<
=
o
N
<
S

= o
(3.4
We introduce a non-dimensional velocity
Vi
f=— .
Ve (35)
Inserting Eqs3.4and3.5in Eq.3.1gives
d?f o
— 4+ — = .
q2 2 g 0 (3.6)

We have now successfully transformed Bd.and reduced the number of independent
variables from two to one. Now let us nd out if the boundarnddions, Eq.3.2, also
can be transformed in a physically meaningful way; we get

vi(x2;t=0)=0) f( !'1 )=0
vixa=0;t)= Vo) f( =0)=1 (3.7)
vi(x2!1 ;t)=0) f( !'1 )=0

Since we managed to transform both the equation§Egjand the boundary conditions

(Eg.3.7) we conclude that the transformation is suitable.
Now let us solve Eg3.6. Integration once gives

T =cien( 2 (3.8)
Integration a second time gives
z
f=C exp( ®Bd%+Cy (3.9)

0

The integral above is the error function
5 Z

erf() p= exp( ®)d? (3.10)
0

At the limits, the error function takes the valu@andl, i.e. erf0) = 0 and er{ !
1) = 1. Taking into account the b?)undary conditions, Bg, the nal solution to
Eq.3.9is (withC, =1 andC; = 2= ")

f()=1 erf() (3.11)
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Figure 3.3: The velocity,f = vi=W, given by Eq3.11
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Figure 3.4: The shear stress for water £ 10 ©) obtained from Eg3.12at timet = 100 000.

The solution is presented in Fi§.3 Compare this gure with Fig3.2at p.38; all
graphs in that gure collapse into one graph in Fg3. To compute the velocity;,
we pick a timet and inserik, andt in Eq.3.3. Thenf is obtained from Eg3.11and
the velocity,vs, is computed from Eg3.5. This is how the graphs in FiR.2 were
obtained.

From the velocity pro le we can get the shear stress as

@y Vo o Vo 2
= — = — — = —— X 312
2% @x 2td TP (312)
where we used = = . Figure3.4 presents the shear stresg,. The solid line is
obtained from Eg3.12and circles are obtained by evaluating the derivatifed |,
numerically using central differencéfj+x  f; 1)=( j+1 i 1). As can be seen

from Fig. 3.4, the magnitude 81‘_the shear stress increases for decreasing it is
largestatthe wall,,, = Vo= t
The vorticity,! 3, across the boundary layer is computed from its de nitiog.(E36)

@y Vo o Vo 2
| o = =" = n _ = n
'3 @x P — exp( 9) (3.13)

From Fig.3.2at p.38it is seen that for large times, the moving plate is felt farth
and further out in the ow, i.e. the thickness of the boundaser, , increases. Often
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Figure 3.5: Flow in a horizontal channel. The inlet part of the channshewn.
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the boundary layer thickness is de ned by the position whieedocal velocityy: (x2),
reaches 99% of the freestream velocity. In our case, thiesponds to the point where
vi = 0:01V. Find the poinf = vi=\p = 0:01in Fig. 3.3, at this point ' 1:8 (we

can also use EQ.1J). Insertingx, = in Eqg.3.3gives
:1:8:59—T ) —36 T (3.14)

It can be seen that the boundary layer thickness increasies'if. Equation3.14can
also be used to estimate thigfusion length After, say,10 minutes the diffusion length diffusion
for air and water, respectively, are length

air =10:8cm

3.15
water = 2:8cm ( )

The diffusion length can also be used to estimate the thiakoéa developing bound-
ary layer, see Sectiof 3.1

Exercise 16 Consider the graphs in Fig3.3 Create this graph with Python/Mat-
lab/Octave.

Exercise 17 Consider the graphs in Fig8.2 Note that no scale is used on thg axis
and that no numbers are given for, t; andts. Create this graph with Python/Mat-
lab/Octave for both air and engine oil. Choose suitable ealont1, t; andts.

Exercise 18 Repeat the exercise above for the shear stregssee Fig.3.4

3.2 Flow between two plates

Consider steady, incompressible ow in a two-dimensioremnel, see Fid3.5, with
constant physical properties (i.e= const).

3.2.1 Curved plates

Provided that the walls at the inlet are well curved, the eymnear the walls is larger
than in the center, see Fig.5. The reason is that the ow (with velocity) following

the curved wall must change its direction. The physical agdrich accomplish this
is the pressure gradient which forces the ow to follow thelvea closely as possible
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Figure 3.6: Flow in a channel bend.
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Figure 3.7: Secondary ow in a duct bend.

(if the wall is not suf ciently curved a separation will takgace). Hence the pressure
in the center of the channd?;, is higher than the pressure near the wa{l, It is thus
easier (i.e. less opposing pressure) for the uid to enterctiannel near the walls than
in the center. This explains the high velocity near the walls

The same phenomenon occurs in a channel bend, se@.BigThe ow V ap-
proaches the bend and the ow feels that it is approachinghd Beough an increased
pressure. The pressure near the outer Wwall,must be higher than that near the inner
wall, Py, in order to force the ow to turn. Hence, it is easier for thew to sneak
along the inner wall where the opposing pressure is smdidier hear the outer wall:
the result is a higher velocity near the inner wall than nbarduter wall. In a three-
dimensional duct or in a pipe, the pressure differddge P, creates secondary ow
downstream the bend (i.e. a swirling motion in the x3 plane). If you sit on a uid
particle through the bend you're exposed to two forces:

a centrifugal forces which tries to push you towards the ol

and an opposing pressure fofeg P; per unit area

The pressure force is constant along thelirection but the centrifugal is small along
the wallsa andb (because of the boundary laywers along these walls) anthitgs in
the centeC C. Hence, the secondary ow is in the centé ( C) movning towards
the outer wall..
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3.2.2 Flatplates

The ow in the inlet section (Fig3.5) is two dimensional. Near the inlet the velocity is
largest near the wall and further downstream the velocitgtsrded near the walls due
to the large viscous shear stresses there. The ow is aatetbim the center because
the integrated mass ow (from, = 0 to h) at eachx; must be constant because of
continuity. The acceleration and retardation of the owlie inlet region is “paid for”
by a pressure loss which is rather high in the inlet regioagéparation occurs because
of sharp corners at the inlet, the pressure loss will be eigdreh For large; the ow
will be fully developed; the region until this occurs is ealltheentrance regionand
the entrance length can, for moderately disturbed in owebtimated asg]

Xie _0.016Rep, 0016 2" (3.16)

h

whereV denotes the bulk (i.e. the mean) velocity, ddd = 4A=S; whereDy,
A andS, denote the hydraulic diameter, the cross-sectional ardatanperimeter,
respectively. For ow between two plates we d@&t = 2h.

Let us nd the governing equations for the fully developedvaegion; in this
region the ow does not change with respect to the streamweig®dinate x; (i.e.
@y=@x = @y=@x = 0). Since the ow is two-dimensional, it does not depend
on the third coordinate directiorg (i.e. @=@X and the velocity in this direction is
zero, i.e.v3 = 0. Taking these restrictions into account the continuityagun can be
simpli ed as (see Eq2.3)

@y

ox " (3.17)

Integration gives, = C; and sincer, = 0 at the walls, it means that
v, =0 (3.18)

across the entire channel (recall that we are dealing wétpéit of the channel where
the ow is fully developed; in the inlet section, 6 0, see Fig3.5).

Now let us turn our attention to the momentum equatiorvforThis is the vertical
direction o is positive upwards, see Fi§.5. The gravity acts in the negative
direction, i.e.f; = (0; g;0). The momentum equation can be written (seeZEgat
p.32)

dv, @y @ _ @P @v

—£ VWV —+ Vy——= — — 3.19
dt '‘ex ‘@ @x @3 (319)
Sincev, =0 we get
@P
= = 3.20
@x (3.20)
Integration gives
P = gXo + C]_(Xl) (321)

where the integration “constan®; may be a function ok, but not ofx,. If we denote
the pressure at the lower wall (i.e.>at = 0) asp we get

P=gx2+ p(X1) (3.22)

Hence the pressurB,, decreases with vertical height. This agrees with our eégpee
that the pressure decreases at high altitudes in the atm@sahd increases the deeper
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we dive into the sea. Usually thgdrodynamic pressure, is used in incompressiblehydrodynamic
ow. This pressure is zero when the ow i&atic i.e. when the velocity eld is zero. pressure
However, when you want thghysicalpressure, thegx » as well as the surrounding
atmospheric pressure must be added.

We can now formulate the momentum equation in the streanwiisetion

dvy @, @ _ d Gw

dt 'ex ‘@x  dq @3
whereP was replaced bp using Eq.3.22 Sincev, = @y=@x = 0 the left side is

Zero so & g
Vi p
= - 3.24
Since the left side is a function &f and the right side is a function &f, we conclude
that they both are equal to a constant (i.e. E§4is independent of; andx;) . The
velocity, vy, is zero at the walls, i.e

(3.23)

vi(0) = vi(h)=0 (3.25)

whereh denotes the height of the channel, see Bi§. Integrating Eq3.24twice and
using Eg.3.25gives
h dp X2
= __F 1 = 2

IT e h (3.26)
The minus sign on the right side appears because the préssi@@easing for increas-
ing X1; the pressure idriving the ow. The negative pressure gradient is constant (see
Eq.3.29 and can be written asdp=dx = p=L.

The velocity takes its maximum in the center, i.e.Xgr= h=2, and reads

_h ph 1 _h? p
Vi T T2z bz TE (3:27)
We often write Eq3.260n the form
V1 4%, X2
=—= 1 = 3.28
Vl;max h h ( )

The mean velocity (often called the bulk velocity) is obtdrby integrating E¢3.28
across the channel, i.e.

z h
V1. 4x X 2
Vi:mean = 1,r|:ax TZ 1 FZ dx, = §V1;max (3.29)
0

The velocity pro le is shown in Fig3.8
Since we know the velocity pro le, we can compute the wallahstress. Equa-

tion 3.26gives
_ @y _ hdp _h p
YT @y 2dx; 2L (3.30)
Actually, this result could have been obtained by simplyirtglka force balance of a
slice of the ow far downstream.

This ow is analyzed in AppendiD.
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Figure 3.8: The velocity pro le in fully developed channel ow, Eg.28

3.2.3 Force balance, channel ow

We continue to consider fully developed ow between two flatplates. To formulate
a force balance in the; direction, we start with EdL.7which reads for = 1

v _ @
dt @x
The left hand side is zero since the ow is fully developedrdes act on a volume and

its bounding surface. Hence we integrate E@1over the volume of a slice (length
L), see Fig3.9 b
@1

0=
v @x
Recall that this is the form on which we originally deriveatomentum balance
(Newton's second law) in Part 14] Now use Gauss divergence theorem
Z @ z
0= —Ldv= ;injds (3.33)

v @x s

The bounding surface consists in our case of four surfaoce(| upper, left and right)

SO thait

(3.31)

dv (3.32)

Z Z Z
0= jan; ds+ jin;j ds+ j1n;j ds+ jan; ds (3.34)
Sieft Stight Siower Supper
The normal vector on the lower, upper, leftand right@ligver = (0; 1, 0), Niupper =
(0;1;0), nigere = ( 1;0;0), Niwigne = (1 ; 0; 0). Inserting the normal vectors and us-
ing Eg.1.9give
Z

Z Z Z
0= ( p+ 11)dS + ( p+ 11)dS 21dS + 21dS
Sleft Sright SIower Supper
(3.35)
11 = 0 becaus@y=@x = 0 (fully developed ow). The shear stress at the upper and
lower surfaces,»1, have opposite sign becausg®@ y=@ %) ower = (@Y=@X) upper -

Using this and Eqg3.22give (p = p(x1) and , is constant and can thus be taken out
in front of the integration)

0=pWh pWh 2 ,LW (3.36)
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Figure 3.9: Force balance of the ow between two plates.

where = (@Yy=@%)wer andW is the width (inx3 direction) of the two plates
(for conveniencewe s&¥ =1). With p= p; p2 we get Eq3.3Q

3.2.4 Balance equation for the kinetic energy

In this subsection we will use the equation for kinetic egekgy.2.23 Let us integrate
this equation in the same way as we did for the force balanice |&ft side of Eq2.23
is zero because we assume that the ow is fully developediguBi.1.9gives

Q@v i Qv
0= i = ifi
@x . @x ¥ IV:—OI
_ @w, Qv _ @v @v (3.37)

@x  @x "'ex "@x

On the rstlinev;f; = vif1 + vofo = 0 becauser, = f1 = 0. The third term on
the second ling j @¥=@x = p@v@x = 0 because of continuity. The last term
corresponds to the viscous dissipation termj.e. loss due to friction), see E§.25
(termb). Now we integrate the equation over a volume

v @x @x
Gauss divergence theorem on the two rst terms gives
Z Z

dv (3.38)

0= ( pv + i vi)n,- ds av (3.39)
S \

whereS is the surface bounding the volume. The unit normal vectdeisoted byn;
which pointsout from the volume. For example, on the right surface in Bi@.it is
nj = (1;0;0) and on the lower surfaceitis = (0; 1;0). Now we apply Eq3.39
to the uid enclosed by the at plates in Fig3.9. The second term is zero on all
four surfaces and the rst term is zero on the lower and uppeBses (see Exercises
below). We replace the pressiPewith p using Eq.3.22so that

Z Z

( pvit gxovi)mdS= (p2 p1) vin;dS
Sieft & Sright Steft & Srignt (340)

= PVimean Wh
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becausegx ,niv; on the left and right surfaces cancefsran be taken out of the

integral as it does not depend »§. Finally we get
z
1

= — dv 3.41
WhVimean v ( )

p
3.3 Two-dimensional boundary layer ow over at plate

The equations for steady, two-dimensional, incompresdibundary layer ow reads
(x1 andx, denote streamwise and wall-normal coordinates, respbg}iv
v
@x @x @3

@p_ (3.42)
@x

@/ + @ = O

@x O@x%

where the pressure gradientis omitted inthenomentum equation becauggp=@ x
O along a at plate in in nite surroundings. The boundary cdti@hs are

X2=0:vy =V, =0 (atthe wall)

3.43
X211 vyl Vig;vp2=0 (far fromthe wall) ( )

Let's introduce thestream function , which is useful when re-writing the two- stream-

dimensional Navier-Stokes equations. Itis de ned as function
@ @
Vi= —, Vo= — 3.44
T x (3.44)

With the velocity eld expressed in , the continuity equations is automatically satis-
ed which is easily shown by inserting E§-44into the continuity equation

@, @y_ @ @

== =< = =0 3.45
@x @x @x@x% @x@x (3.45)
Inserting Eq3.44into the streamwise momentum equation gives

@ 8 @@ _¢@ (3.46)

@x @x@% @x @% @3

The boundary conditions for the stream function read
Xo=0: = g— =0 (atthewall)

X (3.47)

@

X211 @ I' Vi1 (far from the wall)

As in Section3.1 we want to transform the partial differential equation, Belg
into an ordinary differential equation. In Secti8riwe replacec; andt with the new
non-dimensional variable. Now we want to replace; andx, with a new dimension-
less variable, say. At the same time we de ne a new dimensionless stream fumgctio
a( ). as

Ve, 172 :
= 11 X2; =( V]_;l Xl)l 2g (348)
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First we need the derivatived® =@xand@ =@x

@ _ 1 Vi Tx_

@x 2 X1 X1 2x1

o v (3.49)
@% X1 T X2

Now we express the rst derivatives of in Eq. 3.46as derivatives o, i.e. @°
denotesig=d)

@ @ 1=2 1=2 o @
= = = (Vi x +( Vi1 X =
@x @y (V)T or(Vax) T eay
1 v 1=2 i
=S —= g (Vi1 x)g%—
2 X1 2X1
L v = (3.50)
=3 (9 99
@ @ 1=2 1=2 @ o 0
- = — Vi1 X +( Vi1 X — 0=V
@x_ @x (Vi1 x1) g+( Vi1 X1) @)L(g 110
The second and third derivatives ofread
@ _ 0@ _ Vii 7 o 00
@ et S TS
@ _ Vin 7 o0@ _ oy, Vi oo ® 000 (3.51)
@—g-vl;l X1 @y mt 9 = Vi1 5 9
@ oo@ 00
— =V —— = —Vi.
@x@x Y@y 2%t
Inserting Eqs3.50and3.51into Eq.3.46gives
!
1 V ) 1=2 V ) 1=2
Vi1 goyVl;l g% > 2k (9 99 Via L g%
1 X1 X1
. (3.52)
_ Vi1 o0
X1
Divide by V2, and multiply byx; gives
1
959" 5(g 999"= g™ (3.53)
so that 1
599+ g™%= 0 (3.54)

This equation was derived (and solved numerically!) by Bissn his PhD thesis
1907 [7,8]. The numerical solution is given in TabRRl The ow is analyzed in
AppendixE.

Exercise 19 For the fully developed ow, compute the vorticity,, using the exact
solution (Eq.3.28.
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g9

gO

gOO

0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
3.2
3.4
3.6
3.8
4.0
4.2
4.4
4.6
4.8
5.0
5.2
5.4
5.6
5.8
6.0
6.2
6.4
6.6
6.8
7.0
7.2
7.4
7.6
7.8
8.0
8.2
8.4
8.6
8.8

0.000000000E+0(
6.640999715E-03
2.655988402E-07
5.973463750E-02
1.061082208E-01
1.655717258E-01
2.379487173E-01]
3.229815738E-01
4.203207655E-01
5.295180377E-01]
6.500243699E-01
7.811933370E-01
9.222901256E-01
1.072505977E+0(
1.230977302E+0(
1.396808231E+0(
1.569094960E+0(
1.746950094E+0(
1.929525170E+0(
2.116029817E+0(
2.305746418E+0(
2.498039663E+0(
2.692360938E+0(
2.888247990E+0(
3.085320655E+0(
3.283273665E+0(
3.481867612E+0(
3.680919063E+0(
3.880290678E+0(
4.079881939E+0(
4.279620923E+0(
4.479457297E+0(
4.679356615E+0(
4.879295811E+0(
5.079259772E+0(
5.279238811E+0(
5.479226847E+0(
5.679220147E+0(
5.879216466E+0(
6.079214481E+0(
6.279213431E+0(
6.479212887E+0(
6.679212609E+0(
6.879212471E+0(
7.079212403E+0(

0.000000000E+0(
6.640779210E-02
1.327641608E-01
1.989372524E-01
2.647091387E-01
3.297800312E-01
3.937761044E-01
4.562617647E-01
5.167567844E-0]
5.747581439E-01]
6.297657365E-01
6.813103772E-01]
7.289819351E-01
7.724550211E-07
8.115096232E-01
8.460444437E-01]
8.760814552E-01
9.017612214E-01
9.233296659E-01
9.411179967E-01
9.555182298E-01
9.669570738E-01
9.758708321E-01
9.826835008E-01
9.877895262E-01
9.915419002E-01
9.942455354E-01]

9.961553040E-0

9.974777682E-0

9.983754937E-0
9.989728724E-01]
9.993625417E-01]
9.996117017E-01
9.997678702E-01
9.998638190E-01
9.999216041E-01
9.999557173E-01]
9.999754577E-01]
9.999866551E-01
9.999928812E-01
9.999962745E-01
9.999980875E-01
9.999990369E-01
9.999995242E-01
9.999997695E-01

3.320573362E-01
3.319838371E-01
3.314698442E-01
3.300791276E-01
3.273892701E-01
3.230071167E-01
3.165891911E-01
3.078653918E-01
2.966634615E-01
2.829310173E-01
2.667515457E-01
2.483509132E-01
2.280917607E-01
2.064546268E-01
1.840065939E-01
1.613603195E-01
1.391280556E-01
1.178762461E-01
9.808627878E-02
8.012591814E-02
6.423412109E-02
5.051974749E-02
3.897261085E-02
2.948377201E-02
2.187118635E-02
1.590679869E-02
1.134178897E-02
17.927659815E-01
15.431957680E-01
1 3.648413667E-01
2.402039844E-03
1.550170691E-03
9.806151170E-04
6.080442648E-04
3.695625701E-04
2.201689553E-04
1.285698072E-04
7.359298339E-05
4.129031111E-05
2.270775140E-05
1.224092624E-05
6.467978611E-06
3.349939753E-06
1.700667989E-06
8.462841214E-07

Table 3.1: Blasius numerical solution of laminar ow along a at plate.

49
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Figure 3.10: Force balance of boundary layer ow along a at plate.

Exercise 20 Show that the rst and second terms in Bg39are zero on the upper and
the lower surfaces in FigB.9.

Exercise 21 Show that the second term in E®}39is zero also on the left and right
surfaces in Fig3.9 (assume fully developed ow).

Exercise 22 Using the exact solution, compute the dissipationfor the fully devel-
oped ow.

Exercise 23 From the dissipation, compute the pressure drop. Is it theesas that
obtained from the force balance (if not, nd the error; it siid be!).

3.3.1 Momentum balance, boundary layer

Let's make a momentum balance for the boundary layer in theesaay as we did
for fully-developed channel ow in SectioB.2.3 The left boundary (see Fi§-10 is
located upstream of the plate, i.e.xat 0, see FigE.1, Note that here — contrary to
the channel ow — we do not have any pressure gradient. At fieuboundary we
also have an out ow because the right boundary includes adhay layer meaning
that the out ow here is smaller than the in ow at the left balany. Hence, the right
side of the momentum equation reads (cf. B34
Z Z
0= jan; ds = 21 = WdS (355)
Siower Siower Siower

using Eq.1.9andn; = (0; 1;0). Only the contribution from the lower boundary
appears. The reason is that is no pressure forces on theaéefight (or, rather, they
cancel each other) and there is no shear stress on the togdrgueince@y=@x = 0.
The other difference compared to the channel ow in Sec8c¢h3is that the left side
of Eq.3.31is not zero. It reads

dvi  @ws,

dt @x
Gauss divergence theorem gives
z z

@WldV= vjvin; dS+ vjvin; dS + vivin;dS  (3.57)
\ @?( Seft Sright Stop

(3.56)
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where the contribution at the lower boundary is zero sineewblocity is zero at
the walls. The unit normal vector at the left, right and touihdaries arg1; 0; 0),
( 1;0;0) and(0; 1; 0), respectively, which gives

@ Z Z Z
M gy = v2ds VdS+  viv.dS  (3.58)
\Y @}( Stight Seft Stop
At the left boundary; = Vi which gives
@ Z
WMigy= V2 V2 dS+  viv.dS (3.59)
\Y @}( S ' Stop

Combining Egs3.55and3.59we can write (assuming that the extent of the integration
domain in the third direction is one)
L "z z #
w= — V2, v odxp+ V1Vodxy (3.60)

L s & Stop

We nd one important difference between fully-developedwhel ow and bound-
ary layer ow: the ow in channel ow is driven by a pressureapient (the pressure
decreases) whereas in the boundary layer the “force” tocovee the opposing wall
shear stress is achieved by decreasing momentum in theativeerm. Making a bal-
ance of the mass ow and combining it with E860the expression for the momentum
thicknessE.2, is derived.
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Figure 4.1: Surface forces acting on a uid particle. The uid partick Ibcated in the lower
half of fully developed channel ow. The; velocity is given by Eq3.28andv, = 0. Hence

1= 2= @p=@x=0and @x=@x > 0. Thev: velocity eld is indicated by dashed
vectors.

4 \orticity equation and potential ow

4.1 Vorticity and rotation

VORTICITY, I'i, was introduced in Edl.12at p.22. As shown in Figl.4at p.25,
vorticity is connected to rotation of a uid particle. Figad.1 shows the surface
forces acting on a uid particle in a shear ow. Looking at Figj1it is obvious that
only the shear stresses are able to rotate the uid particepressure and the normal
viscous stresses act through the center of the uid particié are thus not able to
affect rotation of the uid particle. Note that the momentum equation (see E@s4
and3.32 requires that the vertical viscous stresses in Eifjare in balance. The;
momentum equation requires that the horizontal viscoess#is balance the pressure
difference. Furthermore, you may notice that 6 »; in Fig. 4.1 The reason is that

21 is drawn at a largex, where the velocity derivativ@y=@x is larger that at the
position where 1, is drawn.

Let us have a look at the momentum equations in order to shatitlile viscous

terms indeed can be formulated with the vorticity vectar, In incompressible ow
the viscous terms read (see ERgl, 2.5and2.7)

@i . _Ov
@x @x@x

(4.1)
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The right side can be re-written using the tensor identity

@v; - @Vj @Vj @v
@x@x @x@x @x@x @x@x

_ Q @l " v @Vk o v @Vk (4-2)
- @x @}( inm  mjk 7@}(@}( - inm  mjk 7@}(@}‘

=0

where the rst on the second line is zero because of continuét's verify that

@Vj @v o @vi
@x@x @x@x ok @x@x

Use the" -identity (see Tabl€.1at p.344)

@vi =( i K i) @vi - @vi @v
momk @x@x "™ %" @x@x  @x@x @x@x

which shows that Eg4.3 is correct. At the right side of E¢t.3 we recognize the
vorticity, | m = "mjkx @¥=@¥, so that

@ . @O

(4.3)

(4.4)

= im — 4.5
@x@x " @x (#.5)
In vector notation the identity Ed.5reads
r2v=r(r v) rr vV=r ! (4.6)
Using Eq.4.5 Eqg.4.1reads
Q@ji @
=L = v =2 4.7
@x " @x *.7)
Let's look at Eq.4.7for thev, equation in two dimensions. Setting- 1 gives
@: " 1 —@!m = " 123@ " 132@: @4-@: @ (48)
@x " @x @x @ @x @ @x
since! , = 0. Inserting Eql.12gives
@._ @ @v _ @ @y @v . @ @y, @y

= — B —— = — = + = = == =
@x @x T@x @x Hox *ox @x @x% Ox
Changing the order of derivatation for the second term gives

@1 . @ @y @ @y

@x @x @x @x @x

Using the continuity equation for the last term gives

@._ @ @ ,( @ @y

@x @x @x @x @x

and now we have shown — again — that E3.and4.8 are indeed correct.
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Thus, there is a one-to-one relation between the viscous &d vorticity: no
viscous terms means no vorticity and vice versa. An imba&anshear stresses (left
side of Eq.4.7) causes a change in vorticity, i.e. generates vorticitghfriside of
Eq.4.7). Hence, inviscid ow (i.e. friction-less ow) has no rotain. (The exception
is when vorticity is transporteidto an inviscid region, but also in that case no vorticity
is generated or destroyed: it stays constant, unaffectadidcid ow is often called
irrotational ow (i.e. no rotation) orpotential ow. The vorticity is always created at potential
boundariessee Sectiod.3.1
The main points that we have learnt in this section are:

1. The viscous terms are responsible for creating vortitig means that the vor-
ticity can not be created or destroyed in inviscid (frictiess) ow

2. The viscous terms in the momentum equations can be exprads; ; consider-
ing Item 1 this was to be expected.

Exercise 24 Prove the rst equality of Eg4.5using the'- -identity.

Exercise 25 Write out Eq4.7for i = 1 and verify that it is satis ed.

4.2 The vorticity transport equation in three dimensions

Up to now we have talked quite a lot about vorticity. We haarié that physically
it means rotation of a uid particle and that it is only the &igis terms that can cause
rotation of a uid particle. The terms inviscid (no frictipnirrotational and potential
ow all denotefrictionless owwhich is equivalent to zero (change in) vorticity. Theré&iction-
is a small difference between the three terms because treréeworticity in inviscid less
ow that is convected into the ow at the inlet(s); but alsotinis case the vorticity is not
affected once it has entered the inviscid ow region. Howeusually no distinction is
made between the three terms.

In this section we will derive the transport equation forti@ty in incompressible
ow. As usual we start with the Navier-Stokes equation, B at p.32. First, we
re-write the convective term of the incompressible momengguation (Eqg2.9) as

@

where Eqg.1.190on p. 23 was used. Inserting; = (@w@x+ @y=@®=2 and
multiplying by two gives

1
=Vv(Si+ j)=Vvi S Enijk " (4.9)

.@/:V- @/-{-@/
"ox ' @x @x

The second term on the right side can be written as (TrickeEsp8.4)
@y_ 1@vyy) _ @k

"ijk Vi ! Kk (4.10)

Vi —— = — 4.11
'@x 2 @x = @x 1
wherek = v;v; =2. Equatiord.10can now be written as
@v_ @k
Vi—=—= —C ik Vj Iy (4.12)
@?( I@l rotation

no rotation
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The last term on the right side is the vector product @ind! ,i.e.v ! .

The trick we have achieved is to split the convective terro imie term without
rotation ( rstterm on the right side of E4.12) and one term including rotation (second
term on the right side). Inserting E4.12into the incompressible momentum equation
(Eg.2.9 yields

@v, @k ., 1@p, @y
—_— b ii i = - fi 4.13
no rotation

The volume source is in most engineering ows representetiégravity, i.ef; = g;.
From Eqg.4.13we get Crocco's theorem for steady inviscid ow
@ P @ P
ik Vilk = — —+Kk fi= — —+k+ 4.14
AT @x T @x (#14)

Poz

where@ =@x= f; is the potential of the body force. In vector notation, Ed.4
reads

v | = }r (Po) (4.15)

These equations states that the gradient of stagnatiosyreeBy, is orthogonal to
both the velocity and vorticity vector.

Since the vorticity vector in EdL.12is de ned by the cross produtpy @v=@¥
(r v invector notation, see Exercigg we start by applying the operathy; @ =@x
to the Navier-Stokes equation (E413 so that

. @vi . @k e @M «
pai pai par 1
@t@yx @x@x @y (4.16)
. 1 @P " @v; 4m @g

M @@y M exexey ™ @y

where the body forcé; was replaced bg;. We know that'j is anti-symmetric in
all indices, and hence the second term on line 1 and the rgat &n line 2 are zero
(product of a symmetric and an anti-symmetric tensor). Hst ferm on line 2 is
zero because the gravitation vectr,is constant (it is zero even if it is non-constant,
because it can be expressed as a potential, sed.&f. The last term on line 1 is
re-written using thé- identity (see Tabl€.1at p.344)

W @V L@V _ @Yk @y p
pai ijk @—& =( p ak Pk qj) @x - @x @x @17
@x @x @y @y
Using the de nition of! ; we nd that its divergence
@} @ . @v _. @w _
@( - @( ijk @—}( ijk m— (4.18)

is zero (product of a symmetric and an anti-symmetric tenddsing the continuity
equation @y=@x = 0) and Eq4.18 Eqg.4.17can be written

W ow @k @y @)
Pk Ty T T f@x  foex

Vi (4.19)
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Figure 4.2: Vortex stretching. Dashed lines denote uid element beftretching. % > 0.
The second term on line 2 in E4.16can be written as
. @vi @ ., ev _ @,
pai = pai = T (4.20)
@x@x@y% @x@x @y @x@x
Inserting Eqs4.19and4.20into Eq.4.16gives nally
I I
d, @b, G@h_, @, @, (4.21)

dt ot @x @x @x@x

We recognize the usual unsteady term, the convective tednttamn diffusive term.
Furthermore, we have got rid of the pressure gradient teimat akes sense, because
as mentioned in connection to Fi4.1, the pressure cannot affect the rotation (i.e. the
vorticity) of a uid particle since the pressure acts thrawits center. Equatiod.21
has a new term on the right-hand side which represents acapibon and bending or
tilting of the vorticity lines. If we write it term-by-terntireads

@y
% Iy +1,—> 41, p=1
% %
!k@x § %Z %x 2’5 p=2 (4.22)
RCE NI ) SRR =
tox ' ex ey

The diagonal terms in this matrix represewnttex stretching Imagine a slender, Vortex
cylindrical uid particle with vorticity! ; and introduce a cylindrical coordinate systeratretching
with the x;-axis as the cylinder axis ard as the radial coordinate (see Fi§2) so
that! ; = (! 1;0;0). We assume that a positi@y=@x is acting on the uid cylinder;
it will act as a source in Eg@t.2lincreasing ; and it will stretch the cylinder. The vol-
ume of the uid element must stay constant during the stiatgkthe incompressible
continuity equation), which means that the radiygf the cylinder will decrease. For
high Reynolds numbeyshe viscous term is neglible. Hence, the viscous forceben Re number=
surface is small. This means than the angular momenttim, is constant during the ratio of con-
elongation (stretching) of the cylinder which gives an @aged ;. We see that vortex vective to vis-
stretching will either make a uid element longer and thinméth larger! ; (as in the cousterm
example above) or shorter and thicker (wr@wy=@x < 0). The illustratation given
here is mainly relevant when a uid particle actually row{g@s it does in turbulent
ow, see Sectiorb).

The off-diagonal terms in Egl.22representortex tilting Again, take a slender Vortex

tilting
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Figure 4.3: Vortex tilting. Dashed lines denote uid element before tiexy or tilting.

uid particle, but this time with its axis aligned with the, axis, see Fig4.3 Assume
is has a vorticity! », and that the velocity surrounding velocity eldig = vi(X2).
The velocity gradien@y=@ x will tilt the uid particle so that it rotates in clock-wise
direction. The second terin, @y=@x in line one in Eq4.22gives a contribution to
I 1. This means that vorticity in the, direction, through the source tefrm@y=@¥,
creates vorticity in the; direction..

Vortex stretching and tilting are physical phenomena whictin three dimensions:
uid which initially is two dimensional becomes quickly tke dimensional through
these phenomena. Vorticity is useful when explaining whipdience must be three-
dimensional, see Secticn4.

4.3 The vorticity transport equation in two dimensions

It is obvious that the vortex stretching/tilting has no iemce in two dimensions; in
this case the vortex stretching/tilting term vanishes beeahe vorticity vector is or-
thogonal to the velocity vector (for a 2D ow the velocity wec readss; = (v1;vz; 0)
and the vorticity vector reads; = (0;0;! 3) so that the scalar product is zero, i.e.
' «@y=@x = 0). Thus in two dimensions the vorticity equation reads

dis _ @' 3
dt = @x@x

(Greek indices are used to indicate that they take valu@<). If the Prandtl number
isone Pr = 1), this equation is exactly the same as the transport equiatiademper-
ature in incompressible ow, see Ef.18 This means that vorticity is convected and
diffused in the same way as temperature. In fully develofxshnel ow, for example,

(4.23)
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the vorticity and the temperature equations reduce to (@f3R24)

@' 3
_ . at
0= kg (4.24b)

For the temperature equation the heat ux is givendgy= k@ T=@xwith a hot
lower wall and a cold upper wall (constant wall temperatyties heat ux is constant
for all x, and goes from the lower wall to the upper wall. We have the sstuation for
the vorticity. Its gradient, i.e. the vorticity ux,, =  @!3=@}¥, is constant across
the channel, see E§.27 (you have plotted this quantity in TME226 Assignment 1).
Equation4.24is turned into relations fogp and , by integration

wall = 2 (4.25a)
Qvall = G (4.25b)

If the wall-normal temperature derivatv@ T=@x= 0 at both walls &diabatic
walls), the heat ux at the wallsyya , will be zero and the temperature will be equal to
an arbitrary constant in the entire domain. It is only whenwlall-normal temperature
derivative at the walls are non-zero that a temperature igldreated in the domain.
The sameistruefdrs: if @!3=@x% = » =0 atthe walls, the ow will notinclude
any vorticity. Hence, vorticity is — in the same way as tenapere — generated at the
walls.

4.3.1 Boundary layer thickness from the Rayleigh problem

In Section3.1we studied the Rayleigh problem (unsteady diffusion). Amsxshabove,
the two-dimensional unsteady temperature equation igiche o the two-dimensional
unsteady equation for vorticity. The diffusion timig,or the diffusion length, , in
Eq. 3.14 can now be used to estimate the thickness of a developingdaoyitayer
(recall that the limit between the boundary layer and thewofree-stream region can
be de ned by vorticity: inside the vorticity is non-zero aadtside it is zero).

In a boundary layer, the streamwise pressure gradient &5 gee Eq3.42 This
means that

@vy -0

@—g wall -

because, at the wall, the only non-zero terms in the NaviekeS equation are the
streamwise pressure gradient and the wall-normal diffustsm (see, for example,
Egs.2.9and3.23. Hence, the ux of vorticity

@% @v1
= == = == =0 4.26
? @é wall @g wall ( )

(recall thatfl @y=@X)wan = 0) along the wall which means that no vorticity is created
along the boundary. The vorticity in a developing boundayel is created at the
leading edge of the plate (note that in channel ow, vorjigstindeed created along the
walls because in this case the streamwise pressure gragligsitzero). The vorticity
generated at the leading edge is transported along the walbtvection and at the
same time it is transported by diffusion (and convectiorgyafvom the wall.
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Figure 4.4: Boundary layer. The boundary layer thicknessincreases for increasing stream-
wise distance from leading edge;(= 0).

Below we will estimate the boundary layer thickness usirgekpression derived
for the Rayleigh problem. In a boundary layer there is vixtiand outside the bound-
ary layer it is zero (in the Rayleigh ow problem, the vortigis created attime=0"
when the plate instantaneously accelerates from rest txityeMy). Hence, if we can
estimate how far from the wall the vorticity diffuses, thiges us an estimation of the
boundary layer thickness.

Consider the boundary layer in Fid.4. The boundary layer thickness at the end of
the plate is (L). The time it takes for a uid particle to travel from the leadiedge of
the plate tax = L is L=V; (in the Rayleigh problem this corresponds to the ow eld
after timet = L=Vj). During this time vorticity will be transported by diffusi in the
X2 direction the length according to Eq3.14 If we assume that the uid is air with
the speed/y = 3m=s and that the length of the plate = 2m we get from Eq3.14
that (L) =1:2cm.

Exercise 26 Note that the estimate above is not quite accurate becaubke iRayleigh
problem we assumed that the convective terms are zero, but@veloping boundary
layer, as in Fig.4.4, they are not{, 6 0 and @y=@x 6 0). The proper way to
solve the problemis to use Blasius solution, see Se8trBlasius solution gives (see
Eq.E.1)

= 5 . Re = Vot (4.27)

L Re™

Compute what(L) you get from Eg4.27.

Exercise 27 Assume that we have a developing ow in a pipe (radd)r between
two at plates (separation distandg). We want to nd out how long distance it takes
for the the boundary layers to merge. Equati®i4can be used with = R or h.
Make a comparison with this and Eg.16
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4.4 Potential ow

N potential ow, the velocity vector can be expressed as thadigmt of its poten-

tial , see Eql.22 The vorticity is then zero by de nition since the curl of the
divergence is zero. This is easily seen by inserting E2(v; = @ =@}y into the
de nition of the vorticity, Eq.1.12 i.e.

|-:--k@:--k7@ =0

Y ex " axex
since jj is anti-symmetric in indiceg andk and@ =@x@x is symmetric inj and
k. Inserting Eql.22into the continuity equation, EQ.3 gives

,O_ @ @ _ @

(4.28)

T @x @x @x @x@x

i.e. the potential satis es the Laplace equation. This igmfat important since many
analytical methods exist for the Laplace equation.

(4.29)

4.4.1 The Bernoulli equation

The velocity eld in potential ow is thus given by the contiity equation, Eq4.29
(together with Eql1.22. Do we have any use of the Navier-Stokes equation? The
answer is yes: this equation provides the pressure eld. ¥éethe Navier-Stokes
equation (Eg4.13 with the viscous term expressed as in Edp

@v, @ ., ., _ 1@P . @,

@t @x "7 @x " @x
Since! ; = 0 in potential (irrotational) ow, we get (withf; = g) and usingk =
Vivi=2 = v2=2

fi (4.30)

@ e i@y  1@P
@t @x 2@x @x -
wherey; in the unsteady term was replaced by its potential (EB2. The gravity
force can be expressed as a force potergiat, @X=@x(see Eq4.14), becauseitis
conservativeThe gravity force is conservative because when integydtiis force, the conservative
work (i.e. the integral) depends only on the starting andrepgdoints of the integral: force
in mathematics this is called axactdifferential.
Insertingg, = @X=@xin Eqg.4.31gives

@ @+v2 P

(4.31)

— —+ -+ —+X =0 4.32
@x @t 2 (4.32)
Integration gives the famous Bernoulli equation
@ Vv¢ P
— + —+ —+ X = 4,
at’ 2 C(t) (4.33)
whereX = giX;. In steady ow, we get
2
P
V? + — @gx3=C (4.34)

whereg, = (0;0;g3). Using the heightgh= gsx3, we get the more familiar form

2

g Pigh=c (4.35)
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4.4.2 Complex variables for potential solutions of plane avs

Complex analysis is a suitable tool for studying potential. We start this section by
repeating some basics of complex analysis. For real fumstithe value of a partial
derivative @f=@patx = Xq is de ned by makingk approachx, and then evaluating
(f (x+ xp) f(X))=xo. The total derivativecf=dt, is de ned by approaching the point
X10; X20; X30; t as a linear combination of all independent variables (cf.1EQ).

A complex derivative of a complex variable is de ned@d@gz + zp) f(2))=2
wherez = x+ iy andf = u+ iv. We can approach the poing both in the real coordi-
nate directionx, and in the imaginary coordinate directign,The complex derivative
is de ned only if the value of the derivative is independeftow we approach the
pointzy. Hence

o = lim f(zo+ z) f(20)
dz 2! 0 z
- lim fxo+ Xiiyo) f(Xoiiyo) _ lim f (Xo;iyo + i. y) f(xo;iyo):
x! 0 X y! 0 |
(4.36)

The second line can be written as
ef_1ef_ief_ ef
@x i@y 2@y @y

sincei? = 1. Insertingf = u+ iv and taking the partial derivative 6fwe get

@f _ @u @v

@x @x @x
@f_ @u ,@v. @u @v (4.38)

'@y '@y '@y @y @y

(4.37)

Using Eq.4.37gives
@u_ @v @u_ @v
@x @y @y @x
Equations4.39 are called theCauchy-Riemanrquations. Another way to derive
Eq.4.39is foundhere
So far the complex plane has been expressedag + iy . It can also be expressed
in polar coordinates (see Fig.5)

(4.39)

z=re' =r(cos +isin) (4.40)

Now we return to uid mechanics and potential ow. Let us iotluce a complex
potential,f , based on the stream function,(Eg. 3.44), and the velocity potential,
(Eq.1.22

f=+ | (4.42)

Recall that for potential (i.e. inviscid, = 0) two-dimensional, incompressible ow,
the velocity potential satis es the Laplace equation, seeeikample Eq4.29 The

stream function also satis es the Laplace equation in pgakiow where the vorticity,
I'i,is zero. This is easily seen by taking the divergence oftiieas function, Eq3.44

@ @ _ @y, @v_ _
@_%Jr@_g_ ox” Ox " 13=0 (4.42)


https://mathworld.wolfram.com/Cauchy-RiemannEquations.html
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Figure 4.5: The complex plane in polar coordinates. Real and imagineeg aorrespond to the
horizontal and vertical axes, respectively.

see Eq.1.13 Hence the complex potentidi, also satis es the Laplace equation.
Furthermoref also satis es the Cauchy-Riemann equations,£89 since

@ _@ @ @

—=—=v; and —= —=vV 4.43

@x @y @y @x * (4.43)
see Eqgs3.44and1.22 Thus we can conclude thitde ned as in Eq4.41is differen-
tiable, i.e.df=dz exists. We have now de ned a complex functibns + i which

satis es Laplace equation and which has a physical meaningid dynamics.

443 f [/ z2"

Now we will give some examples df(z) which correspond to useful engineering
ows. The procedure is as follows:

assume that / z" is complex potential
verify that this is true (see, e.g, Egs44and4.46
choose am and nd out what physical ow the complex potential descisbe

We can choose any exponenin f / z" and multiply with any constant in order
to get a physical, meaningful ow. The solution

f = Cyz" (4.44)

is one example. Let's rst verify that this is a solution oftlhaplace equation (i.e. the
continuity equation4.29and thet the ow is inviscid! 3 = 0, Eq.4.42. Taking the
rst and the second derivatives of E4.44gives

of 1

—_- = —+

@x Cin(x + iy)
= Cin(n D(x+iy)" 2

(4.45)

= Cini(x + iy)" 1

a@f
@R
@f
@y
ef _ Cin(n  1i%(x+iy)" 2= Cin(n 1)(x+iy)" ?
@y
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Figure 4.6: Parallel ow.

We nd that the Laplace equation is indeed zero, i.e.

@ @ _

@ + @—9, =0 (4.46)

4.4.3.1 Parallel ow
Whenwe seh = 1 in Eq.4.44we getC1 = Vi )

f=Viz=V (x+1iy) (4.47)

The stream function, , is equal to the imaginary part, see Eg41l Equation4.43
gives the velocity components

vlzgzvl and v, =

@ _
@y @x

The ow is shown in Fig4.6.

0 (4.48)

4.4.3.2 Stagnation ow

When we seh = 2 in Egs.4.44we get (inviscid) stagnation ow onto a wall. The
stream function, , corresponds to the imaginary partfafsee Eq4.41so that C; =
1)

= 7?2 (4.49)

The solution in form of a vector plot and contour plot of theeatn function is given

in Fig.4.7. The ow impinges at the wall at, = 0. The stream function is zero along
the symmetry linex; = 0, and it is negative to the left and positive to the right. The
velocity components are obtained as

Vi = Q=2x=2x1

@ (4.50)
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Figure 4.8: c

aptionPotential ow. The lower boundary fas < 0 can either be a wall (concave
corner) or symmetry line (wedge).

Recall that since the ow is inviscid (no friction), the badisry condition on the wall is
slip, i.e. a frictionless wall (same as a symmetric boungda¥pte that this ow is the
same as we looked at in Sectitr? except that the velocities are here twice as large
because we chosey =1 (see Eql.4).

4.4.3.3 Flow over a wedge and ow in a concave corner.

Next we sen = 6=5. Whenn is not an integer, it is convenient to exprési polar
coordinates

f=Cyrel "=Cu"eé" = Cir"(cosi )+ isin(n )) (4.51)
With n = 6 =5 we get (inviscid) ow over a wedge and ow over a concave catr(re
should be in the intervel < n < 2). The stream function, the imaginary partfafis
given by (Egs4.41and4.5])

= r%%sin(6=5) (4.52)
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Figure 4.9: Line sourcem > 0

(C1 = 1) and the velocity components read

. 1@ _ 61 cos(6=5)

r g 5 . (4.53)
V=T §r1:6 sin(6 =5)
The velocity vector eld and the stream function are preedrnh Fig.4.8 The stream
function is zero along the lower boundary. Note that O at the wedge, i.€0
5=6 . The angle, , in Fig.4.8ais given by

(n 1

=~ - _ 4.54
- 6 (4.54)
4.4.4 Analytical solutions for a line source
The complex potential for a line source reads
f=2ny (4.55)

2

wherem is the strength of the source; the physical meaningnofs volume ow
assuming that the extent of the domain in the third coordinl@tection,xs, is one.
First, we need to make sure that this solution satis es thgld@e equation. The rst
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and second derivatives read

@f_ m
@x 2z
@ _ m
@R 2z2
@f_ im (4.56)
@y 2z
@ - i2 m — m
@2 222 2z
which shows that the Laplace equation is satis ed.
Writing Eqg.4.550n polar form gives
f:zﬂm re :zﬂmrﬂn ¢ :Zﬂ(mui) (4.57)
The stream function corresponds to the imaginary pairtafid we get
1@ _ m
= S— = =
r g 2r (4.58)
vV = @r:

We nd that the physical ow is in the radial direction, seegi4.9. If m > 0, the ow
is outwards directed and fan < 0 it is going inwards toward origo. When origo is
approached, the velocity;, tends to in nity. Hence, Eg4.58gives nonphysical ow
near origo. The reason is that the inviscid assumption (zesaosity) is not valid in
this region.

It was mentioned above that the physical meaningnof volume ow. This is
easily seen by integrating (Eq.4.58 over a cylindrical surface as

V4 1 V4 2 z 1 z 2 V4 1 V4 2

dxs verd = dxs ﬂrd = 0

= dxzd = m: (4.59)
0 0 0 o 2T 2 9 o ° -

4.4.5 Analytical solutions for a vortex line
A line vortex is another example of a complex potential; ivésy similar to Eq4.55
and reads

f= i—I 4.
|2 nz (4.60)

which on polar form reads (cf. E4.57)
f = 2—(i Inr ) (4.61)

From the stream function (the imaginary parf 9fwe get (cf. Eq4.58
1@ _

g =
r g (4.62)

vV = _ = —

@r 2r

This ow was introduced in Sectioh.7.1(where we called it an ideal vortex line) as an

example of a ow with no vorticity. The ow is in the positive direction along lines
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v

Figure 4.10: Vortex line.

Vi

Figure 4.11: Flow around a cylinder of radiug.

of constant radius, see Fig.1Q The circulation, , appears in the expressionwof. It
was introduced in Sectioh.7. It is de ned as a closed line integral along liGe see
Eq.1.23and can be expressed as an integral of the vorticity oveace®fbounded by
line C, see Eql.25and Fig.1.7.

4.4.6 Analytical solutions for ow around a cylinder

The complex potential for the ow around a cylinder can berfdiby combining a
doublet and a parallel ow. A doublet consists of a line saustrengtim) and sink
(strength m) separated by a distantdn the x; direction (line sources were intro-
duced in Sectiod.4.4. Imagine that we move the source and the sink closer to each
other and at the same time we increase their strejmgjso that the product = m"
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Figure 4.12: Flow around a cylinder of radiug. Integration of surface pressure.
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(a) CFD of unsteady laminar owd]. The mark- (b) Potential ow, Eq.4.72
ers show the time-averaged location of separation.

Figure 4.13: Pressure coef cients.

stays constant. The resulting complex potential is
f=— (4.63)
When adding the complex potential of parallel ow, see EgL7, we get
f = - +V, z (4.64)

Now we de ne the radius of a cylinderg, as

rg= =(Vi1) (4.65)
so that )
V
f=110,y (4.66)
On polar form it reads
V r2 . r2 . .
f:rlei°+vlre':vl T°e'+re'
" (4.67)
=V To(cos isin )+ r(cos +isin )

The stream function reads (imaginary part)

r2
= Vi r TO sin (4.68)
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Now we can compute the velocity components

1 r2
P = F% =V 1 r_o cos
, (4.69)
@ Vi 1+ -2 sin
vV = — = —
@r 2

We ndthatv, =0 forr = rg as intended (thanks to the de nition in E4.65. We
are not interested in the solution inside the cylindek(r o). Furthermore, we see
that the tangential velocity is zero at= 0 and ; hence these points correspond to
the stagnation points, see Figll The velocity eld at the cylinder surface,= ro,
reads

Vis =0
. (4.70)
Vs = 2Vi sin
where indexs denotes surface. Note that the local velocity gets twicaggelas the
freestream velocity at the top € =2) and the bottom (= = 2) of the cylinder.
The surface pressure is obtained from Bernoulli equatiea E54.35
V2 Pr V% ps V72 v
2+ ===+ =P + —= 4.71
> St =) ps= P 5 (4.71)
where we neglected the gravitation term. The surface presswsually expressed as
a pressure coef cient

P v2 .
Cp % =1 ﬁ =1 4sir? (4.72)
using Eq4.70

It should be stressed that although E§30and4.72are exact they are not realistic
because of the strict requirement that the ow should besicid. This requirement is
valid neither in the boundary layers nor in the wake; the llauy layers may be thin
but the wake is a large part of the domain. FigdrE3presents the pressure coef cient
for potential ow and accurate unsteady CFD of two-dimensiloviscous ow [9] (the
Reynolds number is suf ciently low for the ow to be laminarftgs.2.3and2.9are
solved numerically9]. The potential solution agrees rather well with viscousv ap
to ' 20°.

How do we nd the lift and drag force? The only force (per uniea) that acts
on the cylinder surface is the pressure (in viscous ow theoelld also be a viscous
stress, but it is usually much smaller). To nd the lift fordg , we simply integrate
the pressure over the surface. Usually the lift force is esped as a lift coef cient,
CL, which is scaled with the dynamic pressueg? =2. The lift coef cient is obtained
as

z 1 z 2
F .
C. = VTL: = dxs szszz sin r od
z, z% °o 7t
= 1o dxs (1 4sir? )sin d (4.73)
0 0

1 3
= ro cos 4 1_2COS(3) Zcos =0
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Figure 4.14: Flow around a cylinder of radius with additional circulation which give a (neg-
ative) lift force, see Eq4.84

Thesin onthe rstline appears because we project the pressure farthe vertical
direction (see Fig4.12 and minus sign is because pressure acts inwards, see%q.
and Fig.4.1 We assume in Eg@t.73that the length of the cylinder in the; direction

is one. The drag coef cient is computed as

E Zl ZZ
Cp = VTD—Zz dx3 (1 4sir® )cosrod
L= 0 0 4.74
Z, Z, 4 2 (4.74)
= ro dxs sin  =sin® =0
0 0 3 0

Thecos on the rst line appears because we project the pressure farthe hori-
zontal direction (see Figt.12. Equationst.73and4.74give C. = Cp = 0; hence
we nd that inviscid ow around a cylinder creates neithét lor drag. The reason is
that the pressure is symmetric both with respectte= 0 andx, = 0. The lift force
on the lower surface side cancels the force on the upper Sidme argument for the
drag force: the pressure force on the upstream surfacelsahaeon the downstream
surface.

4.4.7 Analytical solutions for ow around a cylinder with ci rculation

We will now introduce a second example of potential ow ardwylinders, which is
by far the most important one from engineering point of vielere we will introduce
the use of additional circulation which alters the locasiof the stagnation points and
creates lift. This approach is used in potential methodgfedicting ow around
airfoils in aeronautics (mainly helicopters) and windpoergineering.

We add the complex potential of a vortex line (see £60 to Eq.4.66so that

fzvlr(z)

+V; z i2— Inz (4.75)

On polar form it reads (see Egs61and4.67)

2
f=Ww rr—o(cos isin )+ r(cos +isin ) 2—(i Inr ) (4.76)
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Figure 4.15: Flow around a cylinder of radiug with maximal additional circulation.

The imaginary part gives the stream function

2
= Vi r 20 sin  —inr (4.77)

T 2

We get the velocity components as (see Eg82and4.69

1 2
f F% =V 1 :—0 Ccos
@ , (4.78)

r
= Vi 1+-2 sin + —
@r ! r2 2r
The effect of the added vortex line is, as expected, to irserea while leavingv,
unaffected. The larger the circulation, the larger
The velocity at the surface,= rg, reads

Vrs =0

. (4.79)
Vs = 2Vi sin +

o

Now let's nd the location of the stagnation points, i.e. whe . = 0. Equatiord4.79
gives

2V1 SiN sag = ) stag = arcsin (4.80)

21 o 4r oV1
The two angles that satisfy this equation are located in teeand second quadrants.
The two positions are indicated withandbin Fig. 4.14 For a limiting value of the
circulation, max , the two locations andbwill merge at = =2, denoted withc in
Fig.4.15

max =4 V1 rq: (4'81)

This corresponds to the maximum value of the circulationvibich there is a stag-
nation point on the cylinder surface. For circulation lartf@an .y , the stagnation
point will be located above the cylinder.
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Figure 4.16: Table tennis. The loop uses the Magnus effect. Side view.

The pressure is obtained from Bernoulli equation as (sed Z8.

V2 2

Co=1 —==1 2sin +

p
V2 21 oV
! i ot (4.82)

sin
=1 4sirt +

S! 2r V1 2r o1

We found in Sectiod.4.6that a cylinder without circulation gives neither drag nor
lift, see Eqs4.73and4.74 What about the present case? Let's compute the lift. We
found in Eq.4.73that the two rst terms in Eg4.82give no contribution to the lift.
The last term cannot give any contribution to the lift besitiss constant on the entire
surface. Hence we only need to include the third term ind282so that

Zl ZZ
F|_ ps .
CL= ——= dx sin r od
: V£=2 0 s o V§£=2 °
1 2 H
2 sin
- d d 4.
ro ; X3 . Tovi n (4.83)
2
. 2
= 2 = J—
Vi zv, one) =g

We nd that the lift force on a unit length of the cylinder cae bomputed from the

circulation as
F|_ = V]_ (484)

This relation is valid for any body and it is called thk@tta-Joukowskiaw who —
independent of each other — formulated it. The reason toi¢fmecs the lift force can
easily be seen from Figt.14 The stagnation points, where the pressure is largest, are
located at the top of the cylinder and hence the pressurgliehon the top than on the
bottom. The "lift" force is acting downwards, i.e. in the ragiyex, direction.

The drag is, however, still zero. In E4.74we found that the rst and the second
terms in Eq4.82gives no contribution to drag. Hence, we only need to comgloke
third terms. In the drag integral (see Eq74), this term in Eq4.82gives rise to a term
proportionaltosin  cos whose contribution is zero. Hence, the additional cir¢atat
does not give rise to any drag.

4.4.7.1 The Magnus effect

Circulation around a cylinder is very similar to a rotatingjeder. Instead of adding a
circulation, we let the cylinder rotate with speked A rotating cylinder produces lift.
This has interesting application in sports, for exampldtiath, table tennis and golf.
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Figure 4.17: Football. A free-kick uses the Magnus effect. Top view
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Figure 4.18: Flettner rotor (in blue) on a ship. The velocity experienbgdhe ship iSVying +
Vship . The ship moves with spedd,, . Top view.

In table tennis, the ball must hit the table on the side of {mgoment. One way to
improve the chance that this will happen is to make a loops Teans that you hit the
ball slightly on the top. The ball experiences a foleewhen you hit it (see Figl.16
and this force makes it rotate with rotation spéeftlockwise direction). The rotation
causes a liftf| , which acts downwards so that the ball drops down quickly(aoge-
fully) hits the table on the other side of the net. The liftderis downwards because
the stagnation points are located on the upper surface |IRtegithe relative velocity
of the air is in the negative; direction.

Another example where the Magnus effect is important is.ga#fre the object is
often vice versa. You want the ball to go as far as possiblencEgou hit it with a
slice so that it spins with a positive (counter-clockwise). The result is a lift force in
the positivex, direction which makes the ball go further.

A nal sports example is football. Here the lift is used side®. Imagine thereis a
free-kick rather close to the opponents' goal, see &ifj7. The opponents erects a wall
of players between the goal and the location of the free-Kidie player who makes
the free-kick wants to make the ball go on the left side of tladi;vafter the wall of
players, the ball should turn right towards the goal. The Mexeffect helps to achieve
this. The player hits the ball with her/his left foot on thét leide of the ball which
creates a forc€ on the ball. This makes the ball rotate clockwise, see #itj7, and
creates a lift force so that the ball after it has passed thiewvas to the right towards
the goal. The reason that the ball turns to the right rstraifte wall (and not before)
is that the forward momentum createdbythe player) is much larger thdn .
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Figure 4.19: Airfoil. The boundary layers, (x1), and the wake illustrated in red; = 0 and
X1 = catleading and trailing edge, respectively.

When looking at Figs4.16and4.171 know it may be confusing to understand the
direction of the force. The trick is to imagine that the balktill/non-moving and the
wind is coming towards it with speedVyq . Then we see that the rotation and on-
coming speed Vyy . "co-operates” at the lower side and thereby increasingdtss
speed on the lower side compared to the upper side. Berr{ggl4.35 then gives a
lower pressure on the lower side of the ball compared to tipeugide which gives a
downward force.

If you are interested in football you may be pleased to lehat by use of uid
dynamicsitis now scienti cally proven that it was much hartb make a good freekick
in 2010 worldcup than in 2014.[)]. Figure 7b in that paper is particularly interesting.

As an experiment, two identical freekicks are made with thetifall used at
the 2013 FIFA Confederations. The freekicks are made 25m fhe goal. The
initial velocity of the football is 30 m/s. The result of thed freekicks is that the
two footballs reach the goal three meters from each othéenertical direction.
Why? Because the ball was rotated 45 degrees before theds&eehick (see
Figs. 2c,d) in L.Q].

Finally we give an engineering example of the use of the Maggitect. The rst
Flettner rotors on ships were produced in 1924. It has r&cgained new interest as
the cost of fuel is rising. A Flettner rotor is a rotating eyder (or many) on a ship,
see Fig.4.18 The diameter of this rotor can be a couple of meter and haeagth
(i.e. height) off0 20 meter. The ship is moving to the right with spedégl, . The
wind comes towards the ship from the left-front (relativendviat an angle of= 4).
The Flettner rotor rotates in the clockwise direction. Thagvus effect creates a force
in the orthogonal direction to the relative windspeed, aean angle of =4. Note
that if the wind comes from the right instead of from the Iéfie rotor should rotate
in the counter-clockwise direction. The additional pregimh force isk| cos( ). The
Division of Fluid Dynamics recently took part in an EU prdj@there we studied the
ow around rotating cylinders in relation to Flettner rosdd.1].

4.4.8 The ow around an airfoil

Flow around airfoils is a good example where potential mdshare useful. These
methods are still in use in wind engineering and for helieopt At the Division of
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y

Figure 4.20: Airfoil. Streamlines from potential ow. Rear stagnatiooipt at the upper surface
(suction side).

=

Figure 4.21: Airfoil. Streamlines from potential ow with added circuian. Rear stagnation
point at the trailing edge.
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Fluid Dynamics we had a PhD project where we used potentitiiads for computing
the aerodynamic loads for wind turbine rotor bladgd ).

The ow around airfoils is a good example where the ow can teated as inviscid
in large part of the ow. For low angles of attack (which is ttese for, for example, an
aircraft in cruise conditions) the boundary layers and ta&enare thin. Outside these
regions the ow is essentially inviscid.

Figure4.19 (see also Figl6.1) shows a two-dimensional airfoil. The boundary
layers and the wake are illustrated in red. The boundary liythinner on the pres-
sure (lower) side than on the suction (upper) side. It grdightyy thicker towards the
trailing edge (denoted by(x1) in Fig. 4.19. When this ow is computed using po-
tential methods, the location of the front stagnation p@measonably well captured,
see Fig4.2Q However, the stagnation point near the trailing edge iatied on the
suction side which is clearly nonphysical. The ow on thegsare (lower) side cannot
be expected to make B8P turn at the trailing edge and then go in the negatiye
direction towards the stagnation point located on the soddide.

The solution is to move the stagnation points in the same wayedid for the
cylinder ow in Section4.4.7 We want to move the rear stagnation point towards
the trailing edge. This is achieved by adding a circulatiothie clockwise direction,
see Fig4.21 The magnitude of the circulation is determined by the nesquent that
the stagnation point should be located at the trailing edDas is called theKutta
condition The added circulation is negative (clockwise). In aerdicapthe sign of
circulation is usually changed so thaferonauic = . The lift of a two-dimensional
airfoil (or a two-dimensional section of a three-dimensibairfoil) is then computed
as (see E¢4.89

FL = V1 aeronautic (4.85)
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5 Turbulence

5.1 Introduction

LMosT all uid ow which we encounter in daily life is turbulent. Tgical exam-
Aples are ow around (as well dr) cars, aeroplanes and buildings. The boundary
layers and the wakes around and after bluff bodies such asaemoplanes and build-
ings are turbulent. Also the ow and combustion in enginesthbin piston engines
and gas turbines and combustors, are highly turbulent. Awements in rooms are
turbulent, at least along the walls where wall-jets are fedmHence, when we com-
pute uid ow it will most likely be turbulent. In turbulent ow we usually divide the
velocities in one time-averaged part which is independent of time (when the mean
ow is steady), and one uctuating paw’ so thaty; = v; + v>.

There is no de nition on turbulent ow, but it has a number dfaracteristic fea-
tures (see Popd B] and Tennekes & Lumleyl[4]) such as:

I. Irregularity . Turbulent ow is irregular and chaotic (they may seem ramgo
but they are governed by Navier-Stokes equation, £§. The ow consists of a
spectrum of different scales (eddy sizes). We do not havesaagt de nition of an
turbulent eddybut we suppose that it exists in a certain region in spaca fertain turbulent
time and that it is subsequently destroyed (by the cascautegs or by dissipation,eddy
see below). It has a characteristic velocity and lengthiddad velocity and length
scale). The region covered by a large eddy may well enclesesshaller eddies. The
largest eddies are of the order of the ow geometry (i.e. lamg layer thickness, jet
width, etc). At the other end of the spectrum we have the ssaéiddies which are
dissipated by viscous forces (stresses) into thermal gmesylting in a temperature
increase. Even though turbulence is chaotic it is detestinand is described by the
Navier-Stokes equations.

II. Diffusivity . In turbulent ow the diffusivity increases. The turbulenincreases
the exchange of momentum in e.g. boundary layers, and redarcdelays thereby
separation at bluff bodies such as cylinders, airfoils aarg.cThe increased diffusivity
also increases the resistance (wall friction) and heastearn internal ows such as
in channels and pipes.

lll. Large Reynolds Numbers. Turbulent ow occurs at high Reynolds number.
For example, the transition to turbulent ow in pipes occtiratRep ' 230Q and in
boundary layers @&e, ' 500000

IV. Three-Dimensional. Turbulent ow is always three-dimensional and unsteady.
However, when the equations are time averaged, we cantieeait as two-dimensional
(if the geometry is two-dimensional).

V. Dissipation. Turbulent ow is dissipative, which means that kinetic emein
the small (dissipative) eddies are transformed into théemargy. The small eddies
receive the kinetic energy from slightly larger eddies. $hghtly larger eddies receive
their energy from even larger eddies and so on. The largeg&dxtract their energy
from the mean ow. This process of transferring energy frdre targest turbulent
scales (eddies) to the smallest is calleddhscade processee FigR.5. cascade

VI. Continuum. Even though we have small turbulent scales in the ow th&y gprocess
much larger than the molecular scale and we can treat the ssv@ntinuum.
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l dissipative scales

intermediate scales
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Figure 5.1: Cascade process with a spectrum of eddies. The energyhitiogtaeddies are
denoted byvp; "1 and ", denotes the size of the eddies in the inertial subrange ath t
T, <1< g; Iisthe size of the dissipative eddies.

5.2 Turbulent scales

The largest scales are of the order of the ow geometry (thenbary layer thickness,
for example), with length scale and velocity scaley. These scales extract kinetic
energy from the mean ow which has a time scale comparableeadarge scales, i.e.

% ! Vo= (5.1)

Part of the kinetic energy of the large scales is lost to Hiyggmaller scales with which
the large scales interact. Through ttescade proceskinetic energy is in this way
transferred from the largest scale to the smallest scaldstheAsmallest scales the
frictional forces (viscous stresses) become large anditfeti& energy is transformed
(dissipated) into thermal energy. The kinetic energy fiemed per unit time from
eddy-to-eddy (from an eddy to a slightly smaller eddy) issame for each eddy size.
Although the kinetic energy is mostly transferred from &atg small scales, it may
instantaneously go the other way, i.e. from small scaleargel scales. It may even
happen that kinetic energy goes from uctuations to the mean this happens when
the production termP X, is negative, see Item Il on p04

The dissipation is denoted Bywhich is energy per unit time and unit mass<
[m?=s?]). The dissipation is proportional to the kinematic vistgsi, times the uc-
tuating velocity gradient up to the power of two (see Sec8d). The friction forces
exist of course at all scales, but they are largest at thdashalddies. In reality a small
fraction is dissipated at all scales. However it is assurhatdrmost of the energy that
goes into the large scales per unit time (say 90%) is nallssitiated at the smallest
(dissipative) scales.

The smallest scales where dissipation occurs are calleKdhaogorov scales
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whose velocity scale is denoted ly, length scale by and time scale by . We
assume that these scales are determined by viscosiyd dissipation’;. The argu-
ment is as follows.

viscosity: Since the kinetic energy is destroyed by viscous forcesiigral to assume
that viscosity plays a part in determining these scalesjatger viscosity, the
larger scales.

dissipation: The amount of energy per unit time that is to be dissipatéd1$e more
energy that is to be transformed from kinetic energy to tleenergy, the larger
the velocity gradients must be.

Having assumed that the dissipative scales are determynaddosity and dissipation,
we canexpress ,- and in and" using dimensional analysis. We write

a wb

[m?=g] [m?=s’]

V =

m=s] (5.2)

where below each variable its dimensions are given. Themsioas of the left and the
right side must be the same. We get two equations, one forsjetg

1=2a+2b; (5.3)
and one for seconds]

1= a 3b; (5.4)
which givea = b= 1=4. In the same way we obtain the expressions foand so

that

3 1=4 1=2
_ - _ (5.5)

v o=

5.3 Energy spectrum

As mentioned above, the turbulence uctuations are comgppadgea wide range of
scales. We can think of them as eddies, see%:i4.It turns out that it is often conve-
nient to use Fourier series to analyze turbulence. In géraarg periodic functiong,
with a period of2L (i.e.g(x) = g(x +2L)), can be expressed as a Fourier series, i.e.

R
000 = 520+ (an OS(aX)+ b sin( X)) (5.6)

n=1

wherex is a spatial coordinate and

n 2
n = or = T (5.7)
n is called the wavenumber. The Fourier coef cients are ghgn

12t
an = — g(x) cos( nx)dx

L_ L

12t
bh= = g(x)sin( nx)dx

L L
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Figure 5.2: Spectrum for turbulent kinetic enerdy, I: Range for the large, energy containing
eddies. Il: the inertial subrange. Ill: Range for small tiepic scales. The wavenumber,

is proportional to the inverse of the length scale of a tubtieddy,” ,ie. / ° . Fora
discussion of vs.", see SectioB.2.2

Parseval's formula states that
G(dx= Zag+ L (ah + &) (5.8)
L _

n=1

For readers not familiar to Fourier series, a brief intrdthrcis given in AppendiG.
An example of a Fourier series and spectra are given in AgpéndLet g be a uc-
tuating velocity component, sasf. The left side of Eq5.8 expresses® in physical
space (vsx) and the right side® in wavenumber space (vs,). The reader who is
not familiar to the term “wavenumber”, is probably more flarito “frequency”. In
that case, expreggin Eq. 5.6 as a series itime rather than inspace Then the left
side of Eq.5.8expresses® as a function of time and the right side expressess a
function of frequency.

The turbulent scales are distributed over a range of scdigshvextends from the
largest scales which interact with the mean ow to the snsabeales where dissipation
occurs, see Figh.1 Let us think about how the kinetic energy of the eddies ganiith
eddy size. Intuitively we assume that large eddies haveelargtuating velocities
which implies large kinetic energy®°=2. It is convenient to study the kinetic energy
of each eddy size in wavenumber space. In wavenumber spa@nérgy of eddies
can be expressed as

E()d (5.9)

where Eq5.9 expresses the contribution from the scales with wavenutoé@reen
and + d to the turbulent kinetic enerdy. The energy spectruri,( ), corresponds
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tog?( ) in Eq.5.8. The dimension of wavenumber is one over length; thus wetdak t
of wavenumber as proportional to the inverse of an eddy®diar, i.e / 1=d. The
total turbulent kinetic energy is obtained by integratingiothe whole wavenumber
space, i.e. Z,
X
k= E() =L  ¢(n) (5.10)
0
Think of this equation as a way to compute the kinetic enexgydt sorting all eddies
by size (i.e. wavenumber), then computing the kinetic epefgeach eddy size (i.e.
E( )d ), and nally summing the kinetic energy of all eddy sizeg(icarrying out the
integration). Note that the physical meaningeofs kinetic energyper unit wavenum-
ber of eddies of size / 1. Hence the dimension & isv?= , see Eq5.1Q for a
discussion on the dimension Bf, see AppendiX.
The kinetic energy is the sum of the kinetic energy of theghuoetuating velocity
components, i.e.

l 5 % =% 1
k = > VE+ VvE+ Ve = EViOViO (5.11)
The spectrum oE is shown in Fig5.2 We nd region |, Il and Ill which are discussed
below.

I. In this region we have the large eddies which carry moshefénergy. These
eddies interact with the mean ow and extract energy fromrtfean ow. This
energy transfer takes places via the production t€fnjn the transport equation
for turbulent kinetic energy, see E§.14 Part of the energy extracted per unit
time by the largest eddies is transferred (per unit time)igtidy smaller scales.
The eddies' velocity and length scales sgeand o, respectively.

[ll. Dissipation range. The eddies are small and isotropid # is here that the
dissipation occurs. The energy transfer from turbulen¢k@energy to thermal
energy (increased temperature) is governed liy the transport equation for
turbulent kinetic energy, see Eg8..14 The scales of the eddies are described by
the Kolmogorov scales (see Eg|5)

II. Inertial subrange. The existence of this region recgihat the Reynolds number
is high (fully turbulent ow). The eddies in this region reggent the mid-region.
The turbulence is also in this region isotropic. This reg®m “transport re-
gion” (i.e. in wavenumber space) in the cascade process. “tfdmsport” in

wavenumber space is callsgectral transfer Energy per time unitP* = ", is spectral
coming from the large eddies at the lower part of this rangkianransferred transfer

per unit time to the dissipation range at the higher part.eNbét the relation
Pk = fdissipation at small scalgssee Fig5.2, is given by the assumption of
the cascade process, i.e. that the energy transfer peiimapiftom eddy-size—
to—eddy-size is the same for all eddy sizes.

The kinetic energyk = v?i v?i =2, of an eddy of size (lengthscald); , repre-
sents the kinetic energy of all eddies of this size. The kirextergy of all eddies
(of all size) is computed by Ech.11 The eddies in this region are indepen-
dent of both the large, energy-containing eddies and thizgeddthe dissipation
range. One can argue that the eddies in this region shoultidraaterized by
the spectral transfer of energy per unit tini¢ &nd the size of the eddies .
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Dimensional analysis gives

E - a b

M3=2] = [1=m] [m?=s] (5.12)
We get two equations, one for meténs]

3= a+2b;
and one for seconds]
2= 3b;
sothatb=2=3anda= 5=3. Inserted in Eg5.12we get
E()=C"% 3 (5.13)

where the Kolmogorov consta@ ' 1:5. This is a very important law (Kol-
mogorov spectrum law or the 5=3 law) which states that, if the ow is fully
turbulent (high Reynolds number), the energy spectra shextibit a 5=3-
decay in the inertial region (region Il, Fi§.2).

Above we state that the eddies in Region Il and Il ia@ropic This means that —
in average — the eddies have no preferred direction, i.eutiteations in all directions
are the same so thaf® = v& = vZ. Note that is not true instantaneously, i.e. in
generah? 6 v9 6 V4. Furthermore, isotropic turbulence implies that if a caoate isotropic
direction is switched (i.e. rotatetB(P), nothing should change. For example if théurbulence
x1 coordinate direction is rotatetBG® the v¥vJ should remain the same, i.€v3 =

vOV3. This is possible only i#9v9 = 0. Hence, all shear stresses are zero in isotropic
turbulence. Using our knowledge in tensor notation, we ktiwat an isotropic tensor
can be written as const.;; . Hence, the Reynolds stress tensor for small scales can be
written asviT\/jO = const.;; which, again, shows us that the shear stresses are zero in
isotropic turbulence.

As discussed on 7.8, the concept of the cascade process assumes that the energy
extracted per unit time by the large turbulent eddies issfiemed (per unit time) by
non-linear interactions through the inertial range to tiesigative range where the
kinetic energy is transformed (per unit time) to thermalrgpéincreased temperature).

The spectral transfer rate of kinetic energy from eddieszsf 5= to slightly smaller

eddies can be estimated as follows. An eddy loses (partKjrietic energy during
one revolution. The kinetic energy of the eddy is proposido v? and the time for
one revolution is proportional to =v . Hence, the energy spectral transfer rate,

for an eddy of length scale= can be estimated as (see FR)

V2 v2 v3
= - = (5.14)

Kinetic energy is transferred per unit time to smaller andlen eddies until the trans-
fer takes place by dissipation (i.e. increased temperpatitee Kolmogorov scales. In
the inertial subrange, the cascade process assumes that. Applying Eq.5.14for
the large energy-containing eddies gives

V2 V3
-0 20 =" (5.15)

0 Vo 0
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generation | X1 | X2 | X3
15t 11 0[]0
2nd 0|11
3 21111
4th 2|1 3] 3
5th 6 | 5|5
6h 10| 11| 11
7th 2212121

Table 5.1: Number of eddies at each generation with their axis aligmethé x1, x> or X3
direction, see Figs.3.

For more discussion oh , see the derivation starting with E§.17. There we show
that" does not depend on see Eq8.23

The dissipation at small scales (large wavenumbers) isrd@ted by how much
energy per unit time enters the cascade process at the leaifps $small wavenum-
bers). We can now estimate the ratio between the large efldigsvy and ) to the
Kolmogorov eddies and” ). Equation&.5and5.15give

Vo _/ wy 14, _ 3_~ 1= _ N \1=4 _ 1=4
V——( ) Vo= Vg=o Vo=(Vo0o=) = Re

~ 3 1=4 3~ 1=4 3 1=4

- _ ‘0 = _0 ‘0 = = Re3=4 (5 16)
< W 3 33 .

Vo Vo o
1=2 3 1=2 . .1=2
o _ 0 _ Vo o_ Voo _ 1=2
— = — 0= — — = — = Re
Vo 0 Vo

whereRe = vy o= . We nd that the ratio of the velocity, length and time scabdéthe
energy-containing eddies to the Kolmogorov eddies in@g®asdth increasing Reynolds
number. This means that the eddy range (wavenumber rantie) iotermediate region
(region Il, the inertial region) increases with increasikeynolds number. Hence, the
larger the Reynolds number, the larger the wavenumber rafithe intermediate range
where the eddies are independent of both the large scalab@ndscosity. or in other
words: the larger the Reynolds number, the larger the @iffee between the largest
and the smallest scales. This is the very reason why it is peresive (in terms of
computer power) to solve the Navier-Stokes equations. @Witomputational grid we
must resolve all eddies. Hence, as the Reynolds numbeisesethe number of grid
cells increases rapidly, see E28.1

5.4 The cascade process created by vorticity

The interaction between vorticity and velocity gradiersti@in essential ingredient to
create and maintain turbulence. Disturbances are amphiyeithteraction between the
vorticity vector and the velocity gradients; the disturbes are turned into chaotic,
three-dimensional uctuations, i.e. into turbulence. Tidealized phenomena in this
interaction process can be identi ed: vortex stretching aartex tilting.
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Figure 5.3: Family tree of turbulent eddies (see also Tahl#. Five generations (indidcated in
bold). Orientation of eddy is indicated in red. The largegoral eddy, with axis aligned in the
x1 direction, is1® generation. Adapted fromif).

The equation for the instantaneous vorticity € ! | + ! 9 reads (see Edt.2J)

@, @ _, e, @,
@t Yex 'ex exex
po= o @
-I_I]k@?(

As we learnt in Sectiod.2this equation is not an ordinary convection-diffusion equa

tion: it has an additional term on the right side which représ ampli cation and
rotation/tilting of the vorticity lines (the rst term on thright side). The = j com-

ponents of this term represent (see BQ®2 vortex stretching A positive @J=@x Vortex
will stretch the cylinder, see Figh.2 and from the requirement that the volume mustretching
not change (incompressible continuity equation) we nd the radius of the cylinder

will decrease. We may neglect the viscosity since viscoffagdon at high Reynolds

number is much smaller than the turbulent one and since wisdissipation occurs at

small scales (see [#8). Thus we can assume that there are no viscous stresseg actin

on the cylindrical uid element surface which means thatahngular momentum

(5.17)

r1 9 = const. (5.18)
remains constant as the radius of the uid element decredsete that also the cir-
culation, — which is the integral of the tangential velocity round treximeter, see
Eq. 1.23- is constant. Equatiof.18 shows that the vorticity increases if the radius
decreases (and vice versa). As was mentioned above, theubnequation shows
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Figure 5.4: A uid element is stretched by@—)I > 0. Its radius decreases (from dashed line to
solid line).

that stretching results in a decrease of the radius of a stend element and an in-
crease of the vorticity component (i.e. the tangential e#&yacomponent) aligned with
the element. For example, an extension of a uid element ia direction ¥, direc-
tion) decreases the length scales inxhelirection and increases}, see Fig5.4. At
the same time, vortex tilting creates small-scale vostinitthe x, andxs direction,

I 9 and! §. The increased ? means that the velocity uctuation in the, direction
is increased, see Fi§.5. The increased? velocity component will stretch smaller
uid elements aligned in the direction, see Figs.5. This will increase their vortic-
ity ! 9 and decrease their radius. In the same way will the increedso stretch a
uid element aligned in thexz direction and increase) and decrease its radius. At
each stage, the length scale of the eddies — whose veloaily ace increased — de-
creases. FigurB.3illustrates how a large eddy whose axis is oriented inthaxis
in a few generations creates — through vortex stretchingallemand smaller eddies
with larger and larger velocity gradients. Here a genendtigelated to a wavenumber
in the energy spectrum (Fi§.2); young generations correspond to high wavenumbers.
The smaller the eddies, the less the original orientatiotheflarge eddy is recalled.
In other words, the small eddies “don't remember” the chizdstics of their original
ancestor. The small eddies have no preferred directiony &teisotropic. The cre-
ation of multiple eddies by vortex stretching from one araieddies is illustrated in
Fig. 5.3and Table5.1. The large original eddylf' generation) is aligned in the;
direction. It creates eddies in tlxg andxs direction " generation); the eddies in
the x, direction create new eddies in titg andxs (3 generation) and so on. For
each generation the eddies become more and more isotroghieyaget smaller.

Thei 6 j componentsin the rstterm on the right side in Bg22representortex Vortex
tilting. Again, take a slender uid element, now with its axis aligneith thex, axis, tilting
Fig. 4.3 The velocity gradien@®y=@ x (or @§=@x, which is equivalent) will tilt the
uid element so that it rotates in the clock-wise directid¥s a result, the second term
l ,@y=@x in line one in Eq.4.22gives a contribution td ; (and! 9). This shows
how vorticity in one direction is transferred to the otheptdirections through vortex
tilting.

Vortex stretching and vortex tilting qualitatively explahow interaction between
vorticity and velocity gradient create vorticity in all #& coordinate directions from
a disturbance which initially was well de ned in one coordia direction. Once this
process has started it continues, because vorticity gexteby vortex stretching and
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Figure 5.5: The rotation rate of the uid element (black circles) in FE§4 increases and its
radius decreases. This creates a posi < > 0 which stretches the small red uid element
aligned in thexs direction and increasdss. The radius of the red uid element decreases.

vortex tilting interacts with the velocity eld and creatégrther vorticity and so on.
The vorticity and velocity eld becomes chaotic and threémensional: turbulence has
been created. The turbulence is also maintained by thesegses.

From the discussion above we can now understand why turbeiways must be
three-dimensional (Item IV on 7). If the instantaneous ow is two-dimensional
(x1 X2 plane) we nd that the vortex-stretching/tilting term onethight side of
Eq.5.17vanishes because the vorticity vector and the velocityoremte orthogonal.
The only non-zero component of vorticity vectot is because

| 1 = @ @_y 0
@x @x

1, = @ @ 0:
@y @x

Sincev; =0, we get! ; @¥=@x = 0.

We have seen that the diffusion tern in Navier-Stokes irelodly the strain-rate
tensor.S; , not the vorticity tensor, ; . Here we will show that it is only the strain-rate
tensor that creates vorticity, the vorticity tensor does fidne vortex stretching term
(Eq.5.17 read

| Qv
‘i @x
Replace the velocity gradient by

and then replace

using Eq. 1.19 which gives

because the product of a symmetric tensqd, ;, and an anti-symmetric tensdg ,
is zero. Hence, vorticity is also created onlydyy.
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6 Turbulent mean ow

6.1 Time averaged Navier-Stokes

WHEN the ow is turbulent it is preferable to decompose the intaerous vari-
ables (for example the velocity components and the pressucea mean value
and a uctuating value, i.e.

vi=vi+ Vv
p=p+p’ 64
where the bar, denotes the time averaged value de ned as
V= 1 o vdt: (6.2)
2T+
whereT is suf ciently large. When we time average Eij1we get
Vi = Vi + V0= v + VP (6.3)
where we used the fact thgt= v;, see SectioB.1.4 Hence, Eq6.3gives
VW=0; p°=0 (6.4)

One reason why we decompose the variables is that when weiraeaw quan-
tities we are usually interested in their mean values rain their time histories.
Another reason is that when we want to solve the Navier-Stekgation numerically
it would require a very ne grid to resolve all turbulent sealand it would also require
a ne resolution in time (turbulence is always unsteady).

The continuity equation and the Navier-Stokes equatiorirfoompressible ow
with constant viscosity read

@v _

ox - ° (6.5)
@v, @w _ @p O (6.6)
@t  @x @x  @x@x

The gravitation term, gi, has been omitted which means that his thehydro-
dynamicpressure (i.e. whewy 0O, thenp 0, see p44). Inserting Eq6.1into the
continuity equation.5)

w_@+@)_@i @

= —l = — = — 6.7
@x @x @x @x @x ©.
where we used the fact thﬁ‘h 0 (see Eqg6.4andv; = v;, see sectioB.1.9).
Next, we use the decomposition in Navier-Stokes equatign@b)
@i+v), @i+t v+ V) @+t p) , Bui+v) 6.8)
@t _, @x . @x @x@x '
! 0 i vV

Let us consider the equation term-by-term.
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Term [:

@t @t @t @t @Ot
We assume that the mean ow, is steady, and hence the term is zero.

Term Il:

@vi + V(v + V0 _ @ivi + vivP+ vy + vAD
@x B @x

oy, v ey, GV

@x @x @x @

Section8.1.4shows thav;v; = v;v;.

Section8.1.3shows that;v? = V;v? = 0 andv; v? = V;v?=0

Hence, Term Il reads

@y, N @T?
@x @x
Term IlI: _
@ H_G, P @
@x @x @x @x
Term |V:

Buvi+v) _ _@vi | @vw _ @v
@x@x @x@x @x@x @x@x

Now we van nally write thetime averageccontinuity equation and Navier-Stokes
equation

@; _

ox = O (6.9)
@iVj - @ @ @i W

@x ex @x @x (6.10)

It is assumed that the mean ow is steady. This equation istithe-averaged
Navier-Stokes equation and it is often called Reynolds Averaged Navies-Stokes

(RANS) equation. A new termv{\ appears on the right side of E§.10which is RANS

called theReynolds stress tensdFhe tensor is symmetric (for exampl®vg = v3\9).
It represents correlations between uctuating velocitikss an additional stress term
due to turbulence (uctuating velocities) and it is unknowlle need a model forﬁTjO
to close the equation system in E5§1Q This is called thelosure problemthe num-
ber of unknowns (ten: three velocity components, pressixestresses) is larger thanclosure
the number of equations (four: the continuity equation dmde¢ components of theproblem
Navier-Stokes equations).
The continuity equation applies both for the instantanealscity, v; (Eq. 6.5),
and for the time-averaged velocity, (Eq.6.9); hence it applies also for the uctuating
velocity, V0, i.e.
@f_,

ox (6.11)
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Figure 6.1: Flow between two in nite parallel plates. The width (i.entgth in thexs direction)
of the platesZmax , is much larger that the separation between the plateZ i&.

6.1.1 Boundary-layer approximation

For boundary-layer type of ow (i.e. boundary layers alongplate, channel ow,
pipe ow, jet and wake ow, etc.) the following relations alyp

@ @

Vi Vi, =—— =,

2 M ex @x

Assume steady@ =@ 0), two-dimensional\(z = @=@x 0) boundary-layer ow.
First we re-write the left side of E&.10using the continuity equation

(6.12)

@v _ @i @; _ @i
= V—+ VL= y— 6.13
@}( VJ @?( TV @}( Vl @}( ( )
=0
Using Eq.6.13 Eqg.6.10can be written
@, e . @ Q@ O Hp
“ax T ox @x @x @x 1 (6.14)

12 jtot

X1 andx, denote the streamwise and wall-normal coordinate, reispégtsee Fig6.1
Note that the two terms on the left side are of the same ordeguse they both include
the product of one large/{ or @=@xand one small\; or @=@Xxpart.
In addition to the viscous shear stre@vi=@x, an additionaturbulentone —a shear
Reynolds shear stress — appears on the right side .EE4. The total shear stress isstress

thus
@

12;tot — @ V?VS (6-15)

6.2 Wall region in fully developed channel ow

The region near the wall is very important. Here the velogitgdient is largest as
the velocity drops down to zero at the wall over a very shastadice. One important
guantity is the wall shear stress which is de ned as

- o
“c ax . (6.16)
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Figure 6.2: The wall region (adapted from Ch.7 inl3]) for Re = 10000. denotes half
width of the channel, see Fig.1landx; = Xx,u = denotes the normalized wall distance.

From the wall shear stress, we can de neall friction velocity,u , as wall
friction
1= velocity
w=u?) us= 2 (6.17)

In order to take a closer look at the near-wall region, letaggin, consider fully
developed channel ow between two in nite plates, see FdL In fully developed
channel ow, the streamwise derivative of the streamwisesity component is zero
(this is the de nition of fully developed ow), i.e. @1=@x = 0. The continuity
equation gives now, = 0, see Eg3.18at p.43. The rst term on the left side of
Eq.6.14is zero because we have fully developed o@(=@x = 0) and the last term
is zero because, 0. The streamwise momentum equation, Ed.4 can now be

written
0= @, 6 Q@ G viV9 (6.18)

@x @x @x
We know that the rst term is a function only of; and the two terms in parenthesis
are functions ok, only; hence they must be constant (see Eg4and the text related
to this equation), i.e.

@
—— = constant
@x

@ @ 5 - @uo

@x @x 12 @x

where the total stress; . , IS given by Eq6.15 Integrating Eq6.18fromx, = 0
to X, gives

(6.19)
= constant

@ @ 2
1ot (X = —X ot = + —Xo = 1 — 6.20
210t (X2)  w @x 2) 120t Wt 2T v ( )

At the last step we used the fact that the pressure graditmtdes the wall shear stress,
i.e. @=@x= w=,seeEq3.30(notethath =2 )and Eq.6.39



6.2. Wall region in fully developed channel ow 91

The wall region can be divided into one outer and one innepbregee Fig6.2
The inner region includes the viscous regigh,. 5 (dominated by the viscous diffu-
sion), and the logarithmic regior, & 30(dominated by turbulent diffusion); the log-
arithmic region is sometimes called threertial region, because the turbulent stresses
stem from the inertial (i.e. the non-linear convectionjeiT he buffer region acts as a
transition region between these two regions where viscifusbn of streamwise mo-
mentum is gradually replaced by turbulent diffusion. Initheer region, the total shear
stress is approximately constant and equal to the wall steess ,, see Fig.6.3.
Note that the total shear stress is constant only close tovétle(Fig. 6.30); further
away from the wall it decreases (in fully developed chanmsV it decreases linearly
with the distance from the wall, see E20and Fig.6.3a). The Reynolds shear stress
vanishes at the wall becaus@ = vJ = 0, and the viscous shear stress attains its
wall-stress value,, = u 2. As we go away from the wall the viscous stress decreases
and the turbulent one increases andat' 11 they are approximately equal. In the
logarithmic layer the viscous stress is negligible comgaoethe Reynolds stress.
At the wall, the velocity gradient is directly related to thell shear stress, i.e. (see
Eq.6.16and6.17)
@ _ w
@x

Integration gives (recall that bothandu? are constant)

1
= —u?= = (6.21)

1
VvV, = —U2X2 + C;

Since the velocityys, is zero at the wall, the integration const&nt= 0 so that

Vi _ U X2

u

(6.22)

Equation6.22is expressed iinner scaling(or wall scaling) which means that and
X2 are normalized with quantities related to the wall, i.e.ftiaion velocity stemming
from the wall shear stress and the viscosity (here we regambsity as a quantity
related to the wall, since the ow is dominated by viscositfhe plus-sign(+ °) is
used to denote inner scaling, i.e.

+ V1
\ U_

i (6.23)
X2

Now equation Eg6.22can then be written as
Vi = x5 (6.24)

From the friction velocity and the viscosity we can de ne thscous length scaje
for the near-wall region as

X5 = Xp=" ) = T (6.25)
Further away from the wall &0 . x; . 3000(or 0:003. x,= . 0:3), we
encounter théog-law region see Fig.6.2 In this region the ow is assumed to be
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Figure 6.3: Reynolds shear stressRe = 2000. a) lower half of the channel; b) zoom
near the wall. DNS (Direct Numerical Simulation) dat$,[17. —:  viV3=,; ——:
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Figure 6.4: Velocity pro les in fully developed channel owRe =2000. — : DNS (Direct
Numerical Simulation) datdlp, 17]; = = : vi=u =(In x;)=0:41+5:2;=-=:vi=Uu = X, .

independent of viscosity. The Reynolds shear streg9, is in the regiornx; . 200
(i.e.xp= . 0:1) fairly constant and approximately equal to the wall shéasss, i.e.

w= Vi (6.26)

see Fig.6.3. Hence the friction velocityy , is a suitable velocity scale in the inner
logarithmic region; it is used in the entire region.

What about the length scale? Near the wall, an eddy cannaargerlthan the
distance to the wall and it is the distance to the wall thas set upper limit on the
eddy-size. Hence it seems reasonable to take the wall destas the characteristic
length scale; a constant, is added so that

T= X g (6.27)

where is the von Karman constant, = 0:41. The velocity gradient can now be
estimated as
@; _u

@x X2
based on the velocity scale,, and the length scal& ,. Another way of deriving the
expression in Egp.28is to use the Boussinesq assumption (seelE®3J in which a
turbulent Reynolds stress is assumed to be equal to the girbdtween the turbulent

(6.28)
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Figure 6.5: Symmetry plane of channel ow.

3

viscosity and the velocity gradient as

@
=
@x
The turbulent viscosity,;, represents the turbulence and has the same dimensign as

i.e. [m2=g]. Hence  can be expressed as a product of a turbulent velocity scela an
turbulent length scale, and in the log-law region that gives

vvs = (6.29)

(= U X (6.30)

so that Eq6.29gives (inserting v{vd = u?)

5 @2 @; _u
u“=u Xg——) ——= — 6.31
ox) @x X, (6.31)
In non-dimensional form Eq$.28and6.31read
T 1
& L (6.32)
@x X2
Integration gives now
vy = EIn X, +B or
(6.33)
Lol Xl g

whereB is an integration constant. Equatiér33is the logarithmic law due to von log-law
Karman [L8]. The constant, , is called the von Karman constant. The constants in the
log-law are usually setto = 0:41andB =5:2.

As can be seen in Fig.2 the log-law applies fox; . 3000(x;= . 0:3).
Figure6.4— where the Reynolds number is lower than in @ — shows that the log-
law tthe DNS (Direct Numerical Simulation) up to; . 500(x2= . 0:25). Hence,
the upper limit for the validity of the log-law is dependemt Reynolds number; the
larger the Reynolds number, the larger the upper limit.

In the outer region of the boundary layer, the relevant lesgale is the boundary
layer thickness. The resulting velocity law is tiiefect law

e Bopp 2 (6.34)
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wherec denotes centerline. The velocity in the log-region and tieoregion (often
called the wake region) can be written as
X 2

= 1In(y")+ B+ 2—sin2 > (6.35)

C|§

where =0:38 B =4:1and =0 :5are taken from boundary layer owip-21].

6.3 Reynolds stresses in fully developed channel ow

The ow is two-dimensionaly; = 0 and@=@x= 0). Consider thex, x3 plane,
see Fig6.5 Since nothing changes in thg direction, the viscous shear stress
@s @

32 @ @—é =0 (6.36)

becausers = @,=@x = 0. The turbulent part shear stressv§, can be expressed
using the Boussinesq assumption (seelHg33
@ . @7

vi3=
and it is also zero sinces = @,>=@x = 0. With the same argumer\T\/3 =
However note that$¥ = vZ 6 0. The reason is that although ttime-averagedow
is two-dimensional (i.e.v3 = 0), the instantaneous turbulent ow is always three-
dimensional and unsteady. Henee6 0 andvi 6 0 so thatv® 6 0. Consider, for
example, the time seriag = vg =( 0:25,0:1250:125 0:2;0:2). This gives

vz =( 0:25+0:125+0:125 0:2+0:2)=5=0

but

VE=v3= ( 0:252+0:125+0:125 +( 0:2)>+0:2° =5=0:034756 0:

Figure6.3presents the Reynolds and the viscous shear stressesyatdutloped
ow. As can be seen, the viscous shear stress is negligildegbvery near the wall. It
is equal to one near the wall and decreases rapidly for isargavall distance. On the
other hand, the Reynolds shear stress is zero at the wallifpethe uctuating veloc-
ities are zero at the wall) and increases for increasing eislance. The intersection
of the two shear stresses takes placeat 11.

Looking at Eq.6.18we nd that it is not really the shear stress that is interegti
but its gradient. The gradient of the shear stresg} m):@x and @*v;=@%
represent, together with the pressure gradie@=@x, theforcesacting on the uid.
Figure 6.6 presents the forces. Start by looking at Fégab which shows the forces
in the region away from the wall, see the red uid particle iig.F6.7. The pressure
gradient is constant and equal to one: this is the faidéng the ow. This agrees
— fortunately — with our intuition. We can imagine that thaduair, for example) is
driven by a fan. Another way to describe the behaviour of tlesgure is to say that
there is a pressure drop. The pressure must decrease ingangtise direction so that
the pressure gradient term@=@x, in Eq.6.18takes a positive value which pushes
the ow inthex; direction. The force that balances the pressure gradidms igradient
of the Reynolds shear stress. This is the fagposinghe movement of the uid. This
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Figure 6.6: Fully developed channel owRe = 2000. Forces in the/; equation, see E§.18

a) near the lower wall of the channel; b) lower half of the afelrexcluding the near-wall re-

gion. DNS (Direct Numerical Simulation) dataf 17]. =—: (@%V3=@¥)= w; ==:
(Bvi=@%)=w;= = (@=@X)=w.
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Figure 6.7: Forces in a boundary layer. The red (dashed line) and the(bhl&l line) uid
particle are located at;, ' 400andx; ' 20, respectively (see Fig.6).

opposing force has its origin at the walls due to the viscoal fwrce (viscous shear
stress multiplied by area).

Now let us have a look at the forces in the near-wall regioa FSg.6.6a. Here the
forces are two orders of magnitude larger than in Bigb but they act over a very thin
region k;  400rx,= < 0:02). In this region the Reynolds shear stress gradient
term isdriving the ow and the opposing force is the viscous force, see the hiid
particle in Fig.6.7. We can of course make a force balance for a section of thenehan
as we did for laminar ow, see EQ.36at p.45and Fig.3.9at p.46 which reads

0= p1Zmax 2 P2Z max 2 2 wLZ max (6.38)
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Figure 6.8: Normal Reynolds stresses and turbulent kinetic endRgy. = 2000. DNS (Direct
Numerical Simulation) datdlp,17]. ——: V&= ;== V&= ,;=-=: v®=; :k=u’.
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Figure 6.9: Velocity pro les in a boundary layer along a at plate—: DNS (Direct Numer-
ical Simulation) datag2]; = —: vo=u =(In x;)=0:41+5:2; —-—=:Vo=U = Xj .
whereL is the length of the section. We get
P @ (6.39)
L @x

As can be seen the pressure drop is directly related to tHeskedr stress. In turbulent
ow the velocity pro le in the center region is much atter &n in laminar ow (cf.
Fig. 6.4 and Fig.3.8 at p.45). This makes the velocity gradient near the wall (and
the wall shear stress,,) much larger in turbulent ow than in laminar ow: E¢.39
shows why the pressure drop is larger in the former case cadpa the latter; or —
in other words — why a larger fan is required to push the owirbulent ow than in
laminar ow. L L
Figure 6.8 presents the normal Reynolds stressed?, vZ and v¢. As can

be seen, the streamwise stress is largest and the wall-hetrass is smallest. The
formeris largest because the mean ow s in this directibe;latter is smallest because
the turbulent uctuations are dampened by the wall. The ulebt kinetic energy,
k = v&%=2, is also included. Note that this is smaller thgh

6.4 Boundary layer

Up to now we have mainly discussed fully developed channel &Vhat is the dif-
ference between that ow and a boundary layer ow? First, incundary layer ow
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the convective terms are not zero (or negligible), i.e. #fedide of Eq.6.14is not
zero. The ow in a boundary layer is continuously developing. its thickness,,
increases continuously for increasing The ow in a boundary layer is described by
Eq.6.14 Second, in a boundary layer ow the wall shear stress is et¢mnined by
the pressure drop (indeed it is zero); the total shear ssdmdanced by the convective
terms. Third, the outer part of the boundary layer is hightgimittent, consisting of
turbulent/non-turbulent motion.

However, the inner region of a boundary layes£ < 0:1) is principally the same
as for the fully developed channel ow, see F&9 the linear and the log-law regions
are very similar for the two ows. However, in boundary layew the log-law is
valid only up to approximately,= ' 0:1(compared to approximateks= ' 0:3in
channel ow)
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Figure 7.1: Time history ofv’. Horizontal red lines show vims .

7 Probability density functions

S)ME statistical information is obtained by forming the mean aeadond moments,
or examplev andv®, as was done in Sectidh Theroot-mean-squaréRMS) can root-mean-
be de ned from the second moment as square
- RMS
Vims = V@ (7.1)

The RMS is the same as te@andard deviatiomvhich is equal to the square-root of thestandard
variance In order to extract more information, probability dendityction is a useful deviation
statistical tool to analyze turbulence. From the velocignals we can compute thevariance
probability densities (sometimes callbidtogram3. With a probability densityf ,, of
thev velocity, the mean velocity is computed as

z 1

V= vfy (v)dv (7.2)
1

Normalize the probability functions, so that
z 1
fy(v)dv=1 (7.3)
1

Here we integrate over. The mean velocity can of course also be computed by
integrating over time, as we do when we de ne a time averagpe Eq6.1at p.87),

l.e. 1 7 T
V= — vdt 7.4

2T ¢ (7.4)
whereT is “suf ciently” large.

Consider the probability density functions of the uctuats. The second moment
corresponds to the variance of the uctuations (or the sgjodthe RMS, see Eq.1),
i.e. Z,

Ve = VEF o (VO dvO (7.5)
1

As in Eq.7.4, v@ is usually computed by integrating in time, i.e.

Z

o L
2T ¢

<

ve(t)dt
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Figure 7.2: Probability density functions of time histories in Figl Vertical red lines show
Vims - The skewness3, and the atnessk, are given for the three time histories.

A probability density function is symmetric if positive vas are as frequent and
large as the negative values. Figdré presents the time history of thé history at
three different points in a ow (note tha® = 0). The red horizontal lines indicate the
RMS value ofv®. The resulting probability densities functions are showiFig. 7.2
The red vertical lines show plus and minus RMS/8f Let us analyze the data at the
three points.

Point 1. The time history of the velocity uctuation (FigZ.1a) shows that there ex-
ists large positive values but no large negative values. pidsitive values are
often larger thant vis (the peak is actually close ®v;ms ) but the negative
values are seldom smaller thawv,ns . This indicates that the distribution of
is skewed towards the positive side. This is con rmed in tiE-Rlistribution,
see Fig.7.2a.

Point 2. The uctuations at this point are much smaller and the pesitialues are as
large the negative values; this means that the PDF shoulghbetric which is
con rmed in Fig.7.2b. The extreme values of are approximately 1:5vyms ,
see Figs7.1b and7.2b.

Point 3. At this point the time history (Fig7.1c) shows that the uctuations are clus-
tered around zero and much values are withiny,s . The time history shows
that the positive and the negative values have the same tudgniThe PDF
function in Fig.7.2c con rms that there are many value around zero, that the ex-
treme value are small and that positive and negative vakgesaually frequent
(i.e. the PDF is symmetric).

In Fig. 7.2we can judge whether the PDF is symmetric, but instead okilugy' at
the probability density functions, we should use a de nitaf the degree of symmetry,

which is theskewnessdlt is de ned as skewness

and is commonly normalized ba?, . , so that the skewnesS,o, of V0is de ned as
S = VB Lo (vOdvO = ve(t)dt
T

rms 1

2v3

rms

T
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Note thatf must be normalized (see Eg.3).
There is yet another statistical quantity which sometingeased for describing
turbulent uctuations, namely thatness The variance (the square of RMS) tells us  atness
how large the uctuations are in average, but it does notusliif the time history
includes few very large uctuations or if all are rather &dsv,ys . The atness gives
this information, and it is de ned computed frovff and normalized by, , i.e.

1 %1
F=— V3 o (v)dv
Vrms 1

The uctuations at Point 1 (see Fig.1a) includes some samples which are very large
and hence its atness is large (see caption in Figa), whereas the uctuation for
Point 3 all mostly clustered within 2v,s giving a small atness, see Fig..1c and
the caption in Fig7.2c. For a Gaussian distribution

1 (VO Vims )?
exp o
Vrms Vims

f(v9=

for whichF = 3.
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8 Transport equations for turbulent kinetic energy

N this section and Sectidhwe will derive various transport equations. There are two
tricks which often will be used. Both tricks simply use theguct rule for derivative
backwards.

Trick 1: Using the product rule we get
@48, _ , @8, ; @A
Q@x Q@x Q@x
This expression can be re-written as
A QB _ @8 o @A
‘@x  @x " @x

and then we call it the “product rule backwards”.

(8.1)

(8.2)

Trick 2: Using the product rule we get

}@Mi_} Ai@%+Ai@A =Ai@ (8.3)

2 @x 2 '@x '@x @x
This trick is usually used backwards, i.e.

@A _ 1@AMA
= Z 2N 8.4
8.1 Rules for time averaging

8.1.1 Whatis the difference between9vd and v0 v3?

Using Eq.6.2we get 7
T

S 1
vlVg = T vavidt:
whereas . Z . ! L Z- !
V_? V_g = ﬁ . V:(L)dt ﬁ . V:(L)dt

We take a numerical example. Assume that we have a timess#frfeur time instants
with the values of/) andv) as

v?=[0:2; 0:3;0:18 0:08]
v3=[0:15, 0:25;0:04; 0:06]

_ 1 X

V0 = N V), =(0:2 0:3+0:18 0:08)=4=0
n=1

—-_ 1

Ve = N vg;n =(0:15 0:25+0:04+0:06)4=0
n=1

so that " I " I
— 1 1
vy = N Vi, N vs, =0 0=0

n=1 n=1
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However, the time average of their product is not zero, i.e.

viv8= — VO vl =(0:20:15+0:3 0:25+0:18 0:04 0:08 0:06)=4 = 0:02685

n=1

8.1.2 Whatis the difference between® and vl ?

Using Eq.6.2we get

— 1
@ - = @ {t-
VI = op . vy dt:
whereas 2 ',
w- L ! vidt
1 oT T 1
The numerical example gives
1 X
Ve = N vE, =(0:22+0:3% +0:18% + 0:08%)=4 = 0:0422
n=1

— 1
Ve = N v, =(0:15% +0:25” + 0:04 + 0:06")=4 = 0:02255

n=1
but
I'o
52 _ 1 X 0 _ . . . AT —
vy = N vip =[0:2 03+0:18 0:08)=4] =0
n=1
I'2
02 _ 1 X 0 _ . . . AR\ —
vy = N Vo,  =[(0:15 0:25+0:04+0:06)=4] =0
n=1

8.1.3 Show thatvivi® = vlﬁ

Using Eq.6.2we get 7
T

vivg = vavEdt

I
and sincer does not depend dnwe can take it out of the integral as
Zq
@Ht = v, y@
Vi— v dt = vpv
ot .t e
Now let us do it with numerical values. Assume thiat= 10.

|
1 X g N '

vivg = = Vim Vi, =
N n=1 m=1
= (10 0:22+1'o 0:3°+10 0':182+1O 0:08%)=4 = 0:422
_ 1N X '
vive = N Vin N vE, =
n=1 n=1

10 (0:22+0:32+0:18° +0:08%)=4 =0:422
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8.1.4 Show thatv; = vq
Using Eq.6.2we get

1 47
Vi = — v dt
1 T . 1
and sincer does not depend drnwe can take it out of the integral as
Z+
1 1
Vio— dt=v;—=2T =v
T tor !

With numerical values we get

1 X

Vi= o =(10+10+10+10) =4 =10= v

n=1

8.2 The Exactk Equation

The equation for turbulent kinetic energly= v/, is derived from the Navier-Stokes
equation. Again, we assume incompressible ow (constansitg) and constant vis-
cosity (cf. Eq.6.6). We subtract Eg6.10from Eq.6.6 and divide by density, multiply

by v®and time average which gives

.@ vivi  vivi]=
v (8.5)
—V° @ [p pl+ VPi@?@x Vi wil+ @x] v
Usingy; = v; + V7, the left side can be rewritten as
vf’% (Vi + V(v +VO) vy = i@g viv0+ vy + vVO (8.6)

Using the continuity equatio@JQ:@P(: 0 (see Eg6.11), the rstterm is rewritten as

VIO@@ vive = v,ovlogI ; (8.7)
For the second term in E§.6we start using@; =@x = 0
VP@@?( (V) = vf’gg (8.8)

Next, we use€Trick 2

!
af @ I,
o0&V _ 0
Vax “Vax 2

y g W= gl @9)

The third term in Eq8.6can be written as (replacg byvj0 and use the same technique
asinEg8.9
1 @550

- @ 70,0,0 -
2 @x VAV (8.10)
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The rst term on the right side of EQ.5is re-written usingrrick 1

1,00 1@, 1 ,@F_ 1@V
ax @x = Pex @x (8.11)

where the continuity equation was used at the last step. &tensl term on the right
side of Eq.8.5can be written

@V° @ @f @ @ @y @f
0 i - = = - = =r == 8.12
i @x@x v @x @ @x Y @x @x @x (8.12)
applyingTrick 1 (A = vPandB = @¥@y). For the rst term in Eq8.12we use the
same trick as in E@8.9so that

@ L@ . @ 1 ,@f ,@F _

Ox_O@x O 2 "@x @ (8.13)
@ 1 @%° _ 1@v _ @k
@x 2 @x  2@x@x @x@x

The last term on the right side of E§.5is zero because it is time averaging of a
uctuation, i.e. al? = ak® = 0. Now we can assemble the transport equation for the
turbulent kinetic energy. EquatioBsy7, 8.9, 8.11, 8.12and8.13give

@k —5 @ @ 1. 15455 @k @9 @%
=1 = 00 =L _= 004+ “yOyHQ,0 — == 8.14
@x - "Wex ex P2 ex  exex O

| 1 11 v

The terms in Eg8.14have the following meaning.

| Convection

Il Production, P¥. The large turbulent scales extract energy from the mean ow
This term (including the minus sign) is almost always pwsitit may happen that
the production is negative which means that turbulent iéreztergy is transferred
from the uctuations to the mean ow. In turbulent ow whichtludes recircula-
tion, this often occurs locally in small regions.

The productionis largest for the energy-containing eddiesfor small wavenum-
bers, see Figh.2 This term originates from the convection term (the rsinbeon

the right side of Eg8.6). It can be noted that the production term is an accelera-
tion term,vjo@i =@y, multiplied by a uctuating velocityy?, i.e. the product of an
inertial force per unit mass (acceleration) and a uctugtielocity. A force mul-
tiplied with a velocity corresponds to work per unit time. &hthe acceleration
term and the uctuating velocity are in opposite directigns. whenPk > 0), the
mean ow performs work on the uctuating velocity eld. Whethe production
term isnegative it means that the uctuations are doing work on the mean ow
eld. In this case,vjO and the acceleration terrvﬁ@i =@k, have the same sign.

Using Eq.1.11, the production terms reads

pk = W%: V(S + )= VS (8.15)
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X1
Figure 8.1: The size of the largest eddies (dashed lines) for differeftoity pro les.

(the product of the symmetric tensijO, and the anti-symmetric tensor;; , is

zero). Thus it is only the symmetric part of the velocity dgesd (S; , the part

that deformsa uid element) that creates turbulence. The productionsdoat

depend on j , the part of the velocity gradient that rotates a uid elemnérhis

is consistent with the fact that the stress tensgr, depends only o%; , not on
ij , see discussion below EB.5.

Il The two rst terms representurbulent diffusion by pressure-velocity uctua-
tions, and velocity uctuations, respectively. The lagtnteis viscous diffusion.
The velocity- uctuation term originates from the convextiterm (the last term
on the right side of EcB.6).

IV Dissipation, ". This term is responsible for transformation of kinetic mgyeat
small scales to thermal energy. The term (excluding the msign) is always
positive (it consists of velocity gradients squared). laigest for large wavenum-
bers, see Figh.2 The dissipation term stems from the viscous term (se@Hg)
in the Navier-Stokes equation. It can be writtervi® =@, see Eq4.1 The
divergence of { is a force vector (per unit mass), i.€° = @ =@x. The
dissipation term can now be writtefT®, which is a scalar product between two
vectors. When the viscous stress vector is in the opposietibin to the uctuat-
ing velocity, the term is negative (i.e. it is dissipativiilis means that the viscose
stress vector performs work and transforms kinetic enaryyinternal energy.

The transport equation fde can also be written in a simpli ed easy-to-read sym-
bolic form as
ck=pk+pk - (8.16)

whereCk, Pk, DK and" correspond to terms I-1V in E@.14

Above, it is stated that the production takes place at thgelanergy-containing
eddies, i.e. we assume that the large eddies contribute mocé to the production
term more than the small eddies. There are two argumentsior t
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Figure 8.2: Zoom of the energy spectrum for a wavenumber located in Relgior Ill, see
Fig.5.2

1. The Reynolds stresses (which appedP ) are larger for large eddies than for
small eddies.

2. The mean ow generates large eddies which will have same tcale as the
mean velocity gradient@;=@x. In the fully turbulent region of a boundary
layer, for example, both time scales are proportionakte=u . The time scale
of the velocity gradient is given bx >=u , see Eq6.28 and the time scale of
a large eddy is also given by=vp = X »=u . Figure8.1shows how different
velocity pro les create different largest eddies. The &steddies created by the
velocity pro le A are much smaller than those created by the velocity pro le
B, because the gradient of pro l& acts over a much shorter length than the
gradient of pro leB.

In the cascade process (see Seclid) we assume that the viscous dissipatign,
takes places at the smallest scales. How do we know that tjoeitpaf the dissipation
takes place at the smallest scales? First, let us investigat the time scale varies with
eddy size. Consider the inertial subrange. let us denoteribegy that is transferred
in spectral space (i.e. from eddy-to-eddy) per unit timé' by How large is" — that
is generating heat — at wavenumbemwhich we here denotqy ) (see Sectior8.2.2
and Fig.8.2)? Recall that the viscous dissipatidn,is expressed as viscosity times
the square of the velocity gradient, see Bdl4 The velocity gradient for an eddy
characterized by velocity and lengthscale can be estimated as

@v v,

2 1=2

— A7
o v (8.17)
since” / 1. We know that the energy spectrum (see Efsl0and5.13),
E()/ k= 1/ vi=/ 53 ) 2 28 (8.18)
in the inertial region. Inserting E®.18into Eq. 8.17gives
1=2
A (8.19)

@x
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Thus the viscous dissipation at wavenumbean be estimated as (see the last term in
Eq.8.19
of af : @v’, .

"= @—;(@—;( ) 'O ax

i.e."( ) doesindeed increase for increasing wavenumber.

The energy transferred from eddy-to-eddy per unit time @cl space can also be
used for estimating the velocity gradient of an eddy. Theads process assumes that
this energy transfer per unit time is the same for each eddyse." = " = v3=" =

2= 3= 2= 3 see Eq5.14 We nd from “2= 3 = 2= 3 that for decreasing eddy
size (decreasmg ), the time scale, , also decreases |e

(8.20)

2=3

= — 0 (821)
0

where ¢ and’ o are constants (they are given by the ow we're looking at,dgample
a boundary layer which has the large scalgsand™ ). Hence
@v v 17 ~ 2=3 2=3
— — ; .22
Bx I —1 / / ; (8.22)

which is the same as E§.19 Finally, we nd that" is indeed independent of by
inserting the right part of E.18into" / v3=" (Eq.5.14

V3
I — \—/ 1/ const (8.23)
8.2.1 Expressing dissipation witls; ; non-isotropic dissipation
The Navier-Stokes for incompressible ow (E2.6) expressed iis; reads
dv _ 1@p, , @p

— = —_— 8.24
dt @x @x (6.24)

The corresponding RANS equation (310 reads
v l@,, & GV (8.25)

dt @x @x  @x
Thev? equation is obtained by subtracting Bo25from Eq.8.24
o _ 1@p, , @ Q9N

dt @x @x  @x
Multiplying by v? and time-averaging gives

o _ 1,@P, @3 AP
o2V . L, 0EF 0 o
vidt v,@ 2v,@ +v,@}(
Re-write the viscous term as
@% ok @, _, @k ———=
vO—T = @?(J @}(3”-2 @?(J 2 s+ 080
@%d -
=2 @S 2 80!

@x
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The last term (we use fact that the product of a symmetric atiecsgmmetric tensor is

zero,i.es) ? =0,and Eq.l.1]) can be written

@x @x @x
This dissipation is sometimes called the non-isotropisigation PJ; the usual dissi-
pation," (term IV in Eq.8.14), is then the isotropic dissipation.

00 — 9 <0 (0 0y —
2sis;] =2 si(s5 + )=

8.2.2 Spectral transfer dissipation' vs. “true” viscous dissipation,”

As a nal note to the discussion in the previous section, iyrha useful to look at the
difference between the spectral transfer dissipdtigrand the “true” viscous dissipa-
tion, "; the former is the energy transferred from eddy-to-eddyymétrtime, and the
latter is the energy transformed per unit time to intern&rgy (i.e. increased temper-
ature) for the entire spectrum (occurring mainly at the $nalidsipative scales), see
Fig. 5.2 Now consider Fig8.2which shows a zoom of the energy spectrum. We as-
sume that no mean ow energy production occurs betweand + d ,i.e. the region
may be in the 5=3region or in the dissipation region. Turbulent kinetic paittime
energy enters at wavenumbeat a rate of and leaves at wavenumber d arate
of" +q . If and + d are located in the inertial region (i.e. theé5=3 region),
then the usual assumptionis that’" " ;4 and thatthere is no viscous dissipation to
internal energy, i.e*( ) ' 0. If there is viscous dissipation at wavenumbewhich
indeed is the case if the zoomed region is located in thepditge region), thefi( )

is simply obtained through an energy balance per unit tiree, i

"()="a " (8.26)

8.3 The Exactk Equation: 2D Boundary Layers

In 2D boundary-layer ow, for which@=@x @=@>andv, V1, the exack
equation reads

@1k + @Zk - m@
@x @x @x%
O Lo, Lowp Gk Q@roy
@x 2 @x @x @x
Note that the dissipation includes all derivatives. Thibésause the dissipation term
is at its largest for small, isotropic scales for which altidatives are of the same order
and hence the usual boundary-layer approxima@ia@x @=@»does not apply
for these scales.
Figure8.3presents the terms in E§.27for fully developed channel ow. The left
side is —since the ow is fully developed — zero. In the outsgion (Fig.8.30) all terms
are negligible except the production term and the disgipagrm which balance each
other. This is calledocal equilibrium see p11Q Closer to the wall (Fig8.3a) the local equilib-
other terms do also play a role. Note that the productionlaadissipation terms closerium
to the wall are two orders of magnitude larger than in thetitigimic region (Fig 8.30).
At the wall the turbulent uctuations are zero which mearattine production term is
zero. Since the region near the wall is dominated by visgak# turbulent diffusion
terms due to pressure and velocity are also small. The digsipterm and the viscous

(8.27)
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Figure 8.3: Channel ow atRe = 2000. Terms in thek equation scaled by*= . Re =
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Figure 8.4: Channel ow atRe =2000. DNS (Direct Numerical Simulation) data6, 17].

diffusion term attain their largest value at the wall and/theich be equal to each other
since all other terms are zero or negligible.

The turbulence kinetic energy is produced by its main sotews, the production
term,Pk = vOJ@;=@x. The velocity gradient is largest at the wall (see Biga)
where the shear stress is zero (see &idp)); the former decreases and the magnitude
of the latter increases with wall distance and their prodaias its maximum at;

11. SincePX is largest here so is al$g see Fig6.8. k is transported in the, direction
by viscous and turbulent diffusion and it is destroyed (issipated) by .

8.4 Spatial vs. spectral energy transfer

In Section5.3we discussed@pectraltransfer of turbulent kinetic energy from large to

small eddies (which also applies to the transport of the Blegnstresses). In Sec-

tion 8.2 we derived the equation fapatialtransport of turbulent kinetic energy. How

are the spectral transfer and the spatial transport rélaféte reason that we in Sec-

tion 5.3 only talked about spectral transfer was that we assumed gensmus tur-

bulence in which the spatial derivatives of the time-avetaturbulent quantities arehomogeneous
zero, for example@®P=@x = 0, @k=@x 0 etc. (Note that the derivatives of theturbulence
instantaneouturbulent uctuations are non-zero even in homogeneouzsitence, i.e.
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@9=@x6 0; the instantaneous ow eld in turbulent ow is — as we mentied at the
beginning of this section, f.7 — alwaysthree-dimensional and unsteady). In homoge-
neous turbulence the spatial transport terms (i.e. theemtive term, term, and the
diffusionterms, terntll in Eq.8.14 are zero. Hence, in homogeneous turbulence there
is no time-averaged spatial transport. However, thespéctral transfeiof turbulent
kinetic energy which takes place in wavenumber space, fangelto small eddies. The
productionterm (termi in Eq.8.14) corresponds to the process in which large energy-
containing eddies extract energy from the mean ow. Theiga®n term (termV in
Eq.8.19 corresponds to transformation of the turbulent kinetiergy at the small ed-
dies to thermal energy. However, real ows are hardly evenbgeneous. Some ows
may have one or two homogeneous directions. Consider, fonple, fully developed
channel turbulent ow. If the channel walls are very long amide compared to the
distance between the wallg,, then the turbulence (and the ow) is homogeneous in
the streamwise direction and the spanwise direction@e=@x =0, @Z=@x =0,
@2=@x =0 etc.

In non-homogeneous turbulence, the cascade process ialitbt@onsider a large,
turbulent eddy at a positiors (see Fig.6.1) in fully developed channel ow. The
instantaneous turbulent kinetic energy, = v?i v?i =2, of this eddy may either be
transferred in wavenumber space or transported in phy@patial) space, or both. It
may rst be transported in physical space towards the ceatet there lose its kinetic
energy to smaller eddies. This should be kept in mind wherkihg in terms of the
cascade process. Large eddies which extract their enargytfre mean ow may not
give their energy to the slightly smaller eddies as assumé&dgs.5.2 and5.1, butk
may rst be transported in physical space and then trarsfiérr spectral space (i.e. to
a smaller eddy).

In the inertial range (Region 1), however, the cascade gg8ds still a good ap-
proximation even in non-homogeneous turbulence. The ressthat the transfer of
turbulent kinetic energy , from eddy-to-eddy, occurs at a much faster rate than the
spatial transport by convection and diffusion. In otherdgithe time scale of the cas-
cade process is much smaller than that of convection angsibffi which have no time
to transpork in space before it is passed on to a smaller eddy by the capcaciess.

We say that the turbulence at these scales Isdal equilibrium The turbulence in local
the buffer layer and the logarithmic layer of a boundary tggee Fig6.2) is in local equilibrium
equilibrium. In TownsendZ3], this is (approximately) stated as:

the local rates of turbulent kinetic energy (i.e. produttmd dissipation)
are so large that aspects of the turbulent motion conceritadivese pro-
cesses are independent of conditions elsewhere in the ow.

This statement simply means that production is equal tapditien, i.e. Pk =
Fig.8.3

In summary, care should be taken in hon-homogeneous turteileegarding the
validity of the cascade process for the large scales (Rdyion

, See

8.5 The overall effect of the transport terms

The overall effect (i.e. the net effect) of the productiomrtés to increasé, i.e. if we
integrate the production term over the entire dom¥inwe get
Z

Pkdv >0 (8.28)
\%
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Similarly, the net effect of the dissipation term is a negationtribution, i.e.
z

"dv <0 (8.29)
\%

What about the overall effect of theansportterms, i.e. convection and diffusion?
Integration of the convection term over the entire volumegives, using Gauss diver-
gence law, 7 7

@ik .\, _

——dV = Vj kn,— ds (8.30)

v @x s
whereS is the bounding surface &f. This shows that the net effect of the convection
term occurs only at the boundaries. Inside the domain, thegation merely transports
k with out adding or subtracting anything to the integrakof,, kdV; the convection
acts as a source term in part of the domain, but in the rentaant of the domain it
acts as an equally large sink term. Similarly for the diffusierm, we get
z

@ VOV + —pijO @k,
2/ @ 2 ox (8.31)
= %vjovkvO + —pO\/O @Q: n; ds

The only net contribution occurs at the boundaries. Henge, £30and8.31show
that the transport terms only — as the word impligsansportsk without giving any
net effect except at the boundaries. Mathematically thesses are calledivergence

terms i.e. they can both be written as the divergence of a vektor divergence
an terms
— 8.32
@x (8.32)
whereA; for the convection and the diffusion term reads
8
< Vj k convection term
— 1—— k . .
A= “vOvVP + —pO\/O Ok diffusion term (8.33)
2! @x

8.6 The transport equation forv;v;=2

The equation foK = vjv;=2is derived in the same way as that WO:Z. Multiply
the time-averaged Navier-Stokes equations,@tQ by v; so that

: YO0
@' Vi o 1 @) Vi Qv Vi @y : (8.34)
@;< iex” @x@x @x
Using the continuity equation anidtick 2 the term on the left side can be rewritten as
@I V] _ @I — %@I Vi _ @j K (8.35)

@;( v '@x K @x  @x

The viscous term in EB.34is rewritten in the same way as the viscous term in Sec-
tion 8.2, see Eqs8.12and8.13 i.e.

v @vi @K @ @i,
'@x@x @x@x @x@x

(8.36)
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Figure 8.5: Channel ow atRe = 2000. Comparison of mean and uctuating dissipation
terms, see Eq®8.40and8.41 Both terms are normalized hy*= . DNS (Direct Numerical
Simulation) dataf6,17]. =——: (@1=@X)%;==":".

Equations8.35and8.36inserted in Eq8.34gives

@K _ @K Vi @ @; @ V‘@'iTjo_

= —— —_— i : 8.37
@x @x@x @x @x@x @x (8:37)
The last term is rewritten usinfrick 1 as
@| JO @|VI(\/]0 O@I
: = Qo=" 8.38
ex @x e (8:38)

Note that the rst term on the right side differs to the copesding term in Eg8.14
by a factor of two sincdrick 2 cannot be used becauge§ V°. Inserted in Eq8.37
gives (cf. Eq8.149

@K _gp@ vi@ Q@  gp @K @G
pk: sink source "mean ; Sink

On the left side we have the usual convective term. On thé sigle we nd:
loss of energy td due to the production term

work performed by the pressure gradient; in channel owdoample, this term
gives a positive contribution td (as expected) sincevi@=@x> 0

diffusion by velocity-stress interaction
viscous diffusion.

viscous dissipatior,mean - This corresponds to the dissipation term in EQ3

if you replacev; with v; and use the continuity equation to get rid of the sec-
ond velocity gradient ir§; you nd that the dissipation term in EQ.23 (see
Eq.2.26), is identical t0" mean -

Note that the rst term in Eq8.39is the same as the rst term in E§.14 but with
opposite sign: here we clearly can see that the main sourcdnehek equation (the
production term) appears as a sink term inkhequation.
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PN

O

Figure 8.6: Transfer of energy between mean kinetic enetgy, (turbulent kinetic energyk(
and internal energy (denoted as an increase in temperatiirg,K = %vi vi andk = %vi"vi".

IntheK equation the dissipation term and the negative produation {represent-
ing loss of kinetic energy to the eld) read

@ @ | - @i
— —— + VA0 — 8.40
and in thek equation the production and the dissipation terms read
W@ (CICH (8.41)

"ax  exex

The gradient of the time-averaged velocity eld, is much smoother than the gradient
of the uctuating velocity eld,v’. Hence, the dissipation by the turbulent uctuations,
", in the turbulent region (logarithmic region and furthet fsam walls), is much larger
than the dissipation by the mean ow (left side of Bj40. This is seen in Fig8.5
(X; & 15). The energy ow from the mean ow to internal energy is iltuated in
Fig. 8.6. The major part of the energy ow goes frokh to k and then to dissipation.

In the viscous-dominated wall regioxy . 5), the mean dissipation(@;=@%x)?,
is much larger thafi, see Fig8.5. At the wall, the mean dissipation takes the value

= 1=2000(normalized byu*= ).



9. Transport equations for Reynolds stresses 114

9 Transport equations for Reynolds stresses

N this section we will derive the transport equation for theyiReds stress tensor.

This is an unknown quantity in the time-averaged Naviek&sequations, E§.10
which must be known before E.10can be solved. The most accurate way to nd
W is, of course, to solve a transport equation for it. This ispatationally expen-

sive since we then need to solve six additional transporagans (recall that/O\/O is

symmetric, i.,evv3 = viV? etc). Often, some simpli cations are introduced, in which
T‘\/jo is modeledby expressing it as the product of a turbulent viscosity agldaity
gradients. Two-equations models are commonly used in thieggi ed models; no
transport equation for°v° is solved.

In Section8 we derlved transport equations for kinetic turbulent epgkgwhich
is the trace of the Reynolds stress tengdf divided by two, i.e.k = v&/%=2. This

means thak is equal to half the sum of the diagonal components,oo]?, ie. k =
0:5(vE + V& + V).

Now Iet us start to derive the transport equation\fBrJQ. This approach is very
similar to that we used when deriving thkeequation in SectioB.2 Steady, incom-

pressible ow with constant density and viscosity is assdm@ubtract Eq6.10from
Eq.6.6and divide by density, multiply byj0 and time average and we obtain

Vivk Vi) =

J

e G o
Zy0_=no 0 i iYk,0

Y @xp Y @x@x ¥ @x v

Equation6.10is written with the index as free index, i.ei = 1;2 or 3 so that the
equation is an equation fag, v» or vz. Now write Eq.6.10as an equation for; and
multiply this equation by?. We get

Vio% Vivik  viw]=
9.2)

VO @ . V0 @VjO . @J,OVI(() 0

' @x '@x@x @x

It may be noted that E®.2is conveniently obtained from E§.1by simply switching
indicesi andj . Adding Eqs9.1and9.2together gives

pO

@ @
vo [Vivk Vviv]+ viO— Vivik  Vviw]=

l@x
10@P 1,@P
Y@ u @x ©3)
40 @v; A @0 '
‘@xex T exex
30,0
+ %Vio'i' MVQ
@x @x '
Note that each line in the equationdgmmetric if you switch indiced andj in any
of the lines nothing changes. This is important: since thedevo\/0 is symmetric, all
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terms in its transport equation must also be symmetric. heamore, you can check
that the equation is correct according to the tensor notatites. Indice$ andj appear
once in each term (not more, not less) and inkéthe dummy index) appears exactly
twice in each term (implying summation). Note that it is péted to use any other
index thank in some terms (but you must not usandj). You could, for example,
replacek with m in the rst term and withq in the second term; however, usually we
use the same dummy index in every term.
Usingv; = vi + VO, the rst line can be rewritten as

] @x Vive + vl + VAT + Vf @@ v v + vjovk + ijVE (9.4)
Using the continuity equation the rst terms in the two grewgve rewritten as
@ @
VOV = + VP =L 9.5
‘ex "V ax 5:9)
We merge the second terms in the two groups in%E4j.
" @W @ L @f
v-O—@'gvk + vio@J K = v VO@ + Vi VIO@
I @x Q@x '@x @x 9.6)
_, OV _ el
“@x Q@x

The continuity equation was used twice (to get the right sidéhe rst line and to get
the nal expression) and the product rule was used backwardgt the second line.
Re-writing also the third terms in the two groups in Bgtin the same way, the second
and the third terms in EQ.4 can be written

+

9.7
Q@x Q@x ®.7)
The second line in EQ.3is also re-written usingrick 1
S 9
1Qvif’po 1 @ VOpO + po@9 }pog (9.8)

@x Y @x @x

It will later turn out that it is convenient to express all ifatives as@ =@ x Therefore
we re-write the derivative in the two rst terms as

@ _ @ @ _ @

@—}( =k @ and@( = ik @ (99)
so that .
1 @—— @9 1 @
Ik - Vlop ik —@V,Opo po@?( _po@_lx (9.10)

The third line in Eq9.3|s also re-written usingrick 1

Q \/_O@_JQ + Q \/_Og'g 2 @9@9
@x '@x @x ' @x @x @x
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The product rule is used backwards to merge the two rst tesothat the third line in
Eq.9.3reads

@ ,0F, 0@9 , @¢ 0
@x '@x ‘@x @x@x

@ @/Ov0 , @F @@y v , OF ‘@f @Y

@x @x @x @x @x@x @x @x

(9.11)

The terms on the fourth line in E§.3 are zero becausd#® = al® = 0. We can now
put everything together. Put the rst term in E®.7 on the left side and the second
term on the right side together with E@§s5, 9.10and9.11so that

G- 18 M,

Cij il P il '

@ cqoo, ! o, 1l oo OGN

x VPV + = g vipl+ = vPpl @Kj 9.12)
' Dij ;||| '
+ Epo Q'g.p @_]9 2 @9 @9
@x @x @x @x
iV iV

Note that the manipulation in E§Q.9 allows the diffusion (term Ill) to be written on a
more compact form. After a derivation, it is always usefutb@ck that the equation is
correct according to the tensor notation rules.

Every term — or group of terms — should include the free inglicendj (only
once);

Every term — or group of terms — should be symmetricémdj ;

A dummy index (in this case indd® must appear exactly twice (=summation)
in every term

Equation9.12can also be written in a simpli ed easy-to-read symboliaficas
Cij = Pij + Dij + i " i (913)

where j denotes the pressure-strain term

° @f @f
=P g;* = (9.14)

Equation9.12is the (exact) transport equation of the Reynolds st@, Itis called

the Reynolds stress equatianks is an equation for a second-order tensor which coReynolds
sists of nine equations, but since it is symmetric we onlydrteeconsider six of them. stress
Compare Eq9.12with the equation for turbulent kinetic energy, Byj14 An alter- equations
native — and maybe easier — way to derive &g4is to rst derive Eq.9.12and then

take the trace (setting= j) and divide by two. In both thie and the'vovO equations
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there is a convection term (1), a production term (II), awsfbn term (Ill) and a dis-

sipation term (V). In theyio\/jo equation there is a fth term (V), see Ef.14 which
is called the pressure strain term. The physical meaningisfi¢rm is to redistribute pressure

energy between the normal stress components (if we

trandfoy. 9.12to the princi- strain

pal coordinates off’vjo there are no shear stresses, only normal stresses). Tlegaver

of the normal stresses W€ = v&°=3. For a normal stress that is larger thgh, the
pressure-strain term is negative and vice-versa. It imafédled theRobin Hoodterm Robin Hood

because it — as Robin Hood - “takes from the rich and
trace of the pressure-strain term is zero, i.e.

1

@y, @¥ _

o =L+ =L

@x @x

givestpdor’. Note that the

(9.15)

because of the continuity equation and this is the reasorthityerm does not appear

in thek equation.
For 2D boundary layer ow, E¢9.12reads

@, 5o, @, . w0@ @
@(Vlvio\/jo + @(Vzvf)\/jo = VjOVS@ Vio\/g@—:)é
T e
@—@; R R e e (9.16)
@x @x @x @x
Now let us look at this equation for fully developed channalv for which
vo=v3=0
@ _ @ _ . (9.17)
@x @y

Note that on the second line the streamwisg) (@and the spanwisex§) derivatives

operate ortime-averagedjuantities; those that operat
such asirfj and j , are not zero.

e on instantaneous quantitie
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Figure 9.2: One-dimensional unsteady heat conduction. In the middieetis a heat sourc@.

9.1 Source terms

In order to analyze the Reynolds stress equation, 9 we will now look at the
source terms. A positive source term in a transport equdiorexample , increases
the value of . A simple example is the one-dimensional unsteady heatuaimoh

equation (Eg2.18with v; Q)

er_ @,
@t @%
whereQ is a heat source, see F@2. If Q is positive,T will increase and vice-versa.

Now we will look at an important source term in tlwé/jo equation, namely the
production term. The production term in Efj16reads

Q (9.18)

0@ o @
P, = vOyO=L V.O\/O—] 9.19
! 2@x ' @x (9.19)
In fully-developed channel ow, we getforthe® (i = j = 1),v& (i = j = 2),v®
(i=j=3)andv)Vl (i = 1;j =2)equations
50 @1
Pip= 2vdv)—— 9.20a
11 V2 Gy ( )
—5—g @2
Pym= 2v0v§—==0 9.20b
22 2V2 Gy ( )
P33 = ZVSVS% = (9.20¢)
0@ 5@ —5 @1
Ppo= vivi— viV)=== v@—=—— 9.20d
12 2VY2 @X 1v2 @X 2 @X ( )
using Eq9.17. o
Figure9.1 presents the terms in thé? equation (Eq9.16withi = j = 1). As

we saw for the&k equation, the production terRy;, reaches its maximum ap ' 11
where also? takes its maximum (Fig6.8). The pressure-strain term,;, and the
dissipation term act as sink terms. In the outer region (Fitp) the production term
balances the pressure-strain term and the dissipation term

The terms in the wall-normal stress equati@, are shown in Fig9.4. Here we
nd — as expected — that the pressure-strain terry, acts as the main source term.
As mentioned previously, 2, — the “Robin Hood” term — takes from the “rich)?
equation and gives to the “poo@ equation energy becau@ is large and\? is
small.
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Figure9.5presents the terms in ttw§ equation. As for the$® equation, the main
source term is the pressure-strain term, but it may be ndtedhere it is positive
near the wall; for thes$ equation it goes negative near the wall since the pressure-
strain term dampens? near the wall. Another difference is that the pressure siiéfo
term,Z@%@z, is zero (as it is in th&® equation), whereas it near the wall gives
an important contribution in the® equation (it balances the negative pressure-strain
term).

Figure 9.6 presents the terms in thévd equation. The production term — which
should be a source term — is here negative. Indeed it shoulRbeall thatvdv3 is
here negative and hence its source must be negative; ogr rétl other way around:
m is negative because its production tetPa; = vg‘z@lz@g, is negative since
@.:=@x% > 0. Note that in the upper half of the chan@y,=@x < 0 and hencd;1»
andv\J are positive. Furthermore, note that the dissipatiap, is zero. This is be-
cause dissipation takes place at the smallest scales andréhisotropic. That implies
there is no correlation between two uctuating velocity qoonents, e.gﬁ =0 (in
general, foii 6 |, the stresse'wj0 in isotropic turbulence are zero). Hence, also their
gradients are zero so that

"12=2 @y @y =0 (9.21)
@x @x

However, very close to the walk} 10, "12 6 0 because here the wall affects
the dissipative scales making them non-isotropig;is positive since/9v3 < 0, see
Fig. 9.6. When looking at the energy spectrum, neither the prododgom nor the
dissipation of the mean kinetic energy enters the spectsamFig9.3

The main sink termin th@ equation is the pressure-strain terny, see Fig9.6.
But sincev)v3 < 0in the lower half of the channel, it means that it is positiveorder
to understand the sign of;», we can look at the pressure-strain term in the principal
coordinate directions and transform it to the X, coordinate system, see EdL.52

If you want to learn more how to derive transport equationsidiulent quantities,
see P4] which can be downloaddukre
https://lwww.tfd.chalmers.se/"lada/allpaper.html

9.2 Reynolds shear stress vs. the velocity gradient

In boundary-layer type of ow, the Reynolds shear stress #madvelocity gradient
@,=@x have nearly always opposite signs. For channel ow, for epignEq.9.20
shows thaP;, is negative (and hence alsﬁlg) in the lower half becaus@=@x> 0
and it is positive in the upper half becau@a=@x < 0. It can be summarized as:
P2 = @% is the source term iafvS equation and it is large
) P12 andvv) have the same sign. Compare MR (temperature iiC and
T =0 at the boundaries): a negative sou@Qggives negative temperature
and vice versa;

) VY and@ have opposite sign;

@x
—0@1

) The production term in thke equationP* = V?VZ@ > 0;

Pk is alwayspositive in fully-developed channel ow;


https://www.tfd.chalmers.se/~lada/allpaper.html
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E

Figure 9.3: Energy spectrum. Transfer of kinetic energy. The cascadeegs assumes that the
term in red are negligible (see also F&2). The term in blue show the viscous dissipation of

the mean ow.
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Figure 9.6: Channel ow atRe = 2000. Terms in thev9vJ equation scaled by*= . a) Zoom
near the wall; b) Outer region. DNS (Direct Numerical Sintigia) data L6, 17]. =—: P12;
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Figure 9.7: Sign of the Reynolds shear stressv{Vv3 in a boundary layer.
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In general ows,P¥ is almost alwaypositive.

The fact thatvQv§ and @;=@x almost always have different signs can also be
shown by physical argumentation. Consider the ow in a bargdayer, see Fi0.7.
A uid particle is moving downwards (particle drawn with $lline) from x2.5 to
X2.a With (the turbulent uctuating) velocity?. At its new location thev; velocity is
in average smaller than at its old, i¥a.(X2.a ) < Vi(X2:8 ). This means that when the
particle atx,.g (which has streamwise velocity (X2.g )) comes down tx,.a (Where
the streamwise velocity i& (X2.4 )) it has an excess of streamwise velocity compared
to its new environment aty.4 . Thus the streamwise uctuation is positive, iv§.> 0
and the correlation betwee andvd is in average negativem < 0).

If we look at the other particle (dashed line in F&7) we reach the same con-
clusion. The particle is moving upwarded(> 0), and it is bringing a de cit inv;
so thatv) < 0. Thus, againy?v9 < 0. If we study this ow for a long time and
average over time we gefvd < 0. If we change the sign of the velocity gradient so
that@;=@x < 0we will nd that the sign ofvv3 also changes.

In cases where the shear stress and the velocity gradieattheaxsame sign (for
example, in a wall jet) the reason is that the other termsaliysthe transport terms)
are more important than the production term.
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Figure 10.1: Two-point correlation.

10 Correlations

10.1 Two-point correlations

wo-point correlations are useful when describing some cltariatics of the tur-

bulence. By “correlation”, we meathe tendency for two values or variables to
change together, in either the same or opposite.viRigk two points along the; axis,
sayx4 andx§, and sample the uctuating velocity in, for example, thedirection.
We can then form the correlation f at these two points as

B1a (x4 x§) = VIOEVIE) (10.1)

Often, it is expressed as

B1i(x1:R1) = VY(xP)VI(xE + &1) (10.2)

whereR; = x§ x4 is the separation distance between pdirandC.

It is obvious that if we move poirh andC closer to each otheBi; increases;
when the two points are moved so close that they merge, Bher= vE&(x%}), see
Fig. 10.1 If, on the other hand, we move poiGtfurther and further away from point
A, thenB1; will go to zero. It is convenient to normaliZ;; so that it varies between

1and+1. The normalized two-point correlation reads

1
Virms (X )Vims (X5 + X1)

BIT™ (x1;%41) = VIXDVI(xE +%1)  (10.3)

where subscriptms denotes root-mean-square, which ¥y for example, is de ned
as
— 1=2
Virms = Vie (10.4)

RMS is the same agandard deviatioffPython commandp.std and Matlab/Octave
commandstd ) which is the square-root of theariance(Python commandp.var
and Matlab/Octave commanar ).

Consider a ow where the largest eddies have a length scale o$ee Fig10.2
We expect that the two-point correlatid®y; , approaches zero for separation distance,
ix?  x§j>L o because for separation distances larger thathere is no correlation
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B11

X1
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Figure 10.2: Schematic relation between the two-point correlation angdst eddies. The circle
with a thick line shows the largest lengthscales,
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betweenv{(x}) andv{(x§). Hence, ows with large eddies will have a two-point
correlation function which decreases slowly with separatlistance. For ows with
small eddies, the two-point correlatidd; 1, decreases rapidly withy .

Ifthe ow is homogeneous (seef09 in thex; direction, the two-point correlation
does not depend on the locationdf, but it is only dependent on the separation of the
two points,®y, i.e.

1
BIY™ (R1) = ———Vo(x1)VY(x1 + K1) (10.5)
Vl;rms

From the two-point correlatiorB 11, an integral length scalé,;,; , can be com- integral
puted which is de ned as the integral Bf;; over the separation distance, i.e. length scale

Z 1
B]] X ,k
( 1C 1) d’kl

A
0 Vl;rms 1;rms

Lint (X1) = (10.6)

The integral length scale represents the length scale ofatige energy-containing
eddies. If the ow is homogeneous in tixg direction therL;,; does not depend on
X1, and the integral length scale is then computed as
z 1
Lint = BIY™ (R1)dRq (10.7)
0

10.2 Auto-correlation

Auto-correlation is a “two-point correlation” in time, i.¢he correlation of a turbulent
uctuation with a separation in time. If we again choose #euctuation, the auto
correlation reads

Bu(th: ) = vt )vp(tr + ) (10.8)

wheref' = t©  tA | is the time separation distance between thnendC. If the mean
ow is steady, the “time direction” is homogeneous aBg, is independent otf*; in
this case the auto-correlation depends only on time séparfti.e.

Bu(f) = vi(O)vi(t + ) (10.9)

where the right side is time-averaged otver
The normalized auto-correlation reads

BIY™ (f) = V21 v(t)vi(t + £) (10.10)

1;rms
In analogy to the integral length scalgy , theintegral time scalgTy; , is de ned integral
as (assuming steady ow) time scale
Z 1
Tint = BO™ (f)df (10.11)
0
The integral time scale represents the time scale of the kemgrgy-containing eddies.

Itis used an Assignment (see Secti®di3) for nding time samples that ai@dependent
(i.e. the time between the samples is at least one integraktiale).
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Figure 10.3: Two-point correlation and frozen turbulence.

10.3 Taylor's hypothesis of frozen turbulence

The auto-correlationB 9™ (f), is much easier to measure than the two-point cor-
relation, B (%1). Let us try to obtain the two-point correlation from the auto
correlation.

Consider the velocity uctuation at poi (i.e. v¥ (t)) andB (i.e. vE (t)), see
Fig. 10.3 Assume that the turbulent uctuation at poiftis transported by the mean
velocity, v1, in a frozen state to poird. This is called Taylor's hypothesis of frozen
turbulence. This assumption is better the smaller the tenoe intensityy;.rms =v1. It
takesk1=v; seconds for the uid particle at point A to reach point B. Basa Taylor's
hypothesis we can estimat€ at pointA by measuring/ at pointB ®;=v; seconds
later. This gives

1 1
BIT" (R1) = VP (OVE (1) ' ———VP (t+ X1 =)V (1)
1;rms Vl;rms
Based on Taylor's hypohesis, the integral length scale ndfid. 10.3 be estimated

from the integral time scale as
Lint = ViTint (10.12)
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11 Reynolds stress models and two-equation models

11.1 Mean ow equations

11.1.1 Flow equations

For incompressible turbulent ow, all variables are divii@to a mean part (time av-
eraged) and uctuating part. For the velocity vector thisame thaty; is divided into
a mean pary; and a uctuating part® so thatv; = v; + v°. Time average and we get
(see Egb.9at. p.898):

@;
F_p 11.1
@x a1.1)
@V @ @ @vi @j
+ —(ovivj)= —+ —_— i 11.2
at @?(( oviVj) @x’ @x@x @x of 06  (11.2)
(note that denotes temperature) whergis a constant reference density, the volume
forcef; = ( 0)0 and the turbulent stress tensor (also calRaynolds stress Reynolds
tensol) is written as: L stress
i = oVi(\/jO (11.3) tensor

The pressurep, denotes the hydrodynamic pressure, see3E2p, which means that

when the ow is still (i.e. v  0), then the pressure is zero (i.p. 0). We have

assumed that the temperature variations are small (typisalaller than10 °C) so

that the density variations can be neglected (usig)gn all terms except the gravity

term. This is called thBoussinesq approximation Boussinesq
The body forcd ; — which was omitted for convenience in E819— has here been approximation

re-introduced. The body force in Efj1.2is due to buoyancy, i.e. density differences.

The basic form of the buoyancy forcefis= g whereg, denotes gravitational acceler-

ation. Since the pressumg,is de ned as the hydrodynamic pressure we have re-written

the buoyancy source as

ofi ! ( 0)Gi (11.4)

so thatp Owhenv; 0 (note that the true pressure decreases upwards ah
where h denotes change in height). To understand thhamr 0 is solution when
p=0,set@®@=@x=0 in Eq.11.2 We see that; = 0 is a solution. @=@x= 0
means that thp = constin the entire domain. Then we set 0 in one point which
so thatp = 0 in the entire domain. Now we let density in Edl.4depend on pressure
and temperature, and differentiation gives

d = @ d + @

@ , @p

Our ow is incompressible, which means that the density dussiepend on pressure,
i.e. @ =@p 0; it may, however, depend on temperature and mixture cortiposi
Hence the last term in Eq1.5is zero and we introduce the volumetric thermal expan-
sion, , so that

dp (11.5)

@
o @ (11.6)
)
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where is a physical property which is tabulated in physical harokso For a perfect
gasitissimply = ! (with indegrees Kelvin). Now we can re-write the buoyancy
term as

( DG = o ( 0 (11.7)
which is the last term in EdqL1.2 Consider the case whexg is vertically upwards.
Theng = (0;0; g) and a large temperature in Efl.7results in a force vertically
upwards, which agrees well with our intuition.

11.1.2 Temperature equation

The instantaneous temperature,is also decomposed into a mean and a uctuating

componentas = + O The transport equation for reads (see Eq®.18 where
temperature was denoted by
e,ov_ @ (11.8)
@t @x @x@x
where = k=(c,), see Eq2.180n p.33. Introducing = + Cwe get
. 20 0
@e,.@ _ @ @ (11.9)

@t @x @x@x @x

The last term on the right side is an additional term whosejglaymeaning is turbulent
heat ux vector. This is similar to the Reynolds stress termothe right side of the

time-averaged momentum equation, E#.2 The total heat ux vector — viscous plus
turbulent —in Eq11.9reads (cf. Eq2.149

O;tot — G Gi;turb

- - @ Vo 0 (11.10)
Cp Cp Cp @x

11.2  The exact}/? equation

Now we want to solve the time-averaged continuity equatieon (1.1) and the three

momentum equations (Efj1.2. Unfortunately there are ten unknowns; the four usual

ones ;, p) plus six turbulent stresse\z“?v—jo. We mustclosethis equation system; it is

called theclosure problemWe must nd some new equations for the turbulent stressefosure

We need a turbulence model. problem
The most comprehensive turbulence model is to derive exasport equations

for the turbulent stresses. An exact equation for the Remstresses can be derived

from the Navies-Stokes equation. It is emphasized thattuistion is exact; or, rather,

as exact as the Navier-Stokes equations. The derivatimw®the steps below.

Set up the momentum equation for the instantaneous velacity v; + V0!
Ea. (A)

Time averagé equation fow;, Eq. (B)
Subtract Eq. (B) from Eq. (A) equation fon?, Eq. (C)
Do the same procedure foy ! equation forvjo, Eq. (D)

Multiply Eq. (C) withv? and Eq. (D) withv?, time average and add them together

I equation fonvv?
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In Section9 at p.114these steps are given in some detail. More details can also be
found in [24] (set the SGS tensor to zero, i.§. = 0).

The nal viijO—equation (Reynolds Stress equation) reads (se8.&8d.

@V @V _ 505@ 5@, P @ @F
T TR TR TR AR TS
Cij Pij i
" - # -
@ Py P Gviv;
@x W TR TR Y e (11.11)
Dijit Dy
— . @@y

whereDj; andDj; denote turbulent and viscous diffusion, respectively. ial
diffusion readsDj = Djy + Dj; . This is analogous to the momentum equation
where we have gradients of viscous and turbulent stressied whrrespond to viscous
and turbulent diffusion. Equatiatil.11can symbolically be written

Ci =Py + j +Dj +Gj 7

where

C;j Convection

P;j Production

j Pressure-strain

Dj Diffusion

Gj Buoyancy production
j Dissipation

Which terms in Eql1.11are known and which are unknown? First, let's think
about which physical quantities we solve for.

v; is obtained from the momentum equation, Ed.2

v is obtained from the modeledv? equation, Eq11.101

Hence the following terms in Eq.1.11are known (i.e. they do not need to be modeled)

The left side

The production termp;;

The viscous part of the diffusion termy; , i.e. Dij
The buoyancy teﬂﬁij (provided that a transport equation is solvedW,
Eq.11.22 if not, V0 Ois obtained from the Boussinesq assumption, Bg39
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11.3 The exact? Cequation

If temperature variations occur we must solve for the meamperature eld, see
Eq.11.9 Then we need the unknown turbulent heat uxé&s?. To derive its transport
equation, start with the equation for the uctuating tengtare. Subtract E4.1.9from
Eq.11.8
0 0 30 0

@, @ sy o0y @° @F° (11.12)

@t @x @x@x @x
To get the equation for the uctuating velocity®, subtract the equation for the mean
velocityv; (Eq.11.2 from the equation for the instantaneous veloocity(Eq. 6.6) so
that

@, @ o 0,00 1@, @Y L @W oy
@t @y TN E Celt Geex ex 9 M

Multiply Eq. 11.12with v? and multiply Eq.11.13with % add them together and
time average

@’ @ @
—/—+ P (v + Ve 0+ V0 9+ O——(viv2 + vivO+ vAD)
t 0@9 @ ° ' @V’ SR (114
VO + (0] i A 00

@x '@x@x @x@x

The Reynolds stress term in Egl.13multiplied by °and time averaged is zero, i.e.

% ,_ oW,

@x @x

If you have forgotten the rules for time-averaging, seeiSp@&.1
The rstterm in the two parentheses on line 1 in B4.14are combined into two
production terms (using the continuity equati@g@=@k = 0)

0 @ 50 @
Weax T o

The second term in the two parenthesis on the rst line of Hgl4are re-written using
the continuity equation

@y °

(11.15)

@y - v o@0 0@9

\O + 0 11.16
" @x @ " Mex’ @x (11.16)
Now the two terms can be merged (product rule backwardsk Tic
!
20 0 Y]
w W@, @F _ @’ G (11.17)

'@x  @x @x @x

where we used the continuity equation to obtain the right.si@ihe last two terms
on the rst line in Eq.11.14are re-cast into turbulent diffusion terms using the same
procedure as in Eqé1.16and11.17

@
0_~=
Vi @x @x

A

VO 0 @ 0,0y —
(v 9+ @K(Vlo"k) @x

(11.18)
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The viscous diffusion terms on the right side are re-writteimg the product rule back-
wards (Trick 1, see [d.01)

w@’ . e @ _ @ ,o° @° ey
'@x@x '@x @x @x '@x @x @x

(11.19)
@ _,@ @f _ @ ef @°0f

@x@x @x @x  @x @x @x @x

Inserting Eqs.11.15 11.17 11.18and 11.19into Eq. 11.14gives the transport
equation for the heat ux vector? 0
@0, @ ol p@ o@ @B @i
@t @x " _fex f ex  ex @x"'
Pi i Dlt
@ .0 , @ ,0 efe’

+ i a2y @ (T )aray g.
~@x '@x @x @x @x@x

D, "

(11.20)

whereP; , ; andD;.. denote the production, scramble and turbulent diffusiomte
respectively. The production term includes one term withrrean velocity gradient
and one with the mean temperature gradient. On the lasDine,,"; andG; denote
viscous diffusion, dissipation and buoyancy term, respelst The unknown terms —

i »Di ,"i ,Gj —haveto be modeled as usual; this is out of the scope of tisepire
course but the interested reader is referre@&. [

It can be noted that there is no usual viscous diffusion terrgq. 11.2Q0 The
reason is that the viscous diffusion coef cients are défgrin thev; equation and
the equation ( in the former case and in the latter). However, if ' (which
corresponds to a Prandtl number of unity, ier = = ' 1, see Eq2.19, the
diffusion term in Eql11.20assumes the familiar form
@ ,@ , @ ,of

@x "@x = @x @x
@ @ @f , @' @ _,@°

@x@x @x @x @x@x @ '@x

- 1 (11.21)
., @ @ @f @ @
Pr @x@x @x @x @x '@x
I .
Pr @x@x '
whereD;. cancels the corresponding term in B4.20if = . Often the viscous
diffusion is simpli ed in this way. Hence, if ' the transport equation fa 0can
be simpli ed as
+ —yV0 0= VP — oo— = _=
@ @x ' = fex ¥ @x @ TR
i S o (11.22)
+ + ﬂ ( + @g g @
Pr @x@x @x @% ——

D.. p
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The same question arises as for@ equation: which terms need to be modeled
in Eq.11.22 The following quantities are known:

v is obtained from the momentum equation, Edj.2
is obtained from the temperature equation, Ef9

v&/? is obtained from the modeladv? equation, Eq11.101

i
V0 0 is obtained from the modeled °equation
Hence the following terms in E4.1.22are known (i.e. they do not need to be modeled)
The left side
The production ternmp;

The viscous diffusion ternD); .

The buoyancy ternG; (provided that a transport equation is solved 18, if
not, @ is usually modeled via a relation k9

11.4 Thek equation

The turbulent kinetic energy is the sum of all normal Reysdttesses, i.e.

1 — — — 1
kzé Ve + vE + vZ EViOViO

By taking the trace (setting indicés= ) of the equation for/iovj0 and dividing by two
we get the equation for the turbulent kinetic energy:

@k, @k_ (gp@  OVOY

@ "@x ex exex
Ck Pk
( ) (11.23)
@ , P, 1 @k
= Lo 4 . VOO
@x Y T @x@x g —
DK DX

where — as in th@/iT\/j0 equation -Df andD* denotes turbulent and viscous diffusion,
respectively. The total diffusion rea@s* = Df + DX. Equationl1.23can symboli-
cally be written:
Ck=Pk+Dk+Gk (11.24)
The known quantities in Ed.1.23are:
v is obtained from the momentum equation, Edj.2

k is obtained from the modelddequation, Eq11.97
Hence the following terms in Eq.1.23are known (i.e. they do not need to be modeled)
The left side

The viscous diffusion ternDi'j

The buoyancy termG;; (provided that a transport equation is solvedW,
Eq.11.22 if not, v? Ois obtained from the Boussinesq assumption, Bg39
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11.5 The" equation

Two quantities are usually used in eddy-viscosity modebdoress the turbulent vis-
cosity. Inthek " model,k and" are used. The turbulent viscosity is estimated —
using dimensional analysis — as the product of a turbuldotitg, U, and length scale,
Ll

¢ /UL (11.25)

The velocity scale is taken &$72 and the length scale &$72=" which gives

whereC = 0:09. An exact equation for the transport equation for the det#im

"= glgglg
@x @x

can be derived (see, e.g2€]), but it is very complicated and in the end many terms
are found negligible. It is much easier to look at khequation, Eq11.24 and to setup

a similar equation fot. The transport equation should include a convective t€m,

a diffusion termD ", a production termP", a production term due to buoyandy, ,
and a destruction term,”, i.e.

C'=P'+D"+G' " (11.26)

The production and destruction ternig¥ and", in the k equation are used to for-
mulate the corresponding terms in thequation. The terms in thie equation have
the dimensiorfm?=s’] (look at the unsteady tern@®k=@whereas the terms in tHe
equation have the dimensigm?=s*] (cf. @"=@.tHence, we must multipl* and"
by a quantity which has the dimensifi=s]. One quantity with this dimension is the
mean velocity gradient which might be relevant for the piiatin term, but not for the
destruction. A better choice should bek = [1=5]. Hence, we get

P'+G "= 01P¥+0uGt oy (11.27)
where we have added new unknown coef cients in front of eact The turbulent
diffusion term is expressed in the same way as that irktequation (see EdL1.40Q
but with its own turbulent Prandtl number, (see Eq11.3%, i.e.

._ @ ¢ @
D = — + — — 11.28
The nal form of the" transport equation reads
@ @ P0G o) & N
@t+ \ @x = k(c 1P+ ¢01G° ©p")+ ax +— @x (11.29)

Note that this is anodeledequation since we have modeled the production, destruction
and turbulent diffusion terms.
For details on how to derive the constants, 2. [
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11.6 The Boussinesg assumption

In the Boussinesq assumption an eddy (ieiwrbhulen) viscosity is introduced to model
the unknown Reynolds stresses in Ef.2 Consider the diffusion terms in the incom-
pressible momentum equation in the case of non-constasusity (see ER.6)

@ @ ,Q@ g0
— vav? 11.30
@x @;< @x H ( )
Now we want to replace the Reynolds stress tenﬁﬁ, by a turbulent viscosity,t,
so that the diffusion terms can be written

@ @ @

@ ( + ) @—¥+@ (11.31)

Note that ; is not constant. Identi cation of Eq4.1.30and11.31gives

— 5 @i @
oy @
TT 0 ax T @x

This is identical to the assumption for the Newtonian, visestress for incompressible
ow, see Eq.2.4. Equation11.32is not valid upon contractiof (the right side will be
zero due to continuity, but not the left side). Hence we additace of the left side to
the right side so that

S 1 —
vl = g;( glx + 3 i vV = 2 s +

Now the equation is valid also when it is contracted (i.enigkhe trace); after contrac-

tion both left and right side are equal (as they must beﬁﬁ: 2k. When Eq11.33

is included in Eql1.2we replace six turbulent stresses with one new unknown (the

turbulent viscosity, ). This is of course a drastic simpli cation. With the Bousssq

assumption the momentum equation reads (sed EQand11.33

(11.32)

2
3ik (11.33)

@oVi + Q( oViVj)
ot @ (11.34)
= @4-@ + t) @+@ 0( O)gi
@x @x @x @x

where the turbulent kinetic energy (last term in E4.33 has been mcorporated in the

pressure, i.epg = p+2k=3. Thereis a fundamental difference betweesind : is

different for each uid (water, air, methane, ...) and degemainly on temperature;
+ depends on the ow, i.e. itis function of the location, (= ¢(X;)).

If the mean temperature equation, B4.9 is solved for, we need an equation for
the heat ux vector,y? 0. One option is to solve its transport equation, E@.22
However, it is more common to used an eddy-viscosity modetfe heat ux vector.
The Boussinesq assumption reads

wo- @ (11.35)

‘@x

Scontraction means thais set toj
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where  denotes the turbulent thermal diffusivity. Note that tlsishie same assump-
tion as Fourier's law for a Newtonian ux, see EZ.14 The turbulent thermal diffu-
sivity, ¢, is usually obtained from the turbulent viscosity as

(= L (11.36)

where s the turbulent Prandtl number; it is an empirical constaimich is usually
set t00:7 0:9. The physical meaning of the turbulent Prandtl number,
is analogous to the physical meaning of the usual Prandtlbeunsee Eq2.19 it
de nes how ef cient the turbulence transports (by diffus)anomentum compared to
how ef cient it transports thermal energy, i.e.

=L (11.37)
t
It is important to recognize that the viscosity)( the Prandtl number(r), the
thermal diffusivity ( ) arephysicalparameters which depend on the uid (e.g. water
or air) and its conditions (e.g. temperature). Howeverttibulent viscosity (;), the
turbulent thermal diffusivity (;) and the turbulent Prandtl number {§ depend on the
ow (e.g. mean ow gradients and turbulence).

11.7 Modeling assumptions

Now we will compare the modeling assumptions for the unknésvms in thevijO,
WO, k and" equations and formulate modeling assumptions for the r@ngaterms in
the Reynolds stress equation. This will give us tleyRolds Sress Model [RSM] (also
called the_Rynolds_$ress_Tansport Mbdel [RSTM]) where a (modeled) transport
equation is solved for each stress. Later on, we will inteeda simpli ed algebraic
model, which is called the l§ebraic_$ress_Mbdel [ASM] (this model is also called
Algebraic_Reynolds &ress Model, ARSM)

Summary of physical meaning:

Pj , Pi andP* are production terms o2, v? 9andk

Gj ,Gi andG* are production terms of\?, v2 ®andk due to buoyancy

Diit , Dixt , Df are the turbulent diffusion terms oi?vjo, v9 Oandk

i is the pressure-scramble terms/gfo

j is the pressure-strain correlation term, which promotesapy of the tur-
bulence

“i . "i and" are dissipation of/iovjo, v? O andk, respectively. The dissipation
takes place at the small-scale turbulence.
11.7.1 Production terms

In RSM and ASM the production terms are computed exactly

5@ 5@ 1 —55 @i

. = 0,0 =1 0,,0 =1 . k- -p. = 0,,0

i Vi ax "ax © T2 vy @x (11.38)
Pi = V E—g vl O &l

@x < @x
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k is usually not solved for in RSM but a length-scale equatian ( or! ) is always
part of an RSM and that equation include.

Inthek " model, the Reynolds stresses in the production term are e@dp
using the Boussinesqg assumption, which gives

@i+@j 2

VP = @x @x 31k
@ @ 2 @
Pk = = + =1 Z .k ==
"@x @x 3'" @
= %+ % %= t28j (Sj + i) =2 S Sj
s l@,e . 1@ @  @__,
' 2 @ ex’' ' 2 @ex @x ' @ ' '
(11.39)
where on the third line we used the fact that ; = 0 because the product between a

symmetric tensorsf; ) and an asymmetric tensor () is zero. The incompressibility
condition,@;=@x= 0, was used to obtain the third line.
11.7.2 Diffusion terms

The diffusion terms in th& and"-equations in th& " model are modeled using the
standard gradient hypothesis which reads

Dk = Q + _t @(

@é( “ % (11.40)
D" = _= + _t =

@x w @x

The gradient hypothesis simply assumes that turbulentisigh acts as to even out
all inhomogeneities. In other words, it assumes that theutent diffusion termp¥,
transportk from regions wherd is large to regions where is small. The turbulent
diffusion ux of k is expressed as
11— ¢ @k
df = éVjo\,io\,ioz ~ @r (11.41)

Note that this is the same assumption as Fourier's law for atbl@an ux, see
Eq.2.14 Only the triple correlations are included since the pressliffusion usu-
ally is negligible (see Fig8.3at p.109). Taking the divergence of E41.41(including
the minus sign in EqL1.23 gives the turbulent diffusion term in E41.40

Solving the equations for the Reynolds stress?ﬁq?,, opens possibilities for a more
advanced model of the turbulent diffusion terms. Equafidrtlassumes that if the
gradientis zero ix; direction, then there is no diffusion ux in that directioA.more
general gradient hypothesis can be formulated withoutithigation, e.g.

@k
die ! vjovf(’@

which is called the general gradient diffusion hypothe€&DH). It was derived in
[28] from the transport equation of the triple correlatighv{. In GGDH the turbulent

(11.42)
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ux d¥.,q , for example, is computed as

@k @k @k
VOO ="+ VOO ="+ \O\0
1v1 @ @ 1 3@)\4
Hence, even if@k=@x= 0 the diffusion ux d‘i;t;G may be non-zero. A quantity of

dimensiorns] must be added to get the correct dimension, and as iR Eg7we take
k=" so that

e |V (11.43)

@k

dite = G VJOV'?@K

The diffusion termD¥, in thek equation is obtained by taking the divergence of this
equation

(11.44)

@ffc . @ ks @K

Df = — = — gVl — 11.45

t @x @x Cic wVj Vi Q@x ( )
This diffusion model may be used when thequation is solved in an RSM or an ASM.
The corresponding diffusion terms for th&nndvo\/0 equations read

. @ k@
Ty x| (1.0
300 -
Dy = —= o VIV kG
@x @

Equationl1.460ften causes numerical problems. A more stable alterniatieemodel
the diffusion terms as ifi1.40which forviv reads

@ O 11.47
@% « @x (11.47)

Dijt =

11.7.3 Dissipation term,";

The dissipation teri;j (see Eqll.1]) is active for the small-scale turbulence. Be-
cause of the cascade process and vortex stretching (seebFRgsd5.3) the small-
scale turbulence is isotropic. This means that the veloaitjuations of the small-
scale turbulence have no preferred direction, s&2pThis gives:

1. vE = vZ = V&,
2. All shear stresses are zero, i.e.
vW0=0 if i8]
because the uctuations in two different coordinate dii@ts$ are not correlated.

What applies for the small-scale uctuations (Items 1 anal®yve) must also apply
for the gradients of the uctuations, i.e.

@9@9 @9@9 @y @y
@x @x @x@x @x @x
@f @ _
@x @x

(11.48)
if 6]
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X o

Figure 11.1: Physical illustration of the pressure-strain term.

The relations in Egl1.48are conveniently expressed in tensor notation as
i =R (11.49)
where the factoe=3is included so that = 3" is satis ed, see Eqs.1.11and11.23

11.7.4 Slow pressure-strain term

The pressure-strain term,;; , makes a large contribution to tthO equation. In
Section9 it was shown that for channel ow it is negative for the stregise equation,
v, and positive for the wall-normaV®, and spanwisey®, equations. Furthermore,
it acts as a sink term for the shear stress equation. In suyniharas shown that the
term acts as to make the turbulence mis@ropic i.e. decreasing the large normal
stresses and the magnitude of the shear stress and ingrédassmall normal stresses.
The pressure-strain term is often called Bwbin Hoodterms, because it “takes from
the rich and gives to the poor”.

The role of the pressure strain can be described in physioalstas follows. As-
sume that two uid particles with uctuating velocitieg) bounce into each other &
so that@§=@x < O, see Figll.1 As a result the uctuating pressupgincreases at
O so that

2 < o
@x

The uid in the x; direction is performing work, moving uid particles agatrthe
pressure gradient. The kinetic energy lost in xhedirection is transferred to the,
andxs directions and we assume that the collision makes uid pkasi move in the
other two directions, i.e.

@—9 > 0; @—9 >0 (11.50)

Q@x @x
Indeed, if@9=@x < O, the continuity equation give@9=-@x + @$=@x > O.
However, in Eq11.50we assume that not only their sum is positive but also that the
both are positive. If this is to happen the kinetic energyhi@x; direction must be
larger than that in th&, andxs direction, i.e.v® > vZ andv® > vE. If v& ' V&,
the pressure strain re-distributes kinetic energy fronh btandv® to vZ.

Now let's assume that® > vZ andv® > vZ. The amount of kinetic energy
transferred from th&, direction to thex, andxs directions, should be proportional to
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the difference of their energies, i.e.

SO, " '

po@K 5 vVE Ve o+ V2 VS
1 30 1 — — 3
= ?V:(LE EVEE‘FV:%Q = ? EV? EV?"‘V?"‘V? = ? Eie k
(11.51)

wheret denotes a turbulent timescale. The expression in1Bcp1applies only to
the normal stresses, i.e. the principal axisto. Let us show that by transform-
ing the uctuations to a coordinate system which is rotatacaagle = =4 then
p(@F=@x+ @9=@x)/ VIVI( = =4corresponds to the special case when the
normal stresses are equal). We expressiHdplin principal coordinategxi ;X2 ),

and then transform the equation(tq ; x,) by rotating it angle = =4, see Appendix
Z.1. Replacingus, in Eq.Z.6bby vV we get

vV =0:5 V& vE (11.52)

sincev? v = vJ v . Now we have transformed the right side of Ed..51(the
right side on the rst line). Next step is to transform thetlside, i.e. the velocity
gradients. We use Egg.6bandZ.6¢ replacingu;; anduy; by @9=@xand@9=@x,
respectively, and adding them gives

11.53
@x @% @x @x ( )

the pressure-strain term in Edsl.11and11.51can be written
po @_9+@_9 _p O ©F (11.54)

@ @ P @x @x

Now we apply Eq11.51in thex; and x, directions (looking at the right side of
Eq.11.59 so that

3 —
% % / > v VP (11.55)

Inserting Eqs11.52and11.54into Eq.11.55gives nally

@y, @Y 3 oy
0 =2 + == / _ VOVO
P @x’ ex t 2
This shows that the pressure-strain term acts as a sink tettme shear stress equation.
Thus, Eqs11.51and11.56lead as to write

@y @F " 2
i 1 0 @_}'( + @_JX = ¢ " vio\/jO 3 i k (11.57)
where denotes thenodeledoressure-strain term and subscfipheans the slow part;
the concept “slow” and “rapid” is discussed atlgl. We have introduced the turbulent
time scale = k=" and a constard;. This pressure-strain model for the slow part was
proposed by Rotta in 19529].

po

(11.56)
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Figure 11.2: Decaying grid turbulence. The circles (a) and the thin regis (b) illustrates part
of the grid which consists of a mesh of circular cylinders.

Letus investigate how E4.1.57behaves for decaying grid turbulence, see Fig2
Flow from left with velocityv, passes through a grid. The grid creates velocity gra-
dients behind the grid which generates turbulence. Fudbemstream the velocity
gradients are smoothed out and the mean ow becomes constam this point and
further downstream the ow represents anisotropic turbaée(homogeneous in tixe
andxs directions) which is slowly approaching isotropic turbude; furthermore the

turbulence is slowly dying (i.e. decaying) due to dissipatiThe exaC\‘/iO\/jO equation
for this ow reads (no production or diffusion because of hageneity)

0,0 0
" dV|0V1 - @9 + @_19 "i (11.58)
dxy @x @x
Rotta's pressure-strain model is supposed to reduce aojgotThus it should be in-
teresting to re-write EdL1.58expressed in the normalized anisotropy Reynolds stress
tensor which is de ned as .
vy o2

k 3!
Note that when the turbulence is isotropic, tlegn= 0. We introduces; (Eq.11.59,
Rotta's model (Eql1.57 and the model for the dissipation tensbt (49 into Eq.11.58
so that

Qj = (11.59)

d(kaj ) 2 dk . 2 .,
Analogously to Eq11.58 thek equation in decaying grid turbulence reads
dk

Vld_xl = (11.61)

1
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Inserting Eq11.61in Eq.11.6Q the left side reads

dk daj 2 dk 2 dk daj
V13j ax, + Vlkd—le + 3 i Vld_Xl = g t 3 Vld_Xl + led—le
aj + i "t kvldix‘l
Dividing by k and inserting into Eq.Ed.1.60we get
Vld—XJl = clEaij 3 i K + Eaij + 3 i K = Eaij 1 o) (11.62)

Provided that; > 1 Rotta's model does indeed reduce non-isotropy as it should.
The model of the slow pressure-strain term in E#.57can be extended by in-
cluding terms which are non-linearixffvjo. To make it general it is enough to include

terms which are quadratic ivf\/jo, since according to the Cayley-Hamilton theorem, a
second-order tensor satis es its own characteristic égungsee Section 1.20 ir8());

. =5, o3 . 00 0 —
this means that terms that are cubiovfiv? (i.e. viv)™ = vV Vv v V) can be
expressed in terms that are linear and quadrat'rﬁjﬁ The most general form ofj;. 1
can be formulated a8]]

1= € "aj t & aka 3 i A axk

(11.63)
Vo2
BTk 3

a;j is an anisotropy tensor whose trace is zero. In isotropic adits components are
zero. Note that the right side is trace-less (i.e. the tracaio). This should be so
since the exact form of ; is trace-less, i.e. j = 2p0@,9:@p<: 0.

11.7.5 Rapid pressure-strain term

Above a model for the slow part of the pressure-strain ters aeveloped using phys-
ical arguments. Here we will carry out a mathematical déidvaeof a model for the
rapid part of the pressure-strain term.

The notation “rapid” comes from a classical problem in tuebige called the rapid
distortion problem, where a very strong velocity gradi@t=@x is imposed so that
initially the second term (the slow term) can be neglected,5q.11.65 It is assumed
that the effect of the mean gradients is much larger thanffeetef the turbulence,
ie.

@i oy |
@x ("=k)'1 (11.64)

Thus in this case it is the rst term in Eq.1.65which gives the most “rapid”
response irp®. The second “slow” term becomes important rst at a lategetashen
turbulence has been generated.

Now we want to derive an exact equation for the pressuréadieam, j . Since
it includes the uctuating pressur@’, we start by deriving an exact equation fo¥
starting from Navier-Stokes equations.

1. Take the divergence of the incompressible Navier-Stegaation assuming con-

stant viscosity (see E§.6) i.e. Q Qv = :::) EquationA.

@x " @x
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X2,Y2

X1;Y1

Figure 11.3: The exact solution to EdL1.66 The integral is carried out for all pointg, in
volumeV.

2. Take the divergence of the incompressible time-averbigeter-Stokes equation
@ @;

assuming constant viscosity (see Bq.Q i.e. —

. @x Vj@—?( = :::) Equation

Subtraction of EquatioB from EquationA gives a Poisson equation for the uc-
tuating pressurg’®
0 - @Y -
} @p = 2@@ @ Viovjo ViOVjO
@x@x ~@x@x @x@x .

rapid term slow term

(11.65)

The factor two in the rapid term appears because when takimglivergence of the
convective term there are two identical terms, see rigie-ef Eq.8.6. For a Poisson
equation

@-

- = f
@x@x
there exists an exact analytical solution given by Greesrmfila, see AppendirA
(it is derived from Gauss divergence law)
Z
1 f(y)dy:dy.dys
4 iy xj
where the integrals at the boundaries vanish because isisreesl that ! 0 at the
boundaries, see Fig1.3 Applying Eq.11.670on Eq.11.65gives

(11.66)

' (x) = (11.67)

(0) —_
p(x)= —
2 4
dys  (11.68)
Iy xj

VA
@i(y) @) @ O E—
v 2 @y @y .+ @yay vity)vily)  viy)vi(y) Z

rapid term slow term

wheredy?® = dy;dy,dys. Now make two assumptions in Etj1.68
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i) the turbulence is homogeneous (i.e. the spatial devieaif all time-averaged
uctuating quantities is zero). This means that the lastntém square brackets
is zero. This requirement is not as drastic as it may sourntdiadih very few
turbulent ows are homogeneous). This term is indeed verglsoompared to
the second derivative of the instantaneous uctuatiaﬁ(sl,)vjo(y).

ii) the variation of@; =@ in space is small. The same argument can be used as
above: the mean gradie@; =@ varies indeed much more slowly than the
instantaneous velocity gradiel@ﬁ(y)=@iy

Assumptioni) means that the last term in the integral in Ed.68is zero, i.e.
@vivy _
@y@y

Assumptioni) means that the mean velocity gradient can be taken outsdetdgral.
Now multiply Eq.11.68with @E@x+ @§=@#x Since this term is not a function of
y it can be moved in under the integral. We obtain after timeayiag

1 @¥x) , @)

pAx) @}(Z+ ox

_ o) 17 @i, Ofx) @Y%) dy?
@x 2 y @ @x @y iy x

M

(11.69)

z elx , @ @

1
4y @ @ @y@y

Aij

0y )0 dy?
(v (y)v (y))jy X

+

Note that the mean velocity gradie@=@x; is taken at poink because it has been
moved out of the integral. In order to understand this bettansider the integral

Z
o= o

Note thatx and are coordinates along the same axis (think of them as twerdifit
points along the axis). If the two pointsx and , are far from each other, then the
denominator is large and the contribution to the integrahisll. Hence, we only need
to consider points which are close . If we assume thay( ) varies slowly with ,

o( ) can be moved out of the integral and simxde close to , Eq.11.70can be written

as
F(x) = g(x)Z - _d
o IX ]

Going from Eq.11.70to Eq.11.71corresponds to moving the mean velocity gradient
out of the integral. Equatiohl.69can be written on shorter form as

0 @f @F
ik g*‘ —L = Ay + M G i1t i 2
@x @x @x
where the rst term represents the slow term), 1 (see Eq11.57, and second term is
the rapid term, j. » (index2 denotes the rapid part).

(11.70)

(11.71)

(11.72)
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Now we will take a closer look at the rapid part (i.e. the settarm) of M .
The second term d¥lc in the integral in Eq11.69can be rewritten as

|
e@iety) . @ . @i @ evX)
ax oy oy "Wexr YYaex
_ @ g @ o @%Y) (1173
~@yex VYN gy e
_ @ o
= Gy TV

@v)(x)=@y@xon line 1 is zero becausg(x) is not a function ofy. For the same
reason the last term on line 2 is zero.

Note that the terms above as well as in E.69are two-point correlations, the
two points being« andy. Introduce the distance vector between the two points

=V X (11.74)
Differentiating Eq.11.74gives
8.0 o aL7s
Equationl1.74is a coordinate transformation where we replacandy; with
I. X; andrj, or
II. y; andr;.

Assumption) at p.142gives that@=@x 0 (Item I) or@=@¥ 0 (Item Il). In other
words, the two-point correlations are independent of wirespace the two points are
located; they are only dependent on the distance betwedwaoheints (i.er;). Hence
we can replace the spatial derivative by the distance deniva.e.

e_ @
@x @r
11.76
e_a@ arre
@y @r
We can now writeM i in Eq.11.69 using Eqs11.73and11.76 as
Z 3
Mpe =~ @ . @ g o
2 v @@r @k @5 jrj (11.77)
= Gj Tt gjic

It can be shown thaj- is symmetric with respect to indéxand” (recall thatv® and
vj0 are not at the same point but separated;yi.e.

Qi = Ak (11.78)

see Appendit. on p.467 Furthermore, Eql1.77is independent of in which order
the two derivatives are taken, so tlagt  is symmetric with respect toandk, i.e.

ik = i (11.79)
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Now let us formulate a general expressionagf which is linear inviovj0 and
symmetric in(j; * ) and(i; k). We get

djkk = C ikm
+ 6 VW
+ 3 VVO+ VO + vVP 4 e VAP (11.80)
+Cpoikk
+C(j k* jki)K

Each line is symmetric ifj; * ) and(i; k). For example, on line 3, term 1 & term 3 and
term 2 & term 4 are symmetric with respectjtand” and term 1 & term 2 and term 3
& term 4 are symmetric with respectii@ndk.

Consider Eq11.69 Here it is seen that if = j thenMyc = 0 due to the
continuity equation; looking at E4.1.77we get

aike =0 (11.81)

Applying this condition to Eq11.80gives

0=rc1 kv + ¢ p VAZ + cs(BVDVO+ v+ ¢ vOVP+ o VWD)

tCi kkt B+ ok i)k

= VO + VOV + ca(BVRVO+ vOVO + VvOVO + 2 - k) (11.82)
Ci kk+ B + )k

vVO(c1 + ¢ +5¢C3) + K i (Ca +2C3 +4Cs)

+

Green's third formula reads (see Appendion p.467)
ajir = 2vOVP (11.83)
Using Eq.11.83in Eq.11.80gives

V0= 3cvVO+ ¢ p vVP+ oo v+ vVO+

+@Becp +os(y i+ i )k

- — 11.84
=3V V0+20 j k+4cvAVO+ (3cs+205) )k ( )
= vj°v9(3c1 +4c3)+ k(e +3c4 +2¢s)

Equationsl1.82and11.84give four equations
Ci+C+5c3=0; c+2c3+4c5=0
1+ C 3 4 3 Cs (11.85)
3ci+4c; 2=0; 2c,+3c4+2c5=0
for the ve unknown constants. Let us express all constants which gives
4c, +10 3c+2 50c, +4 20c; + 6
CL = B = 2 y G = 2 ; = 2 (11.86)

11 BT T3 55 ° %7 55
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Inserting Eq11.86into Eq.11.80and11.72gives

i 2 = Mie % = (aje + i )_
- o vovog' vwogl v e VP gk - g:(
+es 2 vkvogk 4 Vo\,ogl N Vovog;( Vkvogk ngpgx (11.87)
+ 4k %+ % + csk %+ %

We nd that thec; term and the second and third part of theterm can be merged.
Furthermore, the, term and the third and fourth part of thg term can be merged as
well as thec, andcs terms; using Eql1.85we get

c,+8 8 2 6c, +4 K 4  60c,
= .. D + P +

i 2 11 ! 11 ! 11 55
Dj = VA? gk vove —g';(

Finally we re-write this equation so that it is expressedace-less tensors

kSij
(11.88)

Cc+38 2

i 2 = —211 Pi 3 Pk

8¢, 2 2
T P3P

11.89
60c, 4 ( )

55 k Sij
wherec, = 0:4. Note that ;; = 0 as we required in EqL1.81 This pressure-strain
model is called the LRR model and it was proposedi#.[

All three terms in Eq11.89satisfy continuity and symmetry conditions. It might
be possible to use a simpler pressure-strain model usingoary two terms. Since
the rstterm is the most important one, a simpler model hasnfjgoposedd2, 33

2= G Pij % ij Pk (11.90)

It can be noted that there is a close similarity between thiéeRnodel and Eql1.9Q
both models represent “return-to-isotropy”, the rst egpsed |n/°v0 and the second
in Pj . The model in Eq11.90is commonly called the IP model (IPsdtropization
by Production) . Since two terms are omitted we should expedttiiebest value of

should be different tha(c, + 8) =11; a value of =0:6(c; = 1:4) was found to
give good agreement with experimental data. SincelBO0is a truncated form of
Eq. 11.89it does not satisfy all requirements that Bq..89do. Equationl1.90does
satisfy symmetry condition and continuity but it does ndis$p the integral condition
in Eq. 11.83 Although Eq.11.90is a simpler, truncated version of Ef1.89 it is
often found to give more accurate resulBd][ Since the IP model is both simpler and
seems to be more accurate than Ef89 it is one of the most popular models of the
rapid pressure-strain term. The coef cients for the slowl aapid terms in the LRR
and LRR-IP models are summarized in Table1l
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LRR model | LRR-IP model
¢ (Eq.11.57 1.5 1.5
¢ (Eg.11.89 04
¢ (Eg.11.99 0:6

Table 11.1: Constants in the LRR and LRR-IP pressure-strain models.

X2

X1

e

Figure 11.4: Modeling of wall correction in pressure-strain terms.

11.7.6 Wall model of the pressure-strain term

When we derived the rapid pressure-strain model using Gréamction in Eq.11.68
we neglected the in uence of any boundaries. In wall-bouhdemains it turns out
that the effect of the walls must be taken into account. Bo#hrapid term in the LRR
model and the IP model must be modi ed to include wall modglin

The effect of the wall is to dampen turbulence. There are tainreffects whose
underlying physics are entirely different.

1. Viscosity. Close to the wall the viscous processes (viscous diffuairahdissi-
pation) dominate over the turbulent ones (production araltent diffusion).

2. Pressure When a uid particle approaches a wall, the presence of thiéig/felt
by the uid particle over a long distance. This is true for aduparticle carried
by the wind approaching a building as well as for a uid pddicarried by a
uctuating velocity approaching the wall in a turbulent balary layer. In both
cases it is the pressure that informs the uid particle ofghesence of the wall.

Since the pressure-strain term includes the uctuatingguee, it is obviously the
second of these two processes that we want to include in thenedel. Up to now
we have introduced two terms for modeling the pressuréndieam, the slow and the
fast term. It is suitable to include a slow and a fasil model term, i.e.

i = et o2t jaw T gew (11.91)

where subscripv denotes wall modeling.

Consider a wall, see Fid.1.4 The pressure uctuations dampens the wall-normal
uctuations. Furthermore, the damping effect of the wabhshl decrease for increasing
wall distance. We need to scale the wall-normal distanck aitelevant quantity and
the turbulent length scal&®=?=", seems to be a good candidate. For the wall-normal
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uctuations, the IP wall model read8¥§)

221w = 201w —VEf
(K )
K2 (11.92)
f = min - —:1:0
255Niw (Xi  Xiw )"

wheren;y (X; X;w ) denotes the distance to the wdllmay exceed one near the wall
and that's why we put an upper limit on it. As explained abdkiss damping is inviscid
(due to pressure) and affects the turbulent uctuationd iméd the log-region. It has
nothing to do with viscous damping. Away from the wall, in foély turbulent region,
the damping function goes to zero since the distance to thle jway (Xi  Xiw )j,
increases faster than the turbulence length skdfé=". Moreover, functiorf should
not exceed one.

The IP wall model for the wall-parallel uctuations reads

111w = 331w = Ciw Evng (11.93)

The requirement that the sum of the pressure strain termdbewero. i.e. . 1w =
0, is now satis ed since 11.1w + 221w + 332w = 0.
The wall model for the shear stress is set as

3
121w = EcleV?ng (11.94)

The factor3=2 is needed to ensure thaj. 1,v = O is satis ed when the coordinate sys-
temis rotated. You can prove this by rotating the mdtrii.1w; 12:1w; 21:1w;  22:1w]
and taking the trace of in the principal coordinates system (i.e. taking the sunimef t
eigenvalues).

The general formula for a wall that is not aligned with a Csige coordinate axis
reads B5|

" . - 3—
ij; 1w = Ciw E VEV% Nicw Nm;w ij EVEViOnk;W nj;w EVEV]‘Oni;W Niw f
(11.95)
An analogous wall model is used for the rapid part which reads
_ 3
ij; 2w — Cow km; 2Nicw Nm;w ij E ki; 2Nk;w nj;w E kij; 2Ni:w Nkw f

(11.96)
In SectionAG, you nd some detail on how to compute one of the temﬁsq% Niew Nmew -

11.8 Thek " model

The exack equation is given by EdL1.23 By inserting the model assumptions for
the turbulent diffusion (Eql1.40, the production (Eql1.39 and the buoyancy term
(Egs.11.35and11.39 we get thanodeledequation foik

@ @k_ @ @ @ . @

— Tt Vi—=——= —+ 0 ———
@t @x @x @x @x (11.97)

ERCL
@x Kk @x
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In the same way, the model&a:quation is obtained from EG1.29

@"+ @' _ " @ @ o
—+Vi—==C1{ ——t+t — ——
@t " @x k @x @x @x
. o . (11.98)
N . @ @ . @
C1gyr——=- Co—+ — =
k @x k  @x - @x
The turbulent viscosity is computed as
2
t=20C If—l (1199)
The standard values for the coef cients read
(c ;c15C2; k; »)=(0:09; 1:44;1:92;1;1:3) (11.100)

For details on how to obtain these constants are obtainedseetionl1.14.2and
Section 3 inintroduction to turbulence modelk that report, details on wall-functions
and low-Reynolds number models can be found in Sections 3 aregpectively.
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11.9 The modeled/3? equation with IP model

With the models for diffusion, pressure-strain and dissggawe get the_Rynolds
Stress Model [RSM]

@’
ﬁ (unsteady term)
V] @TP = (convection)
’ =
@x
v E% vjov,?% (production)
) :
G vy 3i k  (pressure strairn slow part)
2 k . .
C Pj 3 i P (pressure strain rapid part; IP model))
tow vovO nknm i va2ngn;
35050 i :
ivi v/ngni f (pressure strair wall; slow part)
3
+ Cow km; 2Nk Nm_ jj 5 ik 2Nk N;
3 . .
5 ik 2ngn;  f (pressure strain wall; rapid part ; IP model))
GV o
@Xl@Jﬁ (viscous di usion)
@?? o
& -t @'%’ (turbulent di usion)
k

g VYO0 g VPO (buoyancy production)
% j (dissipation)
(11.101)

11.10 Algebraic Reynolds Stress Model (ASM)

The Algebraic Reynolds tBess_Model is a simpli ed Reynolds Stress Model. The
RSM andk " models are written in symbolic form (see}29& 132 as:

RSM : Cj Dj = Pj + i

1]
11.102
k " : Ck Dk = Pk n ( )

In ASM we assume that the transport (convective and dif&)sdf vijO is related to

that ofk, i.e. L

Vio‘/j0 k k

— C* D
k
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Inserting Eq11.102into the equation above gives

SNV
Pij + i i = T P (11103)
Thus the transport equation (PDE) f\zﬁ—vjo has been transformed into atgebraic
equation based on the assumption in E102
Now we want to re-write this equation as an equationW. Insert the IP models
for ;1 (Eg.11.57 and j; 2 (EQ.11.90 and the isotropic model fo¥; (Eq.11.49
in Eq.11.103and multiply byk="so that

?Pij a VAP % i K 02¥ Pj % i PX g i K
= (i aw |12w)=EPk "
Collect allv/? terms so that
VAP P—k 1+c =
) E Pi < Pj % i PXO+ lw'; iow t % i kK( 1+ c1)
=% Pil i gpk C2 Pj g iPY + awt oaw * é j K(P¥="| 1+ cy)

where(2=3) jj P¥k="was added and subtracted at the last line (shown in boxes). Di
viding both sides byPk=" 1+ ¢; gives nally
—go_ 2 k(L o) Pi ZiP* + jaw+ jiow
00 = < . " J 3 I; I;
gkt G+ PF= 1
In boundary layer ow Eqg.11.104reads (without any wall terms, i.e.j 1w =
ij; 2w = O)

(11.104)

¢ 1+ Cgpk=II k2 @

(i 1+Pk=") " @y

2
vivg = 3 1 o)
. - .

As can be seen, this model can be seen as an extension of avieddgity model
where thec constant is made a function of the raBé=".

11.11 Explicit ASM (EASM or EARSM)

Equation11.104is animplicit equation forviTjo, i.e. the Reynolds stresses appear both
on the left and the right side of the equation. It would of c@ube advantageous to
be able to get aexplicit expression for the Reynolds stresses. P& fnanaged

to derive an expliciexpression for ASM in two dimensions. He assumed that the
Reynolds stress tensor can be expressed in the strairerserfs; , and the vorticity
tensor, j . Furthermore, he showed that the coef cier@!, in that expression can
be a function of not more than the following ve invariants

(K2="2)si 555 (K2="2) 5 jis (K3="%)sj Sjk Ski

K3="%) i ksk: (K*="Y) ik Skm Smi

(11.105)
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In two dimension the expression reads

a0 = 2 w K2 o K
vV = §k j + GV osj + G 5(sk ik Skj ) (11.106)

In general three-dimensional ow, the Reynolds stressdedgpends on 10 ten-
sors, Ty [36], i.e.

¥0
ety

VA0 Kk

wWIN

n=1

1
1w . T2_ LT3 _
Ti=sij; Ti =Sk k§ Sk ki; Tj = SkSk 3 i Smk Skm

1

1
4 _ . 5 _
Ti' = k 30k ks TP = kSkmSmj  Sim Smk ki
2
6 —
TP = im mkSk * Sk km m 30 pmomk Skp
7 — . 8 _
Tij = imSmk kn nj im  mk Skn nj » Tij = Sim  mk Skn Snj Sim Smk  kn Snj
9 _ 2
Tij = im  mk Skn Snj Sim Smk  kn nj 3 i pm mk Skn Snp
10 —
Ti" = imSmkSkn np pi im  mk Skn Snp  pj

(11.107)

whereG(") may depend on the ve invariants in E41.105 Equation11.107is a
general form of a non-linear eddy-viscosity model. Any ASMyrbe written on the
form of Eq.11.107

It may be noted that Edl1.107includes only linear and quadratic terms syf
and ;. That is because of Cayley-Hamilton theorem which states ahsecond-
order tensor satis es its own characteristic equation &saionAF.1 and Section 1.20
in [30]); hence cubic terms or higher can recursively be expressédear (5; ) and
quadratic tensorsg Si; ). Furthermore, note that all terms in Bd..107are symmetric
and traceless as required by the left SW 2 i k=3.

11.12 Derivation of the Explicit Algebraic Reynolds Stressviodel
(EARSM)

The algebraic stress model (ASM) is given by BG.104 This equation igmplicit,
since the Reynolds stresses appear on the right side (inrtisiigtion and the rapid
pressure-strain terms). In this section we will deriveeaplicit algebraic Reynolds
stress model (EARSM). The derivation presented here iscbaisg37]. Whereas the
ASM employs the IP model (E4.1.90 for the rapid pressure-strain term, the EARSM
is based on the LRR model (E41.89. Thus we start with Eql1.103using the Rotta
model for the slow part (EdL1.57 and the LRR model (Ed.1.89 for the rapid part.

2 c;+8 2
(@ + 3 JPC ") =P aay —211 Pi 3 P
8c, 2 2 60c, 4 2,
11 D3 P 55 KSi 3

(11.108)
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where the anisotropy tense; , in Eq.11.59is used on the left side. The wall correc-
tion terms are neglected (as they usually are in the LRR mod&juation11.108is
re-arranged as

2 Cc+8 2
aj (P*+ca" ")=P 3 i PX 211 Pi 3 P
11.109
8, 2 2 K 60c, 4 ( )
1 P3P 55 K

Now we introduce the anisotropy tensay,, also on the right side. Start by ex-
pressing the production terrR; (see Eqll.1)ina;,s; and j (see Eq9.19

2 2
Pij = k(ax + 3 Kk sk + k) k(ak + 3 Ik )(sik + k)
4
= éksij kai (sik + jk) Kak(sk + i) (11.110)
4
= éksij K(sik @ik + ajk Ski) + K(ak «; ik & )

The production termPX, is equal to0:5P; , and Eq.11.110gives
PK = ks ai (11.111)
so that we can express tRé terms on the right side in E4.1.109as

2
éiij 1+

cC,+8 8c, 2 _ 2 ) L 9%, 5
11 YT T 3 ikSkak—g

(11.112)

Dj is the same thing a8; except that the indices on the velocity gradients (i.e.
the tensorsa and in Eq. 11.110are switched), see E4.1.88 Hence we get (cf.
Eq.11.110Q

4
Dij = gksi  K(skad + axsa)  ka ik A ) (11.113)

Collect all terms including;; , sj andDj in Eq.11.109

c,+8 8 2 60c, 4

2
T 17 i 55 KSi 3 i KSmn @ —g

Inserting Eqs11.110and11.113gives

c,+8 4

k1 11 ésij (Sik @ik + @k Ski) + (@ K ik & )
8 2 4
k 211 35 (Skai + akski) (qik K kag)  (11.114)
9%, 5 60 4
§ ij KSmn @nm 11 5 kSij
Gathering all terms including; gives
c+8 8 2 360c; 4 _ 8

4
éksij 1 kSij (11.115)

+ = =
11 11 4 55 15
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The terms including the product of the tensarsnds in Eq.11.114read

ct+8 8, 2
k 1 21—1 (Sik @k + &k Ski) + 211 K(Sjk axi + ajk Ski) =
) (11.116)
1—1(Sjk ai + ajk Ski)(9c2  5)
and the product of the tensaasand in Eq.11.114read
c+8 8, 2
k 1 211 aik ik &kt kiT(aik ki ik g ) =
(11.117)

k
1—1(aik K ik & )(L+7¢)

Using Egs11.11511.116 11.117and the underlined term in E41.114 Eq.11.114

can now be written

8 1+7¢c

k—sj + k———
15" 11

9%, 5

11

(ak K ik aj )

> (11.118)
+k Sik 8 + @jk Ski 3 i KSmn @nm
Equation11.118is the right side of Eq11.109 Insert Eq.11.118into Eq.11.109and
divide by"

pk k 8 kl1+7¢
a8 ——*tca 1 = w1eSi * FT(aik K ik & )
(11.119)
k 9%, 5
t o Sk @i + kS 7 i KSmn anm

o1

The coef cient,c,, in the LRR model is usually set i@ = 0:4, see Tablel1l.1
In [38-40Q], they noted that the relation in Efj1.119is substantially simpli ed ifc, =
5=9. This assumption is made in EARSK{], which gives

Pk 4
alj T + Cl 1 = 1_5$ij + §(aik Kj ik ak] ) (11120)

where the strain-rate and vorticity tensors are made nore$ional

k k
= ¥Si s i = ow i (11.121)

S ij "

i

Equationl1.120can now be written as

6

Naj = gsij + (ai Ki i 8 ) (11.122)
Pk o, o9

N=—Jm+c o=@ 1) (11.123)

The most general form @i is given by Eq11.107 In two-dimensional ow, it is
suf cient to include only the two rst terms (see EAF.2), i.e.

aj = 18§ * 4(Sim mj  im Smj) (11.124)
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where we now denote the coef cients by and 4 as in B7]. In order to solve
Eq.11.122insert Eq.11.124which gives

6
N( 1S5 + alsik i ik Sij ) = gsij +( 1Sk + a(Sim mk im Smk ) kj
k 1S4t a(Skm  mj km Smj
= gsij + 1Sk i kS)+t 4(Sm mk Kk 2 mSmk Kt Kk kmSmj)
(11.125)

The last term including4 can be considerably simpli ed. Recall thai; = ,, =0
and , = 21, See Eql.11 We get for the 11 component of Efl.125

Sim mk k1 2 1m Smk k1+

1k km Sm1
~ _ mem (11.126)
=S11 12 21 2 12502 at 12 2151174511 12«

sinces;; = Sy, (S; = 0 due to continuity). In the same way we g, 1, » for
the 22 component. The 12 component (and the 21 componedt) rea

Slm mk k2 2 im Smk k2 + 1k km Sm 2
=S15 21 12 2 1251 12t 12 21512 (11.127)
=S;p 21 1212 1550 At 12 251274 12 21512

We nd that the last term including4 in Eq.11.125can be written a&ll s; where
I = n mk = 12 21F 21 12 =2 15 . Equationll.125can now be
re-written as

6
N( 1S5 + alsSk ik Sij ) = gsij + sk i kSq)t+2 all s
(11.128)
Separating; and(sy i Sij ) we get two equations for, and 4
N 1= 9 +2 4ll
5 (11.129)
N 4= 1
so that
6 1
4T BNZ 21 (11.130)
6 N '
17 BNZ 2

In order to get the nal equation faX, multiply Eq.11.124by s, and then take the
trace (which is equal to the producti®f =" = g; s, see Eq11.11), i.e.

Pk
- a.ij Sji = ]_” s+ 4(Sim mij im Smj )S] (11131)

wherell s = s; s . The 4term reads

(S12 = 12521)S11
+(S11 12 12522)S21 (11.132)
(S n 21511)S12

+(Sp1 12 21512)S22 =0
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since line 2 and 3 are zero and line 1 and 4 cancel each othee  ,;,S15 = Sy

ands;; = S,,). 1 isnow obtained from Edl1.131as
Pk
1= — (11.133)
s
Inserting ; in Eq.11.130gives
P 6 N
— = I 11.134
T 5NZ 2n (11.134)
Equationsl1.123and11.134gives nally an equation foN
96 N 0
= - + .
2ENZ o Vst A (11.135)
which is re-written as
27
N(NZ 21 ) 1—OIISN (N2 21l )=0
so that
3 On| 2 27 0 —0N-
N2 N “ZlNlg+21l  N+2d&8Il =0:
10
The analytical solution for the positive root rea@3][
0 p__ 1=3 p — p — 1=3
N=Z+ P+ P +signPi P, Pu P P2 O
" I#
c 1=6 1 P,
N=2+2 P2 P COS - arccos p——— ;P,<0
3 1 2 3 Plz Pg 2
(11.136)
where0 in arccos() and
1 9 2
Pi= —c@+ —llsg =l 9
17 7% T p's 3 @ (11137
P, = P? }c@+ 3|| + Il 3 |
2771 91 10 °7 3

Equation11.137is valid for two-dimensional ow. For three-dimensionalwg
Eq.11.124includes more (six) of the terms ih1.107 This derivation is given in37].
It results in @™ -order equation foN which must be solved numerically.

Inthe original LRR modelg; = 1:5andc; = 0:4 (see Tabld1.]). In the EARSM,
c1 = 1:8andc, = 5=9; recall that this choice aof, simpli es the rapid pressure-strain
model (cf. Eqs11.119and11.120.

11.13 Boundary layer ow

In order to better understand the Reynolds stress equddpri,1.101] it is useful to
look at its source terms which to a large degree govern theninate ofvf’\/jo. A

large source term in the equation for @ equation, for example, will increasé?
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X2

Figure 11.5: Boundary layer ow.

and vice versa, see Secti@rl Let us study boundary layer ow (Figl1.5 where
v2' 0, @1=@%x @1=@x. The productiorP; has the form:

@; @
P, = VAT —L v°v°
! k@x “@x
In this special case we get:
50 @
P = 2V8V8@—;
@
P = ng@—;
P22 =0

Is @ zero because its production tefa, is zero? No! The sympathetic term; ,
which takes from the rich (i.evj ) and gives to the poor (i.ev5 ) saves the unfair
situation! The IP model for j; 1 and i 2 (Eq.11.59 and j; » (Eq.11.9() gives

"o
22:1 = ClE ék Vg >0

1 @
22,2 = 02§P11 = G5 V(l)VO@l >0

Note also that the dissipation term for thgv? is zero, but it takes the valug" for

the@ and@ equations (see [39. Since the modeles{v does not have any
dissipation term, the question arises: what is the maintgink in thevv§ equation?
The answer is, again, the pressure strain tefp; and  12.5.

11.14 Wall boundary conditions

There are two options for treating the wall boundary condai

Use a coarse mesh near the walls and assume that the logari#fwapplies.
This is calledwall functions

Use a ne mesh near the walls and modify the turbulence mddedscount for
the viscous effects. This is callédw-Reynolds number models
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Figure 11.7: Wall-adjacent cell. Cell-centered nite volume grid.

11.14.1 Wall Functions

The natural way to treat wall boundaries is to make the grictigntly ne so that
the sharp gradients prevailing there are resolved. Oftdrermwcomputing complex
three-dimensional ow, that requires too much computeougses. An alternative is to
assumehat the ow near the wall behaves like a turbulent boundaygl (see Fig6.2)
and prescribe boundary conditions employing wall funaiobhe assumption that the
ow near the wall has the characteristics of a that in a boupttgyer if often not true
at all. However, given a maximum number of nodes that we ctorchfo use in a
computation, it is often preferable to use wall functiondahkhallows us to use ne
grid in other regions where the gradients of the ow variatdee large.

The log-law we use can be written as

Vi 1In Eu Xz
u (11.138)
E=9:0
Comparing this with the standard form of the log-law (see@®g§3
L’—l =l UXe g (11.139)
We nd that 1
B==InE:
We compute the friction velocity from Equatidri.138as
V1P (11.140)

- In(Eu x2=)
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Figure 11.8: Turbulent kinetic energy in a boundary layer predicted bygeadEddy Simulations
atRe =18200 [42].

wherevy.p is the velocity in the wall-adjacent cell amx; is the distance from the cell
centerP, to the wall, see Figl1.7. Equationl1.140is solved by iterating (the newest
value ofu is inserted at the right-hand side at every iteration). Tqwaéon converges
very quickly. The wall shear stressy = u? (see Eq6.16) is then used as a force
wall boundary condition for the; equation.

For the wall-normal velocityy,, it is much easier. The convective velocity is zero
at the wall and hence, = 0. It is the diffusion term in the; equation which causes
the problems: then we must estimate the gradigntz@x at the wall, and that's why
we need to use the log law.

In a turbulent boundary layer the production term and theiplédion term in the
log-law region 80 < x ; < 400) are much larger than the other terms, see R3g3.
and11.6 Hence, we can approximate the modekegiquation (see EQ.1.97 as

@ °
0=pPkK "= — " 11.141
T ( )

where we have assumed that the buoyancy term is zero. IngHawregion the shear

stress vV is equal to the wall shear stresg, see Eq6.26 and Fig.6.3 The
Boussinesq assumption for the shear stress reads (se@.Fegnd11.33

w= V0= t% (11.142)
Inserting Eq11.142into Eq.11.141gives
0= @ "= —4 " (11.143)
t t
which with Eq.11.99gives )
C = % (11.144)

From experiments and DNS we have that in the log-law regioa bbundary layer
u?=k ' 0:3so thatC = 0:09, see Figs6.8 and11.8 (it may be noted that the C

constant
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DNS/LES data give a slightly larger valuesksfu? than1=0:3).

When we are using wall functionsand" are not solved at the nodes adjacent to
the walls. Instead they are xed according to the theory @nésd above. The turbulentb.c. for k
kinetic energy is set from Eq.1.144 i.e.

ke = C 72u? 11.145
P ( )

where the friction velocity is obtained, iteratively, from the log-law (Efj1.1389.
IndexP denotes the rst interior node (adjacent to the wall).
The dissipatior! is obtained from Eql1.141 The dissipation can thus be written
as b.c. for™"

3
"o = pk= (11.146)
X 2

where the velocity gradientin the production tePrh = vivi@an=@x" uZ@=@x
is computed from the log-law (see E@s28and11.139, i.e.

@ u .
@x X (11.147)
For the velocity component parallel to the wall the wall shetaess is used as ab.c. for veloc-
force boundary condition (cf. prescribing heat ux in thetgerature equation). Whenity
the wall is not parallel to any velocity component, it is memnvenient to prescribe
the turbulent viscosityJ7].
The log-law is valid for30 < x; < 400 If x; for some wall-adjacent cells is
small, the friction velocityu , is obtained from the linear law (see Ej22), i.e.

Vip =2
u = — (11.148)
X2

The point at which we switch from the log-law to the linear lsnaken atx; = 11
which is the intersection point of the two laws. Bor < 11, v; is set to zero at the
wall andk and" are set from Eqsl1.145and11.146takingu from Eq.11.148 For
11<x3; < 30, a combination of the linear law and the log-law is sometinmgsd. In
many commercial codes they interpolate between the lim@aahd the log-law for the
velocity,k and". In STAR-CCM+ this is calledll y+ Wall Treatment

11.14.2 Low-Re Number Turbulence Models

In the previous section we discussed wall functions whiehused in order to reduce
the number of cells. However, we must be aware that this ipproaimation which, if
the ow near the boundary is important, can be rather crudenény internal ows —
where all boundaries are either walls, symmetry planest orl outlets — the boundary
layer may not be that important, as the ow eld is often press-determined. For
external ows (for example ow around cars, ships, aerogaetc.), however, the ow
conditions in the boundaries are almost invariably impart&/hen we are predicting
heat transfer it is in general no good idea to use wall funstibecause the heat transfer
at the walls are very important for the temperature eld ia thhole domain.

When we chose not to use wall functions we thus insert sufittiemany grid lines
near solid boundaries so that the boundary layer can be atidguesolved. How-
ever, when the wall is approached the viscous effects becoone important and for
X5 < 5the ow is viscous dominating, i.e. the viscous diffusiommich larger that
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Figure 11.9: Direct numerical simulations4B]. Re = vi.c = = 7890 (subscriptC denotes

the center of the channely =vi.c = 0:050. Energy balance ik equation. ProductioR*,
dissipation”, turbulent diffusion (by velocity triple correlations apdessureD”™ + DP, and
viscous diffusiorD . All terms have been scaled withf = .

the turbulent one (see Fig1.9. Thus, the turbulence models presented so far may
not be correct since fully turbulent conditions have beesuaged; this type of models
are often referred to as higRe number models. In this section we will discuss mod-
i cations of high-Re number models so that they can be used all the way down to the
wall. These modi ed models are calléolw Reynolds number modeNote that “high
Reynolds number” and “low Reynolds number” dot refer to the global Reynolds
number (for exampl®e_ , Reyx, Rey etc.) but here we are talking about the local tur-
bulent Reynolds numbd&e = U= formed by a turbulent uctuation and turbulent
length scale, see E§.16 This Reynolds number varies throughout the computational
domain and is proportional to the ratio of the turbulent ahgsical viscosity (= , i.e.
Re- / = . This ratio is of the order of 100 or larger in fully turbuleotv and it
goes to zero when a wall is approached.

We start by studying how various quantities behave closedovall whenx, ! 0.
Taylor expansion of the uctuating velocitieg (also valid for the mean velocitias)
gives

VY= ag+ aixp + apx3 + 1::
VY= by + byXo + bpx2 + i (11.149)
VY= Co+ CiXp + CoX5 + ii:
whereag : :: ¢, are functions ok, x3 andt. At the wall we have no-slip conditions,
i.e.v?= vl = v§ =0 which givesag = by = co. Furthermore, at the wal®J=@x =

@9:@3 = 0 so that the continuity equation giv@9=@x = 0. This means that
bh = 0. Equation11.149can now be written

= Xy + axi+
Vi = X3 + ::: (11.150)
CiXz2 + CX5+ :::

<
i
|
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Figure 11.10: Flow between two parallel plates. Direct numerical saﬁiaﬂ [43]. Re =
vic = =7890.u =vic = 0:050. Fluctuating velocity components = Wi.

From Eqg.11.150we immediately get

v® = ax3+ i = O(x3)
vg = Bx§+ = O(x3)
Vg = GX3+ = O(x3)
W =ambdro =0k
k = 1@+ Pxg+ 1 = O(x3) (11.151)
@1=@x = a3+ = O(x3)
@F@x = a+::: = O(x3)
@%=@x =2bxo+ ::: = O(x3)
@F@x =ci+ i = O(x3)

In Fig. 11.10DNS data of velocity uctuations for the fully developed om a
channel are presented.

11.14.3 Low-Rek " Models

There exist a number of Low-Re numbder " models §4-48]. When deriving low-
Re models it is common to study the behavior of the terms wheh 0 in the exact
equations and require that the corresponding terms in thaehea equations behave
in the same way. Let us study the exkaquation near the wall (see B27).

@k @k W@ @V} @ 1—5a0

Vi—+ Vo—— = 9 — ZviAP
@x @x |_{Zgg>§ @x | @x FZS }
o}
(2 o0x) (11.152)
@k ooy
o1 | ayey
O(x3)

The dissipation term includes all velocity gradients bustuf them go to zero close
to the wall, see Eql1.151 The only velocity gradients that do not go to zero are
@9=@x and@§=@x and hence / O (xJ). The pressure diffusio@VI=@ x term
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~0 5 10 15 20 25 30

X2
Figure 11.11: Flow between two parallel plates. Direct numerical sinmiols [43]. Re =
vic = = 7890. u =vi.c = 0:050. Energy balance ik equation. Turbulent diffusion by

velocity triple correlation® ", Turbulent diffusion by pressuf@®, and viscous diffusiol .
All terms have been scaled witf = .

is usually neglected, partly because it is not measurahle partly because close to
the wall it is not important, see Fig1.11(see also49]). The modelled equation reads
(see Eql1.99)

@k @_ @ °, @ . @k

Vie—+ Vo—= ¢ — + — —
@x @x I—Q)‘(—} I@)‘( @ @)g}
O(x3) O(x3) (11.153)
ek,
@3 |z

O(x3)
When arriving at that the production term@¢x3) we have used

_ e Ko _

= C = 56 o(x3) (11.154)

Comparing Egsl1.152and11.153we nd that the dissipation term in the modelled
equation behaves in the same way as in the exact equationxghkn 0. However,
both the modelled production and the diffusion term ar©@%3) whereas the exact
terms are ofO(x3). This inconsistency of the modelled terms can be removed by
replacing theC constantbyC f wheref isa damping functiof so that

f =0(x,1) (11.155)

whenx, ! Oandf ! 1whenx; 50. Now we get; = O(x3). Please note that
the term “damping term” in this case is not correct sificeactually is increasing
whenx, ! Orather than damping it. However, it is common to call all I&e-number
functions for “damping functions”.

Instead of introducing a damping functibn, we can choose to solve for a modi ed
dissipation which is denotéd see Refs.47,50]

Itis possible to compare the exact and the modéleguation when deriving damp-
ing functions for the' equation $1]. An alternative way is to study the modelled
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equation near the wall and keep only the terms which do nat terrero. From
Eq.11.29we get (note tha®"=@»= O(xJ), @"=@x= O(x9))

@ e._. ", @ .@

Vi—+ V,—=C1—P"+ — ——

R L ALl

v okl (;;TZ) "20(x§) (11.156)
+ = Co

The left-side has been written on non-conservative form Sectior?.4) which makes

it easier to see that the term goes to zero at the wall. Funthie, it has been assumed
that the turbulent viscosity has been suitable modi ed st th= O(x3). We nd that
the only terms which do not vanish at the wall are the viscafigsion term and the
dissipation term so that close to the wall the dissipatiama¢ign reads

@" "2
@—g C"Z ?.

This equation needs to be modi ed since the diffusion ternmed balance the destruc-
tion term wherx, ! 0. We multiply the destruction term by, / O (x3) For more
details, seed7].

0= (11.157)

11.14.4 Wall boundary Condition for k

The wall boundary condition dfis simple. Since the rst cell is in the viscous sublayer

+

(x5 ' 1) and the turbulent uctuations are zero at the wall we set

k=0 (11.158)

11.14.5 Different ways of prescribing' at or near the wall

When setting wall boundary condition fomwe look at thek equation. The largest term
in thek equation (see EdL1.153 close to the wall, are the dissipation term and the
viscous diffusion term which both are 6f(x3) so that

@k
0= — "™ 11.159
o1 (e
From this equation we get immediately a boundary conditiot fas
@k
" = —: 11.160
wall @g ( )

From Eq.11.159we can derive alternative boundary conditions. The exaot fuf
the dissipation term close to the wall reads (see8&2j)

( )
. @—92+ @_82

o o (11.161)



11.14. Wall boundary conditions 165

where@=@x @=@X @=@and@y=@x' @F=@x @Y=@xhave been

assumed. Using Taylor expansion gives (seelBdql50

iy

= ¥+

q + 0 (11.162)

In the same way we get an expression for the turbulent kieetiegy (see Ed.1.15Q

1 — —
k=3 a2+ x5+ (11.163)
so that I,
é’ kK _1 5. =
Gx "2 az+ ¢ o+ (11.164)
Comparing Eqsl1.162and11.164we nd
1
" =2 @ : (11.165)
wall @! . .
In manyk " models the following form is used
. k
P=2 — (11.166)
X2

where subscrig® denotes wall-adjacent cells, see Hid.7 Thisis not really a bound-

ary condition; instead we prescribieat the wall-adjacent cells. This is obtained by

assumingy = ¢; in Egs.11.162and11.163so that
"=2 a_%

_ (11.167)

k= a?x3

which gives Eql1.166
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Figure 12.1: Stable strati cation due to positive temperature grad@+@x > 0.

12 Reynolds stress models vs. eddy-viscosity models

In this section we present three fundamental physical psEswhich Reynolds stress
models are able to handle whereas eddy-viscosity modéls Tdie reason for the
superiority of the former model is in all cases that the patidun term is treated exactly,
whereas in eddy-viscosity models it is modeled.

12.1 Stable and unstable strati cation

In ows where buoyancy is dominating, the temperature haargd effect on the tur-
bulence through the buoyancy tef®; , see Eq11.11 If the temperature increases
upwards (i.e.@=@x» > 0), then the ow isstably stratied . This is illustrated in
Fig. 12.1 Consider@=@x > 0. This means that the density decreases with increas-
ing vertical height, i.,e@ =@x< 0. If a uid particle is displaced from its equilibrium
level 0 up to level2, see Figl12.1 it is heavier then the surrounding at this new level
( 0 > 2). Hence, the buoyancy forces the particle back to its oaigisition0. In
this way the vertical turbulent uctuations are dampeneidhifarly if a particle origi-
nating at leveD, is moved down to level. Here it is lighter than its new environment,
and buoyancy takes it back to its original leGel

For the case ofinstable strati cation, the situation is reversed. Cold uid is
located on top of hot uid, i.,e@=@» < 0and@ =@x> 0. In Fig.12.1we would
then have , > 4. If a uid particle at levelO is displaced upwards to levé| it is
at this location lighter than its new environment; henceittues to move upwards.
If it is moved down to levell it is heavier than its new environments and it will then
continue downwards. Hence, turbulent uctuations are eckd. This ow situation
is calledunstable strati cation .

Now we will investigate how the Reynolds stress model bebanestable con-
ditions, i.e. when@=@x > 0. The production term due to buoyancy reads (see
Eq.11.1)

Ga3 = Zg Vg 0 (121)
sinceg; = (0;0; g). From the equation for the turbulent heat u@(i.e. Eq.11.22
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with i = 3), we nd the production term fovJ ©

0 @ @3
P = vivi— 0 0—= 12.2
: Tkeox Tk ox (12.2)
In the case illustrated in Fidl2.1, the production term due to temperature gradient
readsP; = VvZ@=@x < O (recall that we assume that buoyancy dominates so that

the rst term in Eg.12.2is much larger than the second one). Since the main source
term in the@ equation,Ps , is negative, it make@ < 0so thatGsz < 0 (see
Eq.12.7). Thus, for the case illustrated in Fi$j2.1, we nd that the production term,
Ga3, due to buoyancy yields a damping of the vertical uctuati@s it should. Note
that the horizontal turbulent uctuations are not affectsdthe buoyancy ternG;; ,
sinceG1; = Gy = 0 because the gravity is in the direction (i.e.g1 = g = 0).

If the situation in Fig12.1is reversed so tha@=@x < 0 the vertical uctuations
are instead augmented. This is calletstably strati ed conditions.

When eddy-viscosity models are used, transport equati@nssually not solved
for WO. Instead the heat ux tensor is modeled with an eddy-viggasssumption
using the Boussinesq assumption, see Fiq35 The buoyancy termG¥, in thek
equation reads, see Efjl.11(take the trace o6; and divide by two)

GX=05G; = g VO (12.3)
Forg =(0;0; g@),itreadsGk = g v§ Owhich with Eq.11.35gives

@
Gk= g L= 12.4
@x (12.4)
Hence it is seen that in stably strati ed conditio®¢ < 0 as required. The differ-
ence between an eddy-viscosity model and a Reynolds stiedsins that the former
reducek whereas the latter reduces only the vertical uctuations.

12.2 Curvature effects

When the streamlines in boundary layer ow have a convexaume, the turbulence
is stabilized. This dampens the turbulen&@, B3], especially the shear stress and
the Reynolds stress normal to the wall. Concave curvatuséalddizes the turbu-
lence. The ratio of boundary layer thicknes$o curvature radiu® is a common
parameter for quantifying the curvature effects on theuletce. The work reviewed
by Bradshaw $2] demonstrates that even such small amounts of convex cuevas
=R = 0:01 can have a signi cant effect on the turbulence. 5d][they carried out an
experimental investigation on a con guration simulatifg tow near a trailing edge
of an airfoil, where they measuredR ' 0:03. They reported a 50 percent decrease
of v® (Reynolds stress in the normal direction to the wall) owiogtrvature. The
reduction of v and  v)v9 was also substantial. In addition they reported signi cant
damping of the turbulence in the shear layer in the outergfdhte separation region.
An illustrative model case is curved boundary layer ow, $6g. 12.2 A polar

coordinate system with * locally aligned with the streamline is introduced. As
v = v (r) (with @v=@r >0 andv, = 0), the radial inviscid momentum equation
(i.e. the terms including viscosity are omitted) degeres&b

v @p_

. ar 0 (12.5)
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Figure 12.2: Flow in a polar coordinate system illustrating streamlinevature. The streamline
is aligned with the axis.

Vi streamline

Figure 12.3: Streamline curvature occurring when the ow approachesef@mple, a separa-
tion region or an obstacle.

Here the variables are instantaneous or laminar. The bagatiforce exerts a force in
the normal direction (outward) on a uid following the straine, which is balanced
by the pressure gradient. Since we have assume@hkat@r >0, Eq.12.5shows that
the pressure gradient increases withf the uid by some disturbance (e.g. turbulent
uctuation) is displaced outwards to level A, it encountargpressure gradient larger
than that to which it was accustomedrat ro, since(v ), > (v ),, which from
Eqg. 12.5gives(@p=@4 > (@p=@y. Hence the uid is forced back to = ro.
Similarly, if the uid is displaced inwards to level B, the ggsure gradient is smaller
here than at = ry and cannot keep the uid at level B. Instead the centrifugaté
drives it back to its original level.

Itis clear from the model problem above that convex cungtwhen@v=@r >0,
has a stabilizing effect on (turbulent) uctuations, atdean the radial direction. It is
discussed below how the Reynolds stress model responde#ordine curvature.

Assume that there is a at-plate boundary layer ow, see Hig.3 The ratio of
the normal stresses/® to V& is typically 5 (or more). At one; station, the ow
is de ected upwards. How will this affect turbulence? Letaigdy the effect of con-
cave streamline curvature. The production tefPpsowing to rotational strains (i.e.
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@ =@>0 | @ =@<0

convex curvature | stabilizing | destabilizing
concave curvature | destabilizing| stabilizing

Table 12.1: Effect of streamline curvature on turbulence.

vi(X2)

X2

X1

Figure 12.4: The velocity pro le for a wall jet.

@1=@x%, @,=@x) can be written as (see Efj1.1):

RSM;V® eq: Py = 2000 gl (12.6a)

RSM; vV eq: P =| V@ g; @% (12.6b)

RSM;v@ eq: Pyp=| 2v08 gz (12.6¢)
I

k " Pk=, g; % (12.6d)

The terms in boxes appear because of the streamline cugvatur

As long as the streamlines are parallel to the wall, all potida is a result of
@,=@x. However as soon as the streamlines are de ected, there are f@rms
resulting from@.=@x. Even if @,=@x is much smaller tha@=@x it will still
contribute non-negligibly t®1, as v¥ is much larger thanv$. Thus the magnitude
of P12 will increase Pi» is negative) ag,=@x > 0. Anincrease in the magnitude of
P1, will increase v9v3, which in turn will increasé;; andP,,. This means thatv®
and vgZ will be larger and the magnitude &%, will be further increased, and so on.
It is seen that there is a positive feedback, which contislyoncreases the Reynolds
stresses. The turbulencedsstabilizeawing to concave curvature of the streamlines.
Note that eddy-viscosity models suchlas " andk ! models cannot account for
streamline curvature since the two rotational strai@s,=@x and @,=@Xx, in the
production term are multiplied by the same coef cient (thebulent viscosity).

Above, we have assumed concave curvature and positiveityetpadient. There
are two other options.

1. If the ow (concave curvature) is a wall jet ow wher@,;=@x < 0 in the
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X2

u

Figure 12.5: The ow pattern of stagnation ow.

outer part (see Figl2.4) the situation will be reversed: the turbulence will be
stabilized

2. If the streamline (and the wall) is de ected downwardg, $ituation will be as
follows: the turbulence is stabilizing whe@;=@x > 0, and destabilizing for
@1=@x%< 0.

The stabilizing or destabilizing effect of streamline camwe depends on the type
of curvature (convex or concave), and whether there is aie@se or decrease in tan-
gential momentum with radial distance from its origin (ithe sign of@ V=@}. For
convenience, these cases are summarized in Table It should be noted that con-
cave or convex depends on from which point the streamlineeisad. The streamline
in Fig. 12.3 for example, is concave when viewed from the wall but conwien
viewed from the origin of the circle with radius

12.3 Stagnation ow

Thek " model does in this type of ow not model the normal stressespeprly,
whereas ASM/RSM do. The production term in thequations for RSM/ASM and
k " model in stagnation ow (see FidL2.5 due to@;=@x and @,=@x (which
are the dominant strains) is:

RSM=ASM : 0:5(P1; + Pg) = \(/(fg’; vgzg;— @x(vl v®) (12.7)
2
ok _ @
k ":Pk=2, o @)g (12.8)

where continuity@,;=@x = @.=@x has been employed. In RSM, the two terms
are added with sign. Inthe " model, however, the production will be large because
the difference in sign of the two terms is not taken into actdecause it includes the
square of the velocity gradients.
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12.4 RSM/ASM versusk " models

Advantages wittk " models (or eddy viscosity models):

i) simple due to the use of an isotropic eddy (turbulent) viggos

i) stable via stability-promoting second-order gradiente@mean- ow equa-
tions

iii) work reasonably well for a large number of engineering ows

Disadvantages:

i) isotropic, and thus not good in predicting normal stres@s@; @)
i) as a consequence Bfit is unable to account for curvature effects

iii) as a consequence Bfit is unable to account for irrotational strains (stag-
nation ow)

iv) in boundary layers approaching separation, the productiento normal
stresses is of the same magnitude as that due to shear sifEgse
Advantages with ASM/RSM:

i) the production terms do not need to be modeled

i) thanks toi) it can selectively augment or damp the stresses due to cur-
vature effects (RSM is better than ASM because the conwetgims are
accounted for) and it is more accurate for boundary layemagehing
separation, buoyancy etc.

Disadvantages with RSM:

i) RSM is complex and dif cult to implement, especially imgtidASM

i) numerically unstable because small stabilizing secoéaerivatives in
the momentum equations (only viscaiffusion)

iif) CPU time consuming
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13 Realizability

There are a number of realizability constraints. The usualdnes are that all normal
stresses should stay positive and that the correlationaieef for the shear stress
should not exceed one, i.e.

v® Oforalli

L L 1 no summation overandj; i 6 j (13.1)

These criteria are seldom used in RSMs. However, satisfiimgst criteria is actually
of importance for eddy-viscosity models in stagnation dwé]. Assume that the ow
is in thex; direction and that it approaches the wall (see Eig;5. The Boussinesq
assumption for the normal streg8 reads (cf. Eq12.7)

A

2
®- %k 2
iT3 ‘@x

= ék 2 tS11 (132)
Itis seen thatif;; getstoo large thev® < Owhich is nonphysical, i.e. non-realizable.
Let's now brie y repeat the concept “invariants”. This me&asomething that is
independent of the coordinate system. Here we mean independirotation of the
coordinate system. If a tensor is symmetric, then we knowitheas real eigenvalues
which means that we can rotate the coordinate system schthafftdiagonal compo-
nents vanish (see, e.g3(). This corresponds to the principal coordinate direction
For the strain tensor it means that the off-diagonal comptsnefs; vanish and this
is the coordinate system where the diagonal componentsrietargest (e.gs;; in
Eqg.13.2. This is thus the coordinate system in which the danger gatieev® from
Eqg. 13.2is largest. The equation for nding the eigenvalues of a terts; is (see

e.g. B0 or [57))

jCij ij ] =0 (13.3)
which gives, in 2D,
Cu Co
=0 13.4
Co1 Ca ( )

The resulting equation is
2 2 4122 =g
1% = Ci (13.5)
120 = %(c“ Cj CjCj)= def(Cj)
Since Eqg.13.5is the same irrespectively of the orientation of the origo@ordinate

system, it follows that its coef cients?® andl 3P are invariants.
In 3D, Eq.13.3gives

C11 C 12 ClS
C21 C22 C 23 =0 (13.6)
Ca1 Cs2  Css
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which gives
3 |i°,D 2+|gD |§D:0
3D _—
177 = Gy

1
|§D = E(Cii ij Cij Cij ) (13-7)

w
1

1
g (2Cj Cik Ci 3G Cji Cuk + Cii Cjj Cuk) = det(Cj )

The invariants aré3P | 1 3P and1 3P .
Let's go back to Eq13.2and assume incompressible 2D ow. The rst invariant
reads (cf. Eq13.95

12D = gy =51 +Sp= 1+ =0 (13.8)
Itis zero due to the continuity equation. The second inveudés; reads
120 = s s5=2; (13.9)
(see Eq13.5 which is independent of the orientation of the coordingstesm (hence

the name "invariant”). The solution to E§3.5 using Eq.13.8 is

_ Q. 1=2
pa= 12 o S 25’“ (13.10)

The eigenvalues of; correspond to the strains in the principal axis. As disalisse
above, we apply EdL3.2in the principal coordinate directions ef . Hence,sy; in
Eq.13.2is replaced by the largest eigenvalue so that

— 2
=tk 200 (13.11)

The requiremen@ 0 gives now together with E4.3.11

k 2 7
3 4
In 3D, Eqg.13.7instead of Eq13.5is used, and EdL3.10is replaced by5$6]

(13.12)

K
! 3

Sij Sjj

1=2
ZSij Sij

2 (13.13)

j k=

This is a simple modi cation of an eddy-viscosity model, anehsures that the normal
stresses stay positive.

13.1 Two-component limit

Another realizability constraint is to require that whé-_ﬁ approaches zero near walls,
it should do so smoothly. One way to ensure this is to reqhiéthe derivative 0t
should go to zero whevf® goes to zero, i.e.

dv@®

vE! 0) !0 (13.14)
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whered=dt denotes the material derivative (think of EkB.14in Lagrangian coordi-
nates, i.e. we follow a uid particle as it approaches thelw&quation13.14requires
that Wher\/iTZ approaches zero, the left side (and thus also the rightsfdie¢ transport
equation of/® should also do so. Since we are here concerned about theiErestgain
term, we'll take a look at how it behaves near walls win! 0. This is of some rel-
evance in near-wall turbulence where the wall-normal stgegs to zero faster than the
wall-parallel ones: this state of turbulence is called the-tomponent limit $8]. The
wall-normal component goes to zeros = O(x%) whereas/Z andv® go to zero as
O(x3), see Section 4 introduction to turbulence modeliNeither the form of i »
in Eqg.11.90nor Eq.11.89satisfy the requirement thatyz., = 0 Wheng =0 [31].
In Eq.11.9Q for example,

2
22! G Pk80 (13.15)

even ifvy = 0. Very complex forms of j. » have been propose&q [CL96] which
include terms cubic iw/iTjO. The CL96 model does satisfy the two-component limit.
Another advantage of the CL96 model is that it does not negevaltl distances, which
is valuable in complex geometries.

The models of the slow pressure-strain in E.57(linear model) and EqL1.63
(non-linear model) do also not satisfy the two-componemitli The Rotta model
(Eg.11.5%, for example, gives

22:1 I ¢ 3 60 (1316)

when@ I 0. The only way to ensure thaty;.; ! 0is to makec; ! 0 when
the wall is approached. A convenient parameter propose8ghig A which is an
expression oA, andA; (the second and third invariant af , respectively), i.e.

9
Ar = aja; As= agjakag; A=1 é(Az As) (13.17)
The parameteA = 0 in the two-component limit and = 1 in isotropic turbulence.

ThusA is a suitable parameter to use when damping the constaas the wall is
approached.
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14 Non-linear Eddy-viscosity Models

In traditional eddy-viscosity models the turbulent stre&zf is formulated from the
Boussinesq assumption, i.e.

S
aj = Zt%
Ll @, @ (4.
' 2 @x o«
where the anisotropy tensor is de ned as (seeHg59
vl 2
aj % 3 i (14.2)

The relation between the stre@j0 and the velocity gradient in Ed.4.1is, as can
be seen, linear. One way to make eddy-viscosity models memergl is to include
non-linear terms of the strain-rate (i.e. the velocity geat) [36]. A subset of the most
general form (given byt1.107 reads 60|

aj = 2c Sij

1
2 2
+C Sik Sk §S‘k Sk j T ik Skj Sk ki
B U R
C3 ik jk 3 k kojj Cq Sik Sk j |5k5kj
(14.3)
3 2
+ G P mSmj TS m m é mn 0 Sm

+Cs >Sc Sk Sj + C7 ek Sij
-1 e o
"2 @x ox

where is aturbulenttime scale; for a non-lindar " model = k=", and for a non-
lineark ! model =1=!. Thetensor groups correspond to a subset oflEdL07

Line 1: T,

Line 2: T andTy?

Line 3: T, andTy

Line 4: T?

Line 5: T; multiplied by the invariants, sy and ¢«

The expression in Edl4.3is cubic in @;=@x . However, note that it is only

quadratic insj and j . This is due to Cayley-Hamilton theorem which states that a

tensor is only linearly independent up to quadratic terras,[®141; this means that,
for examples? = si sk sy can be expressed as a linear combinatiosfof s Si;
andsi; .

a; is symmetric and its trace is zero; it is easily veri ed thhetright side of
Eq.14.3also has these properties (see Exam 2017-05-30, AnsweestiQuT3a).
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Examples of non-linear models (sometimes also caqicit algebraic Reynolds
stress models, EARSM) in the literature are the models ptedén 37,60-62). EARSMs
are very popular — especially the model 87] — in the aeronautical community
where explicit time-marching solvers are used. They aremaationally cheap, more
accurate than linear eddy-viscosity models and they do inetrige to any numerical
instabilities as in implicit solvers (like SIMPLE). In imiglt solvers a large turbulent
viscosity in the diffusion term of the momentum equationségded to stabilize the
solution procedure.

Let's take a closer look on Ed.4.3in fully developed channel ow\, = v3 =
@=@x @=@x 0); we obtain

1 2
a1 = I 2 % (cp +6Cy + C3)
2
agy = i 2 @ (C]_ 6c, + C3)
12 @x
@, 2 (14.4)
1
asz = 6 2 @—; (c1+ ca)
@ 1, @ °
app= € —+ = —_— +C+ C
12 a@x ' 3 @x ( s+ Co+ Cr)
Using values on the constants as 60]f i.ec; = 0:05 ¢, = 0:11, ¢c3 = 0:21,
cs= 08cs=0,c5= 0:5andc; =0:5we get
082, @ >, —5_2 .08 , @ °
= —— —_— = —_k+ — =
w=T77 " @ ) TR KT Gy
ny = 052 @ 2) .2, 05 , @ °
= =1 @ = = = =
12 @x ) 3 12 @x ) (14.5)
_ 016 , @ 5 _ 2 0:16, , @n
4= T @ ) -3 K ax

k @1
a;p= € -——
© "@x%

We nd that indeed the non-linear model gives anisotropiomal Reynolds stresses.

In Egs.14.4and14.5we have assumed that the only strain@g=@x. When
we discussed streamline curvature effects atf) we found that it is important to
investigate the effect of secondary strains suc@as@x. Let's write down Eq14.3
for the strain@,=@x

1 @, *°
an = 5 2 @—; (c1 6c + c3)
2
1
axyp = — 2 @ (C1 +6C + Cg)
12 @x
L @ ) (14.6)
- -2 =2 +
aza 6 @x (c1+ )
1, @ 3
ajo = — —_ + + C
12 yl @x (cs+ c 7)



14. Non-linear Eddy-viscosity Models 177

Inserting the constants frorB()] (see above) we obtain

2

o 05, @
11 12 @x
082, @, °
- 202, @ 14.7
ax 12 @x ( )
016 , @, °

a — — ;a;2=0

33 12 @X 12
As can be seen the coef cientfag, is larger than thatin Eq.4.5 and hence the model
is slightly more sensitive to the secondary stra@,=@x, than to the primary one,
@,=@x. Thus, the non-linear models are able to account for stiearolrvature, but
due to the choice of constaris+ cg + ¢; = 0 this effect is weak.
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15 The V2F Model

In the V2F model of §6, 63, 64] two additional equations, apart from theand"-
equations, are solved: the wall-normal stre€sand a functiorf . This is a model
which aims at improving modeling of wall effects on the tudgnce.

Walls affectthe uctuations in the wall-normal directior?, in two ways. The wall
damping of\? is felt by the turbulence fairly far from the wakk§ . 200) through the
pressure eld (i.e. the pressure-strain term) whereas ibwous damping takes place
within the viscous and buffer layek] . 10). In usual eddy-viscosity models both
these effects are accounted for through damping functi®he. damping oi/_g‘2 is in
the RSM accounted for through the modeled pressure-seaimst 2,.1 and 22.2w
(see Egsl11.95and Eq.11.96. They go to zero far away from the wakl] & 400).

In the V2F model the problem of accounting for the wall dangm'lh@ is simply
resolved by solving its transport equation. T@ equation in boundary-layer form
reads (see EQ.16at p.117)

" #
@vive N @vve @ N @y ZW "

@  @x @x 't Vay gy =» 1D

in which the diffusion term has been modeled with an eddgesgty assumption, see
Eq.11.47at p.137. Note that the production terp; = 0 because in boundary-layer
approximatiorv, vi and@=@x @=@x The model for the dissipation term,
"2, IS taken as

This is a more elaborate model than in RSM (see Hg49. Add and subtractjyde
on the right side of Eql5.1yields

@v1ve . @VavE

@x @%# S 5 — (15.2)
@, 4OF ,,@b . . 2,
@x% @x% X% k k
In the V2F modeP is now de ned as
2 Ve
P= —vgg—f "2+ 2" (15.3)
so that Eq15.2can be written as
_ _ " _# _
@ @ @ @
Quvy , @wvy _ @ | @7 | 5 Vi. (154
@x @x% @x @x k

P is the source term in th@-equation above, and it includes the velocity-pressure
gradient term and the difference between the exact and tlieled dissipation. Note
that this term is commonly split into a diffusion term and gressure-strain term as
VO@ = @gp
‘@x  @x

™

09
N

p
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Physically, the main agent for generating wall-normal sris indeed the pressure-
strain term via re-distribution, see example in Secfiéri 3
A new variablef = P=kis de ned and a relaxation equation is formulated for

as |

LZQ f = ﬁ i E g
@% k T k 3
1=2
T = max ?;CT -
I
__ 15.5
2 G 2 VE @ (o9
k T 3 kK K @x%
( 3=2 3 1=4)
L=C.max —;C —

where » is the IP model of the pressure-strain term, see Efj67and11.9Q the
rst term being the slow term, and the second the rapid tertre donstants are given
the following valuesc =0:23, Cy =6; ¢ =144, ¢, =1:9; ( =0:9; - =
13, C;=1:3,C,=0:3, C. =0:2, C =90.

The boundary condition fdr is obtained from the® equation. Near the wall, the
v equation reads

@vZ V7
0= +fk =" 15.6
@% k (158
The rst and the last term behave @{x3) asx, ! 0 because Taylor analysis gives
V¥ = O(x3)," = O(x3) andk = O(x3), see Sectiori1.14.2 Furthermore; =
2 k=x 5 (see Eq11.166; using this expression to replaken Eq. 15.6gives
v n, 2 ¥l
0= @7, X3 27 (15.7)

@ 272 x5

Assuming thaf and" are constant very close to the wall, this equation turnsamto
ordinary second-order differential equation with the tiolu
— B X3
V= Ax3+ — f -2
2 2 X2 20 2

Since@ = O(x3) asxp ! 0, both constants must be zero, ile= B =0, so we get

For more details, se®¥]. o
Above we have derived thé? equation in boundary layer form assuming tkat
is the wall-normal coordinate. In general, three-dimemaioow it reads

. \/2 2
ew_ @ , (@ . ¥,
@x @ @x k
@f 22 1 V2 2
2 — - _
L @x@x f = K T X 3 (15.9)
22 _ C1 2 V2 Pk
T 3k Tox
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1.5 L=0.04,S=1
---1=0.1,5=1
----- L=0.3,5=1
f v L=0.2,S=1
+ L=0.2, S=2
0.5 O L=0.2,S=0.5

Figure 15.1: lllustration of Eq.15.12

As mention above, the source terfik is the modeled pressure-strain termy.; +
22:2, See Eqs11.57 11.90and11.91 Note that it does not include the wall terms,
22:1w +  22:2w Which dampen the wall-normal stress in a Reynolds stresemote

damping of the wall-normal stress is in Eip.9achieved byf which is reduced near

the wall, see Figl5.1

In the V2F model a transport equation for the normal stressabto walls is
solved for. If the wall lies in thex;  x3 plane, thenv? = VgZ. However, if a wall
liesinthex, X3 plane, for example, this means that the transport equatiorf is
turned into an equation for?, i.e. v2 = v&. This is done automatically since in the
general formulation in EdL5.9 @1=@x in the expression for ,; is replaced byD".

If the wall lies in thex,  x3 plane the largest velocity gradient will i@,=@x or

@3=Q@x.

Why does the right side of EdL5.5 has the form it has? Far from the wall,
the source term in the®-equation simplies to 2, plus isotropic dissipation (see
Eqg.15.1. This is what happens, because far from the wall WgF@% ' 0, so that
Eq.15.5can be writtenT = k=")

kf P 2+ "(VE=k 2=3) (15.10)
When this expression is inserted in Bd.4we get
— _ " _#
02 02 02
Quv; Qv _ @ @ 2, (15.11)
@x @x% @x @x 3

which is the usual form of the modeleff-equation with isotropic dissipation. Near
the wall, the diffusion tern@f=@% makesf go from the value of its source term to
its (negative) wall value (see Efj5.8 over the lengthscale. This is how the in uence

of the source terr® in Eq.15.4is reduced as the wall is approached. The behavior of
the equation fof (Eq.15.5 is illustrated in Figl5.1where the equation

af

L2=

@%

has been solved with = 0 at the wall and with different andS.

As can be seer, is, as required, reduced as the wall is approached. Furtrerm
f approaches the value of the source termas L . The in uence of the lengthscale

f+S=0 (15.12)
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L is nicely illustrated: the largdr, the further away from the wall dodsgo to its
far- eld value.
In the V2F model the turbulent viscosity is computed from

1= C V&T (15.13)

The k and"-equations are also solved (without damping functions)r demve-
nience, the boundary conditions are given again

k=0; vZ=0
" =2 k=x3
20 2@
nXLZl

(15.14)

f =

The boundary condition fof makes the equation system numerically unstable.
One way to get around that problem is to solve bothkhé& andv®, f equations
coupled B5]. An alternative is to use the f model [66] which is more stable. In

this model they solve for the rat@:k instead of for\? which gives a simpler wall
boundary condition fof , namelyf =0.

15.1 Modi ed V2F model

In [67] they proposed a modi cation of the V2F model allowing thenpie explicit
boundary conditiofi = 0 at walls. They introduced a new variable

f =f B5v=k
and they neglected the term

52 @ v

@x@x k?
The resulting? andf -equation readq7]
@Vv_ @ @¥ V2,
= — — + kf 6— 15.15
@x @ + ) @x + " ( )
a@f 1 vZ o2 pk
2 —
L @}(@}("‘f - ? (C]_ 6)? :—))(C]_ 1) + CZT
P @, @ @
@x @x @x
K 1=2 (15.16)
T=max ;6 —
( 3=2 1=4)
L=C.max ———;C —

Boundary conditions at the walls are
k=0; v?=
" =2 k=x3
f =0

This modi ed model is numerically much more stable. Notettee modi ed model
is identical to the original model far from the wall.
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15.2 Realizable V2F model

The realizable condition for stagnation ow (se€lf2) is used also for the V2F model,
and they readd7]

0:6k

# (15.17)
3=2 k3:2

L =min D P— —
" BC v2 (2sj si)'™?

These realizable conditions have been further investigayeSveningssorspb, 68-71],
and it was found that the limitation oh is indeed important, whereas that floris
not. Furthermore, it was found that it is important to impdse limitation onT in
a consistent manner. For instance, if the limit is used inftregjuation, it must for
consistency also be used fork in Eq.15.15

15.3 To ensure thatv? 2k=3

In the V2F modely? denotes the generic wall-normal stress. Thus it should ee th
smallest one. This is not ensured in the V2F models presatiede. Below the
simple modi cation proposed byrp] is presented.

The source termkf in the v?-equation (Eq15.19 includes the modeled velocity-
pressure gradient term which is dampened near walls gees to zero. Since?
represents the wall-normal stress, it should be the smaltemal stress, i.e’® V&
andv®  vZ, and thusv? should be smaller than or equal k. In the homoge-
neous region far away from the wall, the Laplace term is assuim be negligible i.e.
@f=@x@x! 0. Then Eq.15.16reduces td equals to the source term on the right
side.

It turns out that in the region far away from the wall, the laagd term is not negli-
gible, and as a consequencegets too large so thaf > %k. A simple modi cation
is to use the right side of E4.5.16as an upper bound on the source tdimin the
v2-equation, i.e.

v2 =min kf; — (C; 6)? 2—3',((c1 1) + C,PK (15.18)

source k

This modi cation ensures that®  2k=3. For more details, se@¥].
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Figure 16.1: Flow around an airfoil. Pressure contours. Red: high presslue: low pressure

16 The SST Model

The SST (&ear_Sress_Tansport) model of {3] is an eddy-viscosity model which
includes two main novelties:

1. Itiscombinationof & ! model(in the inner boundary layer) akd " model
(in the outer region of the boundary layer as well as outsfdg;o

2. Alimitation of the shear stress in adverse pressure gnagégions.

Thek " model has two main weaknesses: it over-predicts the shessssin
adverse pressure gradient ows because of too large lerglke &due to too low dissi-
pation) and it requires near-wall modi cation (i.e. low-Ramber damping function-
sl/terms). Variou& ! models are presented in Sectioimdroduction to turbulence

One example of adverse pressure gradientis the ow alongutface of an airfoil,
see Figl16.1 Consider the upper surface (suction side). Starting flemidading edge,
the pressure decreases because the velocity increasebe Atest (ak=c ' 0:15)
the pressure reaches its minimum and increases furthers@am as the velocity
decreases. This region is called dotverse pressure gradie(APG) region.

Thek ! model is better than thk " model at predicting adverse pressure
gradient ow and the standakl ! model of [74] (see also 27]) does not use any
damping functions. However, the disadvantage of the staida ! modelis that it is
dependent on the free-stream valué df75, 76].

In order to improve both the " and thek ! model, it was suggested i J|
to combine the two models. Before doing this, it is convenieriransform the&k "
model into &k ! model using the relatioh = "=( k), where = c . The left-
hand side of thé equation will consist of the convection terdi=dt , which denotes
the material derivative, assuming steady ow, see EQ7. Let us express the left-
hand side of thé equation as a combination of the left-hand sides of'thed thek
equations by using the chainrule, i.e.

do_d " _ 1d "dask
dt ~dt  k  kdt dt
16.1
_1d ok 1 ld wen
T kdt k2dt = kdt kdt


https://www.tfd.chalmers.se/~lada/postscript_files/kompendium_turb.pdf
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Now we have transformed the left side of theequation. The right side should be
transformed in the same manner. For example, the productitte! equation will
consist of two terms, one term from thequation

ikPu (the rstterm at the right side in Ed.6.7) (16.2)

and one from thé& equation
I
'EP" (the second term at the right side in Bd. 1) (16.3)

In the same way we transform the entire right side insertiegmhodeled equations for
k and" so that

D! 1 ! 1 !

= . _pk . =
ot ko kD K ok kT
Productionp, Destruction #
16.4
Aor lor . @ 1@k (o4
k k k@f k @f
Turbulent diffusiond T “iscous dfusionD. :
Production term
1 ! " !
P= —P. —PK=0Cy pk  _pk
k |k k2 k (16.5)
=(C 1)'EP"
Destruction term
1 ! 1 "2
TR kT TRC e & (16.6)
=(Cz 1) 12
Viscous diffusion term
b - @ ! @_ @k ! @k
'"Tkef kef kef kaef
__ @ , ek 0! ! @k
k @x @x  @x k @%
# (16.7)
@! @k @k Q@k@! a@! I @k
= —— 4+l ==+ = — + k= =
k @x@x @f% @x@x @f k @f
2 @! @k+ @ @!

“k@x@x @ @x
The turbulent diffusion term is obtained as (the derivat®found in [7/7] which
can be downloaded fromttps://www.tfd.chalmers.se/"lapia

DT:h@(@+!_ _t _t @4.
' k@x@x k - « @f

(16.8)
1 1 @ @k+ @ @

k + « @x@x @x - @
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In the standaré " modelwe have =1 and -« = 1:3. If we assume thaty =
in the second and third term of the right-hand side, we carsiderably simplify the
turbulence diffusion so that

1= 2.@k@ @ . @ 169

k@x@x @x - @

We can now nally write the' equation formulated as an equation ¥for

@iy @ R Ppkog 2

@x vil) @x + @x + kP !
2 Lt Qk@ (16.10)
k " @x@x

=Cy 1=0:144 =(C, 1) =0:0828

Since thek " model will be used for the outer part of the boundary layeg, \its-
cous part of the cross-diffusion term (second line) is Uguagglected (the viscous
terms are negligible in the outer region). The turbulentessty is computed as (using
dimensional analysis)

(= (16.11)

In the SST model the coef cients are smoothly switched flom! values in the
inner region of the boundary layerko " values in the outer region. Functions of the
form .

Cp k 500 : 4 5k i
— 4y. — i . . 12
F1 =tanh( *); =min max ly ' y2I ' CD,y?

(16.12)

are used.F; = 1 in the near-wall region anéi; = 0 in the outer region. The-
coef cient, for example, is computed as

ssT=F1r k1 +(1 F1) ¢ » (16.13)

where ¢ 1 = 0:075and - = 0:0828 Since the standarki ! model does
not include any cross-diffusion term, the last term in thequation (second line in
Eq.16.10 should only be active inthle " region; hence it is multiplied b§1 F;).
The constants are given in Secti2d.2

At p. 183it was mentioned that the ! model is better than thie " model
in predicting adverse pressure-gradient ows becauseeitlipts a smaller shear stress.
Still, the predicted shear stress is too large. This brirggguhe second modi cation
(see p183. When introducing this second modi cation, the author3][noted that
a model (the Johnson - King model [JK]) which is based on asrart equation of
the main shear stre@, predicts adverse pressure gradient ows much better than
thek ! model. Inthe JK model, thedv3 transport equation is built on Bradshaw's
assumption78]

vivd = ak (16.14)
wherea; = ¢t = 172 | boundary layer ow, the Boussinesq assumption can be
written as

" #1-2
2 1=2
m: 5 @ = _C k? @ = 01:2|( _C k? @ = 01:2|( P_k
I!_l @X n @X II2 @é n
k! vk "

(16.15)
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Itis found from experiments that in boundary layers of adegressure gradient ows,
the production is much larger than the dissipatiBt (") and that vOv3' c" k.
When the Boussinesq assumption is used inkhe! model for adverse pressure

gradient ows,PX ", and hence (see Ef6.15
J0y0
2 (16.16)
c k

which explains why the Boussinesq assumption over-pretlietshear stress and works
poorly in this type of ow (recall that according to experimts vOVv3 * clzzk). To
reducgv?vdj in Eq.16.15in adverse pressure gradient oW, proposed to re-de ne
the turbulent eddy viscosity including the expression in E§14 We have two ex-
pressions for the turbulent viscosity (expressing a Jam#k&ng-turbulent viscosity
with the Boussinesq assumption)

1=2

0,,0
i = ViV u Johnson-King (16.17a)
k ¢k
(== =y k ! model (16.17b)

where is the absolute vorticity (in boundary layer ow= @ 1=@%); in (a) the
Boussinesq assumption together with E§.14were used and (b) is taken from the
k ! model. We want (a) to apply only in the boundary layer and beme multiply

it with a functionF,

p_ )
2 k 500
— 2y. — . .
F, =tanh( °); = max —'y y2—| ; (16.18)
Then we take the minimum of (a) and (b) so that
1=2
t= c K (16.19)

max(c 21 F 5 )

When the production is large (i.e. whenis large), Eq16.19reduces ; according to
the Johnson - King model, i.e. E§j6.17. It is important to ensure that this limitation
is not active in usual boundary layer ows whelP& ' ". It can be seen that is
reduced only in regions wheR¥ > "  because iPk <" then < ¢ since

1 ! !
2 _ 2 _ k no_ 2

= = = Pf< —"=¢ 16.20

U Tk k ¢ (16.20)

Hence, in regions whee* <", Eq.16.19returns to = k=! as it should.
To summarize the SST modi cation:

the second parclzzk: in Eq.16.19(which mimics the Johnson-King model),
is active in APG ow

the rst part, k=! in Eq. 16.19 (which corresponds to the usual Boussinesq
model), should be active in the remaining part of the ow. Btjon16.20shows
that (it is likely that) the second part is active only in AP&yions and not else-
where.
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Today, the SST model has been slightly further developed. madi cations have
beenintroducedq9). The rst modi cation is that the absolute vorticity in Eq.16.19
has been replaced g = (2's sj )*? which comes from the production term using
the Boussinesqg assumption (see En.39, i.e.

ij2= @4' @ @223” (Sij + ij)ZZSij Sij
@x  @x O (16.21)
21 e o
T2 @x @x
wheres; j =0 becauss; is symmetric and j is anti-symmetric. Equatioh6.19

with jsj limits ¢ in stagnation regions similar to E§j3.12 The second modi cation
in the SST model is that the production term in the new SST iredienited by 10",
i.e.

Pinew =min PK;10" (16.22)

The nal form of the SST model is given in EQ0.5at p.220
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17 Overview of RANS models

This section presents a short overview of the presented RAbi&Is. First the models

can be classi ed as models based on eddy viscosity (i.euleniviscosity) or models

in which equations are solved (algebraic or differentialpbtain the Reynolds stress
tensor,r‘vjo. Eddy-viscosity models, which are based on the Boussingsgnaption, Eddy-

see Eqll.33 are viscosity
) models
standark " (see Sectiodl.§ andk ! models
combinationok "andk ! models such as the SST model, see Sedtdn
There are more elaborate eddy-viscosity models such as .
non-linear
non-linear models, see Sectiba models

Modelsnotbased on the eddy-viscosity are the Reynolds stress madgisas

the Reynolds stress transport model (RSM or RSTM), in whighsportequa- RSM

tions are solved fovd/?, see Eq11.101

the Algebraic Reynolds stress model, ASM, in whadhebraicequations are ASM

solved forvd/?, see Eq11.104 .
explicit ASM

explicit Algebraic Reynolds stress models, in whétplicit algebraic equations

are solved fovd/?, see Sectio1.11

Finally, there is a class of models which are somewhere iwdxst two-equation eddy-

viscosity models and Reynolds stress models, and that is V2E

V2F models, see Sectidrb

The V2F model is an eddy-viscosity model and the model isdasefour transport
equations.
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Figure 18.1: Filtering the velocity.

18 Large Eddy Simulations

18.1 Time averaging and ltering

I N CFD we time average our equations to get the equations idysfeam. This is
called Reynolds time averaging

14T 0
hi=— = hi+ 18.1
i T T(t)dt, [ (18.1)
(note that we use the notatitm for time averaging). In LES we_ltefvolume average)
the equations. In 1D we get (see Fig.1)

Zx+0:5 X
(xt)= — (;t)d
X x 0:5 x
- + 00

Since in LES we do not average in time, the ltered variablesfanctions of space
andtime. The equations for the Itered variables have the saoneafas Navier-Stokes,
ie.

@4. Q(Vivj): }@4. 7@“ @_'J
@t @x @x @x@x @x (18.2)
@ _,
@x
where the subgrid stresses are given by
i = Vivi  Viyy (18.3)

It should be noted that it is formally incorrect to denafeas a stress since the density
is omitted (see, e.g., the text below BglOand Eq.11.3. Contrary to Reynolds time
averaging wher&%i = 0, we have here
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This is true for box lters. Note that for the spectral cut-dfer vi = Vv;, see
p. 192 However, in nite volume methods, box lIters are always dsén this course
we use box lters, if not otherwise stated.

Let's look at the Itering of Eg.18.2in more detail. The pressure gradient term, for
example, reads 7
@x V y @x

Now we want to move the derivative out of the integral. Whethit allowed? The
answer is “if the integration region is not a functiongf, i.e. if V is constant. In nite
volume methods, the ltering volume/, is (almost always) identical to the control
volume. In general, the size of the control volume variegiace. Fortunately, it can
be shown that iV is a function ofx;, the error we do when moving the derivative out
of the integral is proportional t6 x)? [80], i.e. it is an error of second order. Since
this is the order of accuracy of our nite volume method anywae can accept this
error. Now let's move the derivative out of the integral, i.e

S z
@_ @ 1 .. @ z
@x_ @k V . pdv + O ( x) +0 ( x) (18.5)

@x

All linear terms are treated in the same way.

Now we take a look at the non-linear term in H@.2 i.e. the convective term.
First we Iter the term and move the derivative out of the o, i.e.
z

vvidv +0 ( x? = -2@v)+ 0 ( x?

iV = iV

v @x

(18.4)

ow, _ @ 1

@x @x V
There is still a problem with the formulation of this term:iricludes an integral of a
product, i.eViV;; we want it to appear like a product of integrals, igvj . To achieve
this we simple add the term we wanty; ) and subtract the one we don't want ;)
on both the right and left side. This is how we end up with thevective term and the
SGStermin Eq18.2

The lItering in Eq. 18.2is usually achieved through the nite-volume discretiza-

tion. This means that no additional ltering is done. Thisccaledimplicit ltering.
Hence, the discretized momentum equations in RANS and LES. &6 and 18.2
are identical. The only difference is the magnitude of theleled Reynolds stresses,
which are much larger in RANS than in LES.

18.2 Differences between time-averaging (RANS) and spacéer-
ing (LES)

In RANS, if a variable is time averaged twichl¥ii ), it is the same as time averaging
once (vi). This is becaushvi is not dependent on time. From EiB.1we get

1 4T 1
hivii = — hvidt = —hvi2T = hvi
i = o ] i STV [
This is obvious if the ow is steady, i.e@vi=@t 0. If the ow is unsteady, we must
assume a separation in time scales so that the variatibri @furing the time interval

T is negligible, i.e@=@t 1=T. In practice this requirement is rarely satis ed.
InLES, VvV 6 v (and sincev = v + v®e getv6 0).
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I 1 A I B | +1
—
X

Figure 18.2: Box lter illustrated for a control volume.

Let's Iter v; once more (lter size x, see Fig.18.2 For simplicity we do it in
1D. (Note that subscrigt denotes node number.)

I
Zo Z =2 '

V= vO)d = v()d + v()d =
X=2 X=2 0 (186)
-1 X, X,
T Tx 2 AT 2B

The trapezoidal rule, which is second-order accurate, wed to estimate the integrals.
v at locationsA andB (see Fig18.2 is estimated by linear interpolation, which gives

V) = 1v + 3v + 3v + 1v
| = 2Vl 1 VI VI — V] +1
4 4 454 (18.7)

Ol NI

(Vi 1+6Vi+ Vi) 6y

18.3 Resolved & SGS scales

The basic idea in LES is to resolve (largajdyscales (G$ and to model (small)
subgrid-scales (SG¥% Even if LES is always made unsteady, we are usually inter-
ested in the time-averaged results. This means that wediraeage all quantities for
post-processing, e.dv;i where the brackets denote time-averaging. From the LES
equations, Eql8.2 we get the resolved (GS) velocitieg, Then we can compute the
resolved uctuations as’= v; h v;i.
The limit (cut-off) between GS and SGS is supposed to takeepiia the inertial

subrange (I1), see Fid.8.3

I: large, energy-containing scales

II:  inertial subrange (Kolmogorov 5=3-range)

lll:  dissipation subrange
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resolved cut-off SGS
scales

Figure 18.3: Spectrum of velocity.

18.4 The box- Iter and the cut-off Iter
The box ltering is formally de ned as (1D)
z 1
v(X) = Gg (r)v(x r)dr
1

_ 1= ;ifr =2
GB (r) - 0, if r> =2 (188)
Z,
Gg(r)dr =1

1

However, it is often convenient to study the Itering proses the spectral space.
The lIter in spectral space is particular simple: we simpét the contribution from
wavenumbers larger than cut-off to zero. Hence the cutdtdf Iters out all scales
with wavenumber larger than the cut-off wavenumbgr = . Itis de ned as

1 if c
0 otherwise

Ge( )= (18.9)

We now look at what happens when we Iter twice in spectrakspdt appears that
the calculations for this gets much easier if we rst introduthe Fourier transform.
The Fourier transform is de ned as (cf. E§.28

z
)= ' v(r)exp( 2{r )dr (18.10)
0

and its inverse Z,
v(r) = ¢( )exp(2{r )d (18.11)
0
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where denotes the wavenumber afic- P ~ 1. A slightly different de nition has
been chosen here compared to Eg28 It is chosen since no fact@ appears in
front of the integral in Eq18.11(the Fourier par iSsymmetri¢; as a consequence it is
also absentin EdL8.12

Note that it is physically meaningful to use Fourier tramsfe only in a homoge-
neous coordinate direction; in non-homogeneous direstiba Fourier coef cients —
which are not a function of space — have no meaning. Usingdheatution theorem
(saying that the integrated product of two functions is égoahe product of their
Fourier transforms), we can Itef using Eqs18.10and 18.8

1

o) =0()= . v()exp( 2{ )d

Z 1 z 1

= exp( 2{ )G( )v( )ydd
z,2, °o 0 (18.12)

= exp( 2{ )exp( 2{ ( NGV )ydd

z2zp
= exp( 2{ )exp( 2{ )G( )v()dd =G( )9()

(in the last line we used = ). If we use the cut-off Iter and Iter twice we get
0= GcBctv= Gt (18.13)

sinceGZ = Gc, see EdL8.9 Since¢ = ¢ for the Fourier transfornt, we know that
—when using the cuf-off Iter -v = €. Thus, contrary to the box- Iter (see E48.7),
nothing happens when we lter twice in spectral space. The lter is sharp in
physical space but not in wavenumber space; for the cuthgf it is vice versa.

In nite volume methods box ltering is always used. Furth@sreimplicit Itering
is employed. This means that the ltering is the same as tberefization (=integration
over the control volume is equal to the Iter volume, see E8.17).

18.5 Highest resolved wavenumbers

Any function can be expressed as a Fourier series such ak3EdL.(see Sectiorb.3,
Eq.G.28and SectiorH) provided that the coordinate direction is homogeneouss Le
choose the uctuating velocity in the; direction, i.e.v?, and let it be a function of; .
We require it to be homogeneous, i.e. its RMS;ns , does not vary withx;. Now we
ask the question: on a given grid, what is the highest wavérmuthat is resolved? Or,
in other words, what is the cut-off wavenumber?

Consider Fig18.4(cf. SectionH). We assume that is periodic which makes it
convenient to use Fourier transform. We constsycis a sum of four Fourier compo-
nents

vg(xz) = by cos |_ZTlxz + b, cos |_ZTZX2 + bz cos LZTQ,XZ + by cos L2:1X2
The thick line in Fig.18.4 shows how? varies withx,. The blue circles show the
Fourier component with the highest wave numipers 4. How many grid point does
it take to resolve this Fourier component?

Figure18.5shows an example how to resolve the highest Fourier compamen
two different grids. The wave shown in Fifj8.5a reads

v9=0:25[1 +0:8sin( 1x1)] (18.14)
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0 0.2 0.4 0.6 08 1
Xo=L
Figure 18.4: V3 vs. Xo=L. === term 1 = 1); ==:term 2 m = 2); =+=: term 3
(m=23); :term4 n = 4); == : 3. Python/Matlab/Octave code is given in Sectids3.

0.4
Vo 02

4 04,
4 V?. 02,
4 0,
node 1 2 3 1 2 3 4 5
4 _02 L
0 0.5 1 15 0 0.5 1 15
oo xg=L . . Xp=L
(a) One sinus period covering two cells (b) One sinus perlo& covering four cells

Figure 18.5: Physical and wavenumber space. Sinus curves with diffevaaenumbers illus-
trated in physical space.

and it covers two cells (x1=L = 0:5). If we de ne this as the cut-off wavenumber
weget 1L = 12 x1=2 (i.e.sin( 1.2 X1)=sin(2 ); recall that2 is one
period) so that
1c = 2= (2 X]_) = = X1 (1815)

It is of course questionable W in Fig. 18.5 really is resolved since the sinus wave
covers only two cells. However this is the usual de nitiontlbé cut-off wavenumber.

If we require that the highest resolved wavenumber shouttbliered by four cells
( x1=L = 0:25), as in Fig.18.%, then the cut-off wavenumber is given by.. =
2=(4 x1)= =(2 Xa).

18.6 Subgrid model

We need a subgrid model to model the turbulent scales whichatébe resolved by
the grid and the discretization scheme.
The simplest model is the Smagorinsky modsd]{

oL @.@ _ , o
ij 3 ij sgs F@?( @X sgs Sjj (18.16)
sgs — (Cs) 2 2sjj sjj (Cs) 2j5j
and the lter-width is taken as the local grid size

=( Vi) (18.17)
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The scalajsj is the norm (i.e. the “length”) o =@x + @;=@xin the Boussinesq
assumption, see E46.21 The Smagorinsky model is derived as follows. The turbu-
lent viscosity may — as in RANS - be obtained through dimeraianalysis as (see
Eq.11.29

sgs = UL: (18.18)

The turbulent velocity scalelJ, is obtained as the rst term in Taylor expansion,
L @=@xand the length scald,, is taken as which gives

sgs — (Cs) stj (18.19)

where the one-dimensional velocity gradieg@it=@ xvas replaced by the general three-
dimensional gradienisj. Near the wall, the SGS viscosity becomes quite large since
the velocity gradient is very large at the wall. However, d&e the SGS turbulent
uctuations near a wall go to zero, so must the SGS viscogitgamping functiorf
is added to ensure this

f =1 exp( x;=26) (18.20)

A more convenient way to dampen the SGS viscosity near thasxgmply to use
the RANS length scale as an upper limit, i.e.

=min fsmag; N Q (18.21)

where smag = Cs( Vik )¥™ is the LES length scale amulis the distance to the
nearest wall.

Disadvantage of Smagorinsky model: the “constaly”is not constant, but it is
ow-dependent. It is found to vary in the range froBs = 0:065[82] to Cs =
0:25[83].

18.7 Smagorinsky model vs. mixing-length model

The eddy viscosity according to the mixing length theorydee@ boundary-layer
ow [ 2,84

_ 2 @1
t = @ .
Generalized to three dimensions, we have
o @ @ o 1:2_ 2 122 2 ..
t= @r * @x er (2sij sjj ) isi:

In the Smagorinsky model the SGS turbulent length scalespomdsto = Cs  so
that

sgs — (Cs) stj

which is the same as E48.16

18.8 Energy path

The path of kinetic energy is illustrated in Fit8.6 At cut-off, SGS kinetic energy is
dissipated
"sgs = ij Sij =2 sgsSi Sj (18.22)
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@i
h vA/i @x

c

Figure 18.6: Energy spectrum.

from the resolved turbulence. This energy is transferreti¢éoSGS scales and act as
production term By, ) in theksgs equation. The SGS kinetic energy is then trans-
ferred to higher wave-numbers via the cascade effect ankiitle¢ic energy is nally
dissipated'(=physical dissipation) in the dissipation range. It shdadanentioned that
this process is an idealized one. We assume that ALL dissipttkes place in the dis-
sipation range. This is a good approximation, but in reaiggipation (i.e. transfer of
energy from kinetic energy to internal energy which coroesgs to an increase in tem-
perature) takes place at all wave numbers, and the dissipiattreases for increasing
wave number, see E§.2Q

18.9 SGS kinetic energy

The SGS kinetic energlsgs can be estimated from the Kolmogorow=3 law. The
total turbulent kinetic energy is obtained from the enenggrctrum as
z 1
k= E()d
0

Changing the lower integration limit to wavenumbers latan cut-off (i.e. ;) gives
the SGS kinetic energy Z,

Kegs =  E()d (18.23)
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A de nition of all turbulent kinetic energies are given here

vi = hi+ v _vi= v+ v0= hyii + v+ v
1 21 1 Z1
k MU= B ke pMAPT= E()d
1 .. Zoe 1. 1, .
k Eh/io\/il = E()d; K éh/ilhvi|; K Eh/i|hvi|

0
Derivation of exact transport equations can be foun@#.[
The Kolmogorov 5=3law is used to express E48.23
Z 1
Ksgs = Cx 57823g

c

whereCyx = 1:5 (Note that for these high wavenumbers, the Kolmogorov spact
ought to be replaced by the Kolmogorov-Pau spectrum in waicbxponential decay-
ing function is added for high wavenumbe®s Chapter 3]). Carrying out the integra-
tion and replacing c with =  we get

3
Ksgs = ECK — (18.24)

In the same way édssys can be computed from E@8.23 the resolved turbulent kinetic
energyKres , iIs obtained from

z

Kres = E()d
0

18.10 LESvs. RANS

LES can handle many ows which RANS @ynolds Areraged Nwvier Sokes) cannot;
the reason is that in LES large, turbulent scales are redolseamples are:

o Flows with large separation

o Bluff-body ows (e.g. ow around a car); the wake often indas large, un-
steady, turbulent structures

o Transition
In RANS all turbulent scales are modeledinaccurate
In LES only small, isotropic turbulent scales are modgledccurate

LES isverymuch more expensive than RANS.

18.11 The dynamic model

In this model of B5] the constanC is not arbitrarily chosen (or optimized), but it is
computed
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Figure 18.7: Energy spectrum with grid and test Iter.

First, we apply two lters to ﬂavier-Stokes [grid lter andsecond, coarser lter
(test Iter, denoted b);.{)] where =2  which gives

Z{ 2 z{ Z{
@i, @ Vivj = 1@p , @vi  @f (18.25)
@t @x @x @x@x @x
where the subgrid stresses on the test level now are given by
z_
Ty = ﬁ Z\/{i%/{j (18.26)

Second, we start with the Itered Navier-Stokes equatidbg, 18.2 (i.e. the LES
equations). We apply the test Iter which gives

@{i+—@ z\/{%/{ = }@—Zp{"' 7@6{| é{ij

et @x ' @x @x@x @x (18.27)
@ =t #®x
ex

Identi cation of Eqs.18.25and18.27gives

Z— Z\ Z
ViVj{ V{i V{j + Z{ij = Tij (18.28)

ThedynamicLeonard stresses are now de ned as
z{ z{ A z
Lij ViV ViVvj = Tij {ij (18.29)

The trace of this relation reads
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test lter gnd Iter

Figure 18.8: Control volume for grid and test lter.

With this expression we can re-formulate B§.29as

1 1 Z{ 1 Z{
ik =T i Tk i g

18.
3 3 Kk (18.30)

In the energy spectrum, the test lIter is located at lower &aumber than the grid
Iter, see Fig.18.7.

18.12 The test lter

z{
The test lter is twice the size of the grid Iter, i.e.= 2
The test- Itered variables are computed by integr{ationrcthe test lter. For ex-

z
ample, the 1D example in Fig8.8 v is computedas (x =2 Xx)
!

2{ 1 ‘E 1 ‘e Ze
Vp = —— vdx = —— vdx + vdx
2 X w 2 X w p
1 1 vw+vp  Vp+VE (18.31)
= — + = — +
7 x Vw X*Ve X)= 5 —— 2

1
= Z(VW +2Vp + Vg)

18.12.1 2D ltering

In 2D, we do as in 1D: rst compute the value at the center offtha squares (or
rectangles) surrounding the nofeJ; K ), marked byx, see Fig18.9 For the lower-
left square, for example, we get

1
f (Vi 13 1k tVI 1ok tVIDo1k tVigk ) (18.32)

Vili=2g 1m2k T g

Next, the test Itered variable is computed as

z{ 1

_ f f
Vigk = Z_(VI 1=2,0 1=2K tv tv

1+1=2; 1=2;K | +1 =2;J +1 =2;K )
(18.33)

f
VI 1=+ 22k
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(1;J +1;K)
__________________ ...__________________

(I +1=2;0 +1=2K)

(1,3:,K) (1 +1;3K)
[ J

(1 1=2] 1=2:K)

(I 13K )$
X1 i

Figure 18.9: A 2D test Iter control volume.

18.12.2 3D ltering

In 3D we have eight cubes. Filtering at the test level is edrdut in the same way
by integrating over the test cell assuming linear variatibthe variables§6]. For the
bottom-lower-left cube, for example, we get

f 1
VI1=23 1=2K 1=2 T g(v' Lk TV Lk TV 1k ¥ VK (18.34)
Vi1 1k 1tV 10Kk 1t Vi o1k o1t Viok 1)
Next, the test Itered variable is computed as
Z{ _ 1 o
Vigk = §(Vl 1223 1=2k 1=2 T Vi+1=23 1=2k 1=2

f f
Vi googsi=2k 122 T Vivi=2041-2k 122 (18.35)

+vf +

I 1=2; 1=2;K +1=2 1+1=2; 1=2;K +1 =2

f f
+ VI 1=2;3 +1 =2,K +1 =2 + VI +1=2;J+1 =2;K +1 =2)
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18.13 Stresses on grid, test and intermediate level

The stresses on the grid level, test level and intermed&tel [(dynamic Leonard
stresses) have the form

i = Vivi Vv stresseswith ~ <
z—{ {7 !
Ty = ViV, ViV, stresseswith "<

zZ{

z
Lij = Tj {ij stresseswith  <°<
Thus the dynamig{Leonard stresses represent the stresbdsmygthscale,, in the

range between and

Assume now that the same functional form for the subgrigseethat is used at the
grid level (j ) also can be used at the test Iter lev@};(). If we use the Smagorinsky
model we get

1 L
iz kT 2C ?jsjsj (18.36)
1 z{2 7{
Ti ziT= 2C jsjsj (18.37)
where 0 1
z{ z{ -
{ _1g@, @, A HHf P
Sijzé@@—?l"'@—;(A;Jslz 2Siji Sijj

Note thatC in Eq. 18.36is not squared (cf. the Smagorinsky model, E§.16at
p.194). Hence,C should be compared witG2. Applying the test Iter to Eq.18.36
(assuming that varies slowly), substituting this equation and E§.37into Eq.18.30
gives

I
1 22 2{ of Z—
Lj 3 i L = 2C ] ssi ISET (18.38)
where we used the relation
1 1 1 z
3 i Lk = 3 i Tk 3 i {kk

z—{
obtained from Eq18.29 In Eq. 18.38we have made the assumptién stjsi,-
z—

C 2ijSij .

Note that the “constantC in Eq.18.38really is a function of both space and time,
i.e.C = C(xj;t).

Equation18.38is a tensor equation, and we have \& (is symmetric and trace-
less) equations fa€. Lilly [ 87] suggested to satisfy E48.38in a least-square sense.
Let us de ne the error as the difference between the lefdrgide and the right-hand
side of EQ.18.38raised to the power of two, i.e.

1
Q= Lij é i L kk +2C|V|ij (18.39&)

Mj = jsjsy  Zjsisi (18.39b)
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Figure 18.10: Numerical dissipation.

The error,Q, has a minimum (or maximum) whe@ Q=@¢& 0. Carrying out the
derivation 0f18.3% gives

gg AMj (Lj +2CM;)=0 (18.40)
z
Note that: j LikMj = iLwM; = 0 since S{n = s; = 0 thanks to continuity.

Since@Q=@€ =8M;j Mj > Owe nd that Eq.18.40represents indeed a minimum.
Equationl18.40 nally gives

L ij M ij
2M ij M ij

It turns out that the dynamic coef cief@ uctuates wildly both in space and time.
This causes numerical problems, and it has been found reegd¢ssiverag€ in homo-
geneous direction(s). Furthermo@must be clipped to ensure that the total viscosity
stays positive (+ sgs  0).

In real 3D ows, there is no homogeneous direction. Usuatlyall averaging and
clipping (i.e. requiring thaC stays within pre-de ned limits) of the dynamic coef -
cientis used.

Use of one-equation models solve these numerical problseesp209).

C= (18.41)

18.14 Numerical dissipation

The main function of an SGS model is to dissipate (i.e. to dampesolved turbulent
uctuations. The SGS model is — hopefully — designed to giyeaper amount of dis-
sipation. This is the reason why in LES we should use a cediffatencing scheme,
because this class of schemes does not givenamyericaldissipation. All upwind
schemes give numerical dissipation in addition to the nedl&GS dissipation. In-
deed, there are LES-methods in which upwind schemes aretaisedate dissipation
and where no SGS model is used at all (e.g. MILES). However, in this course we
focus on ensuring proper dissipation through an SGS motterthan via upwind dif-
ferencing. It can be shown using Neumann stability analysisall upwind schemes
are dissipative (sefeurther readingat
https://lwww.tfd.chalmers.se/"lada/comp turb _model/ ). Below it
is shown that rst-order upwind schemes are dissipative.

The rst-derivative in the convective term is estimated bgt-order upwind differ-
encing as ( nite difference, see Fi@8.10

@ ViV

1
v — vy —114y0( x) (18.42)
@X exact X

where we have assumgd > 0. Taylor expansion gives

9 Sy

Vi 1=V X— +0 ( x)°
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so that

vi vy 1@ 1 @v 2
Tx Tex 2 fext9 ¥
Insert this into Eq18.42
@ @ 1 @v )
— =V— - Xv— +VO X 18.43
@ s @x 2 V@10 (Y (1843
O( x)

where the second term on the right side corresponds to tbe tenm in Eq.18.42
When this expression is inserted into the LES momentum @mnstthe second term
on the right-hand side will act as an additional (numerid#fusion term. The total
diffusion term will have the form

o @ @
di usionterm = @x( + g5t num)@x (18.44)

where the additional numerical viscosityym = 0:5jvj X, see Eql8.43 This means
that the total dissipation due to SGS viscosity and numkyriseosity is (cf. Eq18.22

"sgs+num = 2( sgs * num )Si Si
For more details on derivation of equations transport égnabf turbulent kinetic
energies, seef].
18.15 Scale-similarity Models

In the models presented in the previous sections (the Srnmafggrand the dynamic
models) the total SGS stresg = ViV  v;v; was modeled with an eddy-viscosity
hypothesis. In scale-similarity models the total stresplg up as

i = ViV vivp = (Vi vy v vy

Vivi + vivi%+ v r¥i00+ vV vy,
i

ViV vivi)+ vivP+ v v + vOj/00

where the term in brackets is denoted the Leonard stressetgrim in square brackets
is denoted cross terms, and the last term is denoted the Risy®GS stress. Thus

i = Lj +Cj +Rj

Li =vivi vy
Gy = Vs VP (18.45)
Rj = v

Note that the Leonard stresses, , arecomputablei.e. they are exact and don't need
to be modeled.

In scale-similarity models the main idea is that the turbtigeales just above cut-
off wavenumber, ¢, (scales smaller than) are similar to the ones just below
(scales larger than); hence the word "scale-similar”. Looking at Etg.45it seems
natural to assume that the cross term is responsible fontbrarction between resolved
scalesy;) and modeled scalesﬁ'@, sinceCj includes both scales.
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18.16 The Bardina Model

In the Bardina model the Leonard streskgsare computed explicitly, and the sum of
the cross tern€; and the Reynolds term is modeled 89,P0]

CV =c(vivi Vivj) (18.46)
andRi’}’I = 0 (superscripM denotes Mdeled). It was found that this model was not
suf ciently dissipative, and thus a Smagorinsky model wddex

Ci;v' = C (Vi Vj Vi Vj ) 18.47
RM _ 2C2 2o ( . )
i~ s JSISi

18.17 Rede ned terms in the Bardina Model

In [90] it was found that the Leonard terln; and the cross terr@; are not Galilean
invariant by themselves, but only the sum + Cj is (see AppendiiM). As a con-
sequence, if the cross term is neglected, the Leonard ssr@sgst not be computed
explicitly, because then the modeled momentum equatiommteatisfy Galilean in-
variance.

The stresses in the Bardina model can be rede ned to make®&witean invariant
for any valuec; A modi ed Leonard stress tenstu is de ned as p1]

iJm: i :Ci'jﬂn+Lirjn+Rirjn
Lirin =G (ViVj ViVj)
18.48
Cign =0 ( )

Rﬂn = Rij = ViOQIjOO

Note that the modi ed Leonard stresses is the same as the ddined” one plus
the modeled cross ter@; in the Bardina model witlt, = 1 (right-hand side of
Eq.18.49, i.e.

|_|rjn = I—ij + C|'JV|

In order to make the model suf ciently dissipative a Smagsky model is added,
and the total SGS stresg is modeled as

i = W ViVj Z(CS) 2ijSij (18.49)

Below we verify that the modi ed Leonard stress is Galileavariant.

1 - __
a'-irjn =viyp Vi = (it i)y V) (Vi V) (v + V)
= W*‘ WVJ + WV, Vivj' V.V, V,Vl (18.50)
. __ 1
=Vivj ViV = aLE"

18.18 A dissipative scale-similarity model.

Above it was mentioned that when the rst scale-similaritypael was proposed it
was found that it is not suf ciently dissipativ8f]. An eddy-viscosity model has to
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Figure 18.11: Dissipation terms and production term from DNS da@&° mesh data ltered

n+

onto a48® mesh.Re =500, = : 'ses == "sgs:t: "scs.

be added to make the model suf ciently dissipative; thesel@®are callednixed
models. Ref.92] presents and evaluates a dissipative scale-similarityaho
The ltered Navier-Stokes read

v, 1@ _ G O

dt @x @x@x @x
whered=dt and i denote the material derivative and the SGS stress tenspece
tively. The SGS stress tensor is given by

(18.51)

ik = ViVic  ViVk: (18.52)

When it is modeled with the standard scale-similarity mpdé$ not suf ciently dis-
sipative. Let us take a closer look at the equation for thelvesl, turbulent kinetic
energyk = hvd% =2, which reads

dk, VoAV auii | Qo + 1@vvivi = v V0
dt @x @x 2 @x @x@x
@ @k o . _OW o @i _
@x @x ' @x@x ' @x ' (18.53)
@k Qio @? @ik W0

@x@x  @x@x  @x '
" "sGs
The rst term on the last line is the viscous diffusion terndahe second term,, is
the viscous dissipation term which is always positive. Tdst term,'sgs , iS a source
term arising from the SGS stress tensor, which can be pesitinegative. When it is
positive, forward scattering takes place (i.e. it acts assightion term); when it is
negative, back scattering occurs.

Figure18.11presents SGS dissipatichsss in Eq.18.53 computed from Itered
DNS data. The forward scatterg s, and back scattet,ss5, SGS dissipation are
de ned as the sum of all instants whéggs is positive and negative, respectively. As
can be seen, the scale-similarity model is slightly digsipgi.e. "sgs > 0), but the
forward and back scatter dissipation are both much larger'tfss .

One way to make the SGS stress tensor strictly dissipatigesst the back scatter
to zero, i.e.max("scs; 0). This could be achieved by settif@y =@k = 0 when its
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sign is different from that 06 (see the last term in EG8.53. This would work if we
were solving fork. Usually we do not, and the equations that we do solve (trezek
Navier-Stokes equations) are not directly affected by iksiplation term; sgs .

Instead we have to modify the SGS stress tensor as it appethies itered Navier-
Stokes equations, EG8.51 The second derivative on the right side is usually called a
diffusionterm because it acts like a diffusion transport term. Whealyaing the sta-
bility properties of discretized equations to an imposetiatbancey®, using Neumann
analysis (see, for example, Chapter 893]), this term is referred to asdissipation
term. In stability analysis the concern is to dampen nunaéoscillations; in con-
nection with SGS models, the aim is to dampen turbulent vesoluctuations. It is
shown in Neumann analysis that the diffusion term in the Bia@tokes equations is
dissipative, i.e. it dampens numerical oscillations. Hesvesince it is the resolved
turbulent uctuationsi.e. k in Eq.18.53 that we want to dissipate, we must consider
the Iltered Navier-Stokes equations for the uctuating @eity, v°. The viscous diffu-
sion term in the momentum equations appears in the rst temrthe right side ( rst
line) in Eq.18.53 To ensure thadtsgs > 0, we set @ik =@K to zero when its sign
is different from that of the viscous diffusion term (cf. ttveo last terms on the second
line in EQ.18.53. This is achieved by de ning a sign function; for detaileegd2].

18.19 Forcing

An alternative way to modify the scale-similarity modeldsamit theforward scatter,
i.e. to include instants when the subgrid stresses acbaster-gradientiffusion. In
hybrid LES-RANS, the stresses can then be used as forcingeanterface between
URANS and LES. This new approach is the focus®f[

18.20 Numerical method

A numerical method based on an implicit, nite volume methwith collocated grid
arrangement, central differencing in space, and Cranlolshio ( = 0:5) in time is
brie y described below. The discretized momentum equati@ad

VT tH v
n+1=2 n (18.54)
@ 0 )@
@x @x
whereH includes convective, viscous and SGS terms. In SIMPLE rootdhis equa-
tion reads " Lo
n+1 =
V't = a4 gy t@)@x V

nb
whereSy includes all source terms except the implicit pressure. fabe velocities
vf'?i” 2=0 :5(vir;‘j+l =24 vi";jJ'l 1%) (note thatj denotes node number ands a tensor
index) do not satisfy continuity. Create an intermediat®cigy eld by subtracting
the implicit pressure gradient from Ef8.54 i.e.

n
v =V tH vV @) tgjx (18.55a)

n+1 =2
_ V_n+1—2+ t@

: @x

(18.55h)
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RANS LES
Domain 2D or 3D always 3D
Time domain steady or unsteady always unsteady
Space discretization 2nd order upwind central differencing
Time discretization 1st order 2nd order (e.g. C-N)
Turbulence model at least two equations zero- or one-equation

Table 18.1: Differences between a nite volume RANS and LES code.

n+1=2_

Take the divergence of E48.5% and require tha@; =@x=0 so that
n+1 .
@ _ L Oy (18.56)
@x@x t @x

The Poisson equation fpf*! is solved with an ef cient multigrid metho®f]. In the
3D MG we use a plane-by-plane 2D MG. The face velocities areected as

n+1
Vit = v t @’@x (18.57)

A few iterations (typically two) solving the momentum egoat and the Poisson pres-
sure equation are required each time step to obtain conveggd/ore details can be
found [96)].

1. Solve the discretized Itered Navier-Stokes equation, B8.5%, forvy, v, and
V3.

. Create an intermediate velocity eid from Eq.18.5%.
. Use linear interpolation to obtain the intermediate gi#yo eld, vt , at the face

. The Poisson equation (EB.5§ is solved with an ef cient multigrid metho®p].

g A W N

. Compute the face velocities (which satisfy continuitgph the pressure and the
intermediate face velocity from E48.57

6. Step 1 to 4 is performed till convergence (hormally two loee iterations) is
reached.

7. The turbulent viscosity is computed.

8. Nexttime step.

Since the Poisson solver i8] is a nested MG solver, it is dif cult to parallelize
with MPI (Message Passing Interface) on large Linux clsstédence, when we do
large simulationsX 20M cells) we use a traditional SIMPLE method.

18.20.1 RANSvs. LES

Above a numerical procedure suitable for LES was descritbémlvever, in general,
any numerical procedure for RANS can also be used for LESeXample pressure-
correction methods such as SIMPL&/[98] are often used for LES. What are the
Speci ¢ requirements to carry out LES with a nite volume @lIf you have a RANS
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Figure 18.12: Time averaging in LES.

nite volume code, it is very simple to transform that into BES code. An LES code
is actually simpler than a RANS code. Both the discretizasoheme and and the
turbulence model are simpler in LES than in RANS, see TaBlé

Itis important to use a non-dissipative discretizationresnk which does not intro-
duce any additional numerical dissipation, see Sedtkht4 hence a second-order (or
higher) central differencing scheme should be employed.

The time discretization should also be non-dissipativee Chank-Nicolson scheme
is suitable.

As mentioned above, turbulence models in LES are simplereldre two reasons:
rst, only the small-scale turbulence is modeled and, secao equation for the tur-
bulent length scale is required since the turbulent lenggifescan be taken as the Iter
width,

In LES we are doing unsteady simulations. The question thieasa when can we
start to time average and for how long? This is exactly theesgoestion we must ask
ourselves whenever doing an experiment in, for example natwinnel. We start the
windtunnel: when has the ow (and the turbulence) reachdy éleveloped conditions
so that we can start to measure the ow? Next question: for loog should we carry
out the measurements?

Both in LES and the windtunnel, the recorded time historyhefi; velocity at a
point may look like in Fig.18.12 Time averaging can start at tinhe when the ow
seems to have reached fully developed conditions. It iscdif to judge for how long
one should carry out time averaging. Usually it is a good idefarm a characteristic
time scale from a velocityy (free-stream or bulk velocity), and a length scdle,
(width of a wake or a body, length of a recirculation regicamd use this to estimate
the required averaging tim&p0time units, i.e.100L=V, may be a suitable averaging
time for the ow around a bluff body; a value df0 may be suf cient ifL is the
length of a recirculation region. The theoretical statitierror varies with number of
independent sampleN,, asN 172, see EqR.20n p.492
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18.21 One-equatiorksys model

A one-equation model can be used to model the SGS turbuleati&ienergy. The
equation can be written on the same form as the RANSjuation, i.e.

@kgs + @ _ @ @kgys "
—(Viksgs) = == ( * sgs) = + Piye
o ex Ox @x — (18.58)
sgs = Ck kslg:sz; Pkes =2 sgsSij Sj; "= C ksi

Note that the production terrRy , is equivalent to the SGS dissipation in the equa-
tion for the resolved turbulent kinetic energy (look at thmv of kinetic energy dis-
cussed at the end 0®9)).

18.22 Smagorinsky model derived from theksys equation

We can use the one-equation model to derive the SmagorinekelrEq.18.16 The
length scale in the Smagorinsky modelis the Iterwidth/ %, see Fig18.13 The
cut-off takes place in the inertial subrange where diffasiod convection in thksgys
equation are negligible (their time scales are too largéhey have no time to adapt
to rapid changes in the velocity gradierds,). Hence, production and dissipation in
Eq.18.58are in balance so that

Prygs =2 sgsSijSj =" (18.59)
Let us replacé by SGS viscosity and . We can write the SGS viscosity as
sgs = "*(Cs) ° (18.60)
Dimensional analysis yields= 1=3; b= 4=3 so that
sgs = (Cs) #3172 (18.61)
Eq. 18.59substituted into EL8.61gives
ss =(Cs) *"=(Cs) * sgs(2si 5j)
) sgs =(Cs) 7jsi (18.62)
jsi = (2sj s7)'

which is the Smagorinsky model.

18.23 A dynamic one-equation model

One of the drawbacks of the dynamic model 88][ (see p.197) is the numerical
instability associated with the negative values and laggétion of theC coef cient.
Usually this problem is xed by averaging the coef cient ioree homogeneous ow
direction. In real applications ad-hoc local smoothing afipgping is used. Below
a dynamic one-equation model is presented. The main objeenhwleveloping this
model was that it should be applicable to real industrial sowrurthermore, being a
dynamic model, it has the great advantage that the coeftsi@recomputedather than
being prescribed.
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Figure 18.13: Spectrum foik. I: Range for the large, energy containing eddies; Il: tregtial
subrange for isotropic scales, independent of the lardes€a and the dissipative scales)(
I1l: Range for small, isotropic, dissipative scales.

The equation for the subgrid kinetic energy rea3J 101] (see also102 103)

@ks , @ @ @lys kSge
+ —(VjKsgs) = Pieye + =— C
@t @?(( ] sgs) Ksgs @}( eff @}( (1863)
1
Prgs = §Vij5 § = 2C KégsSj
with et =+ 2Chom ks%gs. The C in the production ternPy, is computed

dynamically (cf. Eq18.4]). To ensure numerical stability,@nstantvalue (in space)
of C (Chom ) is used in the diffusion term in EG8.63and in the momentum equations.
Chom is computed by requiring th&nom should yield the same total production of
ksgs asC, i.e.

1 _ 1 .
H2C  kéysSj Sijixyz = 2Chom h KégsSij Sij ixyz
The dissipation terrfi,,, is estimated as:

ksgs
Ts (Vi;j 3 Viij )= Cc —: (18.64)

"ksgs
Now we want to nd a dynamic equation f@ . The equations foksgs andK read in
symbolic form
ksgs
T(ksgs) Cksgs Dksgs = Pksgs C -

K3=2
T(K) Ck Dk =P% C

(18.65)

Since the turbulence on both the grid level and the test Evalild be in local equilib-
rium (in the inertial 5=3region), the left-hand side of the two equations in E8.65
should be close to zero. An even better approximation shioeitd assume (Ksgs) =
T(K),i.e.
Z{ 1 Z—{3=2 K 3=2
Pksgs _C ksgs = PK C _Z{_’

so that o
+1 K Z{ 1 3—2
c' =P Pkee + —C"ksgs

: 18.66
K 3 ( )
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The idea is to put the local dynamic coef cients in the sousrens, i.e. in the produc-
tion and the dissipation terms of tkeys equation (Eq18.63. In this way the dynamic
coef cientsC andC don't need to be clipped or averaged in any way. This is a big
advantage compared to the standard dynamic model of Ger(saeadiscussion on

p.202).

18.24 A Mixed Model Based on a One-Eg. Model

Recently a new dynamic scale-similarity model was presebyg104. In this model
a dynamic one-equation SGS model is solved, and the saalkxsty part is estimated
in a similar way as in Eql8.49

18.25 Applied LES

At the Department we used LES for applied ows such as ow arda cube 105
106, the ow and heat transfer in a square rotating du®7, 108, the ow around

a simpli ed bus [L06 109, a simplied car [110-117 and the ow around an air-
foil [113 114, detailed SUV 15, trains and buses subjected to sidewinds and wind
gustsL116-118. We have also done some work on buoyancy-affected di$f125.

18.26 Resolution requirements

The near-wall grid spacing should be about one wall unit @wall-normal direction.

This is similar to the requirement in RANS (Reynolds-AverddNavier-Stokes) using
low-Re number models. The resolution requirements in pathllel planes for a well-
resolved LES in the near-wall region expressed in wall warigsapproximately

X7 . 100(streamwise) and; . 30(spanwise) (18.67)

and, of coursex; < 1. This enables resolution of the near-wall turbulent streees
in the viscous sub-layer and the buffer layer consistingigh{speed in-rushes and
low-speed ejectionslPf, often called the streak process. At low to medium Reynolds
numbers the streak process is responsible for the majooptré turbulence produc-
tion. These structures must be resolved in an LES in ordechiee accurate results.
Then the spectra of the resolved turbulence will exhilsit3 range, see gure on [80.

In applied LES, this kind of resolution can hardly ever b@afed. In outer scaling
(i.e. comparing the resolution to the boundary layer théday ), we can afford

= X1 < 10and= x3< 20 (18.68)

(preferably twice that number, i.20 and40, respectively) and, of coursg, < 1.
This resolution requirement is relevant in the log-regidou can investigate if this
requirement is satis ed for the ow over a hump in an Assignrim SectionU.7.

The spectrain the log region will look something like thatwh in Fig.18.14[127].
Energy spectra are actually not very reliable to judge if &ldimulation is well re-
solved or not. In 27,128 different ways to estimate the resolution of an LES were
investigated. The suggestion in these works is to use tie oatntegral lengthscale
to cell size (if the ratio is larger than, sa, the resolution is suf cient). The integral
lengthscale is computed from two-point correlations istibet way to estimate if an
LES is suf ciently resolved or not. Two-point correlatiots estimate resolution are
evaluated in an Assignment, see Sectibi.2



18.26. Resolution requirements 212

Thick dashed line 5=3 slope

Ess(ks)

10

10'4 L L T
10 10 10

3 =2 K 3=X3:max
Figure 18.14: Energy spectra in fully developed channel odZ7. denotes half channel
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Figure 18.15: Onera bump. Computational domain (not to scale).

Even if the turbulence in boundary layer seldom can be resblthe ow in re-
circulation regions and shear layer can. 12§ the ow (Re ' 1(P) over a bump
was computed. The geometry is shown in Fi§.15 The turbulence in the bound-
ary layer on the bump was very poorly resolvedsi1= i, = 0:33, X3= iy = 0:44,

X; =1300and x3 = 1800. Nevertheless, the turbulence in the recirculation re-
gion and in the shear layer downstream the bump turned out tedll resolved, see
Fig.18.16

For wall-bounded ows at high Reynolds numbers of enginegrinterest, the
computational resource requirement of accurate LES isipitofely large. Indeed,
the requirement of near-wall grid resolution is the mainsogawhy LES is too ex-
pensive for engineering ows, which was one of the lessoasred in the LESFOIL
project [L30,131].
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Figure 18.16: Energy spectr&ss( 3) in the recirculation region and the shear layer down-
stream the bumpxg=H = 1:2). Thick dashed line shows5=3 slope.——: x,=H = 0:0035
(near the wall)==: xp=H = 0:13; =« = : Xo=H = 0:34 (in the shear layer).

19 URANS: Unsteady RANS

o perform an accurate LES, a very ne mesh must be used. Thisesguroblems,

for example, near walls. LES is very good for wake ow, whehme tow is gov-
erned by large, turbulent structures, which can be captoyeal fairly coarse mesh.
However, if attached boundary layers are important, LESprdbably give poor pre-
dictions in these regions, unless ne grids are used.

An alternative to LES for industrial ows can bensteady RANS (Reynolds-
Averaged Mvier-Sokes), often denotedRANS (Unsteady RANS). In URANS the
usual Reynolds decomposition is employed, i.e.

VAR
v(t) = = v(t)dt; v = v+ v (19.1)
2T ¢ ¢
The URANS equations are the usual RANS equations, but wittréimsient (unsteady)
term retained; on incompressible form they read

4 : 000
@+ Q(Vivj)z }@4. @V' @'Q/J
@t @x @x @x@x @ (19.2)
@ _,
@x

Note that the dependent variables are now not only functidgheospace coordinates,
but also function of time, i.ev; = v;(X1;X2;X3;t), p= p(X1;X2;X3;t) and Woz
VR0 1; X2; X35 t).

Even if the results from URANS are unsteady, one is ofterré@sted only in the
time-averaged ow. We denote here the time-averaged vl@shvi, which means
that we can decompose the results from an URANS as a timegeg@marthvi, a
resolved uctuationy®, and the modeled, turbulent uctuatiovf? i.e.

v=v+vP= i+ 0+ v (19.3)
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see Fig19.1 The modeled turbulent uctuation is not shown in the gure; when
this is added tdvi + vOwe obtainv.

What type of turbulence model should be used in URANS? Tha¢dds on type
of ow. If the ow has strong vortex shedding, the standardjiiRe numbek "
model can be used, i.e.

@k, @uk_ @ . .« @k . .
@t @?( @?( + " @?( + P (19.4)
@", @v"_ @ . @ k "
@t @x Tex . ex g Pt o (19.5)
k2
=c K (19.6)

With an eddy-viscosity, the URANS equations read

@V' @vivi = @+ g ( + t)@ (19.7)
@t @x @x @x @x

Usually the standardd " model is not a good URANS model because it gives too
much modeled dissipation (i.e. too large turbulent visgdsivhich dampens the re-

solved uctuations too much. The V2F and non-linear eddseusity models are bet-

ter.

So we are doing unsteady simulations, but still we time ayethe equations. How
is this possible? The theoretical answer is that the timén Eq.19.1should be much
smaller than the resolved time scale, i.e. the modeled kembwctuations,v® should
have a much smaller time scale than the resolved aie$his is calledscale separa-
tion. In practice this requirement is often not satis éb]. On the other hand, how do
the momentum equation, EQ.7, know how they were time averaged? Or if they were
volume Itered? The answer is that they don't. The URANS maoen equation and
the LES momentum equation are exactly the same, except thdénote the turbulent
viscosity in the former case by and in the latter case bygs. In URANS, much
more of the turbulence is modeled than in LES, and, henceutbalent viscosity, ¢,
is much larger than the SGS viscosityys .

The common de nition of URANS is that the turbulent lengttakeis not deter-
mined by the grid, whereas in LES it is. In URANS we do usually care about scale
separation. What we care about is that the turbulence maodkttee discretization

v, V; hvi

Figure 19.1: Decomposition of velocities in URANS— : v; == v;=-=hvi.



19. URANS: Unsteady RANS 215

Figure 19.2: The domain for the ow past a triangular ameholder. Flowfindeft to right

reference velocity

normdtizead V-velocity

P T

4.5 6.8 9.0

time [ms]

Figure 19.3: 2D URANSk " simulations L32. One cycle of thev, velocity in a cell near
the upper-right corner of the ameholder.

scheme should not be too dissipative, i.e. they should Hdhkiresolved uctuations,
Vo

The standar@ " model (Eq19.4and19.5 was used in137 for two-dimensional
URANS simulations computing the ow around a triangular arholder in a channel,
see Fig19.2 This ow has a very regular vortex shedding. and the ow adlphas a
scale separation. In Fig9.3thev, velocity in a point above the ame-holder is shown
and it can be seen that the velocity varies with time in a siidad manner.

When we're doing URANS, the question arises how the restitilsl be time
averaged, i.e. when should we start to average and for hayv Ibmis issue is the same
when doing LES, and this was discussed in connection toll8id.2
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Figure 19.4: 2D URANSk " simulations compared with experimedf]. Solid lines: total
turbulent kinetic energy; dashed lines: resolved turtiukémetic energy: : experimental data.
Left gure: x = 0:43H; right gure: x = 1:1H (x = 0 at the downstream vertical plane of the

ame-holder).

19.1 Turbulence Modeling

In URANS, part of the turbulence is modeled} and part of the turbulence is resolved
(v9. If we want to compare computed turbulence with experimkttrbulence, we
must add these two parts together. Pro les downstream theetolder are shown in
Fig. 19.4 It can be seen that here the resolved and the modeled tndeuéee of the
same magnitude.

If the turbulence model in URANS generates "too much” eddcusity, the ow
may not become unsteady at all, because the unsteadinessajigded out; the reason
for this is that the turbulence model is too dissipative. diswound in [, 133 when
using URANS for the ow around a surface-mounted cube andiadca car, that the
standardk " model was too dissipative. Non-linear models like that 184 was
found to be less dissipative, and was successfully appliédRANS-simulations for
these two ows.

19.2 Discretization

In LES it is well-known that non-dissipative discretizatischemes should be used.
The reason is that we don't want to dampen out resolved, kmbwctuations. This is
to some extent true also for URANS. In the predictions on tame-holder presented
above, the hybrid discretization scheme for the convedtves was used together
with fully implicit rst-order discretization in time; thg gives rst-order accuracy in
both space and time. The turbulence model that was used wastahdarck "
model. Thus, both the discretization and the turbulenceahloave high dissipation.
The reason why the unsteadiness in these computations wasm@ened out is that
the vortex shedding in this ow is very strong.

In general, a discretization scheme which has little nucaédissipation should be
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Figure 19.5: Domain of URANS simulations of the ow around a surface-mtathcube.

used. How dissipative a scheme needs to be in order to be $ablv dependent; for

some simple ows, it may work with no dissipation at all (i.eentral differencing),

whereas for industrially complex ows maybe a bounded seeorder scheme must
be used. For time discretization, the second-order ace@eink-Nicolson works in

most cases.

In [1] LES and URANS simulations were carried out of the ow arounsurface-
mounted cube (Figl9.5 with a coarse mesh using wall-functions. Two different dis
cretization schemes were used: the central scheme and tisesktame (a blend be-
tween central differencing and a bounded upwind schemeaaingkorder accuracy).
In Fig. 19.6the time-averaged velocity pro le upstream of the cuke € 0:6H)
using URANS and LES with central differencing are shown thgewith URANS and
the Mars scheme. It is seen that with LES and central diffgngrnonphysical oscilla-
tions are present (this was also found 19§). However, LES with the Mars scheme
(in which some numerical dissipation is present) and URANIB the central scheme
(where the modeling dissipation is larger than in LES) ndvsuanphysical oscillations
are present. The main reason to the nonphysical oscilat®othat the predicted ow
in this region does not have any resolved uctuations. Ibtuent unsteady inlet uc-
tuations are used, the nonphysical oscillations do usmallyappear, even if a central
differencing scheme is used. In this case the turbuler)ved uctuations dominate
over any numerical oscillations.
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Figure 19.6: URANS simulations: pro les upstream the culig.[

20 DES: Detached-Eddy-Simulations

ES (Detached Hdy Smulation) is a mix of LES and URANS. The aim is to treat

the boundary layer with RANS and capture the outer detacdike with LES.
Since the ow in the boundary layer will be strongly in uengéy the unsteady LES
in the outer region, the ow in the boundary layer will also besteady. Hence the
boundary layer is treated with unsteady RANS (URANS). TheSD#as originally
developed for wings at very high angles of attack.

The RANS model that was originally used was the one-equatiodel proposed
in [135. It can be written £30, 135 Sect. 4.6]

@1,@u~_ @ + . @ ,Cw @G,

et @x ~ex . ex ' ., exex " (20.2)

t = ~f1

The production ternP and the destruction term have the form

~
P=Cn s+ 2—d2f2 ~

5 (20.2)
s=@sjs)™; = Cuifu %
d in the RANS SA model is equal to the distance to the nearest wal
In DES [134, d'is taken as the minimum of the RANS turbulent length sdaded

thecelllength=max( x; X ; X ),ie.
d=min(d;Cges ) : (20.3)

X, X and x denote the cell length in the three grid directions and . The
constanCyes is usually set td:65. This model is called the S-A DES model.
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In the boundary layed < C4es and thus the model operates in RANS mode.
Outside the turbulent boundary laygr> C4s SO that the model operates in LES
mode. The modeled length scale is reduced and the consesjigehat the destruction
term increases, which gives a reduction in the turbulent visgosi A reduced~
gives a smaller production terfh so that the turbulent viscosity is further reduced.

At rst sight it may seem that as the model switches from RANSda to LES
mode thus reducing, this would give rise to an increased production té&rthrough
the second term (see ER0.2. However, this second term is a viscous term and is
active only close to the wall. This term is sometimes neglét37.

20.1 DES based on two-equation models

The model described above is a one-equation model. In RAN&eritdakes its length
scale from the wall distance, which in many situations isa@levant turbulent length
scale. Recently, DES models based on two-equation modetspreposed]38-140.
In these models the turbulent length scale is either obdafrem the two turbulent
quantities (e.gk3=2=" or k'=2=1) or the lIter width . A model based on thke "
model can read

Ok @ 0. @ L @ ..

ot @xM9 @y T ex *PT

@, @,ny- @ @ T epe o

e ex T ex T oex k@ )
P¥=2 sp55; =k

The turbulent length scalé,, and the turbulent dissipatioty; , are computed ad {0,
147

k3:2
t=min  C ——;Cpgs

o2 (20.4)

"r=max " Cr—r

In other modelsT9, 13§ only the dissipation tern,r is modi ed. When the grid
is suf ciently ne, the length scale is taken as. The result is that the dissipation
in thek equation increases so tHatdecreases which gives a reduced In regions
where the turbulent length scales are taken frofLES mode) thé'-equation is still
solved and it is used used for computing the turbulent visgdse. = C k2=". A
third alternative is to modify only the turbulent length Ecappearing in the turbulent
viscosity [L41].

A rather new approach is to reduce the destruction term if' taquation as in
PANS [142 143 (Partially Averaged Mwvier-Sokes, see Sectio?3) and PITM [L44]
(Partially Integrated Tansport Mbdeling, see SectioPd). In these model$ increases
because of its reduced destruction term which decreasek bod ;. A low-Reynolds
number PANS was recently proposddf in which the near-wall modi cations were
taken from the AKN model47]. In [145 different ways of treating the interface
between the URANS and LES regions were evaluated.

In the RANS mode the major part of the turbulence is modeletieii\the model
switches to LES mode, the turbulence is supposed to be exgeesby resolved tur-
bulence. This poses a major problem with this type of modéthe switch occurs at
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locationxy, say, it will take some distande before the momentum equations start to
resolve any turbulence. This is exactly what happens atlahiman LES simulation

if no real turbulence is given as inlet boundary conditiodDae way to get around this
is to impose turbulence uctuations as forcing conditio®8 [L46-149 at the location
where the model switches from RANS mode to LES mode. Therigrisiadded in the
form of a source term (per unit volume) in the momentum equati

20.2 DESbasedonth& ! SST model
The standar¢ ! model SST read</B, 79

@k @ t @k k
L =P k!
ot (, W=ax T« ex ’
@I @ t @! 1 2
L = P !
@t (] ) @?( * | @?( *
1 @k@!
2(1 F |
2 D) 27 Gx@x - ) #
S k 500 4., .k
F,=tanh( %); =min max Id ' d? CD, 2
Lake (20.5)
CD, = 2 ;10 1
PEMEC S T axex
_ a]_k
"7 max(ay!; jsiF2)
K
pr= 2
t
2k'¥2 500
F, =tanh( %);  =max i @

whered is the distance to the closest wall node. The SST model belasrek !
model near the wall whergé; = 1 and ak " model far from walls E; = 0). All
coef cients are blended between tke ! andthek " model using the functiohk,
for , for example,

=Fr k1 +@ F1) k- (20.6)

The constants take the following values:

=0:09, a34=0:3
k 1 =5=9; k 1 =3=40; kk ' = 0:85; k1= 05 (20.7)
W »=0:44 , ~=0:0828 x =1; x -=0:856

In DES the dissipation term in tHeequation is modi ed asq{9|

Lt k1:2

;1 =max ——;1
DES CDES |
k1:2

=max f xi; Xz; Xag; L¢= —

k! ! kIF pes ; Fpes =max

(20.8)



20.3. DDES 221

CDES CDES
X2 i X2 |
L / L :
II /
v a
%) 7 %) 7
" 7 ] & 4
@) 7 §) VA

Figure 20.1: Grid (in blue) and a velocity pro le (in red). RANS-LES inface is shown by the
dashed-green line.

whereCpgs =0:61.

Again, the DES modi cation is meant to switch the turbulezndth scale from a
RANS length scale/( k**?=!) to a LES length scale/ ( ) when the grid is suf-
ciently ne. When Fpgs is larger than one, the dissipation term in thequation
increases which in turn decreadesind thereby also the turbulent viscosity. With a
smaller turbulent viscosity in the momentum equations,ioeleled dissipation (i.e
the damping) is reduced and the ow is induced to go unstedthe result is, hope-
fully, that a large part of the turbulence is resolved rathan being modeled.

Equation20.8shows that it is the grid that determines the location wheeeniodel
switches between RANS and LES. Hence it is crucial to geaenatappropriate grid.
The larger the maximum cell size (usually or z) is made, the further out from the
wall does the switch take place.

20.3 DDES

In some ows it may occur that thEpes term switches to LES in the boundary layer
because x or z( Xxj;or Xx3)aretoosmall (smaller than the boundary layer thick-
ness, ). This means that the ow in the boundary layer is treatediiSlmode with too
a coarse mesh. This results in a poorly resolved LES and hieaceurate predictions.
To explain the need for DDES, consider the S-A-DES model Esg&0.3 Two
grids are shown in Fig20.1 The grid on the left is a good DES mesh. Here
Cpes X1 (assuming x3 < Xj) is proportional to the boundary layer thickness,
. The result is that the entire boundary layer is treated bjNRAas it should). The
grid on the right is re ned in the; direction. The result is that < and hence
the outer part of the boundary layer is in LES mode. If the lrg8m in the spanwise
and streamwise direction does not satisfy the requirenfentsES resolution (see
Eq.18.69, the predictions will be inaccurate due to a poorly resdlVES region. The
DDES model xes this problem. It makes sure that the DES metisis in LES mode
in the boundary layer. DDEfrotectsthe boundary layer from the LES mode.
Different proposals have been made to modify DES. The S-A Big8el is modi-
ed by replacingd (see Eq20.3 with dppes which reads 150

dDDES =d fd max(O;d CDES ) : (209)
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f 4 is a blending function which is one in the boundary layer esped asl51]
h i
fq=1 tanh (8rg)®

Lt N
202 maxfS;; 10 og° ~* @x @x

(20.10)

q =

Inthek ! SST DDES model, the blending function in E2).8is replaced by152,
153

L
Fppes = max — (1 Fs)l (20.11)

Coes
Fs is taken ag-; orF, (see Eqsl6.12and16.1§ of the SST model. In19 F = F».
This is called DDES (Delayed DES).
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21 Hybrid LES-RANS

HEN simulating bluff body ows, LES (Large Eddy Simulation) ite ideal

method. Bluff body ows are dominated by large turbulentlssathat can be
resolved by LES without too ne a resolution and accurateitesan thus be obtained
at an affordable cost. On the other hand, it is a challengiag to make accurate pre-
dictions of wall-bounded ows with LES. The near-wall grigacing should be about
one wall unit in the wall-normal direction. This is similar the requirement in RANS
using low-Re number models. The resolution requiremenigiiparallel planes for
a well-resolved LES in the near-wall region expressed inl writs are approximately
100 (streamwise) an@0 (spanwise). This enables resolution of the near-wall turbu
lent structures in the viscous sub-layer and the bufferrlapasisting of high-speed
in-rushes and low-speed ejectiod®f, often called the streak process.

An event of a high-speed in-rush is illustrated in F24..1 In the lower part of
the gure the spanwise vortex line is shown. Initially it issgraight line, but due to a
disturbance — e.g. a turbulent uctuation — the mid-parthaf vortex line is somewhat
lifted up away from the wall. The mid-part of the vortex lingeriences now a higher
vy velocity (denoted byJ in the gure) than the remaining part of the vortex line.
As a result the mid-part is lifted up even more and a tip of agwaivortex is formed.
The vorticity of the legs of the hairpin lift each other thghuself-induction which helps
lifting the tip even more. Inthg; X, plane (upper part of Fi®1.1) the instantaneous
and mean velocity pro les (denoted by andU in the gure, respectively) are shown
as the hairpin vortex is created. It can be seen that an iiloeqioint is created in the
instantaneous velocity pro l&), and the momentum de citin the inner layer increases
for increasingx;. Eventually the momentum de cit becomes too large and tigd-hi
speed uid rushes in compensating for the momentum de dite ih-rush eventis also
called asweep There are also events which occurs in the other directien, low-
speed uid is ejected away from the wall. These events aredalrstsor ejections
The spanwise separation between sweeps and bursts is valty(@pproximatelyl 00
viscous units, see Fi@1.7). This is the main reason why the grid must be very ne
in the spanwise direction. The streamwise distance betwezevents is related to
the boundary layer thickness (, see Fig21.1). The process by which the events are
formed is similar to the later stage in the transition predesm laminar to turbulent
ow. Figure 21.2presents the instantaneous eld of the streamwise velagityation,

v{ in the viscous wall region. As can be seen, the turbulentstras very elongated
in the streamwise direction.

At low to medium Reynolds numbers the streak process is ressiple for the major
part of the turbulence production. These structures mustdmved in an LES in order
to achieve accurate results. Thus, for wall-bounded owhkigh Reynolds numbers
of engineering interest, the computational resource reqént of accurate LES is
prohibitively large. Indeed, the requirement of near-vgaltl resolution is the main
reason why LES is too expensive for engineering ows, whiaswne of the lessons
learned in the LESFOIL projeciBQ 131].

The object of hybrid LES-RANS (and of DES) is to eliminate tegquirement of
high near-wall resolution in wall-parallel planes. In thean-wall region (the URANS
region), a low-Re number RANS turbulence model (usually dayeviscosity model)
is used. In the outer region (the LES region), the usual LESsed, see Fig1.3
The idea is that the effect of the near-wall turbulent striteet should be modeled by
the RANS turbulence model rather than being resolved. In_Lt® region, coarser
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Figure 21.2: Fluctuating streamwise velocity in a wall-parallel plartexd = 5. DNS of
channel ow [99].
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grid spacing in wall-parallel planes can be used. The gsdltdion in this region is
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URANS region LES region
c *n[l exp( 0:2k¥2n=)] C=
7| ¢¥K¥F2n[1 exp( 0:014&¥2n=)] | 0:07k¥2
o 1.0 1:05

Table 21.1: Turbulent viscosity and turbulent length scales in the URSA®hd LES regionsn
and denote the distance to the nearest wall and von Karmartarung 0 :41), respectively.
=( V)=

presumably dictated by the requirement of resolving thgdstrturbulent scales in the
ow (which are related to the outer length scales, e.g. thergary layer thickness)
rather than the near-wall turbulent processes. The unst@athentum equations are
solved throughout the computational domain. The turbURi¥S viscosity is used in

the URANS region, and the turbulent SGS viscosity is usederLES region.

Hybrid LES-RANS is similar to DES (Detached Eddy Simulatpfi36 153 154].
The main difference is that the original DES aims at covetimg whole attached
boundary layer with URANS, whereas hybrid LES-RANS aimsatering only the
inner part of the boundary layer with URANS. In later work DE&s been used as a
wall model [L47,155 — called wall-modelled LES — and, in this form, DES is simila
hybrid LES-RANS.

21.1 Momentum equations in hybrid LES-RANS
The incompressible Navier-Stokes equations with an addemlilent/SGS viscosity
read
@i 1@, @
@t @x @x
where 1 = ¢ (  denotes the turbulent RANS viscosity) for  Xo.mi (the URANS
region, see Fig21.3 and, forxz > X 2;mi (the LES region), 1 = sgys.

@ . - [l
+ @(Vle) T)@?( (21.1)

21.2 The one-equation hybrid LES-RANS model

When a one-equation model is employed in both the URANS regiad the LES
region, it reads

@k @, _ @ @k k?zz
@t e T e (T Ve TP O i
Pw: = §Si; i = 27Sj

Inthe innerregionX,  X2:mi ) kt corresponds to the RANS turbulent kinetic energy,
k; in the outer regionxz > X 2.m ) it corresponds to the subgrid-scale kinetic turbulent
energy ksgs). No special treatment is used in the equations at the nrajgiiane ex-
cept that the form of the turbulent viscosity and the turbtlength scale are different
in the two regions, see Tabk.1 At the walls,kr = 0.

When prescribing the location of the RANS-LES interface,\tblocity pro le may
show unphysical behaviour near the interface because oéfie variation of the tur-
bulence viscosity. Much work on forcing have been preseintedder to alleviate this
problem P9,127,147,149.
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Figure 22.1: Velocity pro les from a DNS of channel ow. Solid line: timaveraged velocity
with length scald.xseeady , EQ.22.1; dashed line: instantaneous velocity with length scale
Lvkinst , EQ.22.3

Figure 22.2: Velocity pro les from Eqs.22.4and22.5

22 The SAS model

22.1 Resolved motions in unsteady

WHEN doing URANS or DES, the momentum equations are triggereazuityir in-
stabilities to go unsteady in regions where the grid is newgh. In URANS
or in DES operating in RANS mode, high turbulent viscositieafdampens out these
instabilities. In many cases this is an undesired feat@eabse if the ow wants to go
unsteady, it is usually a bad idea to force the equationgaiosteady. One reason is that
there may not be any steady solution. Hence, the equatidhsoconverge. Another
reason is that if the numerical solution wants to go unstethdylarge turbulent scales
— i.e. part of the turbulent spectrum — will be resolved iastef being modeled.
This leads to a more accurate prediction of the ow.

One way to improve a RANS model's ability to resolve largelsanotions is to
use the SAS (&le- Adaptive $mulation) model
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22.2 The von Karman length scale

The von Karman length scale

@w,i=@x

Lvksteady = m (22.1)

which includes the second velocity gradient is a suitabhgtle scale for detecting
unsteadiness. The von Karman constant (same as in tHawgee Eq6.33 is =
0:41. The von Karman length scale is smaller for an instantaselocity pro le
than for a time averaged velocity, see F2¢.1 This is interesting because, as noted
in [156, the von Karméan length scale decreases when the momesguations resolve
(part of) the turbulence spectrum.

The rst and second derivatives in EB2.1are given in boundary layer form. We
want to extend this expression to a general one, applicaliteée dimensions. In the
same way as in, for example, the Smagorinsky model, we takeshderivative as
jsi = (2'sj sij )1¥2. The second derivative can be generalized in a number of. ways
the SAS model it is taken as

U%0= @Vi @Vi 0®
@x@x @x@x

Hence, the general three-dimensional expression for thek@man length scale
reads

(22.2)

Lukinst = Jijié? (22.3)
Note than in a CFD code, Eq82.3and22.2are always used, but when the ow is
steady it is equal to the time-averaged version, i.e. BggandU.9.
In order to get a better understanding of the difference beiwthe von Karman
length scales in steady and turbulence-resolving modeysldébok at two analytical
velocity pro les. A steady velocity pro le

hvii = sin(0:5x ») (22.4)
and a turbulence-resolving velocity
v; =sin(0:5x ;) +0:1sin(20x 3) (22.5)
see Fig22.2 Taking the rst and second derivatives of EG2.4and22.5gives

%V;I =0:5 cos(Q5x 3)

@hvii

@%

@ =0:5 cos(@5x 2)+2 cos(20x ;)
@x
@v1

== 0:25 2sin(0:5 x 40 2sin(20 x
@% ( 2) ( 2)

0:25 2sin(0:5 x 5)
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Using Eqs22.1and22.3 we get

0:5 cos(Q5x » 2
0:25 2sin((0:5x Z) = —cot(0:5x2)
0:5 cos(@5x 2)+2 cos(20x »)
0:25 2sin(0:5x 2) +40 2sin(20x 3)
2 cos(20x ) _ 0:.05

40 2sin(20x 5)

L vK;steady

I—vK;inst (22.6)

cot(20 x )

We nd, as expected, that the length scale of the instantaseelocity pro le is much
smaller (a factor of approximatefi) than that of the steady velocity pro le.

In [157] they derived a one-equation turbulence model where the von Karman
length scale was used. The model was called the SAS modeér, llzsed on the
k  k'72L model of Rotta 15§, Menter & Egorov L5 derived a nevk kL model
using the von Karman length scale. Finally, i5p-161] they modi ed thek ! -SST
model to include the SAS features; they called this mode38&-SAS model. This
model is described in more detail below.

22.3 The SST-SAS model

Thek ! SST modelis given in EqRO.5at p.220 (see also the section starting at
p. 183 Now, Menter & Egorov 159-161] introduced a SAS-term in thie equation.
The object of this term is to decrease the turbulent visgagliten unsteadiness is de-
tected, i.e. when the von Karman length scale becomed.sih production term in
the! equationinth& ! -SST modelreadB, = P k= /| sj?. To decrease the
turbulent viscosity we should increake Thus it seems reasonable to add a new pro-
duction term proportional t®, L;=Lk.inst WhereL; denotes a RANS length scale.
The additional term reads

. L
% jsiP—— Li= — (22.7)

When unsteadiness occurs — i.e. when the momentum equatitemspt to resolve
part of the turbulence spectrum — this term reacts as fotlows

Local unsteadiness will create velocity gradients whichrdase von Karman
length scalel-yk.inst (S€€ Fig22.1)

As a consequence the additional source, 247, in the! equation increases
This gives an increase Inand hence a decrease in

The decreased turbulent viscosity will allow the unsteasgénto stay alive and,
perhaps, grow.

The last item in the list above is the main object of the SAS ehodhe reaction
to local unsteadiness in a eddy-viscosity model withoutSA& feature is as follows:
the increased local velocity gradients will create addaigproduction of turbulent ki-
netic energy and give an increased turbulent viscosity vhitl dampen/kill the local
unsteadiness. As mentioned in the introduction to this whrathis is an undesirable
feature.
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When incorporating the additional production term (8.7 in thek ! -SST
model, the last term in thle equation is replaced by (for further details, s€8%-161])

Psas = Fsas max(T1  T»;0)

L
_ ~c?2
Tl -2 S LvK;inst
_ % . 1@'@ 1 ekek (22.8)
T, = max !2@?(@?(,‘(2 @x @x
k1=2
-- e

where™> ' 1:5andFsas ' 1
Note that the ternT is the “real” additional SAS ternT is included to make sure
that the model in steady ow works aska ! SST model.

22.4 The second derivative of the velocity

To computeJ %%in Eq.22.2 we need to compute the second velocity gradients. In nite
volume methods there are two main options for computingregderivatives.
Option I: compute the rst derivatives at the faces

Qv _Va M. OV Y Vi
@x% j+1=2 X2 , @x% i 1=2 X2
and then
) @ _via ity a1, ((X)? @V
@3 | ( x2)2 12 @3
Option Il: compute the rst derivatives at the center
Qv _Vie v, @V _V V2
@% |4y 2 xo2 ' @x% | , 2 X2
and then ,
) @ - Vj+2 2Vj +Vv 2 + ( X2) @
@3 | 4( x2)2 3 @%

In [162, Option | was used unless otherwise stated.

22.5 Evaluation of the von Karman length scale in channel ow

In Fig. 22.3the turbulent length scald, \k.inst 1, iS evaluated using DNS data of fully
developed channel ow. When using DNS data only viscoudplidion of resolved tur-
bulence affects the equations. This implies that the sstadlsales that can be resolved
are related to the grid scale. The von Karman length sadedon instantaneous ve-
locities, L yk.inst 1, IS presented in FigR2.3 Forx, > 0:2, its magnitude is close to

X2 which con rms that the von Karman length scale is relatethie smallest resolv-
able scales. Closer to the wdll, yk.inst 1 increases slightly whereasx, continues to
decrease.

The von Karman length scalk,k.sieady , based on the averaged velocity pro le

hvii = hvi(X2) is also included in Fig22.3 and as can be seen it is much larger
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Figure 22.3: Turbulent length scales in fully developed channel ow. t.eflobal view; right:

zoom. DNS96° mesh.Re =500. x3= =0:065 x3= = 0:016, x,-stretching of 9%.
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Figure 22.4: Turbulent length scales in fully developed channel ow. iHgd ES-RANS. Left:
global view; right: zoom32 64 32mesh.Re =2000. x;= =0:39, x3= =0:19,
X2-stretching of 17%.=—: ML ykinst 1; ==: Luisteady ; =*=: ( X1 X2 X3)*™;
X2+ Tk 1 = KOS=(c ).

thanhLyk; spi. Near the wallLyksieady iNCreases because the time-average second
derivative, @hv1i=@%, goes to zero as the wall is approached. No such behavior is
seen for the three-dimensional formulatibykinst i .

In Fig. 22.4 data from hybrid LES-RANS are used (taken fra®8]). When using
hybrid LES-RANS, part of the turbulence is resolved and pérthe turbulence is
modeled. The resolved turbulence is dissipated by a modésipation, 2h 7s; sj i
( T denotes SGS or RANS turbulent viscosity), ard . As aresult, the length
scale of the smallest resolved turbulence is larger in lybES-RANS than in DNS.
Close to the wall in the URANS regiorx{ < 0:031 ), the resolved turbulence is
dampened by the high turbulent viscosity, and as a reHulisins: i follows closely
LvK;steady .

The RANS turbulent length scale, |, from a 1D RANS simulation aRe
2000 with the k

I SST model is also included in Fi@2.4 In the inner region
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(x2 < 0:5), its behavior is close to that of the von Karman lengthesdayk steady -
In the center region the RANS turbulent length scale coesnio increase which is
physically correct. However, the von Karman length schlgsieady , goes to zero
because the velocity derivative goes to zero.

Two lter scales are included in Fig2.3and22.4 In the DNS-simulations,

X2 < (X1 X2 X3)'™° nearthewall, whereas farfromthewalk, > ( x; X2 Xx3)*™

because of the stretching in the direction and because of smalk; and x3. Inthe
hybrid simulations, it can be noted that the three-dimeraidter width is more that
twice as large as the three-dimensional formulation of the Karméan length scale,
|e( X1 X3 Xg):l':3 > 2H—VK;inst i

In[162, the SST-SAS model has been evaluated in channel ow, owrrasym-
metric diffusor and ow over an axi-symmetric hill.
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23 The PANS Model

HE PANS method uses the so-called “partial averaging” conedpith corresponds

to a Itering operation for a portion of the uctuating scal§¢l63.

To close the system of the partially-averaged Navier-3ekgiations, as in RANS
(see Eql1.2 and LES (see E4.8.2, a model is needed fof; . In [163 they proposed
using the conventional eddy viscosity concept so that 2 s; , wheres; is the
strain-rate tensor of the computed ow andis the PANS eddy viscosity.

In order to formulate the PANS eddy viscosity, they de ned 1163 another two
guantities, the partially-averaged turbulent kineticrggek and its dissipation raté,
so that ; = C k?=". In the derivation of the transport equations koand", two
parametersf andf-, have been introduced, relating the unresolved to the vedol
uctuating scales. Parametér de nes the ratio of unresolved (partially-averaged)
turbulent kinetic energyk() to the total kinetic energyk(y ), andf - is the ratio between
the unresolved'() and the total'(;o; ) dissipation rates. These give

Kiot = f_

and "tot = (231)

k
fi
The extent of the resolved part is now determinedpgndf - . Usuallyf- =1;f- < 1
implies that dissipative scales are resolved. 163 164 they employed the standard
k " model as the base model.

Theki equation is derived by multiplying the RAN&,; equation (Eq11.97 in
thek " model byf, i.e. (for simplicity we omit the buoyancy term)

@k, @k _ i oo ot @bt

: @
' ~at " Y ax “r@x T T @

(23.2)

whereV, denotes the RANS velocity. Note than tteg index is here equivalent to
RANS . The left side can be re-written

@, @ _ @k, @k_ @k @k .. _ @k
ot Mex TeVexT e ex M ey

Note that we have assumed thatis constant (non-constaht is accounted for in
Section23.1.). The convective term must be expressedjinthe PANS averaged
velocity) rather than itv; (the RANS averaged velocity), because itjighat transports
k becausey; represents the PANS resolved partvpf Anyway, the last term on the
right side in Eq23.3is usually neglected.

The diffusion term is re-written using Ef3.1

fi (23.3)

(@ L @k @ | . @K
@x K @x @x Kk @x
23.4
e . oex &
@x ku  @x
where
_ f2
S kES (23.5)
and
k2

(= C — (23.6)
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The source terms in EQ3.2are replaced b and", i.e.

fi PR Mg = PR (23.7)
This relation implies
priot = L(pk oy (23.8)
fx fu
Using Eqs23.3 23.4and23.7the nal transport equation fdt can now be written as
@k_@kv) _ @ L@k
=4 = = + — 4+ pk v 23.9
@' @x  @x « @x (23:9)

where the production tern®¥, is expressed in terms of the PANS eddy viscosity,
and the strain rate of PANS-resolved ow eld, i.e.

Pk= (%'(+% @% (23.10)

The" equation is derived by multiplying the RAN%,; equation byf-, i.e.

fot + @'t Vi) _ @"+ Q') _
@t @x @t @x

£

@ " " v (23.11)
- = + t;tot tot + CqP k;tot ﬂ C- _tot
@x " @x ! Kot 2 Ktot

wheref . is assumed to be constant. As in thequation, the additional terfy;
V; )@"=@xs neglected. The diffusion term is re-written using £§.1

Q + t;tot @{'ot - _@ + t;tot gl

@x " @x @x o @x
23.12
e ,. e &

@x n o @x

where
S

uE o (23.13)

In the same way, the production and destruction terms afermedlated as (using
Egs.23.1and23.8

tot "2 "f 1 " "2f
. . k;tot _tot . _tot — . _k el k " o . _k
fr CuP Ktot Czktot G k fk(P ) fu sznk
= CuPk C - C i C i (23.14)
Tk Yk Lkt 2tk ‘
" n2
— .. _pk e
= C lkP C., K
where ¢
Cp,= Cop+ f—"(c-.2 Co1) (23.15)
The" equation in the PANS model now takes the following form
@" @"v) @ r @ K "2
— + = — +-L = +CqyPk- C,— 23.16
@ @y  @x . @x UMk ey (23.16)
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The PANS equation fdt, Eq.23.9 was derived by multiplying the RANS equation
for kit by f which was assumed to be constant in space and in time. Byirefé¢o
Egs.23.4 23.6and23.5 the turbulent diffusion term was obtained as

@ ttot @lﬁl _ @ t;tot @k

f@x ~« @x T@x "« ox @247
@ t @k
= — — 23.17
@x w @x (23.17b)

The expression on the right-hand side of £g§.11a) suggests that the turbulent trans-
port for the PANS-modeled turbulent kinetic energyis actually formulated in terms
of the RANS turbulent viscosity from the base model. Thisiffecent from the turbu-
lent diffusion in subgrid scale (SGS) modeling of LES withreeeequatiorksys model,

which reads
@ sgs @&JS

@x « @x

In Eq. 23.18the SGSturbulent viscosity is invoked for the transportlafs, whereas
on the right-hand side of EQ3.17a) thetotal (i.e. the RANS) turbulent viscosity has
been used fok. Equation23.11a) suggests that, when used as an SGS model, the
modeled turbulent diffusion in the PANS formulation is attacof = , = f- :sz
larger than in Eq23.18 see Eqs23.9and23.11b). Withf- = 1 andfy = 0:4, for
example, this factor is larger than six. The modi cation bétdiffusion coef cient,

ku s IS @ unique property of the PANS model. In other models, axbES 165,
X-LES [14Q and PITM [144, the sink term in thék, " or! equation is modi ed, but
not the diffusion term. The only difference between PANS B&ttM is that in the
former model the diffusion coef cients in theand" are modi ed.

A Low Reynolds number PANS model was presentedl¥3 166 which reads

(23.18)

@k @v)_ @ , « @k o .

@t @x @x ku @

@, @v)_ @ C@ L Lok

@ @y  @x < w ax Pk Cex
2

=cf & ic,=0u0 :—f(cnzfz Cr1)

—
—

k| Kk

S P A (23.19)
2
= Yy : R 2
fo= 1 exp 31 , 1 0:3exp 65
2
y Ry 2
f =1 = 1+ —
P 1 =P 200
f =min f1;f g
k2 U- ]
Ri= o y = =2 U o=(" )=

The modi cations introduced by the PANS modeling as comgareits parent
RANS model are highlighted by boxes. The model constants tiad same values as
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in the LRN model §7], i.e.

C1=15C»»=1:9 (=14, -=1:4,C =0:09 (23.20)

23.1 PANS as a hybrid LES-RANS model

A new approach to use the partially averaged Navier-StdR&bsl§) model as a hybrid
RANS-LES model was presented by Davids@67. It was evaluated in fully devel-
oped channel ow and embedded LES in a hump ow. For the charove the two
RANS-LES interfaces are parallel to the walls. In the URANSion,f is set to one.
In the LES regionf is set to a constant value (the baseline valuigis 0:4) or it
is computed. It is found that the new model gives good resattshannel ow for a
large span of Reynolds numbesQ00 Re 32000. In the channel ow sim-
ulations, three different grids are used in the wall-patgllanes32?, 64> and12&,
and the model yields virtually grid-independent ow eldsi@ turbulent viscosities.
Embedded LES is used for the hump ow which is well predictdthe RANS-LES
interface is normal to the ow from the inlet. RANS is used tream of the interface.
Downstream this interface, RANS is used near the wall andisESed away from the
wall.

23.1.1 The interface conditions at the RANS-LES interface

The interface plane separates the URANS region near theawdlthe LES region in
the outer region. In the former region, the turbulent vi#gps,, should be a RANS

Kint ; "int LESfk<1

!

y URANS,f, =1:0 Yint
wall
X
Figure 23.1: The URANS and the LES regions.
P
y °
X A Interface y
4#
*s

Figure 23.2: Control volumeP, in the LES region adjacent to the interface.
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viscosity and in the latter region it should be an SGS vidgobience ; must decrease
rapidly when going from the URANS region to the LES region.isTis achieved by
setting the usual convection and diffusion uxeslof at the interface to zero. New
uxes are introduced in which the interface condition ist®gtjy = fxkrans , Where
krans isthek valuein the cell located in the URANS region adjacent to therface.
Unless otherwise stated, no modi cation is made for the eatien and diffusion of
across the interface. The implementation is presentednrestetail below. We write
the discretized equation in tlyedirection (see Fig23.1and23.2 as P§]

apkp = ankn + asks + Sy; ap =as+an  Sp

whereas anday are related to the convection and diffusion through thesauid
north face, respectively, arfsl, andSp kp include the production and the dissipation
term, respectively. For a cell in the LES region adjacenhtinterface (celP), as

is set to zero, setting the usual convection and diffusioxesito zero. New uxes,
includingf, are incorporated in additional source terms as

Sy =(Cs+ Ds)fkks; Sp = (Cs+ Ds)
tot As (23.21)
y

whereCs andDs denote convection ( rst-order upwind) and diffusion, respvely,
through the south face, arf; is the south area of the cell. As can be seen kihe
is multiplied byfy and hence the new convective ux is a facfqr smaller than the
original one. Also the diffusion uxis smaller;itiBs(fxks kp) compared with the
original ux Dg(ks kp).

The interface is de ned along gridlines. The approach prese above is also
applicable when the location is automatically computedreltiee extent of the RANS
region varies along the wall. The convective and diffusiuges are modi ed in exactly
the same way.

The method of adding a new ux in tHeequation is similar to the method proposed
in [169. In that work they take into account the spatial variatidrig A decrease of
fk in space — as occurs at the interface in 2§.1— means that the turbulent kinetic
energy should be transferred from modeled to resolved. iEhdene by introducing
a sink term in thek equation which decreases the turbulent viscosit§d also add
a turbulent diffusion term in the momentum equation whichegrs as a source term
in the equation for turbulent resolved kinetic energy. Narse term is used in the
momentum equations in this method. A further differencéa this method modi es
the equations only in the LES region (in whikhs reduced), not in the RANS region.
The reason is that this effect is believed to be the mostaititit is important that the
resolved turbulence on the LES side of the interface is aigtty as soon as possible
(i.e. as close as possible to the interface). The total terbbkinetic energy across the
interface is not conserved, but as shown below, the tothutant kinetic energy that is
lost across the interface is not large. For more details esdlts, see Davidsod§7].

Cs =max(VsAs;0); Ds=

23.2 Zonal PANS: different treatments of the RANS-LES inteface

In [16§, a method was proposed to include the effect of the gradiEht in PANS.
This approach was used at RANS-LES interfaces by David$48.[ Four different

4from here on, the modelled turbulent kinetic energy and igsous dissipation, LES or RANS mode,
are denoted bikand"
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interface models are evaluated in fully developed chanoet and embedded LES of
channel ow; in both cases, PANS is used as a zonal modelfwith 1 in the URANS
region andfy = 0:4in the LES region. In fully developed channel ow, the RANS-
LES interface is parallel to the wall (horizontal) and in esdted LES it is parallel to
the inlet (vertical).

The importance of the location of the horizontal interfacéully developed chan-
nel ow is also investigated. It is found that the location rdathe choice of the treat-
ment at the interface — may be critical at low Reynolds nunadéf the interface is
placed too close to the wall. The reason is that the modekddient shear stress at
the interface is large and hence the relative strength afethaved turbulence is small.
In RANS, the turbulent viscosity — and consequently alsatibeleled Reynolds shear
stress —is only weakly dependent on Reynolds number. Itisdohat that also applies
in the URANS region.

23.2.1 The Interface Condition

The commutation error in PANS was recently addressed6g[ In PANS, the equa-
tion for the modeled turbulent kinetic enerdy, is derived by multiplying thek;
equation kit = kres + K) by fx wherek;es denotes the resolved turbulent kinetic
energy. The convective term in theequation with constarf; is then obtained as (see
Eq.23.3

dktot d(f k ktot ) dk

fy s at = Gt (23.22)
where
fx = L: (23.23)
ktot
Now, if ¢ varies in space, we get instead
p Okt _ dlfikior) | di_dko | dk (23.24)

dt dt oUgr T dt dt

Sincef ¢ here is constant in timef y=dt = v @{=@x The second term on the right
side of Eq.23.24is the commutation term; it represents (excluding the miign)
energy transfer from resolved to modeled turbulence. Itlmamvritten (on the right
side of thek equation)

(s P (s P (o PR VAV I
— = + Lo k—+ L= 23.25
Kot T = (K* kres) g = Kt 2 dt ( )
The commutation term in thiges equation is the same but with opposite sign, i.e.
o OO dy
dt 2 dt (23.26)

The question is now which term should be added to the momeeturations to get
the commutation term in thiges equation. We start by the second term in Eg.26
This term can be represented by the source term

1 ok
St= Zvi— 23.27
| 2 | dt ( )
in the momentum equation. To show that this term corresptmtize commutation
term in Eq.23.26 consider the momentum equation for the uctuating velpoif.
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LES,f, =04
y URANS,fx =1 Yint
wall

X
Figure 23.3: The URANS and the LES regions near a wall.
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Figure 23.4: Embedded LES. Vertical thick line shows the interfacexjat= 0:95. fy varies
linearly in the gray area (widthy ) from1to0:4. =1.

Multiplying St by v®= v; h v;i and time-averaging gives the source term inkhe
equation as

vy fede o LTaedk 1 g0 dk
(vi hv.|)2vi G 2vio\/i T 2h/io\/ioi it (23.28)

Equation23.28is equal to the time average of the second term irB26as it should.
A term corresponding to the rst term in EG3.26can be added as a source term
in the momentum equation as

hiv® o
2 _ i dk
S/ RO dt (23.29)
Multiplying S? by v® and time averaging gives
hHKIVIOVIOI ka , . dk

Equation23.30is equal to the time average of the rst term in EX3.26as it should.
In[16§, the second term on the right side of B§.24is represented by introducing
an additional turbulent viscosityy , in a diffusion term in the momentum equation as

1 @ o
—@(trSij); Sj = @, o

=- = 23.31
@x 2 @x @x (23.31)
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where
Py
= =5 23.32
The term Py, , is computed as
d«
= S 23.33
Pk" ktot dt ( )

Pk, is an additional production term in tlkeequation, see EQ3.19 In [168, Py, is
re-written using Eq23.23as

P, = K9k (23.34)
k

23.2.2 Modeling the Interface

The gradient of , across a RANS-LES interface gives rise to an additional term
the momentum equations and thequation. These terms are included only when the
ow goes from a RANS region to an LES region. The effect of #némrms will reduce

k and act as a forcing term in the momentum equations. Fouerdiit models are
investigated.

23.2.2.1 Interface Model 1

This is based on the approach suggested @§[ The additional turbulent viscosity,

tr , gives an additional production terfy, , in thek equation, see E®3.34 Since
we are interested in stimulating resolved turbulence in B8 region adjacent to the
RANS region, only negative values of are included. A negative, means physi-
cally transfer of kinetic energy from modeled to resolveds found that the magnitude
of the positive values of;; is actually larger than the magnitude of the negative ones,
which means thah i > 0. The negative values corresponddg=dt < 0 (see
EQs.23.32 23.33and23.39, i.e. when a uid particle in a RANS region passes the
interface into an adjacent LES region. However,takes such large (negative) values
that { + ¢ < 0. To stabilize the simulations, it was found necessary tmthice a
limit {+ ¢ > 0Oin the diffusion term in the momentum equation. No such limit
used in the&k equation, and hend®, + Py, is allowed to go negative.

23.2.2.2 Interface Model 2

This model is identical to Model 1 except that EX3.33is used instead of E®3.34
kiot In EQ.23.33is de ned as

1
kot = k+ SV (23.35)

where subscripta: denotes running average. Is is averaged in all homogené®as d
tions including time (note that time is not a homogeneousdtiion in decaying grid
turbulence). Sincd, is mostly larger thark=fy [167], this approach will give a
larger magnitude of the (negative) production than Modelt1s found in [145 that
this modi cation is of utmost importance.
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23.2.2.3 Interface Model 3

The right side of Eq23.25is added to thé& equation, but only when the ow goes
from a RANS region to an LES region (i.d.x=dt < 0), i.e.

¢ i

Pe, = Kiot Min d—tk; 0 (23.36)
wherek: is computed as in E®3.35 The production tern,, < 0 which means
that it reducesk as it should. The sum of th8' andS? terms (see Eq®3.27and
23.29 in the momentum equations read

. dk k 0
.= - . [ S — A
Si min ar ;0 05 00T Vi

(23.37)
Sinced ¢ =dt < 0, the source5; has the same sign a8, this means that the source
enhances the resolved turbulence as it should.

It may be noted thatf ,=dt in Eq. 23.36assumes the correct (i.e. negative) sign
irrespectively of the orientation of the RANS-LES intedacConsider, for example,
the RANS-LES interfaces at the lower and upper wall in fulgveloped channel ow
(Fig. 23.3. For these interfaces, the gradienf gfin Eq.23.36readsv@§=@yWhen
a uid particles at the lower interface goes from the RANSioagto the LES region,
v> 0and@f=@y <0 so thav@{=@y <0 as intended. Also for the upper interface
we getv@f=@y <0 sincev < 0 and @fk=@y >0. For non-cartesian grids the
material derivativedf y =dt < 0, has to be formulated in local grid coordinates.

It is however found that the forcing often becomes too strahgn S; is added
to the momentum equation. The effect of adding or neglecinmy the momentum
equations is evaluated, seletf.

The differences between Model 3 and 2 are that

WhensS; = 0, no explicit modi cation is made in the momentum equation in
Model 3 (recallthat < < Ois used in the momentum equation in Models
1 and2).

Model 2 (and Model 1) may need regularization in cggeé 0 in the denomi-
nator of {, in EQ.23.33 No such regularization, however, is used here. It can
be argued that the commutation term in Model 3 is introdunedmore physical
way compared to Models 1 and 2 where arti cially negativecueisities are used.

23.2.2.4 Interface Model 4

This interface model was developed ib6[/] for horizontal interfaces. The modeled
turbulent kinetic energy in the LES region adjacent to therfiace is reduced by setting
the usual convection and diffusion uxes kfat the interface to zero. New uxes are
introduced in which the interface condition is setkkg = fyxkrans (fx = 0:4),
wherekrans is thek value in the cell located in the URANS region adjacent to the
interface. No modi cation is made for the convection anduifon of " across the
interface. The implementation is presented in Sec®1.1 It is described in the next
section.
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23.3 A new formulation of f for the PANS model

It is natural to linkfy to the mesh resolution and in that aim several proposals have
been made on how to compdte Girimaji and Abdol-Hamid 164 proposed one way

to computef :
2=3 3=2

fk =C 1=2 L_ 1Lt = _ktﬁ)t (2338)
t
using = min ,» the smallest grid cell size. Basagaal. also used x prescribed
from Eq.23.38 however taking the geometric average(  V)'=3. [169 they have
made a slightly different proposal which reads

fx=— 23.39
=T (23.39)
More recently, in 17Q they derived an expression from the Kolmogorov energy spec
trum which reads
(=)=
Recently, Davidson and Friesk/1] proposed a new formulation fég . It is based
on theH -equivalence introduced by Friessal. (2015). In this formulation the ex-
pression of  is derived to mimic DES. This new formulation behaves verycinlike
“classic DES”, even though the two formulations use diffémechanisms to separate
modeled and resolved scales. They show very similar pegoomin separated ows
as well as in attached boundary layers. Moreover, the newdfation exhibits similar
robustness features as DES.

fr=1 (23.40)

23.3.1 fy derived from the equivalence criterion

In[172 arelation betweehy and the grid step is derived, through the establishment of
a statistical equivalence between DES and PITM. To that tigy, performed pertur-
bation analyses about the equilibrium states, repreggstivall variation of the energy
partition. They did the analysis with and without considgrinhomogeneity. That
derivation is summarized here in a homogeneous framewsrl, ast step. Let us
rst consider the PANS/PITM equations. For equilibriumtiufenced =dt = 0 where

= k=", Eg.23.19gives

d _1ldk kd' _1

il S P - 2 pkapk oo
" no "

dt kdt " dt n2 (2341)
= C--lEPk+ D' Cyppr =0

whereD¥ andD" denote the diffusion term fdt and", respectively. For local homo-
geneous turbulence (i.©X = D" = 0), it can be written

(C1 1)Sk=(C., 1)
Pk i (23.42)
= 5 S=@sys )7

The quantities that are affected by the partition betweedetenl and resolved turbu-
lence (i.e. fi) in Eq.23.42are , S, k andC.,.> Differentiation of Eq.23.42 by

5" is independent off, provided that no dissipation is resolved, which corresgdod - = 1



23.3. A new formulation of . for the PANS model 242

considering in nitesimal perturbations , S, k and C., of the variables, yields:

Cun
Sk + Sk + kS = 2 23.43
. 1 ( )

so that
S k C.," _ Cu,

—t — 4+ — = =
S k (G 1)Sk C., 1
Equation23.44was derived for the PANS/PITM equations. Now we repeat thivale
tion for the DES equations. The differences between DES &RGIMPANS are that in
DES (i)C., = C-3 is constant and (ii) the dissipation term in the equatiomfodeled
energyk is replaced with" | i.e.

(23.44)

dk @ @k
—==- = + — — +P " 23.45
@ - @x . @x k ( )
3=2_n
=max 1,——— ; max = Max( Xi1; Xgz; X3) (23.46)
CbeEs  max
d_ @ ¢ @ el
@ @x T @y TOPg Gy
Assumingd =dt = 0 and local homogeneous turbulence gives
(C1 1)Sk=(C- )" (23.47)
We differentiate so that
S k d" d
o+ < + = © D5k - o, (23.48)

Equation®23.43and23.48describe howC., and depend on variations in, S and
k. The parameterS., and vary fromC-, and1 (RANS values), respectively, 0.,
and () (LES values). Combining Eq23.43and23.48and integrating from RANS
to LES conditionsC., and )

Ze., z

dc., d )
c; G2 11 Co (23.49)
In Cp 1 In G2
C, 1 Co, 1

By using the expression fa@., in Eq. 23.19(with f, = f+ = 1), and ensuring that
0<fyx 1we nally get

1
fx = rmin 1,1 ——— 23.
k = max 0;min 1; c, C. (23.50)

where is given by Eq23.46 This model is evaluated irl 1. It gives much better
results than the old PANS model and very similar results éoDES model. What is
the advantage of the new PANS model vs. the DES model? The PAd¢tRI is based

on a rigorous derivation whereas DES is based on an ad-hocaatioh of RANS
models.
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23.4 The IDD-PANS model

He we present an improved formulation fqrbased on thél -equivalence introduced
by Friesset al.[172. In this formulation the expression 6f is derived to mimic Im-
proved Delayed Detached Eddy Simulation (IDDES). This nemmilation behaves
in a very similar way as IDDES, even though the two formulagiase different mech-
anisms to separate modeled and resolved scales. The newimoale|DD-PANS."

Thek and" in the PANS model based on AKN model are given in E§.19 In
DES based on the AKN model, the dissipation is multipliechwif see Eq23.45 In
IDDES and DES, is the control parameter for the resolution, while, is set to its
RANS value. The function may be more or less sophisticated. In all cases, we write

as
Lt
= 2351
I—ref ( )
whereL ¢t is reference length scale. The key difference between DE$RIDES lies
in the prescription of_ ¢ entering Eq.23.51 In original DES, the reference length

scalelL ¢ simply reads

Lret =min(L¢;le); lc= Coes (23.52)

wherel. is the usual LES lengthscale, see £q.4
In IDDES, it is more sophisticated. The lengthscalds also chosen in a more
complex way. These differences are discussed below.

23.4.1 LES length scale
The length scale is de ned as
=min fmax[Cywdw; Cwhmax ; Pwn]; Nmax 9
where
Cw = 0:15is a constant, presumably independent of the turbulenticigs
dy is the distance to the closest wall,
hwn is the grid step in the wall normal direction.

hmax is the largest cell side.

23.4.2 The IDDES model
In contrast with its formulation given by EQ3.52in DES, the reference length scale
Lt isin IDDES a blending betwedn, andl.. It reads

Lret =fag(l+fe)le+ 1 fg Ic (23.53)

whereL is de ned by20.4andl. by 23.52(recall that_ ;s is used for computing in
Eq.23.51which is used in the dissipation term in E28.49. The blending functions
fg andf . read

fa=maxf(l fq);fsg (23.54)

fe=maxf(fer 1);00f e (23.55)
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where the functiongy; andf g entering Eq23.54are given by

h i
fo =1 tanh (8rq)° (23.56)
fg =min 2exp 9 2 ;1 (23.57)
with
=0:25 dw=hmax :

The functiond ¢; andf ¢, in Eq.23.55read

2exp 1109 2 if 0
2exp 9 °? if <0

and
feo=1 maxffy;fig

where the function§; andf, are given by
h i
fy =tanh  Crq 3
h i
f| = tanh C|2I'd| 10

The constants; andc, above, depend on the background RANS model. They were
originally tuned in 165 for the SA model, and later irl[/3 forthek ! SST model.
The chosen values ace= 1:87andc, =5.

The quantities 4 (also entering EcR3.59 andrg, are de ned as follows

t
2d2 maxfj sj; 10 19g

Fat =
(23.58)

far = 2d2 maxfj sj; 10 10g
where = 0:41. In what follows, we derive a relationship between the dutohtrol
functions of IDDES andf « (or equivalentlyC.,) of PANS.

23.4.3 Equivalence between PANS and DES/IDDES

Friesset al.[177 made a rst attempt in bridging DES and PITM. They derivediiog
alence criteria in three major cases:

homogeneous equilibrium layers,
inhomogeneous ows,

allowing lter-induced modi cations of the unresolved dipation rate (while
the two previous cases assume that it is not affected by #xgepartition).

In that aim, they considered in nitesimal perturbation#tie equilibrium of the ensemble-
averagek " system, when introducing for DES and C., for PITM, given that
in RANS mode, = fx =1 andC., = C-,. Then, integrating the result between
RANS and an arbitrary state, yields a relationship evatgatifor a givenf .

More recently, Davidson & Friesd 7] (see also SectioR3.3 used the aforemen-
tioned relationship in a reverse way, in order to obtain somg way to de ne thd
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factor for PANS, being given by DES (see Eq20.4and23.5). However, their
work was a rst attempt, as (i) they just considered the hoemapus equilibrium layer
case in their derivation and (i) they restricted their stt@DES. In [L74]), they showed
that this method works pretty much like DES.

Now, we consider inhomogeneous ows, which are more releiraengineering.
Let us de ne the modeled ensemble-averakechd"

ky = ki
woo= W

Along mean streamlinegy and"y are assumed to be in equilibrium, which yields,
when describing both PANS and IDDES

K

ddzﬂ =pkseDk ", =0 (23.59)
'm _ ¢ M pky p C,,Zi - (23.60)
dt Kn Ku

whereP¥ denotes the production &f; andD* andD" the diffusion terms oky and
"m respectively, and is taken from Eq23.46
Now we will perform perturbation analysis. We introduce atpebation, Kk ,
which slightly moves the cut-off between resolved and medsktales. Some assump-
tions are needed. We assume that 1, and hencé does not change (see footnote
onp.24)), i.e
"m =0 (23.61)

Following [172, we assume thak y =ky, does not vary in space, i.e.

@ kv =kw ) 1 @ku) kuw @k
M/-0) — =0 23.62
@x )k @x K ex (2362
which gives
@kw) _ kw @k . @(kw) _ ku @ku
= ; = 23.63
@x kv @x' @ km  @X; ( )
Using these expression we can write
@kw + kw) _ @l @kwm) _ kv @k
o T + ax - 1+ - ax (23.64)
and
@ (kv + k) kv @k
M- 1+ 2 23.65
@x@x "k @x@x (23.69)
Furthermore, by de nition,
fi = Km =Kot (23.66)

wherekio; is the total (resolved + modeled) turbulent kinetic energy.
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23.4.3.1 PANS equations

For the PANS method (=1), the equations for in nitesimal perturbations of Ex&59
23.60are (recall that is constant, see EG3.6])

Pk+ Dk=0 (23.67)

" n2 "
CuptPX B 2 Copt ¢2 % + D'=0 (2368)

(compare with Eq23.43. At high Reynolds number, the viscous diffusion terms are
negligible, i.e.

@ C ki @k
Dk = — M= 23.69
@x 2" @ (2369)
@ C ki @p
= — —_ 23.70
@x 2w @x (23.70)
We obtain (see ER.H
D _ km
Dk ku
and (see ER.©
D"
o T
The following relation is obtained (see Bg)
Cop=(Cp Cp) M (23.71)
Km

23.4.3.2 |IDDES equations

The same procedure is done with the IDDES syst€m & C-»). The equations for
in nitesimal perturbations of Eq23.5923.60are

P+ DK "y =0 (23.72)
Coyppk BY ku yco,i ks 4 p'=Q 23.73
1kw PE Km 2%n Kkm ( . )

At suf ciently high Reynolds number, the diffusion terr@s andD" can be written

2

DX = @—% C—k%%—ﬁ (23.74)
2 "

D" = @—% C—%%—“;( (23.75)

Note that, contrary to PANSy does not appear in the diffusion terms. Like for PANS
above, we use Eq23.6123.66to differentiate Eqs23.74and23.75 As a result, it
can be shown that (see E¢s2andP.3

k
D_ = 3k_M
Dk Kwm
D" Kwm

1
N

D" K
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As a result, the following relation is obtained (see Bd)

_3(C1 G ku
Cq Km

(23.76)

23.4.3.3 PITM equations

Instead of PANS we will here derive expressionsfpffor PITM (see SectiorR4.
The equations for in nitesimal perturbations are given iyffqs23.67and23.68 At
high Reynolds number the diffusion terms are given by P§sr4and23.75(the only
difference compared to PANS is thigt does not appear). We get an expression for
C., as (see EqR.10

_ 3k

C.s W(an C-1) (23.77)

23.4.4 Deriving an expression fof  for PANS

Now, equalizingk v =ky in Egs.23.71and23.76and integrating the obtained relation
between RANSGE., = C-, and = 1) and an arbitrary state, yields (cf. E2B.49

Z z z
€2 dx Cady 1 dy (23.78)
c, X C1 3 3C1y C2) 3,y C2=Cy '
We carry out the integration
n C, C —}In C:2=C —}I C, Cqg
C, C; 3 1 C,=C; 3 C, Cn
Next, we get rid of the logarithmic
C, C1 _ Cy Cyp T2
C, C;  Cy Cno
Inserting the expression @f.,, EQ.23.19(with f, = f+ = 1), we get
Ca+fi(C2 Cu) C1 _ Cp Cq 7
Cy C ~ Cyp Cy
which gives
C, Gy ¥
fr= ————
C, C4
We put limits onf ¢ so that is stays betwe&randl, i.e.
( " 5 ¥
foemin Lmax Sz C1 g (23.79)
KT ' Cy C ' '

This form off  is used in the IDD-PANS model[5.
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23.4.5 Deriving an expression fof x for PITM

Equalizing k y =ky in Eqgs. 23.77and23.76in the same way as in Secti@38.4.4
gives
z z
Cr2 dx C-1dy

c, 3x Cua) 1 3(Cay Cw)

The only difference compared with E83.78is the factorl=3. Hence, the nal form
of fi is (cf. EQ.23.79

C2 Ci1 (23.80)

fr=min 1 ~r2
k =min  1;max C, C1°

23.4.6 Turbulence with convection

Here we will do perturbation analysis neglecting the diffiasout retaining the convec-
tion. The time-averaged equations kg and"y for both PANS and IDDES read

ck PK+ "y =0 (23.81)
" n2
c’ Ci-Mpksc, M =0 (23.82)
Y Y
where
@k " M
Ck=vi=——; C' =v—-=
J @}( J @}(

23.4.6.1 PANS/PITM equations

We introduce a perturbatiork y , which slightly moves the cut-off between resolved
and modeled scales. As above, we assumefthat 1 (see Eq.23.6). For the
PANS/PITM method (=1), the equations for in nitesimal perturbations of Ezx8%
23.82are (using Eg23.6])

ck Pk=0 (23.83)

" k n2
" M ~k P kM M C"Z kM _
T L [ o BALTE- 23.84
¢ G, PK K 2 C, Ku 0 (2384

We formulate the convective term using the averaged matiélidoulent kinetic
energykm , and a perturbationk y

Ck+ Ck=y @k + ku) (23.85)
@x
Using Eq.23.63expression we can write
@kv + k) @k . @kwm) kv @k

= + = 1+ — — 23.86
@x @x ' ex v @x >80

Hence the perturbation term in E@8.83and23.89 reads
ck=y @Km) _ Ku | @k (23.87)

' @x kv ' @x
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where the term in curly parenthesis is the mean convective, ©*, so that

Ck  kw
For the" equation the uctuating part of the convective terms reads
. @ n M ) @ n M ) @i\'/l
C =y =V =0 23.89
' ox " @w @x (23.89)
since" y =0, see Eq23.61
Now, insert Eq23.83in Eq.23.84
. " C k k n2 C . k
M pk M M 2 Mo
np—PY — — + C.,— — = 23.

C C v T . Csz c, . 0 (23.90)

Insert Eqs23.88and23.89

Ck km  kum C., Kku

C, Pk 2
! PK ky  Km

TakeCk from Eq.23.81(with = 1 since we are dealing with PANS/PITM) and
collect all terms includingk v =ky gives

k
k
k_M (C"l“M annM ) + C"2"M - O
M
We get
kM C"2
= 23.91
Km C., Cq ( )
or, expressed ifi
k f " " f
m _ fk(C2 Cu) _ fi (23.92)

ku  fk(C2 C)  f

23.4.6.2 DES equations

The same procedure is done with the DES syst€m (= C-;). The equations for
in nitesimal perturbations of Eq3.8%23.82are

ck Pk+"y =0 (23.93)
n Pk k n2 k
M Sk M M M _
q—pk — 22 p M M 23.94
C ClkM c T Srvry 0 (23.94)

Get P ¥ from Eq.23.93and insertC ¥ from Eq.23.88

LU
Y



23.4. The IDD-PANS model 250

ReplaceC* using Eq23.81

Pk= Pk "y ——+"y (23.95)
K
Insert Eqs23.89and23.95into Eq.23.94
|
" kK n Ky 4w :
Co M pk P M J © M K
Kwm pk Kwm
Coptt Ku (23.96)
“km kwm ‘
We get
|
k " K m " '
M + M kM kM
. Pk Km L =
G Pk Kn C2"w 1
k k k
bk ow . Kmo o, +oopk KM~ Kw
Cy P M Cii"wm Cn P K CZMkM
kM kM
Cor G Gt -0
1 M kM 1M 2 kM

Collecting all k y =ky gives
k
o M (Coy Cip)= Cny
M

so that

km _  Cn

ku C1  Cr
Consider a negativé y which represents a small decrease in the cut-off wavenumber
This is achieved by a small positive i.e. an increase in , see Eq23.46 Hence
km and  should have opposite signs. This is satis ed by the relaitioBg. 23.97
only for <C .,=C:;. For larger , the relation breaks down.

Using Eqs23.91and23.97we get
Ci T

C1 G  fy
Integrating from RANS mode( =1 and =1)toLES modefx < 1and > 1)
gives

(23.97)

(23.98)

C-1dy z dy _ Z 1 dy
1 Cay Co 1y C2=C:1 , y
We get
In _ C2=Cn In 1 G2 =In fg
1 Cp=Cy Ci1 Co
Getting rid of the logarithm gives
% = fy (23.99)

This is the same relation as between DES and PITM, se&8§Q when including
diffusion and neglecting convection. We nd, again, that tielation is valid only for
<C +2=C.
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24 The PITM model

PTM is an acronym for Partially Integrated Transport Mode44, 174.

24.1 RANS mode

Consider homogeneousturbulence, e.g. decay of grid gexddrabulence, see Section
3.4in[27] and Fig.11.2 Thek and" equations can for this ow is simpli ed as

dk _

— = pk 24.1
at (24.1)
a . i(c PK  C") (24.2)
da ko * 2 '
whered=dt = v, d=dx;. The dissipation can be estimated as
. k3=2
= o (24.3)

Differentiation of Eq.24.3gives
da" 3k¥2 dk k372 dL,

—_ -l T 24.4
dt C2Lt dt CLE dt (24.4)
Inserting Eq24.1into Eq.24.4
d" 3k k32 dL,
—=cE (P " -
a - ¢ ) T a
and using Eq24.3gives
a" " "dLy 3Pk " TdL"?
—=—-_(Pk m = 24.5
dt 2k( ) L; dt 2 7T Ly dt k ( )
whereT = k=". Comparing Eq24.5and24.2we nd that
T dL
C =15 and Cop= G+ -9kt (24.6)
L dt

24.2 LES mode

Now let's transform the RANX " model above to an SGE " model. In the
RANS model.k represents all turbulence. In an SGS model, the modeledlamb
kinetic energyksgs, represents scales with wavelength larger that the cut-gfisee
Fig. 18.6 The viscous dissipation is the same in RANS and LES. Theyutizh
Pk is replaced bYPk.,. = "sgs (€€ Fig.18.6. The time scaleT, is replaced by
Tsgs = Ksgs=" since the time scale of the small scales is different (it isifr) than
that of the large scales. Now, E¢gl.2and24.5can be written as

d" " sgs "2
dt 1;sgs ksgs 2;sgs ksgs (24 7)
— 3+ ngs£ _ 3+ l% ksgs ’

Croege = — =
Z80s T 57 L, dt 2 Ly dt Kep
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Ec

c d

Figure 24.1: Spectral energy balance in PITM. Homogeneous turbulence.

whereki; denotes the total turbulence (i.e. resolved and SGS). Maitlt is not
replaced byt sgs, because ER4.3is still a valid estimaté.

Now we introduce a new dissipation length scale of wavenumpevhich is much
larger than .

d c - E (24.8)
ksgs
The constant is very large since d: thus we can write

g’ = (24.9)
sgs

Consider spectral balancekyys in homogeneous turbulence, see 4.1 When the
cut-off does not move we get simply

Fe=" (24.10)

whereF: = F( ) denotes the spectral transfer from wavenumber rfige. ] into
[ ;1] notethat ¢ ' 1 . Recall thatksgs is the area belovE in Fig. 24.1 see
Eq.18.23 When the cut-off does not move in time (which in homogendorsilence
implies thatdksgs =dt), then

Fe= "sgs = Pl (24.11)

When . is time dependent as, for example, in decaying homogeneilsigoulence,
see Eq24.1, we can set-up the balancel@fs when . movesd . during time interval
dt, i.e.
dksgs = Fcdt  Ecd ¢ "dt (24.12)

whereE.d denotes the spectral energy in the slice. Taking the time derivative of
Eq.24.12we get

dgs _p g de

dt ¢ T dt

Comparing Eq24.13with Eq.24.10and24.11 we nd the spectral energy transfer,
"sgs, at the cut-off, ¢, is

" (24.13)

de

"sgs = Fc Ec at

(24.14)
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We can write a similar equation as Exjl.14at wavenumber g, i.e.

d g
Eq——
<t
where" is the energy transfer rate across Now derivate Eq24.9with respect to
time and insert EQR4.15 !
d ' _Fa
dt kggzg - Egq4

= Fq (24.15)

(24.16)

It may be noted that both the nominator and denominator ofigf side go to zero as
d!'1 . The left side is re-written as
" #
1 d" 3 5o, dKegs

— = = 24.17
kSGZ2dt 2% dt ( )
With Eq.24.13we get
" #
1 d" 3 5. d:
gg:sza Eksgs Fe Ec . (24.18)
Replacing the left side of EQ4.16with Eq.24.18gives
" #
1 d" 3 5. d. , _ Fg "
gg:sza éksgs Fe Ec p =y (24.19)
We get (using rst Eq24.14and then Eq24.9
d" _ 1 aFa " 3" wy_ wFa " 3" "
— = + —— = + —— .
at K TR, T kgl e ) o 2kl ) (2420)
This equation can now be written
d" 3 " "2 3 ksgs Fuq
ol " = — 1 (24.21)
sgs [
dt Cl{g} ksgs ksgs | 2 dEd{7 }
" 1;sgs Cr2:5gs
When ¢! O(RANS), thenksgs ! kit SO that
Crisgs ! Cn1 (24.22)
Cigsgs ! Cip= 3 ko E 1 (24.23)
' 2 dEq

It may be noted that both the term in the parenthesisEando to zeroas 4 ! 1
Inserting Eq24.23in the expression foC-,.sgs N EQ.24.21gives

3 ksgs Kiot E 3 ksgs

3
Crosys = = + 1 =2+ Cp, =
2898 = 3 Kot dEd " 2 Kot 2 2

(24.24)

it S8, C
ktOt

Whenksgs=kiot ! 0 (only a small part of the turbulent kinetic energy is modgled
the PITM model is in LES mode, i.€C 255 ! Cr1. ThenCro.4s is reduced which
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increase$ and reduces the modeled turbulent kinetic energy and thelemnt viscos-
ity. On the other hand, whekygs=kiot ! 1 (everything is modeled), then the PITM
model is in RANS mode (i.e. a usual RANS " model).

It should be noted that this model is very similar to the PANSdel. Indeed,
Eq.24.24is identical to the expression f@.,, see Eq23.15(provided that no dissi-
pative scales are resolved so that= 1), i.e.

Crasgs = Crr# fi(Cz Coa) (24.25)

In both models theC-, coef cients are modi ed. The only difference between the
PANS and PITM models is that the diffusion coef cients in thand" are modi ed in
the former model, see E83.19

In [144 they do not useksgs=kiot t0 computeC-».4s. Instead they compute it
using the ratio of the integral to the modeled lengthscades a

0:42

Cp=Cyt —— =
L (Le) B

whereL; = k3;°="and =0:42
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25 Hybrid LES/RANS for Dummies

25.1 Introduction

FLUID ow problems are governed by the Navier-Stokes equations

@v, @w _ 1@p, _@v
@t @x @x  @x@x

wherev; denotes the velocity vectgr,is the pressure andand are the viscosity and
density of the uid, respectively. In turbulent ow, the atity and pressure are un-
steady and; andp include all turbulent motions, often called eddies. Thdigpacale
of these eddies vary widely in magnitude where the largediesdare proportional to
the size of the largest physical length (for example the bamnlayer thickness,, in
case of a boundary layer). The smallest scales are relatbé tddies where dissipa-
tion takes place, i.e. where the kinetic energy of the eddigansformed into internal
energy causing increased temperature. The ratio of thedatg the smallest eddies
increases with Reynolds numbBe = jv;j = . This has the unfortunate consequence
— unless one is a fan of huge computer centers — that it is ctatipoally extremely
expensive to solve the Navier-Stokes equations for largm&ds numbers.

(25.1)

25.1.1 Reynolds-Averaging Navier-Stokes equations: RANS

In order to be able to solve the Navier-Stokes equations avitbasonable computa-
tional cost, the velocity vector and the pressure are sgbita time-averaged paffi
andhpi) and a uctuating part\’ andpY, i.e. vi = hvyi + v% p = hpi + p% The
resulting equation is called the RANS (Reynolds-Averagiagier-Stokes) equations

@viihvji _ 1@pi @hvii @\/P\ljoi

= = +
@x @x @x@x @x (25.2)
i@, @ ., @i |
@x @ Y @x

The last term on the rstline is called the Reynolds stressiais unknown and must

be modeled. All turbulent uctuation are modeled with a twidnce model and the
results when solving E@5.2are highly dependent on the accuracy of the turbulence
model. On the right side of EQ5.2the unknown Reynolds stresses are expressed by
a turbulence model in which a new unknown variable is intaatlwhich is called the
turbulent viscosity, ;. The ratio of { to may be of the order af000or larger. In in-
dustry today, CFD (Computationally Fluid Dynamics) basedrnite volume methods

is used extensively to solve the RANS equations, 22

25.1.2 Large Eddy Simulations: LES

A method more accurate than RANS is LES (Large Eddy Simuiaj}iacn which only
the small eddies (uctuations whose eddies are smallertthecomputational cell) are
modeled with a turbulence model. The LES equations read

@I @IVJ _ 1—@_'_ @Vi @_IJ

at’ @x @x @x@x @x

‘ (25.3)
sgs) @—?(
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Note that the time dependence term (the rst term on the Id& of the rst line) has
been retained, because the large, time dependent turlfuéenthe resolved) uctua-
tions are part o¥; andp and are not modeled with the turbulence model. The last term
on the rst line includes the Reynolds stresses of the snddies, which are called
SGS (sub-grid stresses). This term must also — as iREG— be modeled, and at the
second line it has been modeled with a SGS turbulent viscosis. The difference
of sgs comparedto; in Eq.25.2is that it includes only the effect of tremalleddies.
The ratio of s4s to is of the order ofl to 100. However, the ratio of the resolved
to the modeled turbulencgvVYj5j j j (see Eqs25.2and25.3 is much larger than
one. Hence, LES is much more accurate than RANS because sntalapart of the
turbulence is modeled with the turbulence SGS model whénedRANS all turbulence
is modeled. The disadvantage of LES is that itiachmore expensive than RANS
because a ner mesh must be used and because the equatigntvackin four dimen-
sions (time and three spatial directions) whereas RANS easolved in steady state
(no time dependence).

When the ow near walls is of importance, is turns out that LiE$rohibitively
expensive because very ne cells must be used there. Therréasntirely due to
physics: near the walls, the spatial scales of the “largeiulent eddies which should
be resolved by LES are in reality rather small. Furthermthreir spatial scales get
smaller for increasing Reynolds number. Much research thadast ten years been
carried out to circumvent this problem. All proposed methadmbines RANS and
LES where RANS is used near walls and LES is used some distamag from the
walls, see Fig25.1 These methods are called Detached Eddy Simulation (DES), h
brid LES/RANS or zonal LES/RANS. The focus here is zonal LEZSXS.

25.1.3 Zonal LES/RANS

Equations25.2and25.3can be written in a same form as

@ @y 1@ @ @

—+ = ———+ — + — 25.4

et @~ “ex ex ' Tex (254)
Near the walls, a RANS turbulence model is used for the tertuliscosity, i.e. 1 =
¢ and away from the walls an LES turbulence model is employed, ir = sgs.

Note that the time dependence term is now retained also iIRANS region: near the
wall we are using annsteady RANS, i.e. URANS.

Above, we have describe how to use the zonal LES/RANS methodds near
walls. Another form of zonal LES/RANS mmbedded ES, in which an LES region is
embedded in a RANS region. One example is prediction of @ergsic noise created
by the turbulence around an external mirror on a vehitl&), The ow around the ve-
hicle can be computed with RANS, but in order to predict this@i the region of the
external mirror we must predict the large turbulence utimas and hence LES must
be used in this region. In Secti@b.4we will present simulations using embedded
LES in a simpli ed con guration represented by the ow in a@hnel in which RANS
is used upstream of the interface and LES is used downstreansee Fig.25.4

25.2 The PANSK " turbulence model

The PANSK " model can be used to simulate wall-bounded ow at high Regsol
number as well as embedded LES. The turbulence model r&4g44 3, see Eq23.19



25.3. Zonal LES/RANS: wall modeling 257

URANS,f | =1 :0

interface

X2 N interface
URANS,fl< =1:0

X1 3:2

Figure 25.1: The LES and URANS regions. Fully developed channel ow. 8dig boundary
conditions are applied at the left and right boundaries.

(here in a slightly simpli ed form to enhance readability)

@k @k _ @ T @k C o

— —— = — — +P 25.5

@t @ @ | « @x (25:5)
e, ey _ @ @ okl o

ot @x ~ @ + — @x + CaPfe Co (25.6)

Cip,=Ca+fi(Cz C); C1=15 C=1:9 (25.7)

2
T=C k— C =0:09 (25.8)

Note thatk and" are always positive. The key elements in the present use ANS
k " model are highlighted in red. Whdn in Eqg. 25.7is equal to one, the model
acts as a standaid " RANS model giving a large turbulent viscosity. Whenis
decreased (t6:4 in the present study;., in Eq.25.7decreases. As a result

" increases because the destruction term (last term i@E&§which is the main
sink term) in the' equation decreases,

k decreases becausqlast term in Eq.25.9 is the main sink term in thé&
equation increases, and

T in Eq.25.8decreases becausa@ecreases aridincreases.

Hence, the turbulence model in E@&.5-25.8acts as a RANS turbulence model
(large turbulent viscosity) whel, = 1 and it acts as an LES SGS turbulence model

(small turbulent viscosity) whefy = 0:4.

25.3 Zonal LES/RANS: wall modeling

25.3.1 The interface conditions

The interface plane (see Fig5.1) separates the URANS regions near the walls and the
LES region in the core region. In the LES region= 0:4 and in the URANS region
fk = 1. Inthe former region, the turbulent viscosity should be an SGS viscosity and
in the latter region it should be an RANS viscosity. Hengemust decrease rapidly
when going from the URANS region to the LES region. This isiee®d by setting
the usual convection and diffusion uxes kfat the interface to zero. New uxes are
introduced using smaller SGS valuds$y].
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Figure 25.2: Velocities and resolved shear stress@$x  N;) = (64 64)——: Re =
4000 ==:Re =8000;=+=:Re =16000;///l: Re =32000.
25.3.2 Results
Fully developed channel ow is computed for Reynolds nunsiiRe = u = =

4000 8 00Q 16 000and32 00Q The baseline mesh h&d 64cells in the streamwise
(x1) and spanwisex) directions. The size of the domaimig.max = 3:2, Xo:max = 2
andxszmax =1:6( = u =1). The grid in thex, direction varies betwee80 and
128 cells depending on Reynolds number. The interface is se} to 500 for all
grids.

The velocity pro les and the resolved shear stresses asepted in Fig25.2 As
can be seen, the predicted velocity pro les are in good agesg with the log-law
which represents experiments. Fig@® 2 presents the resolved shear stresses. The
interface is shown by thick dashed lines and it moves towtrelsvall for increasing
Reynolds number since it is locatedgt ' 500for all Reynolds numbers.

The turbulent viscosity pro les are shown in F&b.3for three different resolutions
inthex; xs plane. Itis interesting to note that the turbulent visgositnot affected
by the grid resolution. Hence, the model yielglid independentesults contrary to
other LES/RANS models.

The turbulent viscosity (Fig25.3 is sharply reduced when going across the in-
terface from the URANS region to the LES region and the resbluctuations (the
Reynolds shear stress in Fig5.2D) increase. This shows that the model is switch-
ing from RANS mode to LES mode as it should. More detailedItesian be found
in [167].

25.4 Zonal LES/RANS: embedded LES
25.4.1 The interface conditions

The interface plane is now vertical, see R25.4 The interface conditions fd¢ and

" are treated in the same way as in Sec&i3.1 The difference is now that “inlet”
turbulent uctuations must be added to the LESequations (Eg25.3 to trigger the
ow into turbulence-resolving mode. Anisotropic syntteeturbulent uctuations are
used [L77,17§.
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wise turbulent uctuations and turbulent viscosity versus
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25.4.2 Results

The Reynolds number for the channel owlRe = 950. Witha3:2 2 1:6domain,
a mesh with64 80 64 cells is used in the streamwise, ], the wall-normal X2)
and the spanwise§) direction, see Fig25.4 Inlet conditions ak = O are created by
computing fully developed channel ow with the PANS " model in RANS mode
(i.e. withf, =1).

Figure 25.5a presents the mean velocity and the resolved shear strastage
streamwise locationsg; = 0:19, 1:25 and 3 (recall that the interface is located at
X1 = 1). At x; = 3, the predicted velocity agrees very well with the experitaén
log-law pro le.

The resolved streamwise velocity uctuations are zero @RANS region, as they
should (Fig.25.%), and the maximum resolved values increase sharply oeeinth
terface thanks to the imposed synthetic turbulent “inlefttuations. The turbulent
viscosity is reduced at the interface from its peak RANS @alfiapproximateh80
to a small LES value of approximately one (these values atte fad@rly low because
of the low Reynolds number). Hence, it is seen that the ptesedel successfully
switches from RANS to LES across the interface. The resuéipeesented in more
detail in [167).
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26 Commutation terms in thek and! equations

In embedded LES, part of the ow is treated by RANS and part BSL Here we
are interested in a con guration where the upstream regamneiated by RANS and
the downstream by LES, and the interface is vertical, palredlthe inlet. We denote
the interface between the two regions as “the RANS-LES fatel’ located akg |,
see Fig5.4 26.1and26.2 The transition region in which the predicted ow is in
between RANS and LES is often called theey areg a problem described irl[g.
When the ow goes from a RANS region to an LES region through RANS-LES
interface, it should — in order to minimize the grey area +tawas quickly as possible
from RANS mode to LES mode.

Hamda [L8( showed that, when the lter size (i.e. the grid) is non-amif, a
commutation error appears in SGS models based on trangpatiens. He found by
analyzing DNS channel data that this commutation term gelat interfaces between
RANS and LES. Here we show how to apply the commutation tenivekkin [180 at
RANS-LES interfaces. We present a method in which commanatierms are added
in thek and! equations in order to quickly switch from RANS te LES.

The two-equation zon& ! hybrid RANS-LES model 0f181] is employed. In
the LES region, the model reads

@k, @ik k k3=2 @ @k
=+ —=—=P" f — — = 26.1
@t @x T ex T @x (26.1)
@' @' _ 'k 2, @ t @ t @Qk@!
=y - - CI fl —P C| | —_ — - CI = =
@ @ 'k 2 T ax T @x Y kexex
(26.2)
k i j i N
=1 '_ = %"' % %; t = ppH CLES dw
3=4
poH =min 10 fy ]]:—I ; max = maxf x; y; zg (26.3)

daw = Min(max|[ CowOw;Cw max; nstep]; max)

whered,, denotes the distance to the nearest wall agd, is the grid step size in the
wall-normal direction. The damping functions read

" . A " . 4
fr=1 0722 exp 10 i fr=1+4:3 exp T
( " R o4 0:001 " R ")
=0: + _t . + — _t
f 0:025 1 exp 10 0:975 R exp 200

The turbulent Reynolds number is de nedRs = k=(! ). The length scale, 4w,
is taken from the IDDES modelp5. In the RANS regions,; = k'=2=(Cy! ). The
constants ready = 0:8,  =1:35 C¢ =0:09C,; =0:42,C,, =0:075C, =
0:75,Clgs =0:7andCgyy = 0:15.

The difference between Eq®6.1and26.2in the RANS and LES regions can be
summarized as follows: in RANS regions, the RANS lengthescal= k=2=(Cy!),
is used in the dissipation term in tleequation and, in LES regions, the Iter length
scale, 4w, is used.



26. Commutation terms in theand! equations 262

L
N Fommmmma-- RANS_ _______
v O wo o
< LES 2
©|©
S RANS™ ™"~~~
< L »
L’x < >
Figure 26.1: Channel ow.
L
o
T LES
VO Ve WO T ©|©
y, L RANS ~~ "~ 77~ I in
< L »
L’x < >

Figure 26.2: Boundary layer ow.

When the lter size in LES varies in space, an additional teqppears in the mo-
mentum equation because the spatial derivatives and then{§ do not commute. For
the convective term in Navier-Stokes, for example, we get

@w;
@x

Ghosal & Moin B(] show that the error is proportional o x)? and, since this error is
of the same order as the discretization error of most nitleirge methods, it is usually
neglected.

However, in zondlhybrid RANS-LES, the length scale at the RANS-LES interface
changes abruptly from a RANS length scale to an LES lengtlesddamda 180
estimated the commutation error at RANS-LES interfacesfandd that it is large.
The commutation term for the divergence of a ux, reads

Qu_@ @@
@x_ @x @x@ (26.4)

The derivation of Eq26.4is giben in [L82 For thek equation, the commutation term

= R 0 ( 0° :

6y “zonal”, we imply that the interface is chosen at a loaatichere the RANS and LES length scales
differ
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in Eq.26.4reads 180
@ik _ @k @ @k
@x @x @x@
Consider a uid particle in a RANS region moving in thxg direction and passing
across a RANS-LES interface. The lter width decreasessstbe interface, i.e.

(26.5)

@ , s RANS

= 0 26.6
@x X1 ) ( )

and
@k, uikies  uikrans

@ LES RANS
which means that the last term on the right-hand side of 2605 gives a positive
contribution on the left side of thie equation, Eq26.1 on the right side of ER6.1,
it gives a negative contribution. Hence, the additionamtén Eq.26.5at a RANS-
LES interface reducds, as expected. To obtain the right hand of E2g.6and26.7,
the derivatives on the left side of the equations have bemated by simple nite-
difference expressions, i.e.

>0 (26.7)

o, f
w X (26.8)

It may be noted that the idea of adding an additional source ite thek equation
due to a commutation error is similar to the proposalliéq; they use a commutation
term based on the gradientof in the PANS model. This idea was later used by the
present author at RANS-LES interfacd<f.

To nd the corresponding term in the equation, let us start by looking at the
equation. What happens withwhen a uid particle moves from a RANS region into
an LES region? The answer is, nothing. The dissipation isanee in a RANS region
as in an LES region. This is best seen by looking atkifye equation

@Kgs + % = Pksgs + Q + _Sgs @KJS ",
@t @x @x Kk @x '

The dissipation termi,, in Eq.26.9is the same as the dissipation term in Eg..1lunless
the resolution is very ne (close to DNS). Then much of thesiiation is resolved,
reducing the production terr®,sss . However, this kind of resolution is not realistic.

Now consider thé equation. It is derived by transformation of tkeind" equa-
tions to anl equation as

(26.9)

d_d " 1d "dl=k 1 d ! dk
Gt dt Gk Cekdi T Co dt | Cikdt Kkt (26.10)

The right-hand side shows that the source terms ih thguation correspond to those in
the" equation multiplied byl=(Cy k) together with those in thike equation multiplied
by I=k. Hence, the source term due to the commutation error in thquation is
the commutation term in EQ6.5multiplied by =k so that

e @' @ a@! _@!'  !'@ @k

@x @x @x@ @x k@x@
Assuming again a ow in thex; direction from a RANS region to an LES region,
we nd that the second term on the right-hand side of £§.11is negative since

(26.11)
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@ =@x < 0(see Eq26.6 and@ k=@ > 0(see Eq26.7) so that the commutation
term in EQ.26.11is positive/negative on the right/left-side of theequation (Eg26.2.
This means that the commutation term in 2§.11will increase! when moving from
a RANS region to an LES region. Hence the source terms ik #red!  equations both
contribute to reducing the turbulent viscosity, which isediect we are looking for at
RANS-LES interfaces: a reduced turbulent viscosity wibhpiote growth of resolved
turbulence on the LES side of an interface.

The results using the commutation terms are presenteiBi®184.
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27 Inlet boundary conditions

N RANS it is suf cient to supply pro les of the mean quantitissich as velocity
I and temperature plus the turbulent quantities (&.gnd"). However, in unsteady
simulations (LES, URANS, DES ...) the time history of theoaty and temperature
need to be prescribed; the time history corresponds to fembuesolved uctuations.
In some ows it is critical to prescribe reasonable turbdlerctuations, but in many
ows it seems to be suf cient to prescribe constant (in tinped les [129 185.

There are different ways to create turbulent inlet boundanditions. One way is
to use a pre-cursor DNS or well resolved LES of channel owisThethod is limited
to fairly low Reynolds numbers and it is dif cult (or impo$de) to re-scale the DNS
uctuations to higher Reynolds numbers.

Another method based partly on synthesized uctuationsds/brtex methodl[86.

It is based on a superposition of coherent eddies where alhhig described by a
shape function that is localized in space. The eddies arergtd randomly in the
in ow plane and then convected through it. The method is ableproduce rst and
second-order statistics as well as two-point correlations

A third method is to take resolved uctuations at a plane dsingam of the inlet
plane, re-scale them and use them as inlet uctuations.

Below we present a method of generating synthesized inlgtuations.

27.1 Synthesized turbulence

The method described below was developeddi® 187,18 for creating turbulence
for generating noise. It was later further developed fagtibloundary conditionsl[77,
189190.

A turbulent uctuating velocity uctuating eld (whose awage is zero) can be
expressed using a Fourier series, see Se&id8mnd Eq.G.17. Let us re-write this

formula as
an cosx) + b, sin(nx) = 271
Cn €OS( ) cos(nx) + ¢, sin( n)sin(nx) = ¢, cos(x n) 271

wherea, = ¢, cos( ), b, = ¢, sin( »). The new coef cientg, , and the phase angle,
n, are related ta, andh, as

ch= ai+ i =2 =arctan % (27.2)
A general form for a turbulent velocity eld can thus be weittas
X
vix)=2  0"cos(" x+ M) " (27.3)

n=1

whered", " and " are the amplitude, phase and direction of Fourier mod&he
synthesized turbulence at one time step is generated awoll

27.2 Random angles

Theangles " and " determine the direction of the wavenumber vectpsee Eq27.3
and Eq27.1 " denotes the direction of the velocity vectef, For more details, see
AppendixN.
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Figure 27.1: The wave-number vector,', and the velocity unit vector,", are orthogonal (in
physical space) for each wave number

27.3 Highest wave number

De ne the highest wave number based on mesh resolutipg = 2 =(2) (see
Section18.5, where is the grid spacing. Often the smallest grid spacing near the
wall is too small, and then a slightly larger values may besemo The uctuations
are generated on a grid with equidistant spacing (or on a hesttetched mesh),

= Xzmax =N2, X3 = Xz:max =N3, where denotes the wall-normal direction
andN, andN3 denote the number of cells in the andx direction, respectively. The
uctuations are set to zero at the wall and are then intetiedi#o the inlet plane of the
CFD grid (thex,  x3 plane).

27.4 Smallest wave number

De ne the smallest wave number from = =p, where ¢ = 9=(55L¢), =
1:453 The turbulent length scalé,, may be estimated in the same way as in RANS
simulations, i.eL; /  where denotes the inlet boundary layer thickness. 17
189197 it was found thatL; ' 0:1 i, is suitable.

Factorp should be larger than one to make the largest scales largerttitose
corresponding to. A valuep = 5 is suitable.

27.5 Divide the wave number range

Divide the wavenumber spacenax 1, iINntoN modes, equally large, of size .
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27.6 von Karman spectrum

A modi ed von Karman spectrum is chosen, see Ef.4and Fig.27.2 The amplitude
0" of each mode in EqR7.3is then obtained from

0" =(E() ¥

2 = )4 )
E()=ce u”‘: [1+((= 32]17:6& A=) (27.4)
=( ;i )¥2 — wl=4 3=4

The coef cientce is obtained by integrating the energy spectrum over all wakgoers
to get the turbulent kinetic energy;, i.e.

z 1
k = E( )d (27.5)

0

which gives P]
_ 4 (17=6), ..

Ce = p= 13 1:453 (27.6)

where Z,
(2)= e ’x% 1dz° (27.7)

0

27.7 Computing the uctuations

Havinga", ', " and ", allows the expression in E47.3to be computed, i.e.

9=2  0"cos( ") i

9=2 0" cos( "
2 () 2 (27.8)

9=2 0"cos(") 3
n=1

"= kixy + kixo + kX3 +

<

where(" is computed from ER7.4

In this way inlet uctuating velocity elds ¢9;v3; v3) are created atthe inlgp X3
plane.

The code for generating the isotropic uctuations can be mloadechere
https://lwww.tfd.chalmers.se/"lada/projects/inlet-bo undary-conditions/proright.html

27.8 Introducing time correlation

A uctuating velocity eld is generated each time step as ctédsed above. They are
independent of each other and their time correlation wilistbhe zero. This is non-
physical. To create correlation in time, new uctuatingagity elds, V9, V9, V3, are


https://www.tfd.chalmers.se/~lada/projects/inlet-boundary-conditions/proright.html
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Figure 27.2: Modi ed von Karméan spectrum

computed based on an asymmetric time lter

(VDm = a(V)m 1+ (V)
(Vg)m a(Vg)m 1t b(Vg)m (27.9)
(V)m = a(Vg)m 1+ b(v)m

wherem denotes the time step number and

a=exp( t=Ti) (27.10)

where t andTj, denote the computational time step and the integral timéesca
respectively. The second coef cient is taken as

b=(1 a?)%° (27.11)

which ensures thatVi?i = v®i (hi denotes averaging). The time correlation of two
time instants will be equal to
exp( =Tint ) (27.12)

wheref'is the time separation and thus E&y.9is a convenient way to prescribe the
turbulent time scale of the uctuations. For more detaik &ection27.8 The inlet
boundary conditions are prescribed as (we assume thatl#tdsrdocated ak; = 0
and that the mean velocity is constant in the spanwise drects)

v1(0;X2; X3;t) = Viin (X2) + Vi, (X2 X3 t)
V2(0; X2; X35 t) = Vain (X2) + V94 (X2; X35 t) (27.13)
Va(0;X2; X3;t) = Vain (X2) + Vi (X2 X3 1)

wherevl, = (V)m, Vi, = (Vm andvl;, = (Vm (see Eq27.9. The mean
inlet pro les, Vi.in , Vain ,» Vain , are either taken from experimental data, a RANS
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Figure 27.3: Auto-correlation,B( ) = h(t)vi(t )it (averaged over timet). =— :
Eq.27.12 — — : computed from synthetic datéy?)™, see Eq27.9

solution or from the law of the wall; for example \b.in = Vs, =0 we can estimate
Viin as [191

< X5 X5 5
Viin = . 305+5In(x;) 5<x; < 30 (27.14)
© Lin(x;)+ B x5 30

where =0:4andB =5:2.

The method to prescribed uctuating inlet boundary comdis have been used for
channel ow [177, for diffusor ow [ 185 as well as for the ow over a bump and an
axisymmetric hill L97.

Equation27.9introduces a time correlation with an integral time scBlg . In
order to understand EQ7.1Q Equation27.9is written form = N :::1 whereN
denotes number of time steps

Ul = aulp |+ b
Uy ;=aly ,+bwy
Up 2= aly 3+ by ,

(27.15)

U9 = al?+ bu
U9 = au?+ bud
U? = aul+ bu?
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With U9 = 0 we get

U9 = bk
U9 = ablf + bud
U9 = a’bl + abl) + bud (27.16)

U= a®bld + a?b + abld + bu)
U2 = a*bl + a®bl) + a’bu + ablf + bud

which can be written as

X
ul=b am ku? (27.17)
k=1
Let's show thahU®i = hu®i. Equation27.17gives
) 1 X pr X xXn )
hU®i = - Ww=— a" kg a" 'u? (27.18)
k=1 k=1 i=1

Recall that the synthetic elds? andulare independent which means thafuf = 0

fork 6 i. Hence

b2 X 2 k),,0,,0 @ 2 X 2k

- a2m Kyl = % a?) a
k=1 k=1

(27.19)

replacinga with busing Eq27.11 The requirement is th&tU®i = hu®i and hence

1 a2)xn a*=(1 a2)xn =1 (27.20)
k=1 k=1

P
must be satis ed. The sum ,_, ¢ has for largem the valueS,, = 1=(1 c)
1=(1 a?) which shows that the requirement in By.20is satis ed.
The time correlation between many time steps with time stgaatioom n
r Oreads

RX X T
hu%, = ———  a" PO am kuf
Cmoon,, T
f - (27.21)
2

using Eqs27.19and27.2Q The factora’ is given by the correlation betweer) and
u? ., see Eq27.17 Inserting Eq27.10into Eq.27.21we get the normalized auto-

correlation U
W =exp( &Tin) (27.22)

wheref = r t. The integral time scale can be computed from the auto-etioa as
(see Eql0.1)

B11 (0 norm =

Z, Z,

Tin = Bnorm df\: f\:Tin df\
t . 11 ® . exp( t) (27.23)

1
Tint exp( f\:Tint) 0o Tint O 1) = Tin
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This shows that the one-sided Iter in ER7.9introduces an integral time scalgy

as prescribed by the de nition @& in Eq.27.1Q The integral time scale can be taken
asTinw = Lint =U, using Taylor's hypothesis, whekd, andL ,; denote the inlet bulk
velocity and the integral length scale, respectively.

27.9 Anisotropic Synthetic Turbulent Fluctuations

Isotropic uctuations are generated above. However, tignhee is generally anisotropic.
The method for generating anisotropic turbulence is pteskn [99,178 187,193 and
below it is described in detail.

The method can be summarized by the following steps.

1. A Reynolds stress tensdm,iovjoi , is taken from DNS data for turbulent channel
ow. Since the generated turbulence is homogeneous, itfisisat to choose
one location of the DNS data. The Reynolds stressgs dt 16 of the DNS
channel data @Re = 590 [194 are used. Her&v{v?i — and hence the degree
of anisotropy —is largest. The stress tensor reads

7.67 0662 0
Vi =4 0662 Q32 0 S (27.24)
0 0 150

2. The principal directions (the eigenvectors, see Eigj4), &, , are computed for
the i tensor, see Sectiod7.9.1 The eigenvalues are normalized so that
their sum is equal to three. This ensures that the kinetioggra the synthetic
uctuations does not change during transformation.

3. Isotropic synthetic uctuationsu%so , are generated in the principal directions
of hufufi.

4. Now make the isotropic uctuations non-isotropic acdogdto h/ijOi . This is
done by multiplying the isotropic synthetic uctuationstineé; directions by
the square-root of the normalized eigenvalues{’) norm . In Section27.9.2this

is done by multiplying the unit vector; " by (), , see Eq27.28and
Fig. 27.5 This gives anew eld of uctuations

q
1
(ug)aniso = q Sm)rm (u(l))iso

2
(ug)aniso = q Sm)rm (ug)iso

3
(ug)aniso = 510)”“ (ug)iso

(27.25)

. p—
The wavenumber vector,;, is divided by () to ensure that théu?)aniso
velocity eld is divergence free, i.e.
q s
i 1
i= Wm 5— 0= 1570 (27.26)

norm

see EqN.3. Note that there is still no correlation between (b8 aniso  UCtua-
tions, which means that the shear stresses are zero (foptexddu?) aniso | =
0).
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5. The(Uio)aniso uctuations are transformed to the computational coortéirsys-
tem,X;; these anisotropic uctuations are deno(e(ﬁ)sym . The transformation
reads

(Uio)synt = Rj (ujo)aniso (27.27)

whereRj; is the transformation matrix which is de ned be the eigerwes; see
Section27.9.1 The (U%)synt Uctuations are now used in EQ7.9replacing
Vo, .
The Reynolds stress tensor of the synthetic anisotropituations is now iden-
tical to the DNS Reynolds stress tensor, f(el?ujp)sym i = h/ijOi

6. Since thai®; ., are homogeneous, the Reynolds stredsgs,, u’, i, have
constant values in the inlet plane. One can choose to saalal#t uctuations

by ak pro le taken from DNS, experiments or a RANS simulation.

The Python/Matlab/Octave code for generating isotroparisotropic uctuations
can be downloaded p5.

27.9.1 Eigenvalues and eigenvectors

The normalized eigenvalues and eigenvectors may convnie@ computed with
Python/Matlab/Octave as

stress=[7.6684 -6.6206e-01 O; ...
-6.6206e-01 3.1974e-01 O; ...
0 0 1.4997];
diag_sum=trace(stress)/3
stress=stress/diag_sum % ensures that the sum
% of the eigenvalues=3

[R,Jlambda] = eig(stress)

v_1_temp=[R(1,1);R(2,1); R(3,1)];
v_2_temp=[R(1,2);R(2,2); R(3,2)];
v_3_temp=[R(1,3);R(2,3); R(3,3)];

lambda_1 temp=lambda(1,1);
lambda_2_temp=lambda(2,2);
lambda_3_temp=lambda(3,3);

wherestress is taken from Eq27.24 Python/Matlab/Octave de nes the smallest
eigenvalue as the rst one and the largest as the last. Herdewe the rst eigen-
value (streamwise direction) as the largest and the seamalitiformal direction) as
the smallest, i.e.

v1l=v3_temp;
v2=v1l_temp;
v3=v2_temp;

lambda_1=lambda_3_temp;
lambda_2=lambda_1_temp;
lambda_3=lambda_2_temp;
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Figure 27.4: Eigenvector®, andé,. x1 andx, denote streamwise and wall-normal direction,
respectively. D

Wel

P e,
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Figure 27.5: Eigenvectors multiplied by thepeigenvaluem andx, denote streamwise and
wall-normal direction, respectively. @ and @ de ne RMS of (U9)aniso and(ud)aniso »
respectively.

Make sure that Python/Matlab/Octave has de ned the rseeigector in the rst
or the third quadrant, and the second eigenvector in thenslemothe fourth quadrant,
see Fig27.4 If not, change sign on some of the eigenvector components.

% switch sign on 12 and 21 to fix the above requirements
vl new(2)=-vl_new(2);
v2_new(1)=-v2_new(1);

27.9.2 Synthetic uctuations in the principal coordinate g/stem

The equation for generating the synthetic uctuations ia grincipal coordinate sys-
tem, (%) aniso , is similar to Eq27.3 The difference is that we now do it in the trans-
formed coordinate system, and hence we have to involve genegctor matrixR;; ,
and the eigenvalues!!). The equation read4 87,193

U%niso (X ) =2 0"cos( " x + ") "
=1 , (27.28)
1 —
n — in: WRji jn; n— in: (|)Rji jn

The superscript denotes the principal coordinates.



28. Overview of LES, hybrid LES-RANS and URANS models 274

28 Overview of LES, hybrid LES-RANS and URANS
models

IRECT Numerical Simulation (DNS) is the most accurate methodlabkd. In DNS
DNS we solve the unsteady, 3D Navier-Stokes equations @2 % numerically
without any turbulence model. This gives the exact solutibthe ow eld in time
and space. We can afford to do DNS only for low Reynolds numbke higher the
Reynolds number gets, the ner the grid must be because th#deshturbulent length
and time scales, which we must resolve in DNS, decreaseReéth=* andRe 72,
respectively, see E®.16 Hence the cell size in each coordinate direction of our CFD
grid must decrease witRe 374 and the time step must decrease vt =2, Let's
take an example. If the Reynolds number increases by a fattao, the number of
cells increases by

- Re*™ Re*™ Re*™ Re!™= Re'™=2M1"=67 (28.1)

x-direction y-direction z-direction  time

Above we assume that the lengthscales are reduced when yinelBg numbers
is increased. This implies that we assume that the Reynaidéar is increased due
to an increase in velocity or a decrease in viscosity. We abogurse, also consider
the change of Reynolds number by changing the size of thebljer example, it is
affordable to compute the ow around a small car such as tivasplayed with as kids
(for this car of, say, length dcm, the Reynolds number is very small). As we increase
the size of the car we must increase the number of cells (tladleshcells cannot be
enlarged, because the smallest turbulent scales will mo¢#@se). Also the time step
cannot be increased, but we must compute longer time (ierease the number of
timesteps) in order to capture the largest time scalesfa@agithat the velocity of the
small and the large car is the same).

Having realized that DNS is not feasible, we turn to LES, seetiBn18. Here, LES
the smallest scales are modeled, and only the eddies thirges than the grid are
resolved by the ( ltered) Navier-Stokes. With LES, we carkehe smallest grid cells
somewhat larger (the cell side, sy, 3times larger).

However, itis found that LES needs very ne resolution nealisy see Sectiof1.
To nd an approximate solution to this problem we use RANSrika walls and LES
away from the walls. The models which we have looked at are [Ee&tion20),
hybrid LES-RANS (Sectior21), SAS (Sectior?2) and PANS (Sectio23); see also
Section25where PANS and Zonal PANS are discussed.

As stated above, the LES must at high Reynolds number be oeahhiith a
URANS treatment of the near-wall ow region. In the litera¢y there are different
methods for bridging this problem such as Detached Eddy &iion (DES) [L36,
154,169 hybrid LES/RANS [L9§ and Scale-Adapted Simulations (SAS)6D, 161]
(for a review, seel97]). The two rst classes of models take the SGS length scale
from the cell size whereas the last (SAS) involves the vomiéa lengthscale.

The DES, hybrid LES/RANS and the SAS models have one thinginnson: in
the LES region, the turbulent viscosity is reduced. Thishseved in differentways. In
some models, the turbulent viscosity is reduced indiremylyeducing the dissipation
term in thek equation, see EQ0.8 as in two-equation DESLP§. In other models,
such as the two-equation XLES mod@&H4[j and in the one-equation hybrid LES-
RANS [99], it is accomplished by reducing the length scale in bothetkgression for
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the turbulent viscosity as well as for the dissipation temrthiek equation, see EQ.1.2
and Table21.1

In the partially averaged Navier-Stokes (PANS) moddld and the Partially In-
tegrated Transport Model (PITM1§4,17€, the turbulent viscosity is reduced by de-
creasing the destruction term in the dissipatibp dquation which increasés see
Eq.23.15 This decreases the turbulent viscosity in two ways: rsg turbulent vis-
cosity is reduced because of the enhancemeht(of = ¢ k?=", see Eq23.6, and,
second, the turbulent kinetic enerdg) ecreases because of the increased dissipation
term,". In the SAS model based ontke ! model, the turbulent viscosity is reduced
by an additional source ter®sas , see Eq22.8 in the! equation. The source term
is activated by resolved turbulence; in steady ow it is ithee. When the momentum
equations are in turbulence-resolving moBegss increases which increasés This
decreases the turbulent viscosity in two ways: rst, dilgdiecause appears in the
denominator in the expression for the turbulent viscosijtyand, second, becaukés
reduced due to the increased dissipation terikl .

The PANS model and the PITM models are very similar to eacleratithough
their derivations are completely different. The only diffece in the models is that
in the PANS model the turbulent diffusion coef cients in tkeand" equations are
modi ed. These two models do not use the Iter width, and camte be classi ed as
URANS models. On the other hand, a large part of the turbelspectrum is usually
resolved which is in contrast to standard URANS models. PANS PITM models
have in [L97 been classi ed as second-generation URANS models, or BANS
models.

A short description of the models are given here.

DES. A RANS models is used near the walls and LES is used away fremvdils.
The interface is usually de ned automatic. In the origin& ®the entire bound-
ary layer is covered by RANS. However, when the grid is re medtreamwise
and spanwise directions, the interface moves closer to#lfie When a large part
of the boundary layer is covered by LES, it is called WM-LESa[\AModeled WM-LES
LES). The LES lengthscale is the Iterwidth.

Hybrid LES-RANS. The difference between DES and hybrid LES-RANS is that the
original DES covers the entire boundary layer by RANS whetegrid LES-
RANS treats most of the boundary layer in LES mode. Hybrid {EZNS and
WM-LES can be considered to be the same thing. The LES lecgjthss the
lterwidth.

PANS, PITM. These models are able to operate both in LES and RANS mode. In
LES mode the models do not use the lterwidth as a lengthst¢#dace they are
usually de ned as an URANS model (de ned below). Since thededs usually
aim at resolving a substantial part of the turbulence spettthey can be de ned
as a second-generation URANS model (a 2G-URANS mdd#]].

SAS. This is also a model that can operate both in LES and RANS madesteady
mode the model does not use the Iterwidth as a lengthscalensteady mode
this model usually resolved less turbulence than the othmatets mentioned
above; hence it can be classi ed as an URANS model ( rst gatien).

URANS. A RANS modelis used in unsteady mode. In unsteady mode theldods
not use the lterwidth as a lengthscale. Unless the ow isndo go unsteady,
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the results will be steady (i.e. same as RANS). Usually a RAN8el developed
for steady ow is used. Only a small part of the turbulencesisaived.

The models listed above can be ranked in terms of accurac Radcost:
1. Hybrid LES-RANS, PANS, PITM, WM-LES. Highest accuracy and CPU cost

2. DES.

3. SAS.
4. URANS. Lowest accuracy and CPU cost
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29 Best practice guidelines (BPG)

In the early days of CFD, different CFD codes used to giveeddfit results. Even
if the same grid and the same turbulence model were used, toefd be substantial
differences between the results. The reasons to theseettiffes could be that the
turbulence model was not implemented in exactly the sameiw#ye two codes, or
that the discretization scheme in one code was more diffubian in the other. There
could be small differences in the implementation of the lalzug conditions in the two
codes.

Today the situation is much improved. Two different CFD codsually give the
same results on the same grid. The main reason for this iregrsituation is because
of workshops and EU projects where academics, engineeans ifrdustry and CFD
software vendors regularly meet and discuss differentadsmpé CFD. Test cases with
mandatory grids, boundary conditions, turbulence modelsie de ned and the par-
ticipants in the workshops and EU projects carry out CFD $atians for these test
cases. Then they compare and discuss their results.

29.1 EU projects

Four EU projects in which the author has taken part can beioresd

LESFOIL: Large Eddy Simulation of Flow Around Airfoils
https://www.tfd.chalmers.se/ lada/projects/lesfwidtight. html

FLOMANIA: Flow Physics Modelling: An Integrated Approach
http://cfd.mace.manchester.ac.uk/ omania/

DESIDER: Detached Eddy Simulation for Industrial Aerodynamics
http://cfd.mace.manchester.ac.uk/desider

ATAAC: Advanced Turbulence Simulation for Aerodynamic ApplioatChallenges
http://cfd.mace.manchester.ac.uk/ATAAC/WebHome

29.2 Ercoftac workshops

Workshops are organized by Ercoft&ufopearResearcitCommunityOn Flow, Turbulence
And Combustion). The Special Interest Group Sigl15 is focusedvatuating turbu-
lence models. The outcome from all workshop are presented

here
http://www.ercoftac.org/ leadmin/usearpload/big les/sigl5/database/index.html

Ercoftac also organizes workshops and courses on Bestder&utidelines. The
publicationIndustrial Computational Fluid Dynamics of Single-Phadews can be
ordered on

Ercoftac www page
http://lwww.ercoftac.org/publications/ercofthestpracticeguidelines/single-phasews _spf/


https://www.tfd.chalmers.se/~lada/projects/lesfoil/proright.html
http://cfd.mace.manchester.ac.uk/flomania/
http://cfd.mace.manchester.ac.uk/desider//
http://cfd.mace.manchester.ac.uk/ATAAC/WebHome
http://www.ercoftac.org/fileadmin/user_upload/bigfiles/sig15/database/index.html
http://www.ercoftac.org/publications/ercoftac_best_practice_guidelines/single-phase_flows_spf/
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29.3 Ercoftac Classical Database

A Classical Databasewhich includes some 100 experimental investigations,lman
found at

Ercoftac's www page
http://www.ercoftac.org/producend services/classicollectiondatabase

29.4 ERCOFTAC QNET Knowledge Base Wiki

The QNET is also the responsibility of Ercoftac. Here you descriptions of how
CFD simulations of more than 60 different ows were carriagt.oThe ows are di-
vided into

Application Areas. These are sector disciplines such as Built Environmeren@tal
and Process Engineering, External Aerodynamics, Turbbmery, Combustion
and Heat Transfer etc. Each Application Area is comprisesjpiication Chal-
lenges. These are realistic industrial test cases whictbearsed to judge the
competency and limitations of CFD for a given Applicatiorear

Underlying Flow Regimes These are generic, well-studied test cases capturing im-
portant elements of the key ow physics encountered actosg\pplication Ar-
eas.

For more information, visit

ERCOFTAC QNET Knowledge Base Wiki
http://www.ercoftac.org/productnd services/wiki/


http://www.ercoftac.org/products_and_services/classic_collection_database//
http://www.ercoftac.org/products_and_services/wiki/
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A TME?226 Lecture Notes

A.1 Lecturel

{ See Sectiod.1, Eulerian, Lagrangian, material derivative

Lagrangian-Eulerian

| Lagrangian approach

The (uid) particle is described by its initial positioiX;;, and time,
t

In other words we “label” a particle with; and then follow it.
The variation ofT is expressed a$T =dt

| Eulerian approach
We look a pointx;, and see what happens.

HenceT depends on botk; andt

dT @T dx; @T @T @T
Thechamruleglvedt @t ot @X @t .@(

| dT @T dXJ @T @T N v @T
G et ddex ot ' @x
material change local change  .onyective change

dv, @y,
Wh he diff
{ See Sectiori.2, What is the difference betwee? and—= @t
Difference between— and @
@t’
2,72
1
0 X1
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Flow pathx, = 1=x;. The lled circle shows the poinfxi;x2) = (1;1). 5: start ¢ =
In(0:5)); 4 : end ¢ = In(2) ).

Xy =exp(t); xx=exp( t) (A.1)
and hence; = 1=x;. The ow is steady (in Eulerian coordinates).
| EquationA.1 gives the velocities

dx dx
L - 2721 = : L = -2 =
v = It exp(t); V3 It exp( t) (A.2)
Egs.A.1 andA.2 give
= X
Note thatv- = vE butv- = v-(t) andvE = vE(xy;x,).

| Time derivatives of the, velocity:

dvs
gt =exp( t)
av; = @ @ @
i o e ey 0T 0 % (DEx
dv,  dvf  dvs
Ofcoursea— - dt X2 =exp( t).

| Consider the pointxs; x2) = (1; 1). The velocity at this point does
not change in time; henc% =0.

| If we however travel with the particle then thre velocity changes

s . dvs dw . o :
with time, i.,e. —= = —= = 1 (it increases, i.e. it gets less negative

I dt dt
with time).
{ See Sectiom, Introduction to tensor notation
| a: Atensor of zeroth rank (scalar)

i =(2:1;0
| a: Atensor of rst rank(vector)/ a = )

| &; : Atensor of second rank (tensor)
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11 12 13
=@ 21 22 23
31 32 33

What is a tensor?

| A tensor is aphysicalquantity. It is independent of the coordinate
system. The tensor of rank one (vectrpelow

/

is physically the same expressed in the coordinate systgmy

X2

L.

X1

wherel = (1 P 2; 1:p 2;0)" and in the coordinate systemy; X»)

¥

wherebo = (1;0;0)". The tensor is the same even if ismponentare
different.

{ See Section.3, Viscous stress, pressure
| The momentum balance equation derived in the continuum me-
chanics lectures reads

vi gy Fi=0

We write it as
dvi _ @;ji . f

g~ @x’ " (A.3)
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7 tl(él)

11 T
13 X, fi
X1

Volume force (per unit volume)f; =
Stress components and stress vector on d0; g;0), acting in the middle of the uid
surface. element.

Stress tensor, volume (gravitation) force and stress r/,et{:efb) .

j denotes the stress tensor. Stress is force per unit area. The
surface stress vector is computed as

h
6= i
whereft = n; is the normal vector of the surface.
volume forcesf;

| The stress tensor;; , is splitinto one part which includes pressupe,
and one which includes viscous stresses (friction)

i= Pt
1
whereP = = .
A constitutive relation can be derived for the stress temgoch reads
2
i = Pi*2Si 3Sui
2
i =2Sj éskk 7 (A.4)
_1 @v, @y

S ==

' 2 @x @x
| This expression includes the velocity gradients. Beforeingert
Eg. A.4 into Eq.A.3, we will look at the velocity gradient tensoé%\(/,

in some detail.

{ See Sectiond .4, Strain rate tensor, vorticity
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0 1
@v_1 @.v+ @.v+ Qv @;

@« 28ox ox ©@x O«
2@v=@x =0
1 @v Oy 1 @v @y
- + =L 4+ = =F =S+

2 @x @x 2 @x @«

| The vorticity reads

! \
L ij @?(
| The vorticity represents rotation of a uid particle. Insag the ex-
pression folS; and j gives
= S+ )= ik« (A.5)
where we used the fact that the product of a symme8ig, and an
antisymmetric tensorjy , is zero.

I
—

| Now let's invert EQ.A.5. We start by multiplying it with';,, so that

! (A.6)

St b= Tim ik K
ik IS the permutation tensor.

— Itis one ifijk is equal tol23or any cyclic permutation, i.e.
"123= "312= "2z = 1.

— Switch two indices and it is equal to minus one, ‘g =
"213= "32= L

— Iftwo indices are equal, then is zero.

j is the unit or identity tensor. Itis oneifk are equal and zero
otherwise, i.e.

- = 2= =1
- 127 137 21= 23= 3= 32=0
Using the"- -identity (see Sectiof) on the right side of ECA.6 gives

‘m :2 m

fmoik k= (5 mk K m) k= m

Inserted in EQA.6 we get
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where we rst used cyclic permutation 6f,, , then used the fact that
"im IS anti-symmetric.

| Actually, it is easier to invert EGA.5 component-by-component. For
I 3 we get
3= 3 Gv = 321@ + 312@
@x @x @x
@, Q@y_ @ @y
@x @x @x @x%

{ See Sectiond.5, Product of a symmetric and antisymmetric tensor
| The product of a symmetriey; , and antisymmetric tensdg; , is zero

ajby = aiby = ailb;
where we used
2nd expressiona; = a; (symmetric)
last expressionh; = b (antisymmetric)
Indicesi andj are dummy indice}

ajby = &b

This expression says that= A which can be only true iA = 0 and
henceg; b =0.

{ See Sectiond.6, Deformation, rotation
| Rotation of a uid particle (3> 0, 1, < 0) during time t

— X9 t= X2

X2

X, t= X1
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angle rotation per unittime:= ' d=dt = @y=@x= @y=@x

if uid element does not rotate as a solid body, we take theaye

d=dt = (@¥@x @y-@¥=2.

Hence, the vorticity 3 = @y=@x @y=@xcan be interpreted as
twice the average rotation of the horizontal edge and \aréidge

| Deformation of a uid particle by shear during timet. Here
@y=@x% = @y=@x so thatS;; = (@Y=@x+ @Yy=-@¥=2 =
@y=@x> 0.

— Xp t= X2

X2

X, t= X1

| Deformation of a uid particle by elongation during timet. Here
Si1= @@x>0
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X2

Fmmm e e e e e e e e — -

X2

{ See Sectionl.7, Irrotational and rotational ow

| Flows are often classi ed based on rotation: theymatational (! ; 6
0) orirrotational (! ; = 0)

{ See Sectiond.7.], Ideal vortex line

| Consider the ideal vortex line

Transformv into Cartesian compo-
nents.

Vi = Xo . Vs = X1 .
T2 08+xd) T 2 (2+x)
@y _ xI x5 . @y _ X5 X3
@x 2 (x3+x3)° @ 2 (xZ+xd)°

@y @y
l,= —2 =2=0
) T @x  @x
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1.5¢

The uid particle (i.e. its diagonal)
does not rotate. The locations of the
uid particle is indicated by black,
lled squares. The diagonals are
shown as black dashed lines. The
uid particleisshownat =0, =4,
3=4, ,5=4,3=2and =6.

{ See Sectiold.7.2 Shear ow
| Consider shear ow withv; = cx3, v, = 0, see gure below. The
vorticity is computed as

_ @y @y _

l,=1,=0; l3=—=—"2 === 2cx
1 2 y 3 2
@x @x
Hence the ow isrotational
a b c
- L7 /////
\%1 e
—
—>
X2
X1

The vertical edges of the uid particles rotate accordinghe gure
above (rotating in negative direction).

{ See Section.8 Eigenvalues and eigenvectors: physical interpretation
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| Eigenvalues and and eigenvectors: physical interpretatio

A two-dimensional uid element.

— Left: in original state;

— right: rotated to principal coordinate directions.
— 1= goand , = ,uodenote eigenvalues;

— ¥, and¢¥*, denote unit eigenvectors.

288
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A.2 Lecture 2

{ See Sectio.1.], The continuity equation
| The continuity equation

d— + @/: 0 incompressible ow gives %(/: 0

dt @x

{ See Sectio.1.2 The momentum equation
| The momentum equation

2

ij = P|J+28Ij éskkij
dvi _ @ji _ @P @ 2 oV _
d-ex T exex % zex’ T
@P @ 2 @ @w
- 2% Bsy) 22 BV
@x @x i) 3@x @x

Note that the stress tensog, , depends only o (deformation), not
on j (rotation).

| Incompressible ow gives

dvi _ @ji @P @
== f.= = — (2S . f
a - ex T ex @x( Su)* T
| Incompressible and constangive
% = @P+ @Vi + f i
dt @x  @x@x
{ See Sectio2.2, The energy equation
| The energy equation
du @v @q
— = i — — A7
energy change excmworﬁxchange of heat
@T
= k=
a @x
2
ij - Pij+2SIj §SKK|J
| We have
vV 1 vV v 1 v vV
Q_Sij"' i ) Sij:_ _+@ : i = = Q @
@x 2 @x @x 2 @x @x
Qv
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This gives (See EQ.1H

@v 2 @w @v
" @x ! '3 @x' @x
2 @y @y
= P +28 _ = . S..+ L) = P_+ZSS
ij ij 3 @X ij ( ij Ij) @x ij i
Insert into EqA.7 gives
du @y 2 @ ,@T
= P==+2S.S,; —_S..S + = k=
LdtT T@x ' 3TM T @x T @x
u Rev Q

| During time,dt, the following happens:
U: Change of inner energy of the uid
Rev: Reversiblework done by the uid (compression or expansion)
. Irreversiblework (dissipation) done by the uid

Q: Exchange of heat to the uid

| Incompressible ow (low speeqy;j < %Speed of sound)

,T-. @
dt @x
important for lubricant oils

| For gases and “usual” liquids (i.e. not lubricant oils) we @eis con-
stant), see E2.18

d_T = @T "
dt ~ @@x

@T

k=
@x

du = c,dT;

k
= —; Pr=-—
Cp

{ See Sectio.3, Transformation of energy
| k equation (multiply the momentum eq. wi)

dv; @
Vi——

Vi a @}(
The rst term on the left side can be re-written (Trick 2, sep &4)

v _ 1 dvv) _ ok
'dt 2 dt = dt

Vifi:0

= S S
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(vivi=2 = v?=2 = k) so that
dk @ji vif

at - ey
Re-write the stress-velocity term so that (see 83
dk _ @v i Qv
VvV if i

a@- @x ax’
| Compare with the equation for inner energy
du_ Qv @q
d  "@x @x

{ See Sectio.4, Left side of the transport equations
| Left-hand side (= vi;u;T::)

:Q+ng+ @+Vj—+—: R —
_@ '@ex @t '@ @ @t @

{ See SectioR.1, The Rayleigh problem
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| The Rayleigh problem

X2

v The plate moves to the right
X1 0 with speedv, fort > 0.

| The v, velocity at three different

X2 w ts times.ts >t, > 14,

~~~~~~~

0 0.2 0.4 0.6 0.8 1

vi=\p
Simpli catons: @Qy=@x= @y=@%x=0) @y»=@x=0) v, 0.
@v_ @v
@t @x%

| Similarity solution: the number of independent variabteseiduced by
one, from two X, andt) to one ().

Xo @y _ dvi@ _ Xt Pdvy 1 dvyy
PT @t d @ 4 d  2td
@_dvv @ _ 1 dv

@ d @ 2 td
Gvu_ @ @ _ @ 1dv _ 1 @ dv
@ @ @ @x 2 td PTex d
We get (see Ed3.6)

o
=~
=
o
N
<
S

N
—
o

N

vy of
f=—=—" —_—+2 —_—=
Vo' d? d 0
| Boundary conditions

vi(xp;t=0)=0) f( !'1 )=0
vi(xa=0;t)= V) f( =0)=1
vi(xo!'1 ;t)=0) f(!'1 )=0



A.2. Lecture 2

The solution reads (see Eg11])

X V
(=1 ef(); =% f=7
3
25
2
J
0.5f
00 012 014 O.‘6 018 1

f
The velocity,f = vi=\b, given by EqA.8.

293

(A.8)

| Boundary layer thickness de ned by = 0:01V, (it would bev; =
0:99V, in an ordinary boundary layer). The gure above gives (for

0:01) =1:8sothat

p_—
=18= p—= =36 t
2t )

ar =10:8cm
water = 2 :8Cm

{ See SectioR.2.1, Curved plates
| The inlet part of a channelR, > P,

\Y,
L\

Py

< —

// P

2
X1

{ See SectioR.2.2 Flat plates

| Fully developed incompressible ow in a channel. 2D and dyea

@_Qy_0y_ _,
@x @x @s °
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g;(/ 0 ) %—0 ) V2=Cy(x1)) ) v2 O
| The Navier-Stokes fov, (g = (0; g 0))

° ° @y ° @ : @
@, @v _ @y_ Vl Vi @v, _ @P
et ex aex @x %D E * 5. @% @x
The Navier-Stokes fov, gives

0 0 o b
@y, @y,  Qy_ @v2 @v2
et ex aex” @)4 % X J
P
) 0= 27 g ) P= gt Gl gXe* pix)
@pP_ @p
) @x_  @x (p = p(xy) is pressure at lower wall)
| The Navier-Stokes fov; (replacing@P =@ ky @ p=@,see Eq3.24)
@p, Gu , @vi_ @p
o @ ' @i ox
f (x2) f(x1)
@v, _ Qp_
) @3 T ax const
Integrate twice gives; = h dIOx 1 X2
g g 1= 2 dx, 2 I

{ See SectioR.3, Two-dimensional boundary layer ow over at plate
| 2D boundary layer

@y, @y_ @v, @p_ .. @y, @y_
V2 - ’ - 0’
@x @x% @x’ @x @x @x

(note that both terms on the left side are retained)
Streamfunction

V1

w-@. .. @
T ex Y7 @
The continuity equation is automatically satis ed
@, Q@y_ @ @ _,

@x @x O@x@x @x@x
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Inserting the streamfunction into the streamwise momergquation
@ 8 @@ _ @
@x@x@x @x@3% @%

Similarity solution:x, x> ! ;! g().

1=2
Vl; 1

—_— X2, =( Vi Xl)lzzg
X1

First we need the derivative® =@x»and@ =@Xx

@_ 1V Pa_ @ Vu
@x 2 X, X1 24 @x X1 X2
@ _ @ - 2@
@—X: @x (Vi1 x1)'? g+ ( Vi Xl)lZQO@

1 Vl'l 1= 1=2 0
= _ ! V1 .

5 x g (Viix1) 9 2,

1) %gg"0+ g% 0

This is Blasius solution (from his PhD thesis in 1907). Theneucal
solution is given in Tabl&.1
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A.3 Lecture 3
{ See Sectiod.1, Vorticity and rotation

| Vorticit
Y 21(X2 +0:5 Xyp)
H
12(X1 +0:5 X3)
—————————— -
p(x1 05 Xy) l (X1:X2) T p(x1+0:5 Xxy)
B d - - -
12(X1 05 Xq) l .
——————
X5 21(X2 05 Xjp)
Lxl
Surface forces@,=@x=0, @,,=@x> 0.
dv; QP | @ @R @l
Mo B2 2. S A9
dt @x | @x @x " @x (A-9)

| change in vorticity, change in shear stresses

irrotational ow ,
potential ow,
no change in ; (often! ; = 0)

| As a rst step for deriving the ; transport eq., let's re-write the left-
side of N-S:

J @?(
InsertingS; = ( @@+ @»@»=2and multiplying by two gives

@v @v @y
'ex~ 7 @x ex U (A.10)
The second term on the right side can be written as (Trick 2)
v @V 1avv)
'@x 2 @

1
=Vi(S )=V S ik
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With Eq. A.10 Navier-Stokes can be written (see BqL3

@v: | 1@P, @v;
@v, @ . | - £ (ALl
@ @x VT gt guex " AY

no rotation

| Now we will derive the transport eq. for, = ", @\=@x Multiply
the Navier-Stokes equation By, @=@so that

« 0
" @VI " . @k n '""k @M k
pai pai par 1
@t@xo @x@x @ ; (A12)
l @P n @V| n @g

pgi — @?@2$ PAi = = v @?(((2?(@2$ pqi@—2$
Term on line 1: zero because a-sym & sym tensor
1st termin line 2: zero because a-sym & sym tensor

last term: zero becausggis constant

Re-write unsteady and viscous terms in Bdl2:
. @i _@., @ _@
pq'@t@x @t pqlc@2$ @t
T @Vi — @ " @/ — @!p
"Mare@x@y @x@x @y @x@x
Inserted in EQA.12 gives
@ . . OMk_ Gl
@ ™M™ @y = @x@x

| Transport equation for the vorticity (see Eg21)
@, , @b_, O, @,
@t @x @x @x@x

Underlined term: vortex stretchingf/tilting term (a soustek), see
Eq.4.22

8
% ' %X Hz%"‘!s%; p=1

"‘@x E |1%§ %z %x’

@x
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Vortex stretchingandvortex tilting
| Vortex stretching

X  TTTTTTEmTmmmmmmTmTmmmmT :

X1

@y @y .. .
Assume—— > 0: the term! ;—=—= will increase!

@x '@x !

| Vortex tilting/de ection

X2
X1
Assume@ > 0: the term! 2@ will increase! ;
@x @x

{ See Sectiod.3, The vorticity transport equation in two dimensions

@
| 2D ow: v, = (Vv1;Vv2;0), ! =(0;0;!3)and—— =0
(V1;V2;0) ( 3) @x

Now the vortex stretching/tilting termk@ = @y =0

_ @x @x
The 2D! ; equation reads (see E¢23
@5 N @5 _ @
Vi =
@t @x  @x@x
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| Consider fully developed channel ow (see Eg24)

. @T
heat conduction0 = k—
@%
vorticity diffusion
X2
@T
G= k=
@x, A

X1

Temperatureqp = 0 ) no temperature (increase)

\orticity: ) no vorticity (increase). In the self-similar region

of a boundary layer this is true becau@p=@x 0; for channel ow
260

{ See Sectiod.3.1, Boundary Iaiygthickness from the Rayleigh problem
| Rayleigh problem: (t) = 3:6 t was presented for the temperature
equation. It can also be used for the vorticity equation.

Vo

X2 =

. |

r
T

L
: L
Boundary layer thickness/ V2
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A.4 Lecture 4
Potential ow

{ See Sectiod .4, Potential ow
| De ne a potential

Vi = @ =@k (A.13)
Then the vorticity is zero
_ @v_ @ _
= ik =27 ik momo =0
@x @x@x
The continuity eq. reads
O = @: _@ Q - @
@x @x @x  @x@x
| Derive the Bernoulli eq. The N-S reads (see Eg9.andA.11)

(A.14)

@v v oo, l@p . @h
—+ @ ik Vil k = = =P inm —_ *+ G
no rotation
In potential ow,!; =0. Insert (Eg.A.13) and a gravitation potential
(= &X=@3

@x @t @x @x @x
Integration gives (see E4.33

@ P

1
— + Zv?+ =+ X = const

@t 2
ReplacingK = gsx3 = ghgives the Bernoulli eq.

@ @ +@V2+1Qp+@20

{ See Sectiod.4.2 Complex variables for potential solutions of plane ows
| Complex functions.

The derivative of a complex functioh, by a complex variable; (f =

u+ iv andz = x + iy) is de ned only if the derivatives in the real and
imaginary directions are the same, i.e.

d_ .tz 2 @)
dz~ 2z o Z
— ”mof Xo+ X i)’o)z f (Xo;iyo) — ”mof (Xo;iyo + ii Y) f(XoiiYO):
x! yl

y
(A.15)
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vi(Xp); 2L >0

X1

which means that

@f

@f_1@f_ @
@y

= == =
@x i@y
Insertingf = u+ iv in Eq.A.16 gives
@u+ i@\lz i@u iZQV:
@x @x @y @y
We get (see Eqt.39

(A.16)

i@u+ @V
@y @y
@Qu_@v @u_ @v
@x @y @y @x

which are called th€auchy-Riemanequations.
| A complex function in polar coordinates:= re' = r(cos +isin )

| Fluid dynamics: de ne a complex potential= + 1 where is
the streamfunction (recall the = & andv, = & see Eq3.44. We
wantf to be differentiable: hence E4.4 must hold (replac& andv

with and )
@e_e @_ @
@x @y @y @X

which is satis ed ( rst relation= vy, second= vs).

(A.17)

satis es Laplace eq. (see E4.14). Since! 3 = 0, this applies also
for

@ @ _ @y, @y _

@z ex ex ex *7°
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Hencef also satis es Laplace eq.
We have now de ned a complex functioh,= + i which satis es
Laplace eq and which has a physical meaning in uid dynamics.

{ See Sectiod.4.3f /| z"

1. Now we “guess”/dream up a complex functiorr + |

2. then we check if it satis es the Laplace equation (i.e.dbetinuity
equation4.29and that the ow s inviscid! ; =0, Eq.4.42

3. then we nd out iff corresponds to a meaningful uid ow situa-
tion

| We gues$ = C1z" = Cyr"é" = Cyr"(cosn )+ isin(n ))

Check that it satis es Laplace eq. (it does, see Bdl6 r *f =
1@ (@f 4 1061

r@r = @r r2 @2

{ See Sectiod.4.3.1 Parallel ow

| Parallel ow,n=1.f = Ciz=V,z=V; (X+1y)

The streamfunction, , is the imaginary part of , i,e. = V,y =
V; r sin(n ) which gives
@ @
vi=—=V,;, Vvw= —=0
1 @y 1 2 @X
y
\%1
X

Y Y Y YYYYYYYY
A,

{ See Sectiod.4.4 Analytical solutions for a line source
| Line source

Inr+in @ = Z(nr+i)
(A.18)

f= D= e =12
2 2 2
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Check that it satis es Laplace eq. (it does, ge89

_l@ _ m
“Tre T 2r
_ @ _

Vv = @r_o
y

{ See Sectiod.4.5 Analytical solutions for a vortex line
| Vortex line

= i—Inz= i— b= — + I = —(ilnr+
f 5 Inz 5 In re 5 Inr+In € 2(|Inr )

Check if it satis es Laplace eq. (it does, s£&66)

_le . . @ _
Vr_F@_O’ vV = @ 2r
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{ See Sectiod.4.6 Analytical solutions for ow around a cylinder
| Doublet: take a line sourcen(> 0) a line sink (n < 0) with a sepa-
ration": let" ! Owhich gives

f = _ Vl r(Z)
oz z
wherer§ = =(V ). Add parallel ow (f = V; z) gives cylinder ow
V r V r2 . rz . _
f = 10+Vlz= rleio+V1re'=V1 Toel"'rel

ra . .
=V To(cos isin )+ r(cos +isin )

The streamfunction reads (imaginary part)

r2
= Vi r TO sin

and we get the velocity components

1 r2 2
v, = @—Vl 1 -2 cos; v = %= \A 1+r—2 sin

eVt
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| | @ \>

{ See Sectiod.4.7, Analytical solutions for ow around a cylinder with circuian
| Flow around a cylinder with circulation,
We havef for a cylinder. Now we addl for a vortex line

ra . - .
f=W To(cos isin )+ r(cos +isin ) |2—Inz

The imaginary part gives the streamfunction

r2
=V, r -2 sin  —Inr
r 2

We get the velocity components as

1@ rg @ g
= - — = — - = — = + = + —
V, r @ VvV 1 2 cos; V ar vV, 1 2 sin T
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Vi

\/"

The velocity at the surface,= rq, reads

Vis =0

Vs = 2V; sin +
Mo

| Location of the stagnation points, i.e. wherg = 0. We get

2r0 4r0V1
max =4 V1 ro:

| The pressure is obtained from Bernoulli equation as (sed Eg)

V2 2
C,=1 -—2=1 2sin +
P V2 21 o\V1
. 4 sin 2
=1 4sirf

2r on 2r on
| Integration ofC, gives dragFp =0 and liftF,. = V,
{ See Sectiod.4.7.1 The Magnus effect

| The Magnus' effect: three applications
| Table tennis: loop
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| Free-kick

e wall

F
/V s
@ goal

| Flettner rotors: the Magus effert propulsion force of_ cos( )

/ Vwind
Vship T~
.| e
L. il

X1

{ See Sectiod.4.8 The ow around an airfoil
| Airfoil ow

| The boundary layers(x,), and the wake illustrated in red.
| LiftforceF. = V3
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(x1)

L.

X1

Figure A.1: Airfoil. The boundary layers, (x1), and the wake illustrated in reck; = 0 and
X1 = catleading and trailing edge, respectively.

V/

Figure A.2: Airfoil. Streamlines from potential ow. Rear stagnatiopipt at the upper surface
(suction side).

A.5 Lecture5

{ See Sectio®, Turbulence

| Turbulence

| v = v; + V2 isirregular and consists of eddies of different size
| increases diffusivity
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=

Figure A.3: Airfoil. Streamlines from potential ow with added circuian. Rear stagnation
point at the trailing edge.

Xo turbulent

laminar -
X1

-
P
R
P
- -
- -
- -

. VD
| occurs at large Reynolds numbers. Pip&p, = — ' 230Q

boundary layersRe, = vi 500000

| is three-dimensional
| is dissipative. Kinetic energyv’%=2, in the small (dissipative) eddies

@y
@x

@y
@x
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are transformed into thermal energy (increases tempedatur

ow of kinetic energy

l dissipative scales

intermediate scales

Y

large scales

| Dissipation® = ——-

All kinetic energy (s 90%) is nally dissipated at the siheat (dissi-
pative) scales.

| Kinetic energy dissipative at small scales determinet],by

a nh

[m?=g] [m?=s’]

Vv
[m=s]

1=2a+2b; [m]
1= a 3b; [9

| This gives the Kolmogorov scales (see Edp)

3 1= =
n )1=4 D . _ 1=2

v =(

| Any periodic functionf , can be expressed as a Fourier series

1 R
f(X)=§ao+ (ancos(nX) + bysin( nx)); f=v; =

n=1

n
L
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f (x) cos( ,x)dx

by = f (x)sin( x)dx

L

Parseval's formula states that (average over all eddies)
yan L ¥

VE(dx = Sag+ L (@] + )

L n=1

Time-averaging (average of over time instants):

Z
_ 17
2= — %t
L S
| Spectrum for turbulent kinetic enerdy,
Pk = W@
@x

E(C)

E(n)/ ai+ i
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Z, »
k = E()d = E(n)

The turbulence spectrum is divided into three regions:

|. Large eddies carry most of the turbulent kinetic energy. yTére
tract energy from the mean ow.

II. Inertial subrange. Independent of both large eddies (mear)
and viscosity.

lll. Dissipation range. Isotropic eddieg\(’ = ¢, ;) described by the
Kolmogorov scales.

| Turb. Kinetic energy in Region Il depends ‘band eddy sizd= .

a nh

[1=m] [m?=s’]

E
[m®=¢7]

3= a+2b; [m]
2= 3b; [9]
b=2=3;a= b5=3sothat

E( ) = const. "§3
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| This is calledKolmogorov spectrunor  5=3 law
Pk
EC)

| Small-scale turbulence is isotropic (see Secd): v& = v& = V2,
Not true instantaneously, i.8? 6 v9 & V9.

Isotropy:if a coordinate direction is switched (i.e. rotate8(?), nothing
should change) vV? in both coordinate directions must be the same.
) VEvZ = (ViVD)ig = ViV3 = 0.

| On tensor formyi(\/jO: const. ;

2 33
v A~

Vv 0

| Relation between largest and smallest scadRes= vy o= )

Vo wy 1=4 3_~ 1=4 N 1=4 1=4
V_:( ) Vo= V§=o VO=(VOO:) = Re
\0 3 1=4 3\0 1=4 3 1=4
— = . 0= — 0= —3 = Re**
Vo Vo o
N 1=2 3 1=2 ~ N 1=2
o _ 0 _ Vo o_ Vo - Rel2
2= — 0= \ = == = Re
Vo 0 Vo

This explains why DNS (Direct Numerical Simulation) is too e
pensive at high Re numbers: a doubling of Re nunm)ber

25 2 2m=2tt 7 (AL9)

X1 dir X2 dir X3 dir time

times increase in computational effort
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A.6 Lecture 6

{ See Sectio®, Turbulent mean ow
| The continuity and the N-S for incompr. ow with const.

@y _ @v, @w _ @p, Qv
@x @t @x @x @x@x

Decompose the variables and time average

0;

Vizvi+Vv: p=p+p’

0
@+vw_@, k6 ol o

@x @x @x @x
@'\; = @—@i (Vi + V(v + V) = @—@?('vivj + iVl + v v+ VAP
0 0__° v @%0
- @ W+Vi7f}+vjﬂ+ﬁ'\/j0 - @ + @,

@x @x  @x

| The steady RANS (Reynolds-Averaged Navier-Stokes) egugtsee
Eqg.6.9
@ -0 @y — @+ @ @ W“/jo

@ ' @x @x @x @

ij;tot

{ See Sectio®.1.1, Boundary-layer approximation
| RANS in developing boundary layer ow

@ O

@x @x

@, @_ @ @ @
Vo = +

@x @x @x @ O

| Left side: each term include one large @nd @=@)xand one small

(v, and@=@Xxpart

V2 V1,

V1 VZ(L) Vg

{ See Sectios.2, Wall region in fully developed channel ow
| RANS in fully developed channel ow

@ @ @ 75 @ |, Qu
0= 0,0 — =
@x @ @x ° @x  @x

f(x1) g(x2)
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Integration fromx, = 0 to x, gives

315

@ X2
wt(X2) W= =oX2) = owt ooXe= w1 —
@x @x
L@ w
Last equality: @x (force balance)
| lower half of channel
2000 1 0.1
1500 08
Al I
+ N
>< 1000 o >(<\l 0.05 >('<\I
500:\
f 0.2
00‘\ o0z o4 06 08 ° EN
a) full view b) zoom
— VVE= == (@1=@X= -
| The different wall regions
10 4 10 3 10 ? 101 1
Xo=
| | | | | -
=] 1
: 1
: outer region :
§ i
overlap region i
:
: log-law region :
: i 0
: i @
5/ N |
=i inner region i 5
e 1 @D
1
1
buffer region :
1
viscous region !
1
; :
: X, =y*
o || | | | | ey
1 5 10 30 100 1000 10000

| Wall shear stress (see E§j21)
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1=2
_ on 2 _ W N
@x%
| The linear velocity law
@ _w_ut_w
@x

Integration gives (recall that bothandu? are constant), see E6.24

1 1
vi= ZuXxp+ Cy= Zu’xy or v = Xx;

| The log-law (turbulent region), see E§33

Velocity scale:u ; lengthscalel / Xx,) ~= X,
@n - u ) @1.=u _ 1
@x X2° @xu =) (Xau =)
@; 1 1

) @12= X;) Vi = ZInx; + B

24r
20r
161

>

M 1l

S
8,
4,

1 10 100 1000
. . Xz
Velocity pro les in fully developed’thannel ow.
| N.B. Vicenterine =U = 24 ) good estimate fou (Vi.centerline =U

increases weakly with Reynolds number)
Example: channel ow (or boundary layer, =1 gives

water: X, = X;=u =1 10 ° 15(1=24) =2:410 °m =2:4 10 2mm
air x,= x,=u =15 1% 151=24)=3:6 10 *“m =3:6 10 'mm

=X, (atx; = 1) is an estimate of ratio of largest to smallest tur-
bulent length scales (is boundary layer thickness or channel half
width)
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estimate of': ud=

317

{ See Sectios.3, Reynolds stresses in fully developed channel ow

| Symmetry plane of channel owspir = 32 VIV

‘ 32;tot

30 = SE?E + SE?E = O; vgv; = t gg!i +
@x @x @x
because; = @=@x% 0 (note thatvi 6 0)
I Normal Reynolds stresses
2000
1500¢
X5 1000
500r
0 8
— o VP= g VB e VB,
| Forces on a uid element
0= @, 6 @ @ vvd

@x @x O@x

@
@x
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200~ 0.1
+ N 100] | 0.05 '(l\,
> \ D,
0 0.2 0.4 0.6 08 1
Shear stresses—: VV9= ;== (@1=@¥)= w.
200 2000
1800
150 1600
1400
+ + 1200
Xg 100 X2 1000
800
50 600
400 :
»1%0 -100 -50 0 50 100 150 20—% -1 0 1 2
Near the wall Far from the wall
Gradient of shear stresses— : (@NVI=@¥)=w; ==—: (Bvi=@%)=w; —-—:
(@=@¥)=w.

| Forces in a boundary layer. The red (dashed line) and the(bbliel
line) uid particle are located at; ' 400andx; ' 20, respectively
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y @Hvs @v,
2, @x @3
1 1
@ 3 @3
@x | @x
4’1 ‘47
S/ |
0 + >



A.7. Lecture 7 320

A.7 Lecture 7

{ See SectioB.1, Rules for time averaging
| Time averaging

Z ¢
1 dt (A.20)
v= —  vdt :
2T -
| What is the difference betweafiv) andv? v3? UsingA.20 we get
14T
vVl = T vividt:
whereas - 1 Z i 1 Z; )
Vvi= — vidt — vidt
vt Lt 2T 1

(which is zero)
| What is the difference betweerf andv_gz’? UsingA.20 we get

Z T
Vii = — Vv
oot
whereas . Z - X
W= = Vit
! 2T .

(which is zero)

| Show thatv;v® = v;v&. UsingA.20 we get
A

v Ve = vy v&dt

2T
and sincev does not depend dnwe can take it out of the integral as
T
@ — NG
Vi— vy dt = vyv
tor 1 th

| Show thatv; = v;. UsingA.20 we get

Z
Vi = — v, dt
1 2T N 1
and sincev does not depend dnwe can take it out of the integral as
Z
17T 1
Vi— dt = vi—2T = v;

2T - 2T
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| RANS (see Eg6.9)
@iVj _ @ + @ @;

= — =1 \ap
@x @x @x @x v

{ See Sectioril.6 The Boussinesq assumption
| The RANS equations read (see BglL0

@y _ @_I_ @ @ Va0

@x @x @x @x

The last term, the Reynolds stress, is unknown.

It must be modeled
This is called theclosure problem

We need durbulence model

| Write the diffusion term above for incompressible ow andthaut
assuming constant viscosity (see Bd)

@ @ @ @, — 5
@ g 8 q,0
@x @?<+ @x ik

We want to replace\ by a turbulent viscosity,:

@—@?( ( + o) @+@ (A.22)

(A.21)

@x @x
Identi cation of Egs.A.21 andA.22 gives (see Eql1.32

—40 @ |, @
va0 = — + =L
T @x @x
This equation is not valid upon contraction. Hence (seelEd33
@; @, 1 — 2
@—;("' @J}( + é i VEVE = 2 S + é i k (A23)

. different for different uids (air, water, .. .)

00 _

i: depends onthe ow,i.e.; = (x;)

{ See SectioB.2 The Exack Equation
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| k = v&®=2 appears in the expression for the turbulence viscosity. The
rst step is to derive thék equation. Start by the N-S fof, multiply by
vPand time average

@
vio@—?( vivi  viv] =
0 @ e OV
i @x[p p] V| @}(@?( [V| V|]+ @?( VI
v v T

Usingy; = v; + v/, the left side can be rewritten as
2 3

=

V,O@Q Vi+ V(v + V) vy = Vi()@—@?(d'vli_.\/io+ .\ﬂf .\ﬁ.’ps;

| Term |is rewritten as

o

[ Q—c 7
VP@Q viv) = v,(\/f’g' Vi V.Og vi(\/j"%(
conteq
I Term Il
Vo@( ) = vvo@ Q ViV @k
Vivi cont. eq. J I(@}(Tnckz @?( 2
| Term IlI
@ @y @ vao @ vOvAP
0= 0 = 0 0=1 = (Ve B - = J T
VI@ VO\/ cont. eq.vJ VI@}( Trick2VJ @}( 2 cont. eq.@?( 2

| First term on the right side (Term 1V)
o@b 1@V
"@xeom eq. @K

| Second term on the right side (Term V)

@ _ @ @.9/0 @v@f _

V'@}(@XTrlckl @x @?< @X @X Trick 2

1 @ @y@y_ @k @y @y
2 @x @x@x @x@x @x@x

@
@
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| Third term on the right side (Term VI)

@inOV.O: @'TJOV_O: 0

@x ' @x '

| We nally get (see Eq8.14)

@k —@ @ 1. 1__ @k @I@

k- w2 & Hopy Syompe ©F SVEW

@x . "Mex @x P2 @x  @xex
| I 1] \Y

The terms have the following meaning.

|. Convection.

Il. Production, P*. The large turbulent scales extract energy from the

mean ow. Itis largest for small wavenumbers. It can be \eritas
pk = vi(\/jOSij , see Eq8.15 Hence onlyS; creates turbulence,
not j

The two rst terms representurbulent diffusion by pressure-
velocity uctuations, and velocity uctuations, respeatly. The
last term is viscous diffusion.

IV. Dissipation, ". It is largest for high wavenumbers,

Pk

E(C)

| The transport equation férin symbolic form reads (see E§.16

Ck=Pk+Dk "
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{ See SectioB.3, The Exack Equation: 2D Boundary Layers
| In 2D boundary-layer ow@=@Xx @=@xv, Vi, we get

k —— 11— 1 k @Y@Y
T ot O e g 26 20O
@x @x @x @x% 2 @x @x@x

0.3

0.2*0

0.1r

OfF o "¥VVvvgygwwyvggewese . OF

oil 001 e

) -0.02
02 0.03}
0 1b 2‘0 3‘0 -0.04 - 160 260 360 460 500
a) X3 b) X3
a) Zoom near the wall, b) Outer region—: P*; --: "; O
@P=@x% +: Q@NV=2=@x : @Tk=@%
| The production term vov9—— @
Velocity gradient Reynolds shear stress

40 : : ‘ ‘ ‘ ‘ : : 0.02

35

307

251
X3 o1 1§
2 20 0.01 <

157

10r

5,

O0 0‘.2 014 016 018 1O

@7 =@% VOVO=(2
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A.8 Lecture 8

{ See SectioB.6, The transport equation farv; =2

| The main source term ik eq is the production terni?*. This means
thatk gets energy vi®X. From where?

I Answer: fromK = v;v;=2. Let's derive the transport eq. fét.
Multiply the RANS equations by; so that

0 1
50,0
v @v; _ v % 1 @ @v, ay
@x . @x @x@x @k
— [ T W
Term I:
0
v @v; _ ViV @ + vy @; }V- @yvi _ @K
"a@x ' @ "@;( 27 @x @k
Term Il
vi%( main source term in, for example, channel ow Vl@Q; >0
Term Il

1

0
.8 @ _ 6f @f oo @& @o
'@x @x @x ;( @x@x @@ @x@x

@= @Vl Vi =2)

Term IV: s o
@'OVJ . Gvy + W’@'

"ex ~ @x Yl ax

| K = 2viv; eq. (see EB.39

@K _g@ v@ @ g @K @@
@x "@;( @x @x ' @x @x @x
B Sk source e SNk

| k= 2v&Peq. (see EB.19
@k_ @ @ ls loga, @k @@
x - ey ex PT2M @x  @xex

Pk; source " sink
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PN

O

Figure A.4: Transfer of energy between mean kinetic eneigy, (turbulent kinetic energyk(
and internal energy (denoted as an increase in temperatiirg,K = %vi vi andk = %vi"vi".

{ See Sectioid 1.5 The" equation
| Now we need to model the turbulent viscosity, see&£Qg3. It is esti-
mated as a turbulent velocity uctuation times a turbulemgdth scale

t /UL

The velocity scale is taken &$™2. Recall that we have an estimate for
the dissipation as/ U 3=, see Eq5.14 This givesL/ k3?="which
gives

whereC = 0:09.

{ See Sectiod1.7.] Production terms
| We need modellel and” eqns. The exadt eq. reads (see E§.14)

@;k —5 @ @ 145+ 14500 @k @Y @y
St o o=l = S04 a0 = ZVEW
@x Y f@x O ViPTE Vit @x @x@x
(A.24)
| Production term needs to be modelled.
Pk = W@I = @‘F@ g k @:2 tSij Sjj

Tex” ' @x @x 3" @
| Also the diffusion term needs to be modeled. Example: heatisu
modelled as (see Eq1.35
T @
V.0 0= =
' 1 @X

| The diffusion term irk eq, Eq.A.24, is modelled as
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1 @k, 1@VV @ @k
yoy oy L = @ O
2T Tex! 2 @x | @x '@

{ See Sectiod1.8 Thek " model
| Modelledk equation

@k @k _, .o, @ RECL
@t Vex “SY T ex T, ex
| " equation
C'=P +D

Use the same source terms a& iequation and add turbulent time-scale
"=k to get the right dimensions:

" C_ o Pk
P = k(olp c2")

| The nal form of the modelled equation (see E4.1.99

@' ~@"_" K @ . @"
—+Vvi— = —(c41P Co")+ — + — —

ot ey k° ERNCT - @k

| Note that we have here omitted the buoyancy terms (they ahaded
in Egs.11.97and11.99
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| Summary of th&k " model.

The Reynolds stress tensol?, needs to be modeled, see BdLO

We use the Boussinsg assumption, see Hg33 to replace the
unknownvy? with the turbulent viscosity, (a new unknown).

We make a model for; , see Eq11.99 which includesk and"

We formulate modeled equations fd& (Eg. 11.99 and "
(Eq.11.99

Now we have closed E¢.10 The equations we need to solve are
— The time-averaged continuity equation (Bc)
— Three time-averaged Navier-Stokes equations GELf)

— Two equations fok and" (Eg.11.97 and" (Eq.11.99
— The equation for turbulent viscosity, = C k?="(Eq.11.99
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A.9 Lecture9

{ See Sectiori1.14 Wall boundary conditions
| Two options for treating the wall boundary conditions.

Coarse mesh near the walls. Assume that the logarithmic paw a
plies. This is calledvall functions

Fine mesh. Modify the turbulence models to account for ttse vi
cous effects. This is callddow-Reynolds number models

{ See Sectioi1.14.1 Wall Functions

Xo wall
L,Xl .P t X2 \
©Z 7

Wall-adjacent cell.
| When using wall-functions, we don't resolve the boundagpeta The
rst cell center (the wall-adjacent) is placed in the logvleegion B0 <
X5 < 400 and weassumehat the velocity follows the log-law
| The log-law reads (see E§.33
Vi 1 u X

— = —1In
u

+ B

It is re-written as

V 1 Eu x
M_ n 2

u

1
. E=9:00 B=-InE
Friction velocity is computed as (see Hd..14(

U = Vip
IN(Eu x,=)

(subscriptP denotes the wall-adjacent cell) It is obtained by iteration
Then ,, = u?is used a force wall boundary condition.

| B.c. fork and". In the log-region, the production and dissipation in
thek eq. balance each other (see Rddb) which gives (see E4.1.14)



A.9. Lecture 9 330

20¢
=
0 . — Production
3-10 T Dissipation
; ---- Diffusion
sl -Convection

0 200 400 600 800 1000 1200
+

Boundary along a at plate. Energy balancekirquation.

@ *
o=pPk "= " A.25
C @x (A.25)
In the log-region (see Fid.3b)
W= V0= tg—; (A.26)

Inserting EqA.26 into Eqg.A.25 gives

which with = C k?=" gives (see Eql1.145

ke = C ¥2u?: C =0:09

Velocity gradient in log-region: when deriving the log-lave as-
sumed (see E®.28: @=@x" u =(X )

Shear stress in log-regionvivs ' u?, see Eg6.26and Fig.6.3

Eg.A.25gives (see EqL1.149
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{ See Sectioi1.14.2 Low-Re Number Turbulence Models

| In Low-Re number models wesolvethe boundary layer, i.e. we use
a re ned grid near the wall. The wall-adjacent celbgt < 1. B.c. for
velocity isv; = 0.

However, the turbulence near the wall is not fully turbuighe viscous
effect is large. We must modify the turbulence model.

| We start by analyzing the turbulence near the wall. Make dofay
expansion of the uctuating velocity’, near the wall (also valid for;)

VO= ag+ agXo + aXs+ 11
V= ky+ biXo + x5+ 1 it (A.27)
VI= o+ CXo+ CX5+ it

At the wall,v9 = v = v§ = 0 which givesay = by = co.

Furthermore@9=@x = @9%=@x = 0: continuity equation gives
@9=@x= 0 so thatty = 0. EquationA.27 now reads

V) = agX, + a3+ i

— 2 -
Vo X2+ 1 (A.28)
V] = CiXo + CX3+ i

Using Eqg.A.28 we can write

v = ax3+ = O(x3)
V3 = Bx3+ = O(x3)
Vg = X3+ 1 = O(x3)
vivd = b3+ i = O(x3)
k = (af+ G+ = O(x3) (A.29)
@=@x =a+::: = O(x3)
@F@x = ag+ = O(x3)
@F@x =2lpxp+ 1 = O(x3)
@F@x = a + ::: = 0(x9)

{ See Sectioil1l.14.3Low-Rek " Models
| Now let's compare the exact and the modédtegly. near the wall
The exack eq. (see E¢B.19)
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@k @k Vv@l @V @ 1 a0 v VAP

Vo— =
@x @x |—{z @1; @)‘(I@)‘( fz )
O(x3) O(x3)
@k @yay
Oxox
O(x3)

The modelek eq. (see EqL1.97)

@k @k _ @12 @ @k

“ax T Vex @z
TR T
O(x3) O(x3)
@x [z}
O(x3)
o ond
Weused,;= C — = o 2) O(x3)

the exact and the modeled dissipation term behave in the same

this is not true for the production term and the turbulentudibn
term

| To make the modeled production term behaveDgx3), replaceC
with C f (damping function) wheré /O (x,%)

This xes also the modeled turb. diffusion term

I Now we look at the modeleteq. (see Eql1.156

@" @ t @"
Vi— + = Cy P ——
2% |_{§@¥ ) @ ;0x,
O(x3) O(x3) O(Xz> O(x3)

n2

L@—% —{Z_

0O(x9) O(Xz )
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where we assumed that the production t&fnhas been suitable modi-
ed so thatP* = O(x3). The only terms that are non-zero when! 0
are the viscous diffusion term and the destruction term.

| But they can't balance each other since the rsf i® (x9) and the
second O (x,?).

We x this by multiplying the destruction term bf, / O (x3)

{ See Sectio1.14.5 Different ways of prescribin§ at or near the wall
| Boundary condition fok (sincev®! 0 near the wall)

k=0

| Boundary condition fot': look at thek eq. near the wall. The only
non-vanishing terms are

@k

0= B3

(A.30)
which gives (see Ed.1.160Q

. _ @k
wall — @—%

| Eq.A.30can be used to get alternative boundary conditioris &fxact
form of the dissipation term near the wall reads (see8E2j)

)
@x @x

where we have assumé@=@x @=@X @=@xand @=@x '
@y=@x @5=@x Taylor expansion gives (see E4.28)

"= a2+ o+ (A.31)
The turbulent kinetic energy (see E&28)
1 — —
k=23 @+ 2 x5+ (A.32)

so that I

oK °

+
SR
+

(A.33)

S
>3
N
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Egs.A.31andA.33 gives

@

IIwaII =2 TN

@x

x|

o

| Often the following boundary condition is used (see Ef166

2k
“wall = 5 (A.34)
X2

where we have assumeg = ¢; in Eqs.A.31andA.32 so that
n - 2 a_%
k = a2x2

which gives EqA.34.
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Summary of the low-Re number model.

— Fine mesh near the wall. The rst cell center is located at

x5 . 1
— This means that standard wall b.c. can be usedyj.e. v, =
V3 = k=0.

— There are different options for the wall b.c. farusually"p =
2 k=(x3) is prescribed for the wall-adjacent cells

Summary of wall-functions.
— Coarse mesh near the wall. The rst cell center is located at
30. x5 . 400 The pointis located in the log region.
— Friction velocity,u , computed from the log-law.

— A force/area b.c. is used for the wall-parallel velocity qumom
nent: , = u?

— In the log-region we know that tHeequation can be simpli ed
as0 = Pk " which giveske = C u? (ks is prescribed
for the wall-adjacent cells)

— We use the simpli ek equation also fot: 0 = Pk " gives
"o = U3=(x ) ("p is prescribed for the wall-adjacent cells)
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B Introduction to tensor notation

The convection-diffusion equation for temperature reads

@ @ @
@x @x @x

@ er @ e1T @
@x @x @x O@x% @x

Using tensor notation it can be written as

(viT)+ (vaoT)+ (vsT)=

@, .. @ o

@T
Q@x

The Navier-Stokes equation reads (incompressible andconst:)

@ (vivy) + e (vavi) + @ (vavy) =

@x @x @y

1 @p+ @, . @vi . @vy

- @x @% @% 0%

© (vavo) + © (vavo) + © (vav2) =

@x @x @x

1 @p+ @v, . @v, . @v,
@x @ @% O©%

Q (vivs) + Q (vav3) + Q (vav3) =

@x @x @x

1 @p+ @vs N @vs3 + @vs3

Using tensor notation it can be written as

© (= L@p, _Cu

@x @x  @x@x

@x @% @% @%

336
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a: A tensor of zeroth rank (scalar)

a =(2;1,0)
a;: Atensor of rst rank (vector)/v I

a; : A tensor of second rank (tensor)
A common tensor in uid mechanics (and solid mechanics) ésstress tensor;

0 1
11 12 13

ij = @ 21 22 23 A
31 32 33
Itis symmetric,i.e. j = ;i . Forfully, developed owin a 2D channel ( ow between

in nite plates) j has the form:

dVl
dXz

12 = 21 —
and the other components are zero. As indicated above, thelinate directions
(x1; X2; x3) correspond tox; y; z), and the velocity vectong; v,; v3) corresponds to
(u;v;w).

B.1 Whatis atensor?

A tensor is aphysicalquantity. Consequently it is independent of which coortiina
system. The tensor of rank one (vectarpelow

/'

is physically the same expressed in the coordinate systemy)

X2

L.

X1

whereb = (1 P 2; 1=" 2;0)" and in the coordinate systemyf; X20)
X0

A

wherebo = (1;0;0)". The tensor is the same even if ismponentare different.
The stress tensor; is a physical quantity which expresses the stress experienc
by the uid (or the solid); this stress is the same irrespextf coordinate system.

X10
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B.2 Examples of equations using tensor notation

B.2.1 Newton's second law

d?x
mae = F
which on component form reads
d2X1 _
Mo -
d?x
mTZZ = F (B.1)
d2X3 _ .
F
On tensor notation:
dZXi _
a -

When an index appears once in each term (a free index) itatecthat the whole
equation should be applied in each coordinate directiorgfB.1.

B.2.2 Divergenca v =0

The equation above reads

@y, @y, K Qy_, *av_, (B.2)
@x @x @y i @X
In tensor notation the following rule is introduced: if anéx appears twice (a dummy
index) within a term, we should apply summation over thieidNormally the sum-
mation is taken from 1 to 3 (the three coordinate directioHg)ur coordinate system
is 2D, the summation goes, of course, only from 1 to 2.

EquationB.2 is thus written as

@v_

@x
Note that, since the dummy index implies a summation oven &xen, it can be inter-
changed against any index, i.e.

0: (B.3)

(@)Y

— =0:
@x
is exactly the same equation as Bg3. EquationB can, for example, be written as
@ 1 @p @%
— (V- V = — +
ax V) @%  @xO@x

where different dummy indices have been usedufd k); this is perfectly correct,
because the summation is carried out for each term separ&Wilat is not allowed,
however, it to choose the dummy index same as the free indexfar the equation
above we are not allowed to useas a dummy index.
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B.2.3 The left-hand side of Navier-Stokes- @y, =@ x

For simplicity, let's assume 2D. The left-hand side of thea&ipn above includes both
a free indexh) and a dummy index§. Let's rst write out the summation on com-
ponent form so that

@w @

Vi——+ Vo —:
@x @x
The free index indicates that the equation should be writteach coordinate direction
(x1 andx; in this case, since we have assumed 2D ow), cf. Bq, i.e.

V1@+ @y

@x  @x
@y @y

Vi— +

@x  @x

B.3 Contraction

If two free indices are set equal, they are turned into dummdjces, and the rank of
the tensor is decreased by two. This is caltedtractionlf the tensor equation

aj = hecd fj
is contracted, the result is

aj; = bed fj:
For a tensor of rank tw@;; , contraction is simply summation of the diagonal elements,
i.e.ay1 + axp + azs.

B.4 Two Tensor Rules

B.4.1 The summation rule

A summation over a dummy index corresponds to a scalar ptadwecdivergence; it
should not appear more than twice. The following expressare not valid:

awk =0; ax by = dg; abg=d

B.4.2 Free Index

In an expression the free index (indices) must be the samiteras The following
expressions are not valid:

akk =B cally = de; aj dk = Cim
B.5 Special Tensors

B.5.1 Kroenecker's (identity tensor)

Itis de ned as

@ Il
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Contraction of ; yields
i = 1t 2+ 33=3

Another example of contraction can now be given. We havexbeession for the
turbulent stress tensor based on the Boussinesq hypotkesiEql11.33

@,q 2

T\/jo = t @}( @x + :—)) i k: (B4)
Contraction gives
W = 2 t% + :—)) il k = 2 t% + 2 k

For incompressible ow the rst term on the right-hand sideziero (due to continuity)
so that
o = 2k;

which actually is the de nition ok. Thus EqB.4is valid upon contraction; this should
always be the case. As can be seen, contraction oBEgcorresponds simply to the
sum of the diagonal components (elements 11, 22 & 33).

B.5.2 Levi-Civita's "j (permutation tensor)

Itis de ned as
8
< 1 if (i;j;k ) are cyclic permutations of (1; 2; 3)
“i = . 0 if atleast two indices are equal (B.5)
' 1 otherwise

Examples:

"123=1; "132= 1, "113=0

"310=1; "320= 1, "233=0

B.6 Symmetric and antisymmetric tensors

Atensora; is symmetric ifaj = aj .
Atensor; is antisymmetricity = by . Itfollows that for an antisymmetric
tensor all diagonal components must be zero (for exarbples by; ) by =0).
The (inner) product of a symmetric and antisymmetric tersaiways zero. This
can be shown as follows:

ajby =aiby = agibi = ajb;

where we rst used the factthal; = a; (Symmetric), then thdl; = Iy (antisym-
metric), and nally we interchanged the indiceandj, since they are dummy indices.
Thus the product must be zero.

This can of course also be shown be writing apty; on component form, i.e.

aj by = agrbiy + appbo + asbiz + 11l + Az ey + azsbez =0
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By inserting

aip = ap1; Q13 = az1;, a3 = az2
b1 =y =13=0
bio= bp1; biz= ba; ba= b

the relation above, i.ey; bj =0, is veri ed.

B.7 Vector Product

The vector cross product

c=a b
is on tensor notation written
C = "ijk q bKZ (B.G)
This is easily shown by writing it on component form. Usingr8a' rule we get
0 1
X y z
c=@a a a; A=(abs ashyah aibyaibh,  aby)’
bt b bs

We nd that the rst component of E¢B.6is

C="kab =
= "mmaby + "1y + "113a1bs
+ "800 + "1208200p + "1238203
+ "13183bn + "132830p + "1338308
= "1pzdbz + "1ppazhy = axby azhy:

Recall that'jc is zero if any two indices are equal (see B, p. 340).

B.8 Derivative Operations
B.8.1 The derivative of a vectorB :

Tensor notation \ector notation

g—i gradB) or r B

The result is a tensor of rank two (rankBf plus one)

B.8.2 The gradient of a scalam:

Tensor notation \ector notation
@a
— grada) or r a
@x

The result is arector.
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B.8.3 The divergence of a vectoB:

Tensor notation \ector notation

@8 |
@x div(B) or r B

The result is ascalar.

B.8.4 The curl of a vectorB :

Tensor notation \Vector notation

"iik %—i cur(B) orr B

The result is arector.

B.8.5 The Laplace operator on a scalag:

Tensor notation \ector notation
@a
@x@x

r (ra)=r?2a

The result is ascalar.

B.9 Integral Formulas

Stokes theorem | 7z
B dx= (r B) dS;
C S
where the surfac® is bounded by the lin€. On tensor notation:
|
Bi dXi or "ijk @ds :
c s @x
Gauss theorem Z Z
B dS= r Bdv;
s v
where the volume V is bounded by the surf&eOn tensor notation:
Z z
BidS; or @dv
S v @x

B.10 Multiplication of tensors

Two tensors can be multiplied in two ways: either the numlhéee indices is reduced
by two (inner product), or it is unchanged (outer productje product

ajk be = ¢
represents an inner product; the rank of the product is threaduthe rank of the two

tensors 8 + 2 = 5) on the left-hand side minus tw& ( 3 = 2). An outer product
between the two tensors reads

ajk b = dijiem
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Now the rank of the resulting tensdgicm  (rank5) is the sum of the rank of the two
tensors8+2=5).
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C TME226: identity
THE identity reads

inm mjk = min mk = nmi mjk = i nk ik nj

In TableC.1the components of the  identity are given.

i|nlj|Kk inm_mjk i nk ik nj
11212 12m m12= 123312=1 1=1 1 0=1

211112 2tmm12= 21332= 11= 1 0 1= 1
112121 2mmar= 12331=1 1= 1 0 1 1
1{3|1|3| 13m m1a3= 132213= 1 1=1 1 0=1

311113 3tmmiz= 312213=1 1= 1 0 1 1
1/3|3|1| 13mmar= 132222= 11= 1 0 1= 1
213|123 23m m23= 231 123=1 1=1 1 0=1

31223 32m m23= 321 123= 1 1= 1 0 1= 1
2(3(3|2] 23m m2= 231 132=1 1= 1 0 1 1

Table C.1: The components of the  identity which are non-zero.
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D TME226 Assignment 1 in 2024: laminar ow in a
channel

ou will get results of a developing two-dimensional channelv ¢i.e. ow be-
tween two parallel plates), see Fig.1. The ow is steady and incompressible.
The simulations have been done with Calc-BAQ®9. The inlet boundary condition
(left boundary) isvy = Vip = 0:9. The height of the channel is = 0:01m and
L =0:6385n; the uid is air of 20°C.

You'll use data from a coarse DNS. Although some of the datapsobably not
fully accurate, in this exercise we consider the data to laetexYou can usdlatlab,
Octaveor Python Both Octave and Python are open-source software. Octaxe is
Matlab clone. Many large Swedish industries prefer engstreuse Python instead of
Matlab due to Matlab's high license fees

First, nd out and write down the governing equations (N.jou cannot assume
that the ow is fully developed).

From the course www padetps://www.tfd.chalmers.se/"lada/MoF/ ,
download the data lehannel _flow _data.dat andthe m-lechannel _flow.m
which reads the data and plot some results. Open Python dad/@tctave and execute
channel _flow .

Openchannel _flow.m in an editor and make sure that you understand it. There
are three eld variablesy;, v, andp; the corresponding Python/Matlab/Octave arrays
arevl_2d, v2_2d andp_2d. The grid is199 28, i.e. ni = 199 grid points in
the x; direction andnj = 28 grid points in thex, direction. The eld variables are
stored at these grid points. We denote the rstindekasd the second index fsi.e.
vl_2d(i,j)) . Hencein Python

vl _2d[;,0] are thev; values at the lower wall;

vl _2d[:,nj-1] are thev; values at the upper wall;
v1_2d[0,] are thev; values at the inlet;

vl _2d[ni-1,7] are thev; values at the outlet;

and in Matlab/Octave

v1_2d(:,1) are thev; values at the lower wall;
v1_2d(:,nj) are thev; values at the upper wall;
v1_2d(1,:) are thev; values at the inlet;
v1_2d(ni,:) are thev; values at the outlet;

The work should be carried out in groups of two (you may alsatdmn your
own, but we don't recommend it). At the end of this Assignmira group should
write and submit a report (in English). Divide the reporbirsections corresponding
to the section®.1-D.9. In some sections you need to make derivations; these should
clearly be described and presented. Present the resulecimsection with a gure
(or a numerical value). The results should also be discussdd- as far as you can —
explained.


https://www.mathworks.com
https://www.gnu.org/software/octave/
https://www.python.org
https://www.tfd.chalmers.se/~lada/MoF/
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V
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— X 2 R -
A —
X1
L

Figure D.1: Flow between two plates (not to scale).

It is recommended (but the not required) that you 6§4(an example of how to
write in IATEXis available on the course www page). You miIiX here You can also
use &TEX on-line

D.1 Fully developed region

Fully developed conditions mean that the ow does not changee streamwise di-
rection, i.e. @y=@x = 0. If we de ne “fully developed” as the location where the
velocity gradient in the center becomes smaller 84, i.e. @y=@xj < 0:01, how
long distance from the inlet does the ow become fully deysld?

Another way to de ne fully developed conditions can be xheposition where the
centerline velocity has reached, for exam@i@%oof its nal value. Whatx; value do
you get?

In Section3.2.2 a distance taken from the literature is given. How well dibes
agree with your values?

In the fully developed region, compare the velocity pro I&the analytical pro-

le (see Section3.2.2.

Look at the vertical velocity component. What value should it take in the fully
developed region (see Secti@®.2? What value does it take (ab = h=4, for
example)?

D.2 Wall shear stress

On the lower wall, the wall shear stresg,_ (indexL denotes lower), is computed as

@y

wiL 21wk = =
@x |

Recallthat1; = (@y=@x+ @y=@¥) (see Eqs2.10 but at the wal@y=@x = 0;
Plot . versus<;. Why does it behave as it does?

Now we will compute the wall shear stress at the upper wally . If you use
Eq.D.1, you get the incorrect sign. Instead, use Cauchy's formada Figl.3and [3],
Chapt. 4.2)

(D.1)

("= i, (D.2)

which is a general way to compute the stress vector on a sfhose (outward point-
ing) normal vector ist = n;. The expression for; can be found in Eqgsl.9 and

2.4; recall that the ow in incompressible. On the top wall, thermal vector points
out from the surface (i.en; = (0; 1;0)). Use Eq.D.2 to compute the wall shear
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stress at the upper wall. Plot the two wall shear stressdseisame gure. How do
they compare? In the fully developed region, compare withahalytical value (see
Eqg.3.30.

D.3 Inletregion

In the inlet region the ow is developing from its inlet preel (v, = V = 0:9) to
the fully developed pro le somewhere downstream. Thevelocity is decelerated
in the near-wall regions, and hence thevelocity in the center must increase due
to continuity. Plotv; in the center and near the wall as a functiorxef Plot also
@y=@x. Ifyou, fora xed xy, integratevy, i.e.

Zy
(x1) = v1(X1; X2)dX2
0

what do you get? How doegx1) vary in thex; direction? How should it vary?

D.4 Wall-normal velocity in the developing region

In SectionD.3 we found that, in the developing region, near the walls decreases for
increasingk;. What about,? How do you explain the behaviour of?

D.5 \Vorticity

Do you expect the ow to bérrotational anywhere? Let's nd out by computing the
vorticity vector! ;, see Sectiord.4 (note that only one component bf is non-zero).
Plot it in the fully developed region ds; vs. X2. Where is it largest? Plot the vorticity
also in the inlet and developing regions; what happens \kighvorticity in the inlet
region? Nowijs the ow rotational anywhere? Why? Why not?

D.6 Deformation

In Sectionl.6, we divided the velocity gradient into a strain-rate tenSgr, and a vor-
ticity tensor, j . Since the ow is two-dimensional, we have only two off-daagl
terms (which ones?). Plot and compare one of the off-didgena of S; and j .

Where are they largest? Why? What is the physical meaning;ofind j , re-
spectively? Comparej with the vorticity,! ;, you plotted in Sectio.5. Are they
similar? Any comment?

D.7 Dissipation

Compute and plot the dissipatiors i @w=@x, see Eq2.15 What is the physical
meaning of the dissipation? Where do you expect it to be &Pg@/here is it largest?
Any difference it its behaviour in the inlet region compatedn the fully developed
region?

The dissipation appears as a source term in the equationtiEmnal energy, see
Eq.2.15 This means that dissipation increases the internal enieggyhe temperature.
This is discussed in some detail at3d.

Use Eg2.17to compute the temperature increase that is created by théi.e. by
dissipation). Start by integrating the dissipation overeitire computational domain.
Next, re-write the left side on conservative form (see $&i4) and then apply the



D.8. Eigenvalues 348

Gauss divergence theorem, See Sec8¢dh3 Assume that the upper and the lower
wall are adiabatic; furthermore we can neglect the heat wxcbnduction,, (see
Eq.2.149) at the inlet and outlet.

Compute the increase in bulk temperaturg,from inlet to outlet. The bulk tem-
perature is de ned as

Rh
viT dXz

Tb = n
0 V1dX2

(D.3)

When you compute the convective ux in Ef.12at the outlet, for example, you get
Zp
viT dXz
0

which indeed is very similar to the bulk temperature in BB.

D.8 Eigenvalues

Compute and plot the eigenvalues of the viscous stressriepsdJse the Python com-
mandnp.linalg.eig or the Matlab/Octave commamrdy . If you have computed
the four elements of thg; matrix you can use the following commands in Python

tau=[tau_11 tau_12; tau_21 tau_22]
lambda,n=np.linalg.eig(tau)

and in Matlab/Octave

tau=[tau_11 tau_12; tau_21 tau_22],
[n,lambda]=eig(tau);

wheren andlambda denote eigenvalues and eigenvectors, respectively. Mate t
tau 11, tau _12, tau 21, tau _22 are scalars and hence the coding above must
be inserted ifor loops.

What is the physical meaning of the eigenvalues (see Cha@erPick arnx; loca-
tion where the ow is fully developed. Plot one eigenvalu@as y graph (eigenvalue
versusx,). Plot also the four stress componenis, versus,. Is (Are) anyone(s) neg-
ligible? How does the largest component gf compare with the largest eigenvalue?
Any thoughts? And agairwhat is the physical meaning of the eigenvalues?

D.9 Eigenvectors

Compute and plot the eigenvectors gf. Recall that at each point you will get two
eigenvectors, perpendicular to each other. It is enouglotoope of them. An eigen-
vector is, of course, a vector. Use the Python comnyahduiver or the Mat-
lab/Octave commanguiver to plot the eld of the eigenvectors. Recall that the sign
of the eigenvector is not de ned (for example, b&thand ¥, in Fig. 1.11at p.30
are eigenvectors).

Recall that the stress vectcbf?), (see EgD.2 and Fig.1.3) can be computed as
the product of the eigenvalues and eigenvectors. Do thavastar plot’. In regions
where the eigenvalues are close to zero, the eigenvecteesioameaning.

Try to analyze why the eigenvectors behave as they do. °

7If you plot it over the entire region, you'll see nothing; neait zoom
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E TME226 Assignment 1 in 2025: laminar ow in a
boundary layer

ou will get results of a developing two-dimensional boundkayer ow (i.e. ow

along a at plate, see Fige.1). The ow is steady and incompressible. The
simulations have been done with CALC-BFC9H using the QUICK discretizatin
scheme 200. The height of the domain isl = 1:289m, L = 2:461m andxg =
0:19m; the uid is air of 20°C andV;.; = 1m=s. The mesh hag52 200 grid
points, i.e.ni = 252 points in thex; direction anchj = 200 points in thex, direction.

Inlet boundary, x; = Xo (i=1)

Vi = V]_;]_ =1,V2=O.

Lower boundary, x, =0 (j=1 )

X1 0,i i=i _lower _sym: v, = @y=@x = 0, i.e. a symmetry boundary con-
dition
X1 > 0,i> i=i  _lower _sym: v; = v, =0, i.e. awall

Outlet, x; = L (i=ni )
Neumann boundary conditions are used, @=@x = @Qy=@x=0.

Upper boundary, x, = H (j=nj )
Vo = @y=@x =0, i.e. a symmetry boundary condition

You'll use data from a coarse DNS. Although some of the dagapsobably not
fully accurate, in this exercise we consider the data to laEtexXYou can usdlatlab,
Octaveor Python Both Octave and Python are open-source software. Octaxe is
Matlab clone. Many large Swedish industries prefer engsteuse Python instead of
Matlab due to Matlab's high license fees

First, nd out and write down the governing equations

From the course www padwtps://www.tfd.chalmers.se/"lada/MoF/ ,
download the data leboundary _layer _data.dat ,xc.dat ,yc.dat andblasius.dat
and the m- le boundary _layer.m which reads the data and plot some results.
Download also the le with the Blasius solutiobjasius.dat . Open Python or
Matlab/Octave and execub®undary _layer

Openboundary _layer in an editor and make sure that you understand it. There
are three eld variablesy;, v, andp; the corresponding Python/Matlab/Octave arrays
areu2d, v2d andp2d. The eld variables are stored at the cell centers denoted
xp,yp . We denote the rst index asand the second index gsi.e. u2d(i,j)

Hence in Python

u2d[:,0] are thev; values at the lower boundary

— i i=i _lower _sym: symmetric boundary condition
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V1
. H Vi boundary layer
X2 , X1
N |
T w

[ ]
Xo L

Figure E.1: Flow along a at plate (not to scale). The leading edge istedatx = 0.

— > i=i  _lower _sym: wall
u2d[:,nj-1] are thev; values at the upper boundary;
u2d[0,:]  are thev; values at the inlet;

u2d[ni-1,:] are thev; values at the outlet;
and in Matlab/Octave
u2d(:,1) are thev; values at the lower boundary

— i i=i _lower _sym: symmetric boundary condition
—i> i=i  _lower _sym: wall

u2d(:,nj) are thev; values at the upper boundary;
u2d(1,:) arethev; values at the inlet;

u2d(ni,:) are thev; values at the outlet;

The work should be carried out in groups of two (you may alsit da your own,
but we don't recommend it). At the end of this Assignment theugp should write
and submit a report (in English). Divide the report into &aw corresponding to the
sectionsE.1 — E.1Q In some sections you need to make derivations; these should
clearly be described and presented. Present the resulesscinsection with a gure
(or a numerical value). The results should also be discussdd- as far as you can —
explained.

Itis recommended (but the not required) that you 4§ (an example of how to
write in IATEXis available on the course www page). You mMiIiX here You can also
use ATeX on-line

E.1 Velocity pro les

The at plate starts ak; = 0. What happens with the streamwise velocity, near
the wall as you go downstream from = 0? Why does/; behave as it does? What
happens witlv,? Does the behavior @6 has anything to do withr; ?

Plot pro les of v; vs. X, at a couple ok locations.

Now plotvi=Vi.1 vs. , see Eqg.3.48and compare with Blasius solution, see
Table 3.1 (the Blasius solution is loaded moundary _layer.m ). Note that when
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you compute you must usey, X2 and from the Navier-Stokes solution. Plot also
V2:V1;1 .

Comparevi=Vi:; andv,=Vi.1 with Blasius solutionyVigiasius =Vi:1 IS taken
from the data le andrz.gasius =Vi:1 is obtained from Egqs3.44and3.50

E.2 Boundary layer thickness

Look at thev; pro les vs. X, you plotted at different; locations in Sectiofe.1. The
boundary layer gets thicker and thicker as you go downstreigimt? The boundary
layer thickness,, can be de ned in many ways. One way is the boundary layekthic
ness at thex, value where the local velocity i89% of the freestream velocity; this
boundary layer thickness is denoted.

Compute and plotgg vs. X3 and compare it with the Blasius solution

X 1 1=2

Via

99:Blasius — 5 (E-l)

The disadvantage ofy is that this de nition is entirely dependent on the behavior
of the velocity pro le near the edge of the boundary layerefiéhare two other, more
stable, de nitions of boundary layer thickness, tisplacementhickness, , and the
momentunthickness, ; they are de ned as

Z, v
= 1 ! dX2
0 Vi1
z, (E.2)
= V1 1 V1 dXz
o Vi1 Vi1

The upper limit of the integrals is in nity. If you look carefly at the velocity pro les
which you plotted in Sectiok.1, you nd thatv;, has a maximum outside the boundary
layer. We don't want to carry out the integration in B2 outside of this maximum,
because this will give an incorrect estimate gf,,s and giasiuis . Hence, terminate
the integration when2d(i,j+1) < u2d(i,j) .Plot and vs.x; and compare
with the Blasius solution

X 1 1=2
Loo=1:721
Blasius Vl;l
1=2
X
Blasius = 0:664 ——
1;1

E.3 Velocity gradients

Compute and plo@y=@x vs. X, at a couple ok, locations. How does this velocity
derivative change as you move downstream along the plate/@iDsee any connection
with the change of the boundary layer thickness withand the change a®y=@ x
with x1?

In boundary layer approximations, we assume that v; and @Qy=@x
@y=@x: are these assumptions satis ed in this ow?
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E.4 Skinfriction

The skinfriction,Cs , is a dimensionless wall shear stress de ned as

Ci = —o (E.3)
Vlz;l

N[

The wall shear stressy,, is the same as;» = 1, see Eq2.1Q at the wall. Fur-
thermore, what abou®@y=@x in Eq.2.10? Where is it largest? Pl&@; vs. x; and
compare it with the Blasius solution

0:664

Cf'BIasius —_—
Vi1 X1=

Ct decreases vx, and increases vs¢;: do you see any connection?

E.5 Vorticity

Do you expect the ow to bérrotational anywhere? Let's nd out by computing the
vorticity vector,! ;, see Sectiof.4(note that one velocity gradient In is very small).
Plot the vorticity above the plate vs; at a couple ok locations. Where is it largest?
Plot the vorticity also upstream of the plate. Nas/the ow rotational anywhere?
Why? Why not?

E.6 Deformation

In Sectionl.6, we divided the velocity gradient into a strain-rate tenSgr, and a vor-
ticity tensor, j . Since the ow is two-dimensional, we have only two off-dal
terms (which ones?). Plot and compare one of the off-didgena of S; and j .

Where are they largest? Why? What is the physical meanii®) aind j , respec-
tively? Compare j with the vorticity,! i, which you plotted in Sectiok.5. Are they
similar? Any comment?

E.7 Dissipation

Compute and plot the dissipations @@k, see Eq2.15 The viscous stress
tensor is given in ER.1Q What is the physical meaning of the dissipation? Where is
it largest? How large is it upstream the plate?

The dissipation appears as a source term in the equationtiEmnal energy, see
Eq.2.15 This means that dissipation increases the internal enieggyhe temperature.
This is discussed in some detail at3g.

Use Eg2.17to compute the temperature increase that is created by théi.e. by
dissipation). Start by integrating the dissipation overé¢tire computational domain.
Next, re-write the left side on conservative form (see $&c@i4) and then apply the
Gauss divergence theorem. see SecB@3 Assume that the lowexf = 0) and the
upper k> = H) boundaries are adiabatic; furthermore we can neglectahe hx by
conductiong, (see Eq2.14) at the inlet and outlet.

Compute the increase in bulk temperaturg,from inlet to outlet. The bulk tem-
perature is de ned as R,
Tp = jEQHvlT& (E.4)

0 V]_dX2
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When you compute the convective ux in Eg.12at the outlet, for example, you get
Zy
viT dXz
0

which indeed is very similar to the bulk temperature in Egl

E.8 Eigenvalues

Compute and plot the eigenvalues of the viscous stressriepsdJse the Python com-
mandnp.linalg.eig or the Matlab/Octave commamrdy . If you have computed
the four elements of thg; matrix you can use the following commands in Python

tau=[tau_11 tau_12; tau_21 tau_22];
n,lambda=np.linalg.eig(tau);

and in Matlab/Octave

tau=[tau_11 tau_12; tau_21 tau_22],
[n,lambda]=eig(tau);

wheren andlambda denote eigenvalues and eigenvectors, respectively.

wheren andlambda denote eigenvalues and eigenvectors, respectively. Note
thattau _11, tau _12, tau _21, tau _22 are scalars and hence the coding above
must be inserted ifor loops.

What is the physical meaning of the eigenvalues (see Chapgtr Pick anx;
location above the plate. Plot one eigenvalue as ay graph (eigenvalue versus).
Plot also the four stress componentg, versusx,. Is (Are) anyone(s) negligible?
How does the largest component gf compare with the largest eigenvalue? Any
thoughts? And agairnwhat is the physical meaning of the eigenvalues?

E.9 Eigenvectors

Compute and plot the eigenvectors gf. Recall that at each point you will get two
eigenvectors, perpendicular to each other. It is enouglotoope of them. An eigen-
vector is, of course, a vector. Use the Python comnpnquiver or Matlab/Oc-
tave commandjuiver to plot the eld of the eigenvectors. Recall that the sign of
the eigenvector is not de ned (for example, bdthand ¥; in Fig. 1.11at p.30are
eigenvectors).

Recall that the stress vectcbf?), (see EgD.2 and Fig.1.3) can be computed as
the product of the eigenvalues and eigenvectors. Do thavastar plot®. In regions
where the eigenvalues are close to zero, the eigenvecteesioameaning.

Try to analyze why the eigenvectors behave as they do.

E.10 Terms inthev; equation

The Navier-Stokes equation feg includes only three terms, see 2142 The left
side and the right side of this equation must be equal. Letffywthat. Plot the three
terms vs.x, at a couple ok locations. Plot also the sum of the terms, i.e. check if
the left side and the right side of E§.42are equal: are they? If not, what could be

8|f you plot it over the entire region, you'll see nothing; neait zoom
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the reason? Recall that in Egj42we assume tha® p=@x 0. Maybe it is not zero?
Plot it and check! If it's not zero, what could be the reason?

How large is@vlz@% at the wall? How large should it be? (Hintthich other
terms in thev; equation are non-zero?). How large is the gradient of vioyti@ '=@x
at the wall? Look at the discussion in connection to £86
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F TMEZ226, Assignment 2: Turbulent ow using STAR-
CCM+
I N this task, a commercial CFD software (STAR-CCI2402 will be used. The task
is to do simulation of a two-dimensional hill ow. Severarhulence models will be
used and the results will be compared with experimental da¢dore doing the task,
it is recommended to rst do one of the tutorials in the UseiideuVersion 2402) of
STAR-CCM+. The tutorial which is similar to this task is th&téady Flow: Backward
Facing Step”.
You can do the assignment on your own or in a group of two. lecmmended

(but the not required) that you usd@gX (an example of how to write iffIeXis avail-
able on the course www page). You nflIEX here You can also use’IgX on-line

F.1 Backward Facing Step Tutorial (Optional)

This tutorial is a good bridge before doing different casekere are some steps to
access the tutorial:

1. Open a terminal window. In the terminal window, type stame
2. To start a new simulation, clidkile! New
3. Tick the Power-On-Demand box and Il the license box witle POD Key.

4. Download the tutorial instruction and data from the cedrsmepage

F.2 2D Hill Flow

Figure F.1: ow over two consecutive hills

In this case, a two-dimensional, steady and incompressibl®ver two consecu-
tive hills mounted on the bottom of the channel will be stddi€he height of the chan-
nelisH = 151:75mm. The maximum height and length of each hill &gy = 50
mm andR = 192:8 mm, respectively. The space between each of the consecutive
hills is 9:0hmax . The uid is water of20 Celsius and the Reynolds number (Re =
37000) is based on the mean centerline velocity at inlet hadrilet channel height.
The inlet boundary condition (left boundary) is imposedhastelocity pro le of the
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fully-developed channel ow in the absence of the hills. Tase is built based on the
paper P01]. Please read this paper.

F.3 Steady Flow: 2D Hill Flow Tutorial
1. Startthe STAR-CCM+
Open a terminal window type starccm+
2. Create a new simulation
Click the new simulation icon (left icon of the system toalpbla tick the

Power-On-Demand (POD) box.

In the Process Optionssection, choos8&erial (default option) mode. DO
NOT change it to any other options.

Fill the POD box with the POD Key and then press OK button.
3. Importing the Geometry and Mesh

SelectFile! Import ! Import Volume Mesh from the menu bar.

In the Openwindow, navigate to the stored location and select the le
2dHill.ccm

Click the Open button to import the mesh le.
Save the new simulation &siHill.sim

4. Visualizing the Imported Mesh

Right-click the nodé&cenesn the explorer pane (to the left) and then select
New Scenel Mesh. The mesh can be seen in a scene in the graphics
window.

The edges of the square are boundaries. By clicking on eagph iadhe
graphics window, a label with its name appears on the graphiodow.
The node corresponding to the selected edge (boundargpisiaghlighted
in the explorer panékegions! Fluid ! Boundaries

5. Setting Up the Physics Models

Expand the nod€ontinua.

Edit the default continuunRhysics J including appropriate physical mod-
els for the simulation. Right-click the nodRhysics 1land then in the new
window, click Select models

— In the left-bottom of the windoviPhysics 1 Model Selectionuntick
the Auto-select recommended models. Choose the requirddisas:
Time box: Steady

Material box: Liquid

Flow box: Segregated ow

Equation of State box: Constant Density

Viscous Regime box: Turbulent

— Turbulence box: Reynolds-Averaged Navier-Stokes
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— Reynolds-Averaged Turbulence box: K-Epsilon Turbulencoelet
— K-Epsilon Turbulence Models box: Standard K-Epsilon Loe-R

— Choose desired sub-model(s) for the selected turbulencdelnmthe
K-Epsilon Damped Low Re Wall Treatment box: Low y+ Wall Treat
ment

— Close the windowPhysics 1 Model Selection

Turning the color of the nodEhysics 1 from gray to blue, indicates that
suf cient models have been activated.

Expand the nodPhysics 1 go tolnitial Conditions ! Turbulence Spec-
i cation .

In the properties window, set thdethodto be the same as the selected
turbulence model (K-Epsilon).

Save the simulation.
6. Setting Fluid Properties

Go to the nod€ontinua! Physics 1! Models! Liquid ! Water!
Material Properties ! Density! Constant! Value=99829 kg=nr.

Go to the node€Continua ! Physics 1! Models! Liquid ! Water
I Material Properties ! Dynamic Viscosity! Constant! Value=
0:001003 Pa s.

7. Importing Inlet and Measurement Data

Go to the noddools! Tables

Right click onTablesand selecNew Table! File Table.

In theOpenwindow, navigate to the stored location and select.ail les.
Click the Open button to import all data.

8. Setting Boundary Conditions and Values

Expand the nodRegionsand go toFluid ! Boundaries
Inlet
— Click on the noddnlet. In the properties window, change tigpe
fromWall to Velocity Inlet

— Expand the nodinlet and go toPhysics Conditions! Turbulence
Speci cation.

— Inthe properties window, set tivdethodto be the same as the selected
turbulence model, e.&{+Epsilon

— Under the nodénlet, go toPhysics Conditions! Velocity Speci -
cation.

— In the properties window, set thdethodto beComponents .

— In case of choosing+Epsilon turbulence model, in the nodielet,
go toPhysics Valuesand selecturbulent Dissipation Rate.

— In the properties window, set thdethodto beTable(x,y,z)
— Table(x,y,z)is created undefurbulent Dissipation Rate.
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Click on Table(x,y,z). In the properties window, set thiableto be

inletProfile andTable:Datato beEpsilon
— In the noddnlet, go toPhysics Valuesand selecffurbulent Kinetic
Energy.

— In the properties window, set thdethodto beTable(x,y,z)
— Table(x,y,z)is created undefurbulent Kinetic Energy .

— Click on Table(x,y,z). In the properties window, set thiableto be
inletProfile.xy andTable:Datato beK.

— In the noddnlet, go toPhysics Valuesand selecVelocity.

— In the properties window, set thdethodto beTable(x,y,z)

— Table(x,y,z)is created undevelocity.

— Click on Table(x,y,z). In the properties window, set thi@bleto be

inletProfile.xy . Similarly, setTable: X-Data Table: Y-Data
andTable: Z-Datato beU, V andW respectively.
Outlet

— Click on the nodeOutlet. In the properties window, change tfigpe
fromWall to Pressure Outlet

Save the simulation.
9. Setting the Solver Parameters and Stopping Criteria

Solvers

— Expand the nod&olversand keep the default settings.

— To Extract more variables from the simulation (e.g., Kolmay Length
Scale), expand the node related to the selected turbuleodelite.g.,
K-Epsilon Turbulence).

— In the properties window, tickemporary Storage Retained
— By enablingTemporary Storage Retaingatiditional scalar, vector and
tensor variables are appeared in the nboi@ls! Field Functions.
Stopping Criteria
— Expand the nod8topping Criteria and selecMaximum Steps
— In the properties window, séaximum Stept 2000

— Again, go to the nod&olvers! Steady! Stopping Criteria, cre-
ate Maximum Steps by clicking right. Check that in the properties
window, the value oMaximum Steps must be greater than or equal
to the value oMaximum Stepsin the nodeStopping Criteria.

— Changd_.ogical Ruleto And in the Stopping Criteria Maximum Steps.
— A new stopping criterion should also be created as:
(a) Right click on the nod8&topping Criteria and selecNew Moni-
tor Criterion .
(b) Inthe Select Monitor window, Choose your interested km(s)
(e.g., X-Momentum) and press tk@K button. A new sub-node,
X-Momentum Criterion is created.

(c) Go toX-Momentum Criterion . In the properties window, set
Criterion Optionto Minimum and changéogical Ruleto And.
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(d) GotoX-Momentum Criterion ! Minimum Limit . In the prop-
erties window, seMinimum Valuesqual to1.0E-4 .

10. Initializing and Running the Simulation

Go to the menu bar and clicRolution ! Initialize Solution. Generally,
you may specify initial conditions through the no@entinua! Physics
1! Initial Conditions . (Disregard eventual warnings on turbulent viscos-

ity.)

Again, go to the menu bar and cliSolution! Run to execute the simu-
lation.

After running, the Residuals plot is shown automaticallythie graphics
Window.

You may stop the simulation process (before the stoppingréiare satis-
ed) by clicking Solution! Stop Iterating in the menu bar. By clicking
Solution! Run, the simulation will be run again.

If all the previous steps were correct, the simulation stistop after about
4500 iterations.

11. Visualizing the Solution. This is optional. You can dbmbtting in Python or
Matlab/Octave (see Itert¥)
Right click on the nod&cenesand selecNew Scend  Scalar.
A new sub-nodé&calar Scene 1s created under the nod&enes
ExpandScalar Scene Jand go toDisplayers! Scalar 1
Expand the sub-nodecalar 1and then clickScalar Field.

In the properties window in front dfunction click < Select Function >
to open Scalar Field-Function window.

Scroll down, expand the nodéelocity  and selecMagnitude .
12. Creating Parts (Plane, Line or Probe) to Extract Sirarddata

Right click on the nod®erived Parts and selecNew Part! Probe!
Line.

In Create Line Probe window, set the parameters as:

Property Value
Input Parts [Fluid]
Point 1 [0.10, 0.0, 0.0]
Point2 | [0.10, 0.16, 0.0]
Resolution 200
Display No Displayer

Click on Create button and thei€Close
In the nodeDerived Parts, a new sub-nodé,ine Probe is created.
Right-click onLine Probe and rename it ta/h=2.

x/h=a means the streamwise stationXxathmax *a (hmax =50 mm). For
instancex/h=2indicates the streamwise statiorka?*50 mm=0.1 m(See
thePoint 1andPoint 2in the above table).
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Do the same procedure for other streamwise stations (sathe asasure-
ment locations), i.exh1.xy, xh2.xy, ... and xh8.xy

13. Plotting Simulation Data.

Right-click on the nod®Ilot and selecNew Plot! XY Plot.

In the nodePlot, a new sub-node displayed ¥ Plot 1 is created.
Rename it tdJ@x/h=2

Set the parameters as:

Node Property Value
U@x/h=2 Parts [x/h=2]
X Type X-Axis Bottom Axis
Data Type Scalar
Scalar Function Field Function | Velocity[i]
Y Types
Y Type 1 Y-Axis Left Axis
Data Type Direction
Smooth Values X
Vector Quantity Value [0,1,0]
Line Style Style —_—
Symbol Style | Shape

To add the measurement data to compare with the simulatsuttsego to
the nodePlots! U@x/h=2! Data Series

Right-click onData Seriesand then clickAdd Data.

In the Add Data Providers to Plot window, select the measurement le
corresponds to the location you have chosen for the sinonlatiAs an
example, we chooseh2.

A new sub-nodexh?2 is created. Click on it.

In the properties window, st Column X-Axis Y ColumrandY-Axisequal
to U, Bottom Axis ,y andLeft Axis ,respectively.

You may change line and symbol style for the measurementferent
than the ones for simulation.

To extract the plot data as a table (in *.csv format), riglitkcon the node
Plot! U@x/h=2and then clickExport.

Choose an appropriate le name and storage location, thess@ave but-
ton.
14. Extracting Simulation Field Data as Table for PythonlistalOctave

Go to the noddools! Tables

Right click on the nod&lew Table, and selecKYZ Internal Table .
The sub-nod&XYZ Internal Table is created under the nodable.
Set the parameters as the table below.
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Node Property Value

XYZ Internal Table Scalars Cell Index
Velocityl[i]
Velocity[j]
Pressure

Turbulent Kinetic Energy

Turbulent Dissipation Rate

Turbulent Viscosity

Parts [Fluid]
Data on Vertices
Update | Enabled X
Auto Extract X
Trigger None

Right-click onXYZ Internal Table , then click onExtract andExport...,
respectively.

Specify an appropriate le name and storage location, tiresgpSave but-
ton.

15. Loading data in Python/Matlab/Octave

Use Python/Matlab/Octave to read the extracted data frodRSTCM+.
Download the experimental data from the course homepage.

At the course homepage, you can download a gk (vect ) which reads
the simulation and experimental data and plot some results.

Change thepen('output_standard-keps-low-re.csv')in the Python script
pl vectpy orin the leName=sprintf(**.csv') in the Matlab/Octave
script oI vect.m ) according to the name &€sv” le which you have
generated from the STAR-CCM+ simulation.

Make sure you put all les (extracted table ircsv format from STAR-
CCM+ and the measurement data iry format), in the directory where
you executel vect .

Open Python or Matlab/Octave in an editor and exepltevect . There are six
eld variables,vy, v2, p, k, , and ¢; the corresponding Python/Matlab/Octave arrays

arevl 2d,v2 2d,p 2d,k 2d,e 2d andmut 2d, respectively. The grid i200

202 i.e. ni = 200 cells in thex; direction andhj = 202 cells in thex, direction.

The eld variables are stored at the center of these cellsd&vete the rst index as
and the second index asi.e.vl 2d(i,j)

vl
vl
vl
vl

Hence in Python

are thev, values at the lower wall;

2d[:,nj-1] orvl 2d[,-1] are thev; values at the upper wall;
are thev; values at the inlet;
2d[ni-1,7] orvl 2d[-1,] are thev; values at the outlet;

and in Matlab/Octave

vl
vl
vl
vl

2d(:,1) are thev; values at the lower wall;
2d(:,nj) are thev; values at the upper wall;
2d(1,:) arethev; values at the inlet;
2d(ni,?) are thev; values at the outlet;
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F.3.1 Pressure

Execute thepl _vect le with Python/Matlab/Octave. It plots the contourswf, the
velocity vector eld and they; pro le alongx; atx; = 1 comparing with experiments.
As you can see, there is a large recirculation region whereotlt goes backwards.

| Plot a contour plot of the pressure. Where is it high and lodnahy? (think of
the Bernoulli equation, see E4.35H

The Bernoulli equation describes one-dimensional ow {@eid, without friction).
Let's compare the pressure from STAR-CCM+ and the Bernegjliation. Since the
2D hillgeometry is horizontal, then the gravity term doesaamtribute in the Bernoulli
equation. Then you must make the velocity from STAR-CCM+-dimensional.

| Compute the bulk velocity (at each station)

1 Z X 2;max
h(Xl) X2;min

whereh(X1) = Xa.max  X2:min IS the local height of the channel. Then compute
the pressure from Bernoulli equation (Bq35. Compare it with the bulk STAR-
CCM+ pressure computed similar to the bulk velocity in E4. Compare the
pressure drop from inlet to outlet for STAR-CCM+ and the Reiifi equation.
Why do they differ? How large is the pressure drop from thenBalli equation?
How large should it be?

hint: the domain is symmetric in the, direction.

Vp = V1dX2 (Fl)

How large is the pressure drop in terms of dynamic pressige M 2o, =2?
How large is it compared tpipe ow pressure drop? Ipipe ow, you may
compute the friction factorfg ) either fromTurbulent regime/Smooth-pipe
regime equation or from Figur®. Then you can compute the pressure drop
( p) from the rst equation (Darcy-Weisbach equation)iipe ow.

The pressure drop is usually an important engineering dyamt large pressure
drop means a large, expensive pump. You have used the AKNsfleBpturbulence
model. How dependent are your results on the choice of tertmel model?

| Try some other turbulence models. Does the ow change a lot®l, Anore
important, how much does the pressure drop change? Thismpgtional.
F.3.2 Skinfriction

The skinfriction,Cs , is an important conceptin uid dynamics. Itis a non-dimiemsl
wall shear stress which is de ned as

Cs = W F.2
VR (F2)

whereV,, is the bulk velocity (which is the same at all planes due to continuity). The
bulk velocity at anyx; plane is de ned in EqF.1 The wall shear stress is de ned in
Eq.6.16

We must rst extract data for the bottom wall


https://en.wikipedia.org/wiki/Darcy%E2%80%93Weisbach_equation#Turbulent_regime
https://en.wikipedia.org/wiki/Darcy%E2%80%93Weisbach_equation#Turbulent_regime
https://en.wikipedia.org/wiki/Darcy%E2%80%93Weisbach_equation#Turbulent_regime
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— Goto the noddools! Tables

— Right-click on the nod&lew Table, and selecKYZ Internal Table .
— The sub-nod&YZ Internal Table is created under the nodable.
— Set the parameters as the table below.

Node Property Value
XYZ Internal Table Scalars Ustar
Wall Y+
Wall Shear Stress Magnitude
Parts [Fluid Bottom]
Data on Vertices
Update | Enabled X
Auto Extract X
Trigger None

— Right-click onXYZ Internal Table , then click onExtract andExport...,
respectively.

— Specify an appropriate le name and storage location, thhespSave but-
ton.

Now create anotheXYZ Internal Table table for the top wall.

| First, load the two exported les from STAR-CCM+ (bottom aog wall). Then
plot the skinfriction along the top and bottom walls.

F.3.3 Vorticity

In the rst assignment you computed the vorticity in laminawv. Now you will do it
for turbulent ow. The velocity gradients are computecin_vect using the function
dphidx _dy.

| Compute 3, see Eql.12 Where is it largest? (cf. Fif.4). In the rst assign-
ment we could identify a region of inviscid ow (no vorticity What about this
case?

F.3.4 Turbulent viscosity

You have computed a turbulent ow with a turbulence model. Ng@e said that the
turbulent viscosity is much larger than the viscous one.

| Plottheratio = as a contour plot. What is the maximum turbulent viscosity?
Where?

When you use another turbulence model, does the maximura eaknge? This
part isoptional.

Plot ;= versusx; also as x-y graphs at a couplexaf stations. Plot (= also

versus<, = u xp= for the bottom wall (you have exported (Ustar ) at the

bottom wall in Sectior-.3.2). Please note that im; = U Xp= , Xz is the wall

distance. Zoom also in near the wall. Does the turbulenbgisg go to zero at
the wall as it should?
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F.3.5 Diffusion

You have computed a turbulent ow with a turbulence modelu Yave learnt — hope-
fully — that the turbulent diffusion in channel ow is muchrger than the usual physical
(viscous) diffusion (except very close to the wall), see Bi§. Channel ow is essen-

tially two attached boundary layer whereas the hill ow indes recirculation regions.

| Compute the viscous and turbulent diffusion terms invhequation (see the
expression for both viscous and turbulent diffusions in E3). Plot them in
x-y graphs at a couple of; stations (choose one station at the top of a hill).
Plot them also versus, for the bottom wall. Compare with Fig.6. Do you
see the same behaviour as in in channel ow?
Hint: Use the functiordphidx _dy when computing the derivative @1=@x
and (@,=@x%.

F.3.6 Production

The production termP¥, in thek equation is usually a large term (see Figs8and
11.6. When a source is large, it usually also means that thehlaria question is large
(see Section.1), i.e. whenPX is large so i. If this is not the case, it means simply
that other terms are larger. Now let's see how strong théioeldetweerk andPX is.

| Plotk andPX as contour plots. (Thk exists in thecsv le extracted from your
STAR-CCM+ simulation. You only need to compuRé& according to Eql1.39.
Is there any strong relation?

The turbulent viscosity is computed as= C k?=". There is a fair chance that
¢ is large wheréP X is large.

| Plot { as a contour plot. Is there any strong relation betwgeandP X ?

F.3.7 Wall boundary conditions for "

The wall boundary conditions fdr are discussed in Sectidrl.14.5 The boundary
condition for the turbulent kinetic energy is simidy= 0. The boundary condition for

" is given by Eq.11.166which means that is set to that value at the wall-adjacent
cells. Please note thap in Eq. 11.166is the wall distance anHl is the value at the
wall-adjacent cells.

| Comparé' from STAR-CCM+ at the wall-adjacent cells with Etjl.166(both
upper and lower wall). Do they agree?

F.3.8 Near-wall behaviour off

In Section11.14.3we show that thé damping function near the wall actually must
be an augmentation function, see B4.155 Thef damping function in the AKN
model reads (see Eq. 1798 in Sectiamping Functionsn the STAR-CCM+ User

guide) ( )
X, ° 5 Ry
f =1 Z2 1+ — SALE F.
P 1 REAP 200 (F.3)
whereR; = k?=(") andx, = (" )¥™x,= . Show mathematically that =
O(x,1).

Hint: Taylor expansion gives exp( X)= x x2:::
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F.3.9 Compare with experiments

The measurement data at sewgrlocations can be download from the course home-
page. Each le consists of seven columns thatarevy, vo, V&, v, vOv3 andxs,
respectively. Since itis a 2D case, thevalues are zero. The predictedvelocity is
compared with experimentsat = hnax (Xh1:xy) in pl _vect .

| Comparev; with experiment and the other six locations.

The agreement between predictions and experiments is ndt gte main reason
is that you are simulating the ow over only one hill. The inlmoundary conditions
are taken from another CFD simulation of an in nite long chah(periodic boundary
conditions were used).

In the experiments they use ten hills. The object is to aehéeperiodic ow where
the time-averaged ow is identical between two hills. In 8ED simulations one can
then useperiodicboundary conditions.

| Change the boundary conditions at the inlet and outlet batiesl toperiodic
boundary conditions. Compare thig velocities with experiments. This part is
optional.

Changdnlet-Outlet boundary conditions t®eriodic boundary conditions

— ExpandRegions/Fluid/Boundaries

— Press Ctrl key and choodalet andOutlet. Right-click and seledCreate
Interface

— You have now created an interface and need to change typepoldgy
— Expandinterface

— Right-click oninterface 1 and selecEdit

— ChangeType to Fully-Developed Interface

— ChangeTopologyto Periodic

— Expandinterface 1/Physics Condition and click onFully Developed
Condition and selecMass Flow Rate

— Expandinterface 1/Physics Valuesand click onMass Flow Rateand set
an appropriate value. To get the mass ow rate you can intedhe inlet
velocity pro le in pl _vect .
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Figure G.1: Scalar product.

G TME226: Fourier series

H ERE a brief introduction to Fourier series extracted fra207 is given.

G.1 Orthogonal functions

Consider three vector¥,1, V 2, V 3, in physical space which form an orthogonal base
in R2 (i.e. their scalar products are zero). Let us call theasis functionsAny vector,
T, in R3 can now be expressed in these three vectors, i.e.

T=cVi+Va+ Vs (Gl)

see FigG.1 Now de ne the scalar product of two vectoesandb, asa b = ( ajb).
The coordinates;, can be determined by making a scalar product of&q4.andV i
which gives

(TiVi) =(cVajVi) +( 2V 2jVi) + ( 3V 35Vi)
(c1V1jV 1) +(c2V2jV2) +(c3V3jVs) (G.2)
iV aj? + ¢V aj? + cafV s = cijVij?

wherejV j denotes the length &f ;; the second line follows because of the orthogo-
nality of V ;. Hence the coordinates, are determined by

G = (TiVi)FVij? (G.3)
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Now let us de ne an in nite (. -dimensional) functional spacB,, with orthogonal
basis function§gg? . The “scalar product” of two function§, andgy, is de ned as

Zy
(fig) = F(x)gn(x)dx (G.4)

a
Then, in a similar way to Ed5.1, any function can, over the interal; bj, be expressed
as

b3

f = Cn On (G.5)

n=1
As above, we must now nd the “coordinatesy, (cf. the coordinates;, in Eq.G.1).
Multiply, as in Eq.G.2, f with the basis functiongy;, i.e.

X
(fig) = c(nig) (G.6)

n=1

Since we know that ali, are orthogonal, Eqz.6is non-zero only if = n, i.e.

(fig) = (C101jG) + ( C2%iG) ::G(GiG) 11 Gea (Gea Q) 110 =
= (c09) + (g (G.7)
= Gi(gjg) = ciigli

Similar to Eq.G.3, the “coordinates” can be found from (switch from index n)
cn = (fjgn)=ignii® (G.8)
The “coordinates”gc,, are called thémourier coef cients tof in systemfggl and

jignjj is the “length” ofg, (cf.jVij which is the length o¥/; in Eq.G.3), i.e.

o
Z, 1=2

Jignii = ( gnjgn)l:2 = On (X)gn (X)dx (G.9)

a

Let us now summarize and compare the basis functions in gdiyspace and the
basis functions in functional space.

1. AnyvectorinR 3 can be expressedin1. Any function in [a; can be ex-

the orthogonal basis vectovs pressed in the orthogonal basis func-
tionsg
2. The length of the basis vectdf;, is 2. The Ienngth of the basis functiog,,
jVij IS Jj On
3. The coordinates of ; are computed 3. The coordinates af, are computed
asg = (TjVi)FVij? ast = (fjgn)=ionii?

G.2 Trigonometric functions

Here we choosg, as trigonometric functions which are periodic[in; ]. The
question is now how to choose the orthogonal function systggd on the interval
[ ; ] Inmathematics, we usually start by doing an intelligentégs”, and then we
prove that it is correct. So let us “guess” that the trigontiinseries

[1; sinx; cosx; sin(2x); :::; sin(nx); cospx);:::] (G.10)
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is an orthogonal system. The function system in &d.0Ocan be de ned as

_ k(x); forn=2k=2;4;:::
Gn (x) = k(x); forn=2k+1=1;3;::: (G.11)
where (x) =sin(kx) (k=1;2;:::)and ((x) =cos(kx) (k =0;1;:::). Now we
need to show that they are orthogonal, i.e. that the integfrédle product of any two
functions ¢ and ¢ is zeroonB[ ; ]and we need to compute their “length” (i.e.
their norm).

Orthogonality of , and
Z Z

( nj ¥)= cosfx) coskx)dx = % [cos((n + k)x) +cos((n  k)x)] dx
-1 1 sin((n + k)x) + 1 sin((n  k)x) =0 for k6 n
T2 n+k n k -
(G.12)
G.2.1 “Length”of
Z
(i W= «ii*= cog(kx)dx = g+ 4—1ksin(2kx) = fork>0
z
(o )= i ofi®= 1 dx=2
(G.13)
G.2.2 Orthogonality of , and
z 1Z
(nj ¥)= sin(nx) cos(kx)dx = > [sin((n + k)x) +sin((n  k)x)] dx

cos((n + k)x) + - 1 cos(h k)x) =0

NI =

n+k k

(G.14)

becauseos((n + k) )=cos( (n+ k) )andcos(h k) )=cos( (n k) ).

G.2.3 Orthogonality of , and

Z Z

(nj k)= sin(nx) sin(kx)dx = % [cos((h  k)x) cos((n+ k)x)] dx

-1 sin((n  k)x) 1 sin((n + k)x) =0 for k6 n

) k n+k N

(G.15)
G.2.4 “Length”of
z X 1

(wi ) =i «i%= sin?(kx)dx = > Esin(ka) = fork 1

(G.16)



G.3. Fourier series of a function 369

G.3 Fourier series of a function

Now that we have proved thagg} in Eq. G.11forms an orthogonal system of func-
tions, we know that we can express any periodic functiofwith a period of2 ) in
fgol as

R
f(x)= c+ (an cosfx) + by, sin(nx)) (G.17)
n=1
wherex is a spatial coordinate. The Fourier coef ents are given by
Z
. - 1 .
by =(fi n)Fi wii?= = f(x)sin(nx)dx (G.184a)
z
. L 1
an = (fj n)di nii?= = f(x)cos(x)dx (G.18b)
1 Z
c=(fj )i oii®= 5 fegdx (G.18¢)

wheren > 0. If we setc = ap=2, thenay is obtained from EqG.18&, i.e.

ag X .
f(x)= > + (an cosfx) + b, sin(nx)) (G.19a)
n=1 Z
bh = (fj n)Fi nii= 1 f (x) sin(nx)dx (G.19Db)
z
a0 = (f] n)Fi ai2= & f(x)cos(x)dx (G.19¢)

Note thatap=2 corresponds to the average fof Taking the average df (i.e.
integratingf from to ) and dividing with the integration lengtl2, , gives (see

Eq.G.1%) 7
- 1 - la , &

f=2 fodx= =2 2 = 5 (G.20)
Hence, iff =0 thenag = 0.
G.4 Derivation of Parseval's formula
Parseval's formula reads

Z X

(f (x))%dx = Eaé + (a; + 1) (G.21)

n=1

We will try to prove this formula. Assume that we want to appnaate the function
f as well as possible with an orthogonal series

anOn (G.22)

Now we want to prove that the Fourier coef cients are the lobsiice to minimize the

difference
.s X\I .s
iif an OnJj (G.23)

n=1
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Later we will letN I 1 . Using the de nition of the norm and the laws of scalar
product we can write

X X X

iif anthjj’ = f anGn f A Ok
n=1 n=1 k=1
=(fif) an(fign) ac(fjod) + anak(gnjok) = (G.24)
n=1 k=1 n=1 k=1
. . >(\I 2 .
=(fjif) 2 a(fjgn)+  ai(Gnion)
n=1 n=1

because of the orthogonality of the function systégg) . Expressind in the second
term using the Fourier coef cients, (see EqsG.5andG.8) gives

(fif) 2 anca(njon) + an (Gnjon)

n=1 n=1
g2 X iy ii2 a2
=jifiic+ g a7 2ancy (G.25)
n=1
= jifii’+  jigii%(an  cn) jignji?c?
n=1 n=1

The left side of EqG.24is thus minimized if the coef cients, are chosen as the
Fourier coef cientsc, so that

jit anGnjj® = jif j ignji*ch (G.26)
n=1 n=1
The left side must always be positive and hence
Z
fignji?ch ji fii*= (f(x)?dx forallN (G.27)

n=1

As N is made larger, the magnitude of the left side increasesjtamdagnitude gets
closer and closer to that of the right side, but it will alwasgay smaller thaijf jj2.
This means that the series on the left sidedsvergentUsing the Fourier coef cients
in Eq.G.19and lettingN ! 1 it can be shown that we get equality of the left and
right side, which gives Parseval's formula,

e ..2 Z 2 »I an ..2 an e a% >(\I e e 2 e an
iifii (FOdx = jignii®ch =Ji oi 5 + i nliaf + i nith
n=1 n=1
a(% X\I 2 2 X 2
=2 5+ an+ b = Sag+ (ag + Bf)
n=1 n=1

Notethat2z and onthe second line are the “length”jpd, jj, i.e. the length ofj ojj,
i nli andjj njj (see Section&.2.1andG.2.9.

AppendixS describes in detail how to create energy spectra from twintgorre-
lations.
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G.5 Complex Fourier series

EquationG.19 gives the Fourier series of a real function. It is more comento
express a Fourier series in complex variables even if thetimmf itself is real. On
complex form it reads

R
f(x)= cn exp({nx)) (G.28a)

Ch = 2i f (x)exp( {nx)dx (G.28b)

where the Fourier coef cients,, are complex. Below we verify that if is real, then
Eq.G.28is equivalent to EqG.19 The Fourier coef cientsg,, read — assuming that
f isreal —according to E@5.28

z
Ch = > f (x)(cos(nx) {sin(nx))dx = %(an {); n>0 (G.29)

wherea, andh, are given by EqG.19 For negativen in Eq. G.28we get
z

Cnhn=¢, = Zi f (x)(cos(nx) + {sin(nx))dx = %(an +{b); n> 0 (G.30)

wherec, denotes the complex conjugate. FFor 0, Eq.G.28reads
1 z 1
Co = > f (x)dx = an (G.31)

see EqG.19 Inserting EgsG.29 G.30andG.31linto Eq.G.28gives

1 1R
2+ 5 (@ {bv)exp({nx) +(an + {bn)exp( {nx)

n=1

f(x) =

b3
ap + % (@ {tn)(cos(nx) + {sin(nx)) + (an + {by)(cos(nx) {sin(nx))

2

1

2 n=1

1 X 1 X

= 5%+ a cosfix) {?b, sin(nx) = S8+ an cos(ix) + by sin(nx)
n=1 n=1

(G.32)

which veri es that the complex Fourier series for a real fimef is indeed identical
to the usual formulation in E@s.19although the Fourier coef cients;,, are complex.
One advantage of E6.28over the formulation in EqG.19is that we don't need any
special de nition for the rst Fourier coef cientay. The trick in the formulation in
Eqg. G.28is that the imaginary coef cients for negative and positiveancel whereas
the real coef cients add. This means that the real coef t3eare multiplied by a factor
two except the rst coef cientay, which makes up for the factc%* in front of ag in
Eq.G.19
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H TME226: Why does the energy spectrum,E, have
such strange dimensions?

HE energy spectrunk, has the strange dimensioR=". The reason is that it is
Ta spectrablensityso that the kinetic energly, = W’ is computed by integrating
over all wavenumbers, see EfJ1Q The energy spectrum is a spectral density function
in a similar way ag(v) in Eq. 7.2 the difference is that, (v) in Eq.7.2is the rst
moment Equation7.5de nes the second moment. The dimensiori gfv) in Eq.7.2
andf ,o(v0) in Eq.7.5is one over velocity.

Since we have chosen to express the energy spectrum asiafurfdche wavenum-
ber, dimension analysis givés/ 53 see Eqgs5.12and5.13 A similar dimension
analysis for the kinetic energy of givesv® / 273, However, integrating® over
all wavenumbers does not give any useful integral quantity.

The integral of the energy spectrum in the inertial regiom lba estimated as (see
Egs.5.10and5.13 7

k=t

2

wlor

d (H.1)
1
We could also expreds as a function of the turbulent length scale of the eddies,
( =2 = ,seeE@g5.7). The energy spectrum is then integrated as
z z

2 2

k = E()d =Ck"3 d
1 'W' 1 2=3 .
2 5 "2 s
= Cx"* é%d‘ = Ck2"d g (H.2)
n 122 1 1 Z\l '
=Ck 5 o s = E( )d

As can be seen, the energy spectian” ) obeys the 1=3law andE( ) obeys the
5=3 law. However, as mentioned abov& varies as =2 (or ‘2=3)_

H.1 Energy spectrum for an ideal vortex

The velocity eld for an ideal vortex is givenby = =(2r ), v, =0, see Eql.27
and Fig.1.8 where denotes the circulation. The kinetic energy,for the vortex
betweerr = R; andr = R; is obtained by integrating?=2 from Ry to Ry, i.e.

Z R2

1 dr
“= 82(R; Ri1) g, 12 (H-3)
From this we can de ne a kinetic energy spectrum as
ideal -
E'dea (r) = 82R, Rr2 (H.4)
so that Zg,
k = Edeal (r)dr (H.5)
R1

EquationH.4 shows thaE® / r 3, As in the previous section, we nd that the
dependence & on the radius is one degree higher, kes v2=2/ r 2.
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H.2 Anexample

Let's generate a uctuating velocity?, using a Fourier series. For simplicity we make
it symmetric so that only the cosine part needs to be used. s#e ihwith four terms.
It reads then (see EG.19

. 2 : 2
VIx) = al®cos ——x + a)®cos —=x
L=1 L=2
(H.6)
+ alScos 2ox +alScos -2_x
3 L=3 4 L=4

where the wavenumbaerin Eq.G.19corresponds t& = (L=m) with m = (1; 2; 3; 4).
The rst coef cient, ag = 0, in Eq.G.19because the mean of the uctuatiehis zero,
i.e. 7
L
vidx =0 (H.7)

0
Equation EqH.6 is continuousi.e. it is given for anyx=L = [0;1]. In unsteady
CFD simulations we are always dealing with discrete poiresa computational grid.
Hence, let's express Efl.6 for N = 16 discrete points with x =1=(N 1) as

. 2 (n 1) . 2 (n 1)
0, — /05 0:5
vi(Xx) = a;"> cos —Nel + ay” cos —Ne2 “8)
+ a%5 cos 2 (n 1) + a%5 cos 2 (n 1) .
3 N=3 4 N=4

where(n  1)=N = x=L andn =[1;N].

Now we wantv®in Eq. H.8 to have an energy spectrum o6=3. Parseval's for-
mula, Eq.G.2], tells us that the kinetic energy of an eddy of wavenumbisrsimply
the square of its Fourier coef cient. Hence we let the ratighe ax coef cients in
Eq.H.8decrease as 7, i.e. (for simplicity we set; = 1)

ap=1 ap=2 >3 a3=3 °3; a4=4 >3 (H.9)

FigureH.1 shows how/? varies ovex=L. The four terms in EH.8 shown in FigH.1
can be regarded as the velocity uctuations at one time imstefour eddies of length-
scaleL, L=2, L=3 andL=4. The period of the four terms is, L=2, L=3, andL=4
corresponding to wavenumb2eL ,2 2=L,3 3=L and4 2=L.
Now let's make a DFT of°to get the energy spectrum (see Matlab code in Section
H.3). In DFT, the integral in EqG.18
Z Z

by = 1 vi(x) cos(x )dx = 1 vix) cos mx

dx (H.10)

(wherehy, = arlnzz) is replaced by a summation over discrete points, i.e.

2m(n 1)

Bm=—  VvYx)cos N

(H.11)

where(n 1)=N = x=L (note thatm = 0 corresponds to the mean, which is zero,
see Eq.H.7). Note thatB, (denoted byWcos in the Matlab le) is half as large
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0 0.2 0.4 0.6 08 1
x=L
Figure H.1: v0in EQ.H.8vs. Xx=L. == :term 1 n = 1);==:term 2 (n = 2); = - = : term
3(m =3); :term4 M = 4); thick line: v°. Matlab code is given in Sectid.3.
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(a) Dashed thick line shows 53, (b) Dashed thick line shows 1=3.

Figure H.2: Energy spectrum of°. : E,, = B2 . Matlab code is given in Sectidn.3.

asai:2 i :a}fz (but twice as many) becau$g, includes both legs of the symmetric
spectrum.

Now plot the energy spectrunk,, = B2 versus wavenumber, see Fig.2a.
It can be seen that it decays as®=® as expected (recall that we chose the Fourier
coef cients,an, , to achieve this). The total energy is now computed as

X X
iy = B2 = Ew(m) (H.12)

m=1 m=1

whereh ix denotes averaging over \
FigureH.2b shows the computed energy spectriEm(’ ), versus eddy size, see

Matlab code in Sectiohl.3. It decays as =3 as it should, see Edd.2.

H.3 Anexample: Matlab code

close all
clear all

% number of cells
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n=1:1:N;
x_over_L=(n-1)/N;

% E_vv=m"(-5/3)
al=1;

a2=2"(-5/3);
a3=3"(-5/3);
a4=4"(-5/3);

for i=1:N

arg2(i)=2  *pi *(i-1)/N;

arg2(i)=2 *pi *x_over_L(i);

v(i)=al’0.5 =*cos(arg2(i))+a270.5 *cos(2 xarg2(i))+a370.5
end

% take DFT

W_cos=zeros(1,N);

W_sin=zeros(1,N);

for m=1:N

for i=1:N
a=v(i);
argl=2 xpi »(m-1) = (i-1)/N;
W_cos(m)=W_cos(m)+a *cos(argl)/N;
W_sin(m)=W_sin(m)+a = sin(arg1)/N;

end

end

% Note that all elements of W_sin are zero since v(i) is symmet

figure(1)

f1=a1"0.5 =cos(arg2);
f2=a270.5 =+cos(2 *arg2);
f3=a370.5 =*cos(3 *arg2);
f4=a4’0.5 =cos(4 *arg2);
plot(x_over_L,f1,'linew',2)
hold

plot(x_over_ L,f2,'r--",'linew',2)
plot(x_over_L,f3,'k-.",'linew',2)
plot(x_over_L,f4,'0",'linew',2)
plot(x_over_L,v,'k-"'linew",4)

h=gca
set(h,'fontsi',[20])
xlabel('x")

375

*cos(3 rarg2(i))+a470.5

ric

*kkkkhkkkkkkkkkkk

*C
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ylabel('y")

axis([0 1 -1 3))

print vprim_vs_L.ps -depsc2

%

0, G** * * *% *% *% **% **% * * *kkk * *kkkkkkkkkkkkkkk

%
figure(2)
%

% the power spectrum is equal to W *conj(W) = W_cos"2+W_sin"2

PW=W_co0s."2+W_sin."2;

mMx=2« pi * (n-1)/L;

% plot power spectrum; plot only one side of the symmetric spe
% multiply by two so that all energy is accounted for
plot(mx(1:N/2),2 * PW(1:N/2),'bo','linew’,2)

hold

h=gca

set(h,'xscale','log")

set(h,'yscale','log")

axis([5 50 0.01 1))

% plot -5/3 line

xxx=[5 50];

yynoll=1;

yyy(1)=yynoll;

yyy(2)=yyy(1)  * (xxx(2)/xxx(1))"(-5/3);
plot(xxx,yyy,'r--','linew',4)

% compute the average of energy in physical space
int_phys=0;
for i=1:N
int_phys=int_phys+v(i)."2/N;
end

% compute the average of energy in wavenumber space
int_wave=0;
for i=1:N
int_wave=int_wave+PW(i);
end

set(h,'fontsi',[20])

xlabel('x")

ylabel('y")

print spectra_vs_kappa.ps -depsc2
%

ctrum and
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0, G** * *% *% *% *% *% **% * * *kkk * *kkkkkkkkkkkkkkk
%
figure(3)

% compute the length corresponding the wavenumber
[x=2 * pi./mx;

% multiply PW by IX"(-2) to get the energy spectrum E(Ix)
PW_L=PWk IX."(-2);

% plot power spectrum

plot(Ix(1:N/2),2 * PW_L(1:N/2),'bo','linew',2)
hold

h=gca

set(h,'xscale','log")

set(h,'yscale','log")

axis([0.1 1.2 0.4 1))

% plot -1/3 line

xxx=[0.1 1]

yynoll=0.9;

yyy(1)=yynoll;

yyy(2)=yyy(1)  *(xxx(2)/xxx(1))"(-1/3);
plot(xxx,yyy,'r--','linew',4);

set(h,'fontsi',[20])

xlabel('x")

ylabel('y")

print spectra_vs_L.ps -depsc2
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TMEZ226 Learning outcomes

TME226 Learning outcomes: Lecture 1

1.

© 00 N o O

10.
11.

12.

13.

Explain the difference between Lagrangian and Eulerestdption of the mo-
tion of a uid particle.

. Consider the ow in Sectiod.2 Show that@ y=@1s different fromdv; =dt.

. Watch the on-line lecturigulerian and Lagrangian Descriptioat

http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. The rst part (approx. the rst 12 minutes) describes th#fetence between
Lagrangian and Eulerian points and velocities.

@T

i. The formula—t+ \ % is nicely explained in (after approx. 12 minutes)
where the example is the ow in a river

. Show which stress components,, that act on a Cartesian surface whose normal

vectorisn; = (1;0;0). Show also the stress vectt, (see EqD.2and Fig.1.3
and the Lecture notes of EkH])

. Show that the product of a symmetric and an antisymmegnisdr is zero.

. Explain the physical meaning of diagonal and off-diageoaponents 0&;;
. Explain the physical meaning of

. What is the de nition of irrotational ow?

. What is the physical meaning of irrotational ow?

Derive the relation between the vorticity vector andubsicity tensor

Start from Egl.16and express the vorticity tensor as a function of the vaytici
vector (Eq.1.18

Explain the physical meaning of the eigenvectors andethenvalues of the
stress tensor (see SectibiBand the Lecture notes of EkH])

Watch the on-line lectunéorticity, part 1at
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. What is a vortex line?

ii. The teacher talks of o and! g, where! = 0:5(! o + ! g); what does it
denote? (cf. Figl.4in the eBook)

iii. The teacher shows the rotating tank (after 3 minutes the movie). He
puts the vorticity meter into the tank. The ow in the tank nesviike a
solid body. How does the vorticity meter move? This is a cdrasv with
vorticity.

iv. The teacher puts the vorticity meter into a ow in a stt@ighannel (near a
wall). What happens with the vorticity meter? (cf. Figl0


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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Vi.

Vil.

viii.

Xii.

Xiii.

Xiv.

. After 4:20 minutes, the teacher shows the gure of a boupdayer. He

says that one of the “vorticity legs? { in Item 13ii above) is parallel to the
wall; what does he say aboug ? What conclusion does is draw abou
This is a straight ow with vorticity.

After 4:30 minutes, the teacher introduces a spiralesotank (in the eBook
this is called an ideal vortex). How does the vortex meteralsefd (cf.
Fig. 1.8in the eBook). How does the teacher explain that the voytisit
zero (look at the gure he talks about after 6 minutes); thplaxation uses
the fact that the tangential velocity,, is inversely proportional to the radius,
r, see Eql.29in the eBook.

After 8:40 minutes, the teacher puts the vorticity nietedifferent locations
in the boundary layer; he puts it near the solid wall, a bitHar out and
nally at the edge of the boundary layer. How does the votyioieter move
at the different locations? Where is the vorticity smallasgest? Explain
why.
After 10:35, the vortex meter is shown in the spiral textank. What hap-
pens with the vorticity when we get very close to the centededit still
remain zero? What happens with the tangential velocity® Esg1.29

. The teachers explains the concept of circulationand its relation to vor-

ticity (cf. Egs.1.23and1.25).

. What is a vortex core?
Xi.

How large is the vorticity and the circulation in the rtitey tank?

How large is the vorticity and the circulation in the sgivortex tank? Does
it matter if you include the center?

The teacher presents a two-dimensional wing. Whetiedgpressure low and
high, respectively? The Bernoulli equation gives then thlecity; where is
it high and low, respectively? The velocity difference ¢esaa circulation,

After 15:25 minutes, the teacher looks at the rotatamgktagain. He starts
to rotate the tank; initially there is only vorticity neaetbuter wall. As time
increases, vorticity (and circulation) spread toward taeter. Finally, the
ow in the entire tank has vorticity (and circulation). Thlkistrates that as
long as there is an imbalance in the shear stresses, w(taitl circulation)
is changed (usually created), see Figd0and4.1

14. Vortex lines are shown in experiments in the on-lineusxYorticity, part 2(18
minutes into the movie) at
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

15. Show that the vorticity is non-zero in a boundary layee Sectiorl.7.2(see
also Item13iv above)

16. Show that the vorticity is zero in an ideal vortex (seelfBvi above)
Hint:

\ at
0+ 3=

2 =

Vi =


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 2

1.

Derive the Navier-Stokes equation, EXj5 (use the formulas in the Formula
sheet which can be found on the course www page)

. Simplify the Navier-Stokes equation for incompressible and constant vis-

cosity (Eq.2.9

. Derive the transport equation for the internal eneug¥.q.2.15(again, use the

Formula sheet). What is the physical meaning of the diffeterms?

. Simplify the transport equation for internal energy te tase when the ow is

incompressible (ER.18).

. Derive the transport equation for the kinetic enekgy; =2, Eq.2.23 What is

the physical meaning of the different terms?

. Explain the energy transfer between kinetic endrggind internal energy

. Show how the left side of the transport equations can bitemron conservative

and non-conservative form

. Starting from the Navier-Stokes equations (see Formhdat}, derive the ow

equation governing the Rayleigh problem expressefl and ; what are the
boundary conditions in time) and spacex.); how are they expressed in the
similarity variable ?

. Show how the boundary layer thickness can be estimated fnre Rayleigh

problem using and (Fig.3.3
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TME226 Learning outcomes: Lecture 3

1.

Explainthe ow physics at the entrance (smooth curvedsy#b a plane channel
(Fig. 3.5. Watch also the on-line lectuferessure eld and acceleratio(22
minutes into the movie) at

http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

. Explain the ow physics in a channel bend (F§6). Watch also the on-line

lecturePressure eld and acceleration
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

(a) at 28 minutes into the movie the teacher discusses hopréssure varies
in a xed-body rotation ow

(b) at 16 minutes into the movie the teacher discusses hoprtssure varies
for the ow in a bend.

. Explain the ow physics in a channel bend (F&J6).

Derive the ow equations for fully developed ow betweend parallel plates,
i.e. fully developed channel ow (Eq8.18 3.22and3.26)

. Show that the continuity equation is automatically satisn 2D when the ve-

locity is expressed in the streamfunction,

. Starting from Eg3.42 derive the equation for two-dimensional boundary-layer

ow expressed in the streamfunction (E2}46).

. Derive the Blasius equation, E8}54 Start from Eq3.46


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 4

1.

10.

Explain (using words and a gure) why vorticity can be deghonly by an im-
balance (i.e. a gradient) of shear stresses. Explain wigspre and the gravity
force cannot create vorticity.

. The incompressible Navier-Stokes equation can be riéenron the form
@/4. Qk "ijk Vil = }@p.q. @Vi + fi
@ @x |=z-} ~@x @x@x
| . rotation
no rotation

Derive the transport equation (3D) for the vorticity vectsg.4.21

. Show that the divergence of the vorticity vectar, is zero

. Explain vortex stretching and vortex tilting. The vorgxetching can be shown

in experiments,

. Watch the on-line lecturéorticity, part 2(11 minutes into the movie) at

http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

. Show that the vortex stretching/tilting term is zero irtdimensional ow

. Derive the 2D equation transport equation (£@83) for the vorticity vector from

the 3D transport equation (E4.21)

. Show the similarities between the vorticity and tempemtransport equations
in fully developed ow between two parallel plates
r r
e - 1 .
. Use the diffusion of vorticity to show that/ U = Re (see Fig4.4and
Eq.3.19.
Watch the on-line lectufdoundary layerst
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. Consider the ow over the at plate (after two minutes) . Waloes the
boundary layer thickness change when we move downstream?

ii. What value does the uid velocity take at the surface? Wk#his boundary
conditions called: slip or no-slip? How do they de ne the hdary layer
thickness?

iii. How is the wall shear stress de ned? How does it changenrvive move
downstream? (how does this compare with the channel/boytaier ow
in TME226 Assignment 1?)

iv. How is the circulation, , de ned? (cf. with Eq.1.23 How is it related to
vorticity? How do they compute for a unit length$ ) of the boundary
layer? How large is it? How does it change when we move dowastron
the plate?


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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V.

Vi.

Where is the circulation (i.e. the vorticity) created? &kénis the vorticity
created in “your” channel/boundary layer ow ( TME226 Assigent 1)?
The vorticity is created at different locations in the diafpe boundary layer
and in the channel ow: can you explain why? (hint: in the famncase

@p_ @vi  _,.
@x @3 '

but not in the latter; this has an implication forwa [see Sectiod.3])
How do they estimate the boundary layer thickness? (@tti&n.4.3.7)

11. Watch the on-line lectuf@oundary layerd O minutes into the movie
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

Vi.
Vil.

viii.

How does the boundary layer thickness change at a givetnen we in-
crease the velocity? Explain why.

i. Consider the ow in a contraction: what happens with treuhdary layer

thickness after the contraction?

iii. Why is the vorticity level higher after the contracti®n
. Is the wall shear stress lower or higher after the comitva® Why?
. Consider the ow in a divergent channel (a diffusor): whappens with the

boundary layer thickness and the wall shear stress?
What happens when the angle of the diffusor increases?

What do we mean by a “separated boundary layer"? Howelésghe wall
shear stress at the separation point?

The second part of the movie deals with turbulent oweWtalk about that
in the next lecture (and the remaining ones).


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 5

1.

Derive the Bernoulli equation (E4.33
Hint: The gravitation term is rst expressed as a potergiat @ =@x

. Consider the derivative of the complex functigri(z + zo) f (z))=2 where

z= x+ iy andf = u+ iv. The derivative of must be independent in which
coordinate direction the derivative is taken (either altregreal or the imaginary
axis). Show that this leads to ti@auchy-Riemanaquations

@u_@v @u_ @v

@x @y @y @x

. Show that in inviscid ow, both the velocity potential anlde streamfunction

satisfy the Laplace equation.

. Consider the complex potentfal= + i . Show thaf = C;z" satis es the

Laplace equation. Derive the velocity polar componentsifer 1 andn = 2.
What physical ow do these two cases correspond to?

. Look atPotential ow atWikipedia

(a) Figure 1 shows the streamfunction around an airfoil ditétat the Bernoulli
equation applies for a streamline.

(b) Figure 2 shows the streamfunction for plane ow € 1) and a doublet
(n= 1, separatiori, see Sectiod.4.9

(c) Figure 3 shows the streamfunction for cylinder ow

(d) Figure 4 shows the ow around a blunt cornar,= 1=2 (streamlines in
blue and potential lines in cerise)

(e) Figure 5 shows the ow around a sharp cormers 2=3 (streamlines in
blue and potential lines in cerise)

() Figure 6 shows parallel own =1 (streamlines in blue and potential lines
in cerise)

(g) Figure 7 shows ow along a corner (angle larger tH#0%), n = 3=2
(streamlines in blue and potential lines in cerise)

(h) Figure 8 shows owin &0° corner, i.e. stagnation ow, see Sectib@.3.2
n =2 (streamlines in blue and potential lines in cerise)

(i) Figure 9 shows ow in a corner (angle smaller th@éf), n = 3 (stream
lines in blue and potential lines in cerise)

()) Figure 10 shows ow for a doublet (separatibn= 0, see Sectiod.4.6
n = 1(streamlines in blue and potential lines in cerise)

6. Derive the polar velocity components for the complex ptigéf = minz=2 )

andf = i1In z=2 ) ( denotes circulation). What does the physical ow
look like? Show that they satisfy the Laplace equation.

7. Go back and watch the on-line lectBeundary layers (5:30 minutes into the

movieat
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html


https://en.wikipedia.org/wiki/Potential_flow#/media/File:Streamlines_around_a_NACA_0012.svg
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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10.

11.

12.

13.

i. Here they de ne the circulation in a boundary layer andrects it to the
vorticity in the area bounded by the line integral (cf. E4)

. A doublet is a combination of a radial sink and source asadadmplex potential

readsf = =(z). Combine it with the potential for parallel owf(= V; z).
Derive the resulting velocity eld around a cylinder (in polcomponents).
Hint: the radiusisde nedas3 = = (V).

. Consider the potential ow around a cylinder. Show that thdial velocity is

zero at the surface. Use the Bernoulli equation to get tfacipressure. Show
that the drag and lift forces are zero. Where are the stagmptints located?

Add the complex potential of a vortex life,= i In z=2 ) ( denotes cir-
culation) to the complex potential for cylinder ow. Computhe polar velocity
components. Where are the stagnation points located? Vdppths with the lo-
cation of the stagnation point(s) when the circulation Inees very large? How
is the lift of the cylinder computed (which applies for anydyd.

What is the Magnus effect? Explain the three applicatiorthe text: why is it
ef cient to use loops in table tennis? Why does the Magnusattiielp a football
player get the ball around the wall (of players) when makirigea-kick? How
does the Magnus effect help propulsing a ship using Flettiters. To look at
old and new installations of Flettner rotors, $§i&ipedia

Consider the inviscid ow around an airfoil, see Fg19 In inviscid theory it
would look like Fig.4.20 What has been done to achieve the ow in Hg21?
How is the lift computed?

Watch the on-line lectu@oundary layers (17 minutes into the moate
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. The ow is “tripped” into turbulence. How?

ii. When the ow along the lower wall of the diffusor is tripgento turbulent
ow, the separation region is suppressed. Try to explain.why

iii. Two boundary layers —one on each side of the plate — as&shThe upper
one is turbulent and the lower one is laminar. What is theedhffice in the
two velocity pro les? (cf. my gures in the 'summary of lectes’) Explain
the differences.

iv. Why is the turbulent wall shear stress larger for the tlght boundary
layer? What about the amount of circulation (and vorticityjhe laminar
and turbulent boundary layer? How are they distributed?

v. Consider the airfoil: when the boundary layer on the ufpaction) side
is turbulent, stall occurs at a higher angle of incidence gamd when the
boundary layer is laminar. Why?

vi. Vortex generator are place on the suction side in ordevent or delay sep-
aration. Try to explain why separation is delayed.


https://en.wikipedia.org/wiki/Rotor_ship
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 6

1. What characterizes turbulence? Explain the charatitsisVhat is the life time
of a turbulent eddy?

2. Explain the cascade process. How large are the largdss8c&@Vhat is dissi-
pation? What dimensions does it have? Which eddies extrertg from the
mean ow? Why are these these eddies “best” at extractingggnieom the
mean ow?

3. What are the Kolmogorov scales? Use dimensional anatydisrive the expres-
sion for the velocity scale; , the length scale, and the time scale, .

4. Make a gure of the energy spectrum. The energy spectrunsists of three
subregions: which? Describe their characteristics. St@mvdw of turbulent
kinetic energy in the energy spectrum. Given the energytape¢E( ), how
is the turbulent kinetic energly, computed? Use dimensional analysis to derive
the 5=3 Kolmogorov law.

5. What does isotropic turbulence mean? What about the streases?

6. Show how the ratio of the large eddies to the dissipativbesddepends on the
Reynolds number (see E8..16. Using these estimations, you can show how the
number of cells in DNS (Direct Numerical Simulations) degigion Reynolds
number (see eBook).

7. Watch the on-line lecturéurbulenceat
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. Why does the irregular motion of wave on the sea not quakifjurbulence?
ii. How is the turbulence syndrome de ned?

iii. The movie shows laminar ow in a pipe. The viscosity isateased, and the
pressure drop (i.e. the resistance, the drag, the lossgalees. Why? The
viscosity is further decreased, and the pressure dropasess Why? How
does the characteristics of the water ow coming out of theepihange due
to the second decrease of viscosity?

iv. Itis usually said that the ow in a pipe gets turbulent eRaynolds number
of 230Q In the movie they show that the owanremain laminar up to
8000 How do they achieve that?

v. Dye s introduced into the pipe. For laminar ow, the dyeedaot mix with
the water; in turbulent ow it does. When the mixing occurd)athappens
with the pressure drop?

8. Watch the on-line lectururbulencg10 minutes into the movie) at
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. Draw a laminar and turbulent velocity pro le for pipe owct. the gure at
p. 309. What is the main difference? In which ow is the wall shetress

w= % largest, laminar or turbulent?

ii. In turbulent ow, the velocity near the wall is larger than laminar ow.
Why?


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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iv.

Vi.
Vil.

Discuss the connection between mixing and the cros=ast (i.e.v9) uc-
tuations.

Try to explain the increased pressure drop in turbulewt with increased
mixing.

. The center part of the pipe is colored with blue dye and th# megion is

colored with red dye: by looking at this ow, try to explain Waurbulence
creates &eynolds shear stress

The red and blue dye nicely show the turbulent eddiest(iations)

After 16 minutes, the ow in jets is consider. Two turlarit jet ows are
shown, one at low Reynolds number and one at high Reynoldbeumhey
look very similar in one way and very different in another weyhich scales
are similar and which are different?

viii. The two turbulent jet ows have the same energy inputldrence the same

dissipation. Use this fact to explain why the smallest scatethe high
Reynolds number jet must be smaller that those in the low Bldgmumber
jet.

. At the end of the presentation of the jet ow, they expl#ire cascade pro-

cess

. Explain the analogy of a water fall (cascade of water, theewpasses down

the cascade) and the turbulent cascade process.
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TME226 Learning outcomes: Lecture 7

1. Use the decomposition = v; + v°to derive the time-averaged Navier-Stokes
equation. A new terms appears: what is it called? Simplig/ttme-averaged
Navier-Stokes equation for boundary layer ow. What is totat shear stress?

2. How is the friction velocityy , de ned? De nex; andvj .

3. The wall region is divided into an inner and outer regiome Thner region is
furthermore divided into a viscous sublayer, buffer layed og-layer. Make a
gure and show where these regions are valid (lBig)

4. Look atTurbulent ow around a wingat You Tube

(a) At1:07 minutes into the movie, they presentthe ow uding ; criterion.
This is the second eigenvalue Sif + ﬁ where 1 > 5 > 3. This
criterion nds vortex cores i.e. the center of turbulent edd

(b) At 1:18 minutes they show the prescribed transition @npper side (suc-

tion side)

(c) At1:42 minutes, for example, you can see turbulent wactere in the outer
part of the boundary layer

(d) At1:56 minutes, the incipient (the start of) separatiear the trailing edge
is shown

5. What are the relevant velocity and length scales in thepuis-dominated region
(x5 . 5)? Derive the linear velocity law in this region (E6.22. What are
the suitable velocity and length scales in the inertialoadihe fully turbulent
region)? Derive the log-law for this region.

6. Consider fully developed turbulent channel ow. In whiagion (viscous sub-
layer, buffer layer or log-layer) does the viscous stressidate? In which re-
gion is the turbulent shear stress large? Integrate thenethasw equations and
show that the total shear stress varieg asx,= (Eq.6.20.

7. In fully developed turbulent channel ow, the time-avgea Navier-Stokes con-
sists only of three terms. Make a gure and show how the v&jaaid Reynolds
shear stress vary across the channel. After that, show hewhthe terms vary
across the channel (Fig.6). Which two terms balance each other in the outer
region? Which term drives (“pushes”) the ow in thg direction? Which two
terms are large in the inner region? Which term drives the?ow


https://www.youtube.com/watch?v=hz7UjN_vYuw
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TME226 Learning outcomes: Lecture 8

1. Derive the exact transport equation for turbulent kimetiergyk. Discuss the
physical meaning of the different terms in thequation. Which terms are trans-
port terms? Which is the main source term? Main sink (i.e.atieg source)
term?

2. Watch the on-line lectururbulencg20 minutes into the movie) at
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. The movie says that there is a similarity of the small ssaiea channel ow
andin a jet ow. What do they mean?

ii. What happens with the small scales when the Reynolds euisincreased?
What happens with the large scales? Hence, how does thefdlkie large
scales to the small scales change when the Reynolds nuntbeages (see
Eq.5.16

ii. In decaying turbulence, which scales die rst? The seewf the clouds
show this in a nice way.

iv. Eventhough the Reynolds number may be large, there ava@eof phys-
ical phenomena which may inhibit turbulence and keep the laminar:
mention three.

v. Consider the ow in the channel where the uid on the topdyend the
bottom (yellow) are separated by a horizontal partitione Tlwo uids are
identical. Study how the two uids mix downstream of the fitéoh. In the
next example, the uid on the top is hot (yellowhd light and the one at
the bottom (dark blue) is colchéavy); how do the uids mix downstream
of the partition, better or worse than in the previous exaaplThis ow
situation is calledstable strati cation In the last example, the situation is
reversed: coldheavy uid (dark blue) is moving on top of hotlight uid
(yellow). How is the mixing affected? This ow situation islledunstable
strati cation. Compare in meteorology where heating of the ground may
cause unstable strati cation or whémversioncauses stable strati cation.
You can read about stable/unstable strati cation in Secti®.1at p.166

3. Giventhe exadt equation, give the equation for 2D boundary-layer ow (B7).
All spatial derivatives are kept in the dissipation term:y®Hn the turbulent re-
gion of the boundary layer, thHe equation is dominated by two terms. Which
ones? Which terms are non-zero at the wall?

4. Where is the productionter®* = v&vi@,=@3x, largest? In order to explain
this, show how v{v3 and@;=@x vary near the wall.


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 9

1. Derive the exact transport equation for mean kinetic ggnd€ . Discuss the
physical meaning of the different terms. One term appeabsih thek and the
K equations: which one? Consider the dissipation terms irkthad theK
equations: which is largest near the wall and away from thé regpectively?

2. Which terms in thé& equation need to be modeled? Explain the physical mean-
ing of the different terms in thie equation.

3. Show how the modeled production term in the " model is modeled. Show
how it can be expressed &)

4. Show how the turbulent diffusion (i.e. the term which ud#s the triple corre-
lation) in thek equation is modeled.

5. Given the modelel equation, derive the modelécequation.

6. How are the Reynolds stress tens@v?, and the turbulent heat ux vector? ©,
modeled in the Boussinesq approach?

7. Watch the on-line lecturéressure eld and acceleratioat
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. The water ow goes through the contraction. What happeitks the veloc-
ity and pressure. Try to explain.

ii. Fluid particles become thinner and elongated in the @mion. Explain
why.
Hint: look at Fig.1.6.
2—

¥ =
q ds
lated to the pressure gradieaqg. Compare this relation with the Bernoullii
equation (Eq4.3H

ii. In the movie they show that the acceleration alm)g.e. , is re-

8. Watch the on-line lecturBressure eld and acceleratio6 minutes into the
movie) at
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. Water ow in a manifold (a pipe with many outlets) is preset. The pres-
sure decreases slowly downstream. Why?

ii. The bleeders (outlets) are opened. The pressure nowases in the down-
stream direction. Why?

iii. What is the stagnation pressure? How large is the velat a stagnation
point?

iv. What is the static pressure? How can it be measured? Witz difference
between the stagnation and the static pressures?

v. A venturi meter is a pipe that consists of a contractionaméxpansion (i.e.
a diffusor). The bulk velocities at the inlet and outlet age&, but still the
pressure at the outlet is lower than that at the inlet. Theagaressure drop.
Why?


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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vi. What happens with the pressure drop when there is a degpana the dif-
fusor?

vii. They increase the speed in the venturi meter. The presdifference in
the contraction region and the outlet increases. Since tiseatmospheric
pressure at the outlet, this means that the pressure in tiieaction region
must decrease as we increase the velocity of the water. Iyitha water
starts to boil, although the water temperature may be ar@0t@. This is
called cavitation (this causes large damages in watentesi

viii. Explain how suction can be created by blowing in a pipe.
9. Watch the on-line lecturBressure eld and acceleratio(il8 minutes into the

movie) at
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

i. The ow in a bend is shown. Note how the pressure for largéusin the
bend is smaller than for small radius (cf FRy6.
ii. What is the Coanda effect?

iii. The water from the tap which impinges on the horizonipkpattaches to the
surface of the pipe because of the Coanda effect. How lariipe iressure
at the surface of the pipe relative to the surrounding pre§su

iv. Explain the relation between streamline curvature aresgure (cf. Sec-
tion 3.2.7).

v. Atthe end of the contraction, there is an adverse preggadient (@ p=@x >
0). Explain why.


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 10

1. Two options are used for treating the wall boundary camat which ones?
Explain the main features.

2. Consider wall functions. Show how the expression

u = Vi,p
IN(Eu Xx,=)

is obtained. What is the wall boundary condition for the e#lpequation?

3. How is thek equation simpli ed in the log-law region? Show how the boand
condition
ke = C 7202

for k is derived (wall functions).

4. Show how the boundary condition for

is derived (wall functions).

5. How ne should the grid be near the wall when using a low-Régs number
model? Why must the turbulence model be modi ed?

6. Use Taylor expansion (including boundary conditions sredcontinuity equa-
tion) to show how the three velocity components vary neamtale Show then

howv, v, @, vivg, ", @1=@x andk vary near the wall.

7. The exack equation reads

@k @k_ 5@ @V @ 1793?

"ax T ax T ey @x @x 2
@ apev
@% @x@x

Show how the production term, the viscous and turbulenasliéh terms and the
dissipation vary near the wall.

8. The modeled eq. reads

@k, @k @ * @ . @k
@x @x @x @x% « @x%
@k
@3
Show how the production term, the turbulent diffusion temd ¢he dissipation
vary near the wall.

Vi
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9. Looking at how the exact and the modelled terms inkheehave near walls,
which terms need to modi ed? How?

10. The modeled eq. reads

@ @' _ . ok, @ @
igx T Vax - ST Y ex - @x
@" n2
+ @—g C"Z ?

Show how all terms behave as the wall is approached. Whiatsteo not go to
zero. Do they balance each other? If not, what modi cationdeded?

11. Inlow-Reynolds number models, what is the boundary itmmdfor k?

12. A boundary condition fof can be derived (EdL1.16) by looking at the two
terms in thek eq. that do not go to zero. Show this boundary condition.

13. Another boundary condition f&r

"wall =2

Sx ’
ox

can be derived by using Taylor expansion. Derive the boynctardition above.

A third b.c. for" reads
=2 X
wall — X%

Show that this agrees with Taylor expansion.
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J TME226 Oral Exam 2025

1. Show which stress components, (see gure below), that act on a Cartesian
surface whose normal vectorrig = (0 ; 1; 0). Show also the stress vecttf,

Hint: ti(ﬁ) = i n
7

ti(él)
12

11

X2

X1
Stress components and stress vector on a surface.
1 @y, @ 1 @y @ _ g ;
+ +2@)§ Ox =5 + .

@y —
2. @_>¥ T2 % @x
Explain the physical meaning of diagonal and off-diagomahponents o§;

Consider the stagnation ow in the gure below at time In(2) .

X2;r2

X1;r1

0
0 1 2

Flow pathx, = 1=x;. The lled circle shows the point at time= In(2) (Lagrangian) and at

(X1;X2) = (2 ;1=2) (Eulerian).r; = x1 = exp(t);r> = X2 =exp( t).

(a) Compute the Lagrangian and Eulerian velocities at taation.

(b) Compute the Lagrangian and Eulerian time derivat%fté,
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(c) Compute the local Eulerian time derivati\%zl
(d) Compute the vorticity and the strain-rate using the Eatevelocities. Try
to explain why the vorticity is zero by looking at Fig).4.

4. What is the de nition of irrotational ow?

5. Consider 2D ow &1 X, direction)

(a) The de nition of the vorticity vector is; = g—§. Give! 1,! > and! ;.

(b) The de nition of the strain-rate tensor & = 1 g—;’ + % . Give Sy;

andSlz.
(c) The de nition of the vorticity tensor is j = 3 % % . Give 11
and 12.

6. Explain the physical meaning of the eigenvectors and iengalues of the
stress tensor (see SectibiBand the Lecture notes of EkH])

7. Explain —in words — how to show that the vorticity is zeraimideal vortex (see
Item 13viabove)

Hint:
X2
Vi= Vo—S——as
0+ B
X1
Vo =

=V S
oG+ 3=

8. Consider an ideal vortex. Discuss the difference betveegrtex and vorticity.

1.5}

Ideal vortex.

9. Consider the two-dimensional shear ow below (e.g. a luzug-layer ow).
Compute the three vorticity components € g—;‘ .
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>
V1 L7
EEE—
—>
X2
X1

A shear ow. A uid particle with vorticity. vi = cx3.

10. The Navier-Stokes equations read

v . @P Q@ ,, . @P Q@ ,5 20V

dt @x @x ' @x @x '3 @x’
Describe — in words — how to simplify the Navier-Stokes egumafor incom-
pressible ow and constant viscosity (E2.9)

+ f

(a) The transport equation for the internal enetgyeads

du _ @y e 2 ., @ @T
at - Pex™251% 35S Ty “ax

What is the physical meaning of the different terms? Singph& transport
equation for internal energy, to the case when the ow is incompressible
(Eq.2.18.

(b) The basic form (without inserting the constitution laef)the transport
equation for the kinetic energl,= v;v;=2, reads

dk _ @v i @v

@ ex o
Describe (in words) how to derive the transport equatiorvabdVhat is
the physical meaning of the different terms?

(c) The basic form (without inserting the constitution l1aved the transport
equation for internal energy, reads

w_ @v @a

da - "@x @x

Explain the energy transfer between kinetic enekggnd internal energy,
u (Egs.J.1andJ.?.

+ v;f; J.1)

J.2)

11. The left side of the temperature equation and the N&tiekes, for example,
can be written in three different ways
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v _ @, @v_@v, @y
dt @ '@ @t @y
er

(a) (b)

d—T = @T+ Vj @—: + w

dt . @t @?‘. .@t @x .
(a) (b)

Explain how the expressions (a) and (b) are obtained.

12. Consider the Rayleigh problem below

X2

# N
E—

The plate moves to the right with spe¥gfort > 0.

X2 St

0 0.2 0.4 0.6 0.8 1
V]_:Vo
Thev; velocity at three different timeds >t, >t 1.

(a) How is the Navier-Stokes equation

@v
="%=-0
@x
dl @/4. Vi @ = @34. @Vi + f i
dt @t @x @x  @x@x
simpli ed for the Rayleigh problem?

(b) What are the boundary conditions?

(c) We introduce a similarity variable, related tax, andt as
= p=—= (J.3)

Explain how the Navier-Stokes is transformed from the irefej@nt vari-
ablesx; andt to .
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(d) The transformed Navier-Stokes reads

2
LA A

dz “d T Vo (4)

What are the boundary conditions expressedin
(e) The nal solution to EqJ.4is
f()=1 cerf()

Why is there only one curve in the gure below but three (or mamore)
in the gure above?

3

25

2

1.5

1t

0.5¢

00 0.2 0.4 0.6 0.8 1

f
The velocity,f = vi=\, given by Eq3.11

() Given andt, show how the boundary layer thickness can be estimated
from the Rayleigh problem usirfgand and the gure above.

13. Explain the pressure levels at poitf® and3 at the entrance (smooth curved walls)
to a plane channel (see the gure below).

V \\
]
\\ — —
P, # ) h
> - —
Py
/ﬁ

Flow in a horizontal channel. The inlet part of the channashiewn.

\
\
\
N
7
7/
7/
V/
X1

Explain the ow physics in a channel bend (Fig.6). Watch also the on-line lecture
Pressure eld and acceleration
http://www.tfd.chalmers.se/"lada/MoF/flow viz.html

(a) at 28 minutes into the movie the teacher discusses hopréssure varies
in a xed-body rotation ow


http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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(b) at 18 minutes into the movie the teacher discusses hoprtssure varies
for the ow in a bend.

Flow in a channel bend.

Explain the ow physics in a channel bend (see gure above) ama duct bend (see
gure below).

DN A
C

X2

Secondary ow in a duct bend.

14. Consider steady, fully developed ow between two paitgilates, i.e. fully developed

channel ow
(&) Whatis the main ow criterion of fully developed ow be®en two paral-

lel plates?
(b) The incompressible, Navier-Stokes equation reads
@v
- = 0
@x

v @v, @_ @P  @v
dt @t '@x @x @x@x
i. Simplify thev; equation for this ow (i.e. which terms are zero?)
ii. Do the same thing for the,
iii. How large is@y=@x?
iv. How large is@y=@x? Why?

15. The Blasius equation.
(a) The stream function is de ned as

_e. .. @
@x °  o@x

Vi
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Show that the continuity equation is automatically satikie 2D when the
velocity is expressed in the streamfunction,

(b) Explain in words how th@; component of the Navier-Stokes (see above)
is transformed into an equation for. For a at-plate boundary layer we
get the following equation

@ @ @eae _ @
@%x @x@x @x @% @3

(c) The nal Blasius equation reads

(1.5)

1 dg &g 1 o0 o000

Zg—+ — Zgd’%+ L

95zt g3 5997+ ¢7%=0
Explain why this equation is expressedgrand whereas EqJ.5is ex-
pressed irvy, X3 andXs.
Hint: compare with EqJ.3

16. Explain (using words) why vorticity can be created onjydn imbalance (i.e. a
gradient) of shear stresses, see the gure below. Explaypvéssure and the gravity
force cannot create vorticity.

21(X2 +0:5 x2)n2

H
vy (X
12(X1+0:5 xq)ng 1(x2)
__________ D -
P(x; 05 xi) (X1:%2) P(x1+0:5 Xx1)
—_— [ ] -———— | - - === > =
g

12(x1 05 x1)ng I

-

X 21(X2 05 x2)n»
2

X1

Surface forces acting on a uid particle. The uid particke Ibcated in the lower half of fully
developed channel ow. The; velocity is given by Eq3.28andv, = 0. Hence 11 = 2 =
@12=@x =0 and @2:=@x > 0. Thev; velocity eld is indicated by dashed vectors.

17. The incompressible Navier-Stokes equation can be itteewon the form

@V @k " 1 @p @Vi

-t — ik Vily = ——+ + f;
t ! '

@ nolgtgion | rot{ation? @X @}(@?(

(a) Describe the rst step in deriving the transport equat(@D) for the
vorticity vector, Eq4.21
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Hint: ! p = "pq @Q\-@¥

(b) Which terms are zero?
Hint: the product of a symmetric tensor and a non-symmetric téagero.

(c) Show that the divergence of the vorticity vector, is zero

18. Explain vortex stretching, see gure below.
Hint: The vortex stretching/tilting terms reads

1 @y .2@+!3@; p=1

!kﬂzg ! %§+ @+!3@; =2

Q@x E l%x @H %5 .
Q@x oy

— V] 1 by — > — V1

X2

L.

Vortex stretching. Dashed lines denote uid element befatretching. @y > 0. Angular

@x

X1

momentumy?! 1 , is constant.

19. Explain vortex tilting, see gure below.

vi(xz) SL>0

R —

X2

L.

X1

Vortex tilting. Dashed lines denote uid element before diey or tilting.

20. Show that the vortex stretching/tilting term is zerovitoidimensional ow
Hint: The vortex-stretching term reatig @y=@x = 0.



21.

22.

23.

24,
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The 3D transport equation for the vorticity vector reads
% @ @b =1y @N 7@! P
dt @t ex T “ex” @x@x

Describe — in words — the form of the corresponding equatictDl.

Show the similarities between the vorticity and tempeetransport equations in fully
developed ow between two parallel plates.

Use the diffusion of vorticity to show that / P o = %, see gure below and
the expressions from the Rayle|ghpow
Hint: =1:8= —é—t ) =3:6 t. Furthermore, recall that vorticity is created
along the wall only near the leading edge: why?

Vo

X2 B
X1 ¢
L

Boundary layer. The boundary layer thicknessincreases for increasing streamwise distance
from leading edgex; = 0).

Consider the derivative of the complex functibiiz+ zp) f (z))=z wherez = x+ iy
andf = u+ iv. The derivative of must be independent in which coordinate direction
the derivative is taken (either along the real or the imayiaais), i.e.

i: lim f(zo+ 2) f(20)
dz z! 0 Z
_ im ot Xiiyo) f(xoilyo) _ . T(oilyoti y) f(Xoiiyo),

The second line can be written as

@f_1@f_i@f_  of

@x 1@ i@y Oy
Show that this leads to tHeéauchy-Riemanaquations

@u_@v @u_ @v

@x @y @y @x
Explain — in words — why in potential ow both the velocipyptential
Vi = @ =@x V2 = @ =@x
and the stream function
Vi= @ =@% V2= @ =@x

satisfy the Laplace equation.

Introduction: above, we formulated the complex funttioa generic wayf, = u+ iv.
Now we move to uid mechanics.
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(a) We formulate a “ uid mechanics” complex functibn= + i whichisa
potential function since both the real and imaginary parsgethe Laplace
equation.

(b) We guess a complex functibn= C,z",z = x + iy

(c) Itturns out that it is sometimes more convenient to esgirds polar coor-
dinates, i.ef = Cire' = Cyr"(cos(n )+ isin(n ))

(d) Describe — in words — how to prove thfat= C,z" satisfy the Laplace

equation.
How are the velocity components far= 1 andn = 2 obtained. What

physical ow do these two cases correspond to?

25. Describe how to derive the polar velocity componentgtiercomplex potentidl =
i In z52 ) ( denotes circulation).
Tip: expresg in polar coordinates (Euler form), i.e.= rel
How do you show that the complex potential satisfy the Lapkaguation? What does
the physical ow look like?

26. Consider the potential ow around a cylinder.

\1 r2 : r2 . .
f=—9%+virel =v; e +re
rei r
r2
=V To(cos isin )+ r(cos +isin)

Itis a super-position of two “elementary” ow cases: whiches? Describe — in words
— how to show that the radial velocity is zero at the surfacewlan you get the
surface pressure? Describe how you would then get the digjfanHow large do
you expect drag and lift to be? Why?

27. Consider the potential ow around a rotating cylinder.

Vi
V1 r(z) .
f = +V —
- 12 i5-Inz
2
=V rr—o(cos isin )+ r(cos +isin ) 2—(i Inr )

in polar coordinates
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The circulation is de ned as |
= vitid

t;d’

X2

404

The surfaceS, is enclosing by the liné. The vectort;, denotes the unit tangential vector of the

enclosing line; .

Where are the stagnation points located? How is the lift efahlinder computed?

(which applies for any body).

28. What is the Magnus effect? Explain the three applicatloglow: why is it ef cient
to use loops in table tennis? Why does the Magnus effect h&ptaall player get
the ball around the wall (of players) when making a free-Ritkow does the Magnus
effect help propulsing a ship using Flettner rotors. To labkld and new installations

of Flettner rotors, se@ikipedia

~ A
X2 = //’/',—————\\\\‘
—v 7 \ FL
o// /V N
X1 table net

Table tennis. The loop uses the Magnus effect. Side view.

P wall of players

F
/' s
O ooa

Football. A free-kick uses the Magnus effect. Top view


https://en.wikipedia.org/wiki/Rotor_ship
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! Vwind
Verp —~
L. i

X1

Flettner rotor (in blue) on a ship. The relative velocityween the ship and the wind¥4ing +
Vship . The ship moves with spedd,, . Top view.

29. What characterizes turbulence? Explain the charatitexi What is the life time of a
turbulent eddy?

30. Explain the cascade process. How large are the largalsis8c What is dissipation?
Which eddies extract energy from the mean ow? Why are thhesd eddies “best”
at extracting energy from the mean ow?

Hint: Look at the gure with two velocity pro les below.

31. The energy spectrum consists of three subregions: whigéscribe their character-
istics. Show the ow of turbulent kinetic energy in the engpectrum. Given the
energy spectrunt (), how is the turbulent kinetic energy, computed? Describe —
in words — how to use dimensional analysis to derive t#be3 Kolmogorov law.

- @i
h vA/i @x

A I
E

Spectrum for turbulent kinetic energly, The wavenumber, , is proportional to the inverse
of the length scale of a turbulent eddy,, i.e. / ° . For a discussion of vs. ", see
Section8.2.2
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X1
The size of the largest eddies (dashed lines) for differefttoity pro les.

32. What are the Kolmogorov dissipation scales? Describeverds — how to use dimen-
sional analysis to derive the expression for, for example)ength scale, .

33. What does isotropic turbulence mean? What about the streases?

34. Describe how the ratio of the large eddies to the disspaddies depends on the

Reynolds number.
N 3 1=4
Hint: 2= — "0

Why is this expression useful for DNS (Direct Numerical Slation)?
35. Draw a laminar and turbulent velocity pro le for pipe owVhat is the main differ-
1
@x

36. Describe — in words — how to use the decompositjon v; + vi0 to derive the time-
averaged Navier-Stokes equation. We start from the N&tiekes equation:

@v, @w _ @p @
@t @x @x @x@x

A new terms appears: what is it called? What is the physicalmimg of the terms in
the equation above?

37. How is the friction velocityy , de ned? De nex; andvyj .
The wall region is divided into an inner and outer region. Tiweer region is fur-
thermore divided into a viscous sublayer, buffer layer agdlayer. Find those three
regions in the gure below.

ence? In which ow is the wall shear stresg = largest, laminar or turbulent?
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10 * 10 3 10 2 10 ! 1

] L1 \ \ \ | X2=

outer region '

overlap region

0
s ; iEE
o inner region 2

: >

: (¢}

:, =y

1 5 10 30 100 1000 10000

The wall region

What are the relevant velocity and length scales in theouis-dominated regiory .
5)? What are the suitable velocity and length scales in theigheegion (the fully
turbulent region)? When deriving the log-law for this ragiove start by making an
estimate of the velocity gradient: how is it estimated?

Consider fully developed turbulent channel ow. In whiregion (viscous sublayer,
buffer layer or log-layer) does the viscous stress domihate which region is the
turbulent shear stress large? The turbulent and the vistwer stresses are shown in
the gures below. Which is which?

2000, 1 01
08
1500
| 06
+ o i 1 1
Lo 1000} ~ 005 'y
04 X X
500f
' 02
1
S T 0 2o
0 0.2 04 0.6 0.8 1 1
a)

Reynolds shear streRe = 2000. a) lower half of the channel; b) zoom near the wall.

In fully developed turbulent channel ow, the time-azged Navier-Stokes consists
only of three terms (which?). Identify them in the gures t&land discuss their
physical meaning.

200 : : : : 2000
1800
150/ 1600 : :
1400 : :
1200 : :
x; 100} ; : :
1000 H :
800 : !
507 B 600 : :
[T 400 : :
e L n 20! . L !
A% 100 50 0 50 100 150 % E) 0 1 2
a) b)
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Fully developed channel owRe =2000. Forces in the/; equation. a) near the lower wall of
the channel; b) lower half of the channel excluding the eali-region.

In order to analyze thle equation it is useful to look at the source terms. A positive
source term in a transport equation, for examipjéncreases the value @f. A simple
example is the one-dimensional unsteady heat conducticetieq

@T_ @t
@t @%
whereQ is a heat source, see gure below. Note that the source t¢sh@ild always

appear on the opposite side of the unsteady term (or the sameas the diffusion
term).

+Q

wall wall

X1

B — .

One-dimensional unsteady heat conduction. In the mid@lestts a heat sourc®.

The exact equation for turbulent kinetic energy; O: 5v°\/O reads

@k —— @ @ 1+ 1" @k @9 @

=1 = 00 =" _= =004+ ZyO0y0,0 EF

@x - ey @x P2V ey exex
| I 1 \Y

Discuss the physical meaning of the different terms inktleguation. Which terms are
transport terms? Which is the main source term? Which is thia sink (i.e. negative
source) term?

The exack equation for 2D Boundary Layers reads

@ik @k @k Q@k_ 5501

@x @ ‘ex “ex ox

convervative form non convervative form
@ 155 @k @%@f
— pWI+ —vovo\/0 —
@ " ? @x  @x@x

All spatial derivatives are kept in the dissipation term:yW®hWhich terms are non-
zero at the wall? Note that it easier to realize that theHeftd side is zero when it
is formulated on the non-conservative form. Can you expttesgurbulent diffusive
terms on non-conservative form?

Where is the production teri@k = vOVi@1=@x, largest? In order to explain this,
look at the gures below.
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0.02

N
x

15

10

5

OO 012 014 016 018 1 0 0:2 0:4 0:6 0:8 1O

@] =@% vivg=u
Velocity gradient Reynolds shear stress
Channel ow atRe = 2000.
The exact transport equation for mean kinetic end€gy, 0 :5v;v; reads

@j W@' Vi @) @ W @K @; @;

@x '@ex @x @x ' @x @x @x
pk; smk source "mean ; Sink

Discuss the physical meaning of the different terms. Onm t®ppears in both thie
and theK equations: which one? Consider the dissipation terms irkthed theK
equations: which is largest near the wall and away from thg vespectively?

Which terms in th& equation need to be modeled?
@k, @k @ @ 1.5 @k @y @f
— viv — “pW3+ v0 N = —Lt =L
“ax " ax T "Mex a@x P 2V @x  @x@x

Which term is unknown in the time-averaged Navier-Staquations? (also called the
RANS equations [RANS=Reynolds-Averaged Navier-Stokes])

@’iVj _ @) + @ @i W

@x @x @x @x i

The Boussinesq approximation reads (almost)

W, 8,9

TN @x T @x
Which term is missing?
Show how the modeled production tert = T% is modelled in thek "
model.
The modele#t equation can symbolically be written:

Ck:Pk+Dk+Gk "

Using this equation, describe how to derive the modeleduation.

Two options are used for treating the wall boundary dimus: which ones? Explain
the main features.
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Consider wall functions. Describe how the expression

- Vip
IN(Eu x2=)

is obtained. What is the wall boundary condition for the eélpequation?
Eu x,

. \Y 1
Hint: The log-law readsbi = =In
How is thek equation simpli ed in the log-law region? Show how the boandcon-
dition

ke = C *72u?

for k is derived (wall functions).

2
Hint: Simpli ed k equation0 = PK " = % " . The wall shear stress
reads, = V)= &

Show how the boundary condition fofused in wall functions)

is derived (wall functions).
Hint: " ' U 3=L.

How ne should the grid be near the wall when using a lowsR@ds number model?
Why must the turbulence model be modi ed?

In the eBook we derive the following expressions usingdraexpansion:

Vi —aXs t+ i = O(x3)
Ve = a3+ i = O(x3)
E =Ex‘2‘+::: = O(x3)
Vg = x5+ 1 = O(x3)
vivg = alpx§ + 1o = 0(x3)
k =(af+ c)xz+ 0 = O(x3)
@1=@x% =af+::: = 0(x9)
@y=@x% =ar+::: = O(x3)
@Y=@x% =2Ipxo + i = 0(x3)
@9=@x% =c+ = O(x3)

Describe how they are obtained.
The exack equation reads

0,/0
@k, ,@k_ mp@ @V Q@ liggp

ox T ex - ey @x @x 2
@k  @bof
@% @x@x

Using the Taylor expansions above, show how the producéom,tthe viscous and
turbulent diffusion terms and the dissipation vary neanthé.
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The modeledt eq. reads

@k @_ @ °, @ _. @k
"ax T VaxT U @ @ «@x
.

@3

+

411

Using the Taylor expansions above, show how the produation,tthe turbulent diffu-

sion term and the dissipation vary near the wall.

Looking at how the exact and the modelled terms inkhehave near walls, which

terms need to modi ed? How?
In low-Reynolds number models, what is the boundary itimmdfor k?

A boundary condition fot can be derived by looking at the two terms in theq. (see

above) that do not go to zero. Show this boundary condition.
In the eBook it is shown that Taylor expansion gives

wo_ 22 4 ~2
= a+c +:

and
k =

|

a2+ 2 x3+

NI =

Show how the “third b.c.” fot' is obtained using these two expressions.
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K MTF271 Lecture Notes

K.1 Lecturel

{ See Sectioi1.1.] Flow equations
| Boussinesq approximation: density variation only in giaon
(buoyancy) term

(@Y%
@t

@ . @, Gw OV
+@;<(°V'V‘)_ @x @x@x ° @x

p is hydrodynamic pressurd:; ! (  0)g

o ( 0)

If we let density depend on pressure and temperature, eliffetion
gives

_ @ @
d = @ pd + @p dp
Incompressibl¢ @ =@p 0
= i @ )
o @
d = od ) 0= o( 0)

ofi =( 0g = o ( 0)G

{ See Sectiori1.1.2 Temperature equation
| Temperature equation

@,ov_ @

@t @x @x@x
where = k=(cy). Introducing = + Cgivesthe mean temperature
equation L

@ _ @ CHE

@x @x@x @x
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| Total (viscous plus turbulent) ux: momentum and temperatu
equation

q2;tot _ q2;visc q2;turb _ @ m _ k
= = 5 C =
Cp Cp Cp Q@x Cp
_ + _ @1 VOVO
tot — visc turb — . 1V2
@x

200
Reynolds shear stress.

005= - :. (@1=@X= w.

+
X5 100“

{ See Sectioi1.2 The exactvov0 equation
| v -equation

@\’ j @; @ @y @Y
iY— ovo ] ovo LTI O W T
ax T Maex Maex" @;<+ ox
Ci Pj i

; T 4 i
@ —qoo, PV, PV @vivy
@x Tk S @K@K
Dijq D
@9/@

0 0
g vV° g wWo
Gij

Unknown terms

j Pressure-strain
Dj: Turbulent diffusion
" Dissipation
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{ See Sectiori1.3 The exact °equation
| v0 Oequation

@, @,y oy @0 G

@t @(V“ v @x@x @x

0 29/0
@'Q/+ Q(vkv, + vivO+ vV = @ Qv ey g °

@t @x @x @x@x @x
(K.2)

Multiply Eqg. K.1 with v? and multiply Eq.K.2 with ° add them
together and time average

w0 @
" @x

0\ @

(VP + Vi %+ v 9+ @(Vivg"' Vi + V)

O@b VO @° + Oi@vio g 00
@x’ ex@x @x@x

@, 7o 7@ @ @ O

< 0= yO0=_ 0 0= YO0 0

@x " T "ax " ex T @x @x’
Pj i Diy
@O @re

+(+ )

Di.

(+ )gie

@x@x @x @K ——
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{ The original derivation is shown in Secti@. In 11.4 Thek equation
we derive thek equation as follows
| Take the trace of theV’ equation and divide by two

@k, , @k @ GFGF

tVi= = ViV =
@t @ @y @x@x
Ck Pk i
( ~ )
_@ VO B + }VIO\/IO @k gi IO 0
@x 2 @¥@K —
k
Df D
Unknown terms
v Reynolds stress iR
D{ Turbulent diffusion
" Dissipation
{ See Sectiod 1.6 The Boussinesq assumption
| The Boussinesq assumption: a modea’
The diffusion term of time-averaged Navier-Stokes
Q @+@ W)—@(+t)@+@
@x @x @x @x @x @x
0 — @ @
vivi =y @—?("‘@( + %ijk

3=2
t/ VOZ klzZKT: le—'
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K.2 Lecture 2

{ See Sectiod1.7.1 Production terms
| Production term irk equation needs to be modelled.
— 5 @i @ | @ 2 @,
Pk: voo=L = = 4+ =1 —_ .k ==2 .s: S
i J@?( t @}( @x 3 i @}( t230) <]
| The heat ux is needed to close the mean temperature eguation
Eq.11.9 Itis modelled as (see Ed1.39
W: @ — t

! ‘@x '

| Diffusion termink eq, Eq.11.23 must be modelled. Compare with
heat conduction, EQ®.14

@
= k—.
9 @x
Flux of k
1 @k 1@V @ @k
gk = Zyoqo= Lt =" gt B g _t =0
i T VIV Tax!  27@x  @x  «@x

{ See Sectiol1l.8 Thek " model
| Modelledk equation

@k @k @

@k @
@t-l_vj@—?(zztsijsij-"@—?( @—?( +0g —

@x

{ See Sectioril.5 The" equation
| " equation

C =P +D +G

Use the same source terms a& iequation and add turbulent time-scale
"=k to get the right dimensions:

P’ L+ G = E(O']_Pk Co" + O'3Gk)
I The nal form modelled' equation

@' @

" ; @ @
ot vj@—?(: E(o-lP" Co" + C3GK) + +

@x . @x
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{ See Sectiori1.7.3 Dissipation term};

| The dissipation ternt}; , in the?‘\/j0 equation (eql1.1J), is mod-
eled as follows:

Small-scale turbulence is isotropic

Ve = @ = @
1.vi = vy =v3.

2. All shear stresses are z@ro

S
i = 3 (K.3)

{ See Sectior1.7.4 Slow pressure-strain term
| The pressure-strain term is the last unknown term that neée t

modelled in the/iT\/j0 equation, Eql1.11 We start with the slow pressure-
strain term

Vg V](-)
X2 .
X1
@9=@x< Oandp’> 0so thatpog—g <0
@> 0; @_g/ >0
@x Q@x
If this happens then -
VvE > V& VE > V2
@ 5 @ 5 @ = 1 5., %
po@—f;// E Vie Vg + Vie V?c’2 = f Vie é Vg + Vg
35 1 5. 5. = 3
R R A B S
@ ©of " 2
i1 PP @—;("‘ @Jx = GV P 3 ij K (K.4)

see Eql1.57
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{ See Egqll.2at p.140
| Decaying grid turbulence

O
O
Vi
—_—— O —
X2 O X2
O B B ] ]
a) X1 b) X3

| v&° equation

dvyy _ pP @iQ/_'_ Qy

== =L+ =1 K.5
Ydx, @x @x (K-5)
stress tensor which is de ned as
vvo 2
aj = —ij 3 (K.6)

When isotropica; = 0. We introduces; (Eq.K.6), .1 (Eq.K.4) and
“i =(2=3) j (Eq.K.3) into Eq.K.5 so that

d(kall ) + . g% = C "a.. g LM
L Tdx "3adx, ~ 7" 3!
Usingvif< = " gives
da; " v i
o I AR R R R IO

daj =dx < 0 (the turbulence becomes isotropjc)c; > 1.
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K.3 Lecture 3

{ See Sectioi1.7.5 Rapid pressure-strain term
| Pressure strain: rapid part

X2, Y2

X1; Y1

1. Take the divergence of the incompressible Navier-Stekestion
@ @y

assuming constant viscosity (see Bf) i.e. — Vv, —
9 Y ) @x ' @x
) EquationA.

2. Take the divergence of the incompressible time-averagader-
Stokes equation assuming constant viscosity (seé.EQ.i.e. @ @

@x | @x

:::) EquationB.
Eq. A-Eq. B gives

1 @po _ @ @JQ/ @ 0 a0
~@ex- 2@_?(@( m vivy v (K.7)
rapid term slow term
@ _;
@x@x
| There exists an exact analytical solution given by Grearitila (de-
rived from Gauss divergence law)

Z
() = 1 f (y)dy.dy.dys
4 v iy xj

wheredy,dy,dy; = dV = dy3. The integral is carried out for all points,
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y, involumeV.

2
Z
_ @i(y) @Xy)
. P gaune

0= 4%y ey
rapg term (K8)

SR Y

" @yay MO V) .g T

slow term

I Now make two assumptions in El.8:

i) the turbulence is homogeneous which means that the lastite
square brackets is zero.

i) the variation of @; =@ in space is small becaug®;=@x varies
much more slowhy@{y)=@y

Assumption) ) lastterm in the integral in E4.1.68is zero, i.e.
@ _
@y@y
Assumptioni) ) mean velocity gradient moved outside the integral.
| multiply Eq.K.8 with @¥F@x+ @¥=@xand average:
\ M X
}po(x) @k , @Ux)
@x @x

Z
_Gx) 17 @i, Ofx) @%y) dy?
@x 2 y @ @x @yj x

i (K.9)
Z
i @Ux) @jQ'(X) @ 0 0 Lg
T, ex T ex avey" YY)y
Ajj
Short form of EqK.9:
o @ @F @
il @—?<+@JX = ij+Mijk‘@—l;(: ip1t 2

First term=slow term, j;. ; (see Eql11.57,

second term=rapid term,. , (index2 denotes the rapid part).
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2
2= C Pj 3 i =h IP model

See Eq11.90Q
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{ See Sectiori1.7.6 Wall model of the pressure-strain term
| Wall models of pressure-strain:
= et o2t Gt ow
( )

"5 . k
221w = 201WEv§2f; f =min 55 (X Xi;w)j";l:o

ij

Njw

Tracelesy w_
11;1w = 331w = Cw Engf

The wall model for the shear stress is set as

120w = Eclw EV?ng

The general form reads:

n - . 3—
— 0 0 0,,0
ij; 1w — ClWE Ver?q Nicw Nm;w ij EVkVi(hk;W nj;W EVij Ni:w Niw f

The analogous wall model for the rapid part reads

ij; 2w = Cw km;2nk;wnm;w ij é ki;2nk;wnj;w é kj;2ni;w r]k;w f
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{ See Sectioi1.9 The modeled/’ equation with IP model

| We can nally formulate thenodelledv\? equation (with IP model),
the Reynolds Stress Model (RSM)

Y0
%+ (unsteady term)
Y0
Vi % Kj = (convection)
5@ 50 @i :
vivi—L  v&0=_ (production
i k@% j k@% (p )
G Vo g ik  (slowpart)
c Pj %UP" (rapid part; IP model)
+ Ciw E [vgv%nknm i gmnknj
ankni If  (wall; slow part)
+Cow [ km;2NkNm i > ik: 2Nk N;
g ik: 2Nk Jf - (wall; rapid part; 1P model))
VY
(viscous di usion)
@z%g
+@_@i _‘@@7‘?{: (turbulent di usion)
k

g VYO g VO (buoyancy production)

i (dissipation)

Wi N
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{ See Sectior11.1Q Algebraic Reynolds Stress Model (ASM)
I The Algebraic Reynoldstsess Mbdel (ASM) is a simpli ed Reynolds
Stress Model (RSM)

RSM :Cij Dj =Py + i
k ":Ck Dk=pPk
Assumption in ASM:

vy
C'J DIJ = L Ck Dk
k
va/0
) I:)ij + ij ij = % Pk
This gives
00 = 2 k(l c) Pj % i Pk + i aw T 2w
Vi P 0 "
i gl c,+ Pk=" 1

{ See Sectiori1.13 Boundary layer ow

I We will now look at the source terms in the modeltéTijO equa-
tion (Eqg.11.10), for a special ow, namely the boundary layer ow.
We havev, ' 0; @,=@x @.=@x The production term reads

(Eq.11.39
@ @
pP. = (\,0 J ovo
! “@x T*@x
In this special case we get:
@
Ppp= 2vQvi——
H 2 @x
5@
Pz Vo
P22 =0
" 2 _
221—01k §k v >0
1 2—— @
22,2 = 02§P11 = G5 Vsz@— >0

"12 = 0: No sink term inv&v§ eq? Answer: the pressure strain terms
1212 @and 12, act as sink terms.
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{ See Sectioi2.], Stable and unstable strati cation
| Assume there is a non-constant temperature eld and thahahe-
ral convection is important (no forced convection). We hthen two
different ow conditions, stable or unstable conditions.

We start with stable strati cation for whic@=@x > 0.

2> 0 Pl 2

2< o \_J
I

el 0 @@x> 0
U @=@x< 0
F X3
1< o0 LW 1
12 0 N
Gy= g VW° g WO ) vPeq: Gg=2g V§°

which is the source termin thg eg (Egq.11.10) due to buoyancy. Now

we need/§ © Its main source term reads (see Ef}.22

5@ @5 - @
P2 = Vgx “axT “as

So
P; <0) V%<0
) Gaz< O
which dampens2 (but notv®; v&) as it should.
I k " model. The buoyancy term reads (HG.3
5 ot @
G=0:5G; = ¢ W% o= —on
Forg = (0;0; g)itreadsG* = g v§ °which gives, using EqlL1.35
@
@x

HenceG* < 0which dampenk (i.e. v&; vE; vZ).

Gk =
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K.4 Lecture 4

{ See Sectiori2.2 Curvature effects

| Streamline curvature affects the turbulence. Let's lookraexample
where the streamlines are aligned with thaxis. We assume inviscid
ow (viscosity equal to zero) and express the Navier-Stakgsin polar
coordinates:

W _n. VvV o@p
V; eq. with =0 . @r—O

@v=@r >0. Hence(v ), > (V ),, which from EqK.10gives(@ p=@y >
(@p=@y

(K.10)

I Now we will nd out how well the effect of streamline curvatiis
modelled by RSM (and ASM). We choose a boundary layer ow in
which the ow departs from the wall (see gure below).

]

N @ i
V@' 52 vy streamline

L x -

——

For this ow, the production terms read (boxed terms appeaahse
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the boundary layer departs from the wall)
RSM;v& eqg: Py = ZW@—;

RSM; vV eqg: P =

RSM;v® eq: Py = Zm@—;
(

@. Q@-

+

@x @x

@ @
@>s>0’@>1>0

W@ increase$Ps,j (recall thav® — v2
Q@x
)i VVSj increases

) V& andv2 increase

427

(K.11a)

(K.11b)

(K.11c)

(K.11d)

)] P1o) iIncreases even more (a positive feedback loop)
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{ See Sectior2.3 Stagnation ow

| Stagnation 2D ow

X1

X2

The ow pattern for stagnation ow.

@ 5@ @
RSM=ASM :05(P;; + P»») = V@ ve =
e T “@x” ©x
@ > @ °
k ":Pk=2 — o+ ==
' @x @x

@

(V&

1

428

For RSM/ASM,vZ v nearly cancels whereas for " they don't

since the sum of squared velocity gradients is used.
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{ See Sectioni 3, Realizability

| Realizability
v@ Oforalli
m H - . - .
———  1no summation oveirandj; i 6 j
vi@vj(2
v @ _ 2
vE= 2k 2=—=-k 2:s
! 3 t@x 3 to11

S1; largest in the principal coordinate directions. Hences led the
eigenvalues o§;;

jsi 5 ]=0
which gives in 2D
S11 S12
S21 S22
The resulting equation characteristic equation is

=0

2 IfD +|22D=0

1~ = Sj =0 continuity equation

1
120 = S(Sisy  sjsg) = de(Cy) = sjs;=2
o (20 =2 - SiSj
1;2 2 2
S 2 2 Si Sij 1= k k 2 w2
=Tk 2 1= 2k 2, 2L — = 3
173 t17 3 2 ) o 3 1 3 sisj
In 3D 1=2
ZSij Sij -

j «l= 3
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{ See Sectiori4, Non-linear Eddy-viscosity Models

I Non-linear eddy-viscosity models

It is non-linear in velocity gradients. The advantage igdyatormal
stresses and a certain ability to handle streamline cueatu

The anisotropy tensoris de ned as2=3 a; 2, anda; =0 for
isotropic turbulence)

vivp 2
¥k 3!
1
+¢ 2 Sik Sk éS‘kS‘k i *tGC 2 ikSkji  Sik ki
2 1 3
+t G kodkom ok ki + G 7 SkSk i Sk Skj
3 2
*+ G i mSmj TS m mj :_,) mn n Sm j
+ Cs S S Sj + G Pk Sij
=1 @ g
' 2 @x @x
where = k="or1=(c!).
_ 2
e 2 082 2 @
3 12 @x
2 05 2
V&= "k -k ?2 @
3 12 @x
— 2 016 ?
v@="k ——k? @
3 12 @x
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K.5 Lecture 5

{ See Sectiold5, The V2F Model

| The V2F Model o

Four equations are solvek, " (or! ), v& andf . The variablef is
related to the pressure-strain term in t§eequation. The strength of
this model is that it is better in modeling damping of the tuelmce near
walls.

Thevg equation reads

" i
@ve aow? _ @ @F L omerms o
= =2 gy
@x ~ @x @x ' T Vax _Z@ZE;@% 2
_ _ ! _# _ _
Qvivy + @y . @ (+ 67 t 2 "ot V.oV
@x @x @x @x k K

fk

An equation is formulated fdr (where ,, is taken as the Rotta & IP
model, see Eq4.1.57and11.90

29 2 1 o2 KoLK
@  k T k 3° "
!
@f 2 1 V¥ 2
= | == —_ £ —
Far from wall@3 Osothat f ! ” T % 3 . Inserted
in to the@ eg. above gives
_ _ ! _#

@x @x @x Vax © 2 2

The@ eg. Is retrieved. Hence theeq. has a proper behavior far from
walls.
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—L=0.04,S=1
---L=0.1,S=1

X2

Solution of the equatioh?@f=@% f + S =0 for differentL andS

| V2F model. Wall boundary conditions
Near the wall, the® equation reads (see Etf.9

@ o
0= @7, 4 V.
@% k
Assumef ' constand” ' constasx, ) OLinear ODF
— B X3
@ — A 2+ = f 2
Vo= Aem o To02

Sincev@ = O(x4) asx,! 0,A = B =0, sowe get

(o 20 2V
" X42].

In 3D, the V2F model reads (see Ei.9
2 2
@vvi_ @  , yO¥ o V

@x @ @x k
e 2 1 V22
Q@x@x k T k 3
22 _ Cl 2 V2 Pk
® T 3 k %%

P¥ in the expression of ,, explains whyv? is equal tovZ, v& or v
depending on orientation of the nearest wall, see text b&lgvi5.9
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{ See Sectioli6, The SST Model
| The SST (Bear $ress Tansport) model

1. Combination of & ! model (in the inner boundary layer) and
k " model (in the outer region of the boundary layer as well as
outside of it);

2. Alimitation of the shear stress in adverse pressure gnadegions.
I'I ="=(C k)= "=(c k). Use this to obtain an eq. for

do_d " _ 14d" " dk_ 1.d" !dk

dt ~ dt kK ~  kdt k2dt = kdt kdt

| Production term
1

| | |
= —P. I pk=C. k _pk= " _pk
P, kP kP C k2P kP (Cy 1)k
| Destruction term
1 ! 1 "2
= —— + — = —Cip— —"=(Cy 1) 1?2
K kK X KOk (G2 D)

| Viscous diffusion term

@ ! @ _ @k ! @k
k@ k @k k @k k @&
= _ _@ 'Qk+ k@ '_@

k @x @x @x k @&
_2 @@k, @ @

~ k @@ @x @
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The! eq. (whichreallyis afi eq. whenthé& " constants are used)

| | |
—@Vj!):—@ + t @+ '_Pk !2+E + t @k@
@x @x 1 @x k k ~ @X@x
=Cy; 1=044 =(C, 1) =0:0828
Inner region:kk ! coeff; outer regionk " coeff. Blending function
1=2
F.=tanh( %; [/ Lok
Xn IX

F1 = 1 in the near-wall region ané; = 0 in the outer region. The
-coef cient, for example, is computed as

sst=Fi ki +(1 Fq) k-

| SST model. Limitation of shear stress.
Thek ! gives too high shear stress. The JK model based on
vOV0 = ak (a; = ¢) gives good results.

| Two formulas for ;. = @=@x Formulate JK model with
Boussinesq.

JK Model: = VDG _ ik

_ a]_k
.=
k | model: (= K= 2 max(a;!; F »)

F, (see Eq16.18 is one near walls and zero elsewhere
| The idea is that

the second pargyk= (which mimics the Johnson-King model),
should be used in APG ow (wheré* > "

the rstpart,k=! (which corresponds to the usual Boussinesq model),
should be in the remaining of the ow
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K.6 Lecture 6

{ See Sectioh, Turbulence
| Turbulence
| v = v; + V2 isirregular and consists of eddies of different size
| increases diffusivity

X5 turbulent

laminar -
X1

— -
R
—— -
- -
—— -
- -

. VD
| occurs at large Reynolds numbers. PipBgp, = — * 230Q

VL
boundary layersRe, = — ' 500000

| is three-dimensional
| is dissipative. Kinetic energyd=2, in the small (dissipative) ed-

@
@x

@y
@Xx
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dies are transformed into thermal energy (increases tatpe).

ow of kinetic energy

l dissipative scales

intermediate scales

Y

large scales

avey

@x@x
All kinetic energy (say 90%) is nally dissipated at the siheat (dis-
sipative) scales.

| Dissipation” =

I Kinetic energy dissipative at small scales determineti,by

a nh

[m?=g] [m?=s’]

v
[m=s]

1=2a+2b; [m]
1= a 3b; [9

| This gives the Kolmogorov scales (see Edp)

3 14
—_ n l=4.‘ —_ . —_
V(T = o -

1=2

I Any periodic functionf , can be expressed as a Fourier series

1 R
f(X)=§ao+ (ancos(nX) + bysin( nx)); f=v; =

n=1

n
L
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f (x) cos( ,x)dx

by = f (x)sin( x)dx

L
Parseval's formula states that (average over all eddies)

yan L ¥
VE)dx = aft L (@ + )

L n=1

Time-averaging (average of over time instants):

Z
_ 17
2= — %t
L S
| Spectrum for turbulent kinetic enerdy,
Pk = Vic\/jo@
@x

E(C)

E(n)/ af+ 1
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Z, )4
k= E()d = E(n) n

The turbulence spectrum is divided into three regions:

|. Large eddies carry most of the turbulent kinetic energy. yTére
tract energy from the mean ow.

II. Inertial subrange. Independent of both large eddies (mear)
and viscosity.

lll. Dissipation range. Isotropic eddieg\(’ = ¢, ;) described by the
Kolmogorov scales.

| Turb. kinetic energy in Region Il depend brand eddy sizd= .

a nh

[1=m] [m?=s’]

E
[m®=¢7]

3= a+2b; [m]
2= 3b; [9]
b=2=3;a= 5=3sothat

E( ) = const. "§3
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| This is calledvon Karman spectrurar 5=3 law

Pk

E(C)

n V2 V3 V(3)

\ 0

| Relation between largest and smallest scdRes= vy o= )

Vo wy 1=4 3_~ 1=4 N 1=4 1=4
V——( ) Vo= Vg=o Vo=(Voo=) = Re
\0 3 1=4 3\0 1=4 3 1=4
== = 0= 3 0= 53 = Re™
Vo Vo o
N 1=2 3 1=2 ~ N 1=2
o _ 0 _ VW o_ Voo - Rel™
L= 2 0= — o 09 =
Vo 0 Vo

This explains why DNS (Direct Numerical Simulation) is too e
pensive at high Re numbers: a doubling of Re nunm)ber

sl b T e

x1 dir X2 dir x3 dir time

times increase in computational effort

| Why dissipation only at small scales?

Let's show that' = @)/@ gets larger the smaller the scales.
@x@x

The velocity gradient for an eddy can be estimated as (se®. Eq.
Qv v, e

@x
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Energy spectrum gives
E()/ k=/v=/ 5 ) v 23

We get
@v / 2=3 172 / =3, 23

@x

Hence" gets larger the smaller the scales.
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K.7 Lecture 7
{ See Sectioi8, Large Eddy Simulations

| LES
in RANS:
14T
. . _ ; o} —
h|—f T(t)dt, = hi+ % hi=0
in LES:
1 Z x+0:5 X o
(xt)= — (:t)d; = + % "0
X 0:5 x
@, _ 1@ @v; @i. _. .
@ & o oer ex 0T W
| Filter and derivative (see E48.4)
__ Z Z
@x V y @x @x V v @x
— Z
@_ @ 1 . @ :
@x @XVVpdV +0 ( x) @X+O(X)
| Non-linear term (see E(4.8.5
@I j @ .
Oy = @ T+ O (7
Left side: @—C?((W)l AR W= g )
Rightside:l @—?((W)+ @—@?((vivj)l: %
1@, By 12, O G
@t @x @x @x@x @x

i = ViVi Wy

| Filtering twice (used for turbulence modeling), see E8.6
!

1 Z x=2 l Z() Z x=2
Vi = — v()d = — v()d + v()d =
X X=2 X x=2 0
1 Xvo + Xy 1 1V +3\/ N v+1v
- X 2 A 2 B - 2 4| 1 4| 4| 4 | +1
1
= —(V| 1+6V| +V|+1)6 V|
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{ See Sectioni8.3 Resolved & SGS scales
| Resolved & SGS scales (GS & SGS)

i [
E

resolved cut-off SGS
scales

C

I=large scales; lI= 5=3 range; IlI= dissipation range; <= Grid Scales; > .= Sub-Grid
Scales

{ See Sectiori 8.5 Highest resolved wavenumbers
I Physical and wavenumber space.
A Fourier series (see Append)

O(y) = X
vi(X) Ch €Xp{{ nX1))

U 0.2 0.4 0.6 0.8 1

Xo=L
VIvs. xo=L, =——:termln=1);==:term2m =2);=-=:term 3 m = 3); :term4

(M = 4); wmm: yd=term1+term2+term3+term4. Matlab code is given in Sedtdh
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We construct/d as a sum of four Fourier components

2 2 2
0 = S + S + -
V5(X2) = by cos X, +bpcos L=2X2 b cos L=3X2

443

2
+hycos —X»

L=1 =4
One period=two cells One period=four cells
04 [ ‘ ‘ ] 04 [ ‘ ‘ ‘
o | /\/\ | /\/\
or 1 o
02 | hodel 2 3 7 02 | 1 2 3 4 5
0 0.5 1 15 0 05 1 15
X1=L X1=L
v =0:25[1 + 0:8sin( 1X1)]
twocells: 2 x;=2 ) (=2=(2 X9)= = Xg
fourcells: (4 x1=2 ) =2=4 X1)= =(2 Xq)
{ See Sectioni8.6 Subgrid model
I Smagorinsky Subgrid model
1 @ @
i gk = sgs @—;(‘* @Jx = 2 gsSj
P —— .
ss=(Cs) 2 25587 (Cs) ?jsi
=( VM )1=3
jsi stems from the production term in tkeeq.,js?j = 25s;; Sj
{ See Sectiori8.2], One-equatiotksys model
| One-equation model
@s @ @ @lys
+ —(ViKsgs) = — + + P
@t @?(( J Sgs) @?( ( sgs) @?( Ksgs
ksgs

— 1=2. — . [T —
sos = Gk Ksgs:  Pres =2 sgsSij Sij ; = C.
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{ See Sectioi8.8 Energy path
| Energy path

@i
h v/i @x

{ See Sectionl8.9 SGS kinetic energy
I SGS kinetic energy

vi = hvi + v _vi = v+ V%= hi + v+ v

1 L 1 Z 1
k éh/iC\/Pi = E()d; Kesgs éh/PQ/P?: E( )d
Z° c
k %m{\/ﬁ = i E()d; K %h/iihvii
K = 1-h‘\/||hV||

2
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K.8 Lecture 8
{ See Sectioi8.11, The dynamic model .
I The dynamic modelC is computedTest Iter, =2

& . @A _ 1ds. @ ey

— V;Vj K.12
@t @x ’ @x @x@x @x (K12
z{ z{z
Tj = ﬁ V{ V{J
z{ z{ z{
@/I _@ ZV{ZV{ - 1@p @Vl é{ij
ot @x ' @x @x@x @
@ z—{ z{Z (K.13)
@ . 1Y) Y
K -
Identi cation of Eqs.K.12 andK.13 gives
z{ z{z =z z 1 1 1 z
Ty =vivj Vvivj+ {ij =L+ {ij; 3 i T = 3 i Lt 5 3 {kk
(K.14)
Smag.model for both grid and test level SGS stresses:
1 -
i3 kk = 2C 2JSJSij (K.15)
1 2{2 z{ 7{
Tij é i Tkk = 2C J S J SIJ (K16)
where
A1 & &, g
Sij = 5 @—}l+6;< L 1si= 2sj sj
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{ See Sectior18.12 The test lIter

S
w PK E
grid Iter
. X X
z{ Z
vV iscomputedas (x =2 Xx)
2 1 “E 1 4w Ze
V= — vdx = —— vdx + vdx
X w 2 X P

W
1 VW+VP+VP+VE
2

1
= o7 (W X+ Ve %)= . .

2 X

= Z(VW +2Vp + Vg)

{ See Sectioni8.13 Stresses on grid, test and intermediate level
| Stresses

EC)

test lter cut-off, grid Iter
N

SGS grid scales

SGS test lter scales

resolved on test lter

resolved on grid lter

i = Vij Vjy; stresseswith "<

z{ zZ{Z .
Tj = ViV, V;V; stresseswith "<
z{ Z{

Lij = Tj j Stresseswith <<
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Egs.K.15. K.16into Eqg.K.14 gives

1 2{2 2{ 2{ 25—

Ljj 30 L= 2C ] SSj ’jsisi
z— z_{

Here we made the assumpti6n ?jsjs; ' C ?jsjs;j. We get

1 z{2 z{ z{ z—{
Ljj 3 j Lk +2C ] S|Sj 2jsisi

v ' (K.17)

i L ki +2C|V|ij =0

1 2
Q= Lj 3ilut+2CM;

Find aQ which best satis es EqK.17 for all i; j

@
—Q:4|V|ij (Lij +2CMij):0; @Q:C@é
@C
L L Al
Note that§ i kaMij = §|—kkMii = 0 since s
contiuity. We get

8Mij Mij >0

s; = 0 thanks to

C= stability problems: needs smoothing
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{ See Sectiori8.2Q Numerical method
I Numerical dissipation

V|
—_—
| 1 | I +1
—@ @ @
\ Q =y, w + O( X)
@X exact X
@ 1, ., @v 3
= — o+ = — +0
Vi 1=V X @x 2( X) @x% ( x)
Insert this expression in the rst equation:
Q = VQ 1' XV@'FVO ( X)2
@X exact @X .—.2 @)9(
o( x)
- - @ @ n
di usionterm = @x (+ sgst ”“m)@x ; "sgstnum = 2( sgst num)Sij Sj



K.9. Lecture 9 449

K.9 Lecture 9

{ See Sectioi8.15 Scale-similarity Models
| Scale-similarity models

i = Vivp ViV, = (vi + Viog(Vj + Vj09 ViV

= \/: \/: - 1/00. /00 09,00
=WV Vi) + vVt vy .+.ViQIj.
Lj Cij Rij

Cj denotes scale-similatresses
— 0 1,00— tvi
Vi = Vi + v V= vV
| Scale-similarity model

Cig\/l = Cr(ViVj ViVj) (K.18)

TheCy = viv)% vjvandL; = vy Vvv; stresses are not Galilean
invariant (butC;; + Lj is). This is shown in an Appendix.

{ See Sectioi8.16 The Bardina Model
| The Bardina model
The Bardina model reads (sin(‘:e,?" was not suf ciently dissipative,
a Smagorinsky model has to be added)
Ci;-vl = Crw ViV, RIIJVI = 2C§ ZijSij

This is called anixed model

{ See Sectioni8.22 Smagorinsky model derived from tleys equation
I Smagorinsky model derived from the one-equation model

Small isotropic scales: production = dissipation
Peoe =2 5gs5i Sj = sgsiSI2 ="
Replace' by ¢4 and
sgs= "*(Cs) ?) a=1=3;b=4=3) 5s=(Cs) ="2) "= 3,
which gives

sgs = (Cs) s

{ See Sectiori8.26 Resolution requirements
I In LES we resolvdarge scales. Near the wall, the “large” scales
are not that larg¢ very expensive to resolve these “large” scales.

4=CS
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x; ' 100 X5mn, ' 1, x3 " 30 ) VERY expensive (see
Eq.18.67)
| Outer region of the boundary layer (i.e. the logarithmicelgythe
resolution can be expressed in boundary layer thickness,
= x;=10 20, = x3=20 40andx; < 1, see Eql18.68
There are many ways to estimate resolution (see Assignméead-
tion U.7):

1. Ratio between viscous and modelled turbulent viscosity fec-
ommended in127,128). This quantity does not say much about
how good the LES resolution is. It tells us how close the LE® is
a DNS.

2. Ratio between modeled and total shear stress (recomuohende
[127,128§).

3. Ratio between modeled and total turbulent kinetic enérggom-
mended in 203).

4. Integral lengthscale fro two-point correlations (theg explained
below). If the ratio is larger than, sa¥6, the resolution is suf -
cient. The integral lengthscale is computed from This i®nec
mended in 127,128,

5. Ratio of boundary-layer thicknessto x and z. Thisis a mea-
sure of the resolution in the log-law region.

{ See Sectiori0.1, Two-point correlations
B1a(x1;XT) = VR(xT)VE(xE)

Often, expressed as

B11(X7iR1) = VI(XP)V(XE + X1)

whereR; = x§  x/ is the separation distance between pdirgndC.

Bll

- A C -
_ _ X7 X7
Two-point correlation.
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X1, Sma”Lo

B ar’

X1, Largelg

The circles show different eddy sizes. The circle with akfiice shows the largest lengthscales,
Lo.

if we move pointA andC closer to each othe 1; increases; when
A:C, thenBll = V@(Xé),

WhenC moves further and further away from ) By, ! O
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The normalized two-point correlation reads

1
Virms (X2 )Virms (X1 + X1)

BIT™ (X1 %1) = VI(XPIVE(XT + %Xq)
| Integral length scale is then computed as
z 1

Line = BIY™ (%1)dR, (K.19)
0

{ See Sectiorl0.2 Auto-correlation
| Auto-correlation is a “two-point correlation in time” whiaeads (see
Eq.10.9

By (th; ) = v(tA)VY(tA + )

f=t¢ tA istime separation between tirleandC.
| In analogy toLi,: (Eg.K.19), theintegral time scalgT;, , is de ned
(see Eq10.1) Z .,

T = Bi™ (Ddf

0

| Integral timescale is used an Assignment (see Se&i@nfor nding
time samples that aiedependen(i.e. the time between the samples is
at least one integral timescale).
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{ See Sectioi8.20.1 RANS vs. LES
| Numerical method: RANS vs. LES

RANS

453

LES

Domain

Time domain

Space discretization
Time discretization
Turbulence model

2D or 3D

steady or unsteady

2nd order upwind

1st order
two-equations

always 3D
always unsteady
central differencing
2nd order (e.g. C-N)
zero- or one-equation

| Start andendtime averagingteng tstart = 10CH=NVi cenger

Vi

W\/\/\/\/

start end
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{ See Sectiol9, URANS: Unsteady RANS
I URANS. The usual Reynolds decomposition is employed
Z et

vty = o - v(t)dt; v = v+ v®

URANS egqns=RANS, but with the unsteady term retained

v, V; hvi
\

t

Decomposition of velocitiess = v + v%°= hvi + V04 vO0 —: v;
-V ==hvi.

In theory, T should be resolved time scale. This is calledale
separation In practice, it is seldom satis ed.

RANS turbulence models are used: one should choose a model

with small dissipation (i.e. small;) in order to not kill/dampen
resolved turbulence. Reynolds-stress turbulence modasis(but

very expensive), see E§)1.101 The EARSM (Sectioril.1]) and

non-linear eddy-viscosity models (Secti@d) also seem to give
less dissipation. Probably because the weaker connectiwrebn

sj andv? which reducedP.

Modelled dissipation (turbulence model) and numericadigistion
(discretization scheme) may be of equal importance

{ See Sectio20, DES: Detached-Eddy-Simulations

| DES=Detached Hdy Smulations: Use RANS near walls and LES
away from walls

The S-A one-equation model (RANS) reads

d~_ @ + (@& ’

—t= = =1 tcrtermtP Cuufyw — ; d=
I @x —@x cr. ter wifw o Xn
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| Replacead with d:
R
d a
where
d=minfCpgs ;dg; =max f Xi; Xz, Xs0 (K.20)
| This is the S-A DES one-equation model
{ See Sectio0.1, DES based on two-equation models
| Two-equation DES models
k " RANS
Ck=DK+Pk " C'=D"+P
k " DES (modify"t)
k3:2
ck=DK+P“ ") C*¥=D*+P* "y; "r=max " C.—
k "DES (modlfy T and"T)
Ck=DK+Pk "y, C'=D"+P ", | =k¥H

1."r=max ";C-KZ ") . k#inLES region

2.t=min C ﬁ Ck ) t decreases in LES region
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K.10 Lecture 10

{ See Sectio20.2 DES basedonthe ! SST model
k | SST DES (modify k!)

L k1:2
CY = D¥+P* Fpgs k!; F pgs = max L 1 =max
Cbes IC pes
k3:2
Dissip. term k! = L—) the k | SST-DES model gives
k3=2 !
Foes k! = in the LES region
DES

{ See Sectio20.3 DDES

| It may occur that theFpes term (see above) od (see EQ.K.20)
switches to LES in the boundary layer because is too small ( X3 is
usually smaller than x)

Hence boundary layer is treated in LES mode with too a coaeshjm
poorly resolved LES inaccurate predictions.

| The solution iIDDES (Delayed DES)

CDES CDES
X2 i X2 |
! / L x i
/ /
7 I/
(%) /I (%9} 7
w w
Q / I Q /
©)] / @] VA

Grid (in blue) and a velocity pro le (in red). RANS-LES infece is shown by the dashed-green
line. Cpes =0:67

Consider S-A DES. The left grid above is a good DES mesh be-
cause in the boundary layer (see ERO0)

d=min(d;Cpes ) = Cpes = Cpgs X1' (see dashed
line)! the entire boundary layer is modeled by RANS.

The grid on the right is a poor DES grid becaude =
Min(d;Cpes ) = Cpes = Cpes X1 (see dashed line)

I the outer part of the boundary layer is in LES mode (and the
LES resolution requirements; x; > 10, is not satis ed)

| In DDES,d’is replaced by (see EG0.9
dDDES =d fd maX(O,d CDES ) .

f4 = 1 in the boundary layer.

01
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I Ink ! SST DES modelrpes is replaced by (see EGO.1])

L
Fobes = max (1 Fs);1
Cbes
whereFs (Fs = 1 in the boundary layer) is taken &5 or F, (see
Egs.16.12and16.18 of the SST model.
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{ See Sectio1, Hybrid LES-RANS

DES: The entire boundary layer is modelled with URANS

Hybrid LES-RANS: Only the inner part (RANS-LES interface at the
inner part of the log region) is modelled with URANS. This isa
calledWM-LES (WM=Wall-modelled)

| Hybrid LES-RANS wall

URANS region

LES region

URANS region

e

X1 . : :
One-equation model in both URANS and LES region

X2 XZ;ml

@k @ @ @k k32
@+ @—?((Vj kr) = @x (+ T)@—?( + P, C——
P = §Si; 4= 27sj; 1/ k%

InnerregionX, Xam): [/ X ; outer region: =
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{ See Sectio22, The SAS model

| The SAS model: This is a method to improve URANS. If the oveBi
to go unsteady in URANS K increases so that increases and the ow
goes back to steady state. The objective of SAS is to reduegen
the equations want to go into unsteady, resolving turb@enocde (LES
mode).

1

0.8

0.6

X2 L . ka;inst Lo — J@l:@y
oal vk;steady vKiinst j@vlz@%
0.2 L vk;steady = 4j@vli ~Cy
TEEY T jemi-0
5 10 vy 15 20

Solid line: Lyk;steady ; dashed lineL yx;inst
| An additional source termPsas, is introduced in thd equation.

Lt
PSAS / LvK;inst

k1=2
L/ |—; Lukinst =

ﬂ U00= @Vi @Vi 05
juoy’ @x@x @x@x%

| The von Karman length scale is used to detect unsteadindsEs it
happens:

thePsas term increases

I I increases

I andk decrease

I mom.eqgns go into (or stay in) unsteady mode

| In URANS, resolved uctuations may be damped.
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K.11 Lecture 11

{ See Sectio23, The PANS Model
| PANS: Partial-Averaging Navier-Stokes. It is a hybrid LR3NS
model and it is based on thke " model.

fx = k=kot andf. = "=" denote the ratio of modelled to total
kot = K+ Kres @and" o, respectively.

f. < 1 means that part of the dissipation is resolved. This occurs
only for DNS-like resolution. Hence, in practite = 1

For DNS,f ! O; for RANS,f, =1 and for LES it is in-between

| Derivation ofk equation

Multiply the RANS kit = Krans) equation Kt = K + Kees),
EqQ.11.97 by fy

Left side

@k, @ _ @k @k @k @K

@t @x @t @x @t "“@x

whereV, is the RANS velocity and, assumed constant (non-constant

f« is accounted for in Sectio®3.1.)).
Right side, diffusion term

fi

@ 4ttt @k _ @ 4ttt @k _ @
@x Kk @x @x Kk @K @x
where , = f2=f. and ; = ¢ k?="because it = € k&, =" and
t=2C k2:".

Right side, production and dissipation term

Pkt and" are replaced b, and", i.e.

fi

. . 1 !
f, Pkt o« = pk oy pkiot - H(Pk ")+ - (K.21)

Thek egn can now be written (see E23.9

@k+ @kyv;) _ @ Lt @k £ pk
@t @x @x o @K
| Derivation of" equation

Left side

@y, @u _@, 6 @. @, @

f. A =
@t ' @x @t

ku

@k
@x
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f+. assumed constant
Right side, diffusion term

t;tot @ " _@ + t @ "

"
@ t;tot tot
+ _

@ @ |
@x - @x @x - @K @x W @K

production and destruction ternfsse Eq. K.21, kit = k=fy, "ot =
ll=f ")

f. C. pk:tot"t_Ot C--zi = C,,luf_" i(pk ") + - an--zj
! Kiot Kiot k  fy fu f.k
" n2 nof n2f, " n2
= Cy— 1— + Co : = Cy—PX C.,—
CapP? Cape+ G Coagrp Yk 2

where
f
Co=C+ ;—k(c"z Ciq)=15+ f—k(lig 1:5)

The" eqn can now be written (see EzB.9

@, .@w_ 8 . @ o "

@t @x @ w @ K
Whenf, =1, the PANS eqns are in RANS mode

Whenfy < 1 (say,fx = 0:4) then:

n2
- C"zf is reduced

—) "isincreased
—) kand ; are decreased
—) the momentum egns go into LES mode.
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K.12 Lecture 12

{ See Sectio7.1, Synthesized turbulence

| In LES and DES the large-scale turbulence is resolved: headau-
lent uctuations should be provided as inlet boundary ctinds

| Synthetic uctuations is one method. The inlet velocity ¢cenwritten
as a Fourier series

vix)=2 0"cos(" x+ ") "
n=1

{ See Sectio27.2 Random angles

p(M=1=2) [0 "™ 2
p(M=1=2) [0 " 2
p( y=1=2sin() |0 "

p(M=1=2) [0 " 2

n

Probability distributions of the random variables. is the angle for

X3

X1
The probability of a randomly selected direction of a wavevave-space is the same for d;
on the shell of a sphere.

Compute the wavenumber vectof,, using the angles above (see Sec-
tion N).

=sin( ")cos( ")

=sin( ")sin(" ")

=cos( ")

W3S N3 —»3>S

| Amplitude 0" related to energy spectrun” = (E( ) )¥?, see
below.
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cut-off SGS

resolved

scales

n

Spectrum of velocity uctuations.

Usually we generate energy spectra from turbulent uctusi

Here we do the opposite: we prescribe a spectrum and generate
turbulent uctuations. A 5=3 spectrum is assumed (see Sec-
tion 27.6): this gives the amplitudé&" for wavenumber |

Highest wave number (see Sect@®n3: n.x =2 =2 fromthe
cell size, =min( xy)

Most energetic wave number (see Secttdd): ./ 1=L; from
the integral turbulent length scale, = =pwherep=5

Smallest wave number (see Sectdn4: nmin = 1 = =2
= ( max mn)=N) 1= mn, 2= 1+ il N =

max

Number of wave number$

Now the uctuations are computed (see Sectidh?)
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vVW=2 0"cos(") ;

vi=2 0" cos( "
2 (") 2 (K.22)

vi=2 0"cos(") 3
n=1

"= kixy+ kIxp, + kixz+ "
whered" = (E( ) )¥?, seeEq27.4

With this method synthetic turbulent uctuations are gexted at
the inlet plane foM time steps.

{ See Sectio27.8 Introducing time correlation
| However, the synthetic uctuations are not correlated mei An
asymmetric time lter is use@v)™ = a(V)™ 1+ pv)m

The coef cientais related to the turbulent integral timescale,as
a=exp( t=T)

The coef cientbis computed ab= (1  a?)'*? which ensures that
V:(L);rms = V:(L);rms

Finally, the turbulent synthetic uctuations are superspd to the
inlet mean velocity.
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{ See Sectio23.2.], The Interface Condition
| Embedded LES and inlet b.c. ferand” using PANS

embedded LES: an LES region (e.g. the side mirror, see gure
below) is embedded in a steady RANS simulation.

LES is used around the mirror in order to compute aeroaausti
sources (wind noise)

Additional boundary conditions are needed at the inletaegf
LES, both synthetic uctuations and LES valueskodnd"

Windscreen

Beltline o
Side window
Side mirror

Vehicle geometry (from115). Red region shows embedded LES region
I In the PANS model we assumed tigtis constant, see EG3.22
dktot - d(fkktot) - ﬂ(
dt dt dt
wheref, = k=kit, Kiot = Kres + K (recall thatk = Kyoger)

fi

(K.23)

PANS is used as a hybrid RANS-LES modig| € 1 inthe RANS
region, and  is smaller in the LES region)

A gradient off , appears at the RANS-LES interface sifigevaries

in space; EgK.23is replaced by

dktot - d(fkktot) k ﬂ - % %
dt dt “dt T odt Tt

fi (K.24)
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Hence, an extra term, ki f c(=dt (see Eq23.25, appears on the
left side (opposite sign on right side) of theeq,

Sinced =dt < 0, this is a sink termt  reduction ofk

Since we add a sink term to tlkeeq., we must add a source term
to the resolvedk eq, i.e. to thek,es €Q.

This is done by adding a term to the mom. eq.

(0:5 + hki=hv2 v0 i )V =dt
see Eqs23.27 23.29! h k + 0:5vQ3)df (=dt (see Eq.23.28
23.30 in thek,es €q.

LES,fy =04
y URANS,fk =1 Yint
wall
X
The URANS and the LES regions near a wall (horizontal intesfa
X Xir Xir
4+——>
! — —
NS Nx
vevewor Y Y
1 G— /\ Y—
RANS N LES Ty LES
1 o P
k=1 xS f,=0:4| " © fi, =0:4
Embedded LES. RANS-LES interfacexat. RANS-LES interface at inlet.
fi varies linearly in the gray area (wid#y ) from 1 to 0:4.
| Summary

Add synthetic uct. at inlet and embedded surfaces
Use RANS values ok and”

The source terms in thie (and in the momentum) equations will
quickly reducek from RANS values to LES values

No source terms are needed fopecause it is the same for RANS
and LES
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L MTF271: Some properties of the pressure-strain term

N this Appendix we will investigate some propertiessgf in Eq.11.77at p.144
Introduce the two-point correlation function

B (1) = VWOOV(x + 1)

De ne the pointx®= x + r so that

Bj (r) = vo(x® rvo(x9 = vO(xOvX(x® r)= By ( )

We get

@B () _ @B(n, @B ()_@B(n (L)
@r @r @k@r @k@r
Since EqL.1 in the de nition of ajc in EQ.11.77is integrated over® covering both
r and r (recall thatv® andvj0 are separated hn), ajc is symmetric with respect to
indexj and’, i.e.

dijk = (L.Z)
Green's third formula, see Eq\A.19 (it is derived from Gauss divergence law)
reads Z
0= - oy (L3)
4 viy Xj '

where the boundary integrals have been omitted. Settingv®? in Eq.L.3 gives

Z -
vO/0 3
Vi OV oy 1. (L.4)
4  @x@xjy xj 2

where the last equality is given by Equatibh.77
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M MTF271: Galilean invariance

B ELOW we repeat some of the details of the derivation give®6}.[Galilean invari-
ance means that the equations do not change if the coordigstiem is moving
with a constant speéed; . Let's denote the moving coordinate system by.e.
Xe = Xk + Wt t =1t v = v + W (M.1)
By differentiating a variable = (t ;x;) we get
exiy_@xe 0@ _ @
@x @x@x ©@xO@t @x
@xiy_@x@ @@ _, @ @
@t @t@x Otot @x Ot
From Eq.M.2 is it easy to show that the Navier-Stokes (both with and withtber)

is Galilean invariant90, 204. Transforming the material derivative from tifex;)-
coordinate system to the ; x; )-coordinate system gives

(M.2)

%t+Vk%=%+Vk%+(Vk Vk)%
_ @ @ .
= @+vk@,

It shows that the left hand side does not depend on whetherabedinate system
moves or not, i.e. it is Galilean invariant.

Now, let's look at the Leonard term and the cross term. Siheeltering operation
is Galilean invarianty0], we havev, = vy + Vi and consequently als® = v For

the Leonard and the cross term we get (note that Sihéeconstan¥;, = V, = V;)

Ly =vivp vivp = (Vi + V(v + V) (vi + Vi)(y; + V)

Vivj + V_|V] + W ViV ViVj ViVj
Vivi v + ViV v+ iy y)
Lj V]WO VIWO (M.3)

Cy = v v+ v v = (vi + VI)V* (v + Vj)vO=
vivo+ W@Vi + v v+ VO = Cj + W‘M + v
From Eq.M.3 we nd that the Leonard term and the cross term are differettie two

coordinate systems, and thus the terms are not GalilearniantaHowever, note that
the sumis, i.e.

Ly +C =Lj +GCj: (M.4)
The requirement for the Bardina model to be Galilean invdiigthat the constant
must be one¢, = 1 (see Eq18.47. This is shown by transforming both the exact
Cj (Eq.18.43 and the modelled oné:i}"' (i.e. Eq.18.46. The exact form ofCj
transforms as in EdV.3. The Bardina term transforms as

cijquwivj A7)
G (it Vi)V V) (it i)Y+ V)

(M.5)
G vivi vivi (Vi vi)Vi (Vi Vi)V

M ot VOIVER
Gy’ + o VOV + VOV,
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As is seenpij'\" 6 Ci'j\" , but here this does not matter, because provigled 1 the

modelled stresC) , transforms in the same way as the exact @je, Thus, as for the
exact stressC; (see EqM.4), we haveC;™ + L; = CM + L; . Note that in order
to make the Bardina model Galilean invariant the Leonarelsstnustbe computed

explicitly.
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N MTF271: Computation of wavenumber vector and

angles
FOR each moda, create random angles', " and " (see FigsN.1and27.1) and
random phase". The probability distributions are given in Tabi\el. They are

chosen so as to give a uniform distribution over a sphertoall of the direction of the
wavenumber vector, see Fiy.1.

N.1 The wavenumber vector, J”

X3

X1
Figure N.1: The probability of a randomly selected direction of a wavevewe-space is the
same for aldA; on the shell of a sphere.

Compute the wavenumber vectof}, using the angles in Sectidw according to
Fig.N.1, i.e.

! =sin( ")cos( ")
5 =sin( M)sin(" ") (N.1)
3= cos( ")

p(M=1=2) [0 ' 2

p( ")=1=2) o " 2

p( ")=1=2sin() |0 "

p( M) =1=2) o " 2

Table N.1: Probability distributions of the random variables.
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00|00 D | 0
(2;0;0) | (0;2;0) | 90
(0;3,0) | (0;0; 1) | ©
0;1;0) | ( 3;0,0) | 90
(0;0;1) | (0;1,0) | ©
0;0;1) | ( 1;0,0) | 90

Table N.2: Examples of value of !, {* and " from Egs.N.1andN.4.

N.2 Unitvector [

Continuity requires that the unit vector;, and ' are orthogonal. This can be seen
by taking the divergence of Eg7.3which gives

r v®=2 o"cos(" x+ ") " " (N.2)

non s (N.3)

I I
(superscripn denotes Fourier mode). Hence, " will lie in a plane normal to the
vector I, see Fig27.1 This gives

=cos(' ")cos( ")cos( ") sin(" ")sin( ")
sin(' ")cos( ")cos( ") +cos(' ")sin( ") (N.4)
sin( ")cos( ")

n
1
n
2
n
3

The direction of [ in this plane (the ! 2 plane) is randomly chosen through
", TableN.2 gives the direction of the two vectors in the case thats along one
coordinate direction and =0 and = 90°.
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O MTF271: 1D and 3D energy spectra

HE general two-point correlatioB;; of v? andvjO (see Eq10.2 can be expressed
by the energy spectrum tensor @sChapter 3] (see Ed@>.28a)
z +1
Bij (X1;X2;X3)) = i ( Yexp({ mR&m)d 1d 2d 3 (0.1)
1

wherem, and |, are the separation vector the two points and the wavenuneloésry
respectively. The complex Fourier transfoexp({ m®mn) is de ned in AppendixG
(see Eql8.1]). The two-point correlatiorBj; , and the energy spectrum tensoy;, ,
form a Fourier-transform pair (see E§.2&)

z +1

! Bij (R)exp( { mrm)dR1dR2dR3 (0.2)

i ()= W
The separation between the two points is described by a gletieee-dimensional
vector,®, . Both in experiments and in LES it is usually suf cient to @yuthe two-
point correlation and the energy spectra along a line. Hemee-dimensional energy
spectraE;j (), which are a function adcalarwavenumber, ( 1, 2 or 3), are often
used. They are formed by integrating over a wavenumber pthresnergy spectrum
for the wavenumber, for example, reads

1 z +1
Ej(1)= > j ()d2d 3 (0.3)
1
A factor of two is included becaude / =2 is used to de ne a energy spectrum

for the turbulent kinetic energy = vW%=2, see Eqs0.8and0.1Q Note that the
maximum magnitude of the wavenumber vector contributingitd 1) is very large
since it includes all  and 3,i.e. 1 < >, < 1 andl < 3 < 1. The
one-dimensional two-point correlatioB; (1), for example, and the one-dimensional
spectrumE; ( 1), form a Fourier-transform pair, i.e.
1 Z 1
Bij (R1) = > Eij ( )exp{ 1R1)d 1 (0.4)
1
2 z +1
Bi(1)= 5 Bij (R1)exp( { 1R1)dR, (©.5)
1

whereE; is twicethe Fourier transform dBj; because of the factor two in EQ.3.
The diagonal components of the two-point correlation temse real and symmetric
and hence the antisymmetric partedp( { 1R1) —i.e. the sinus part — is zero and
Egs.O.4andO.5are simpli ed as
1 Z +1 z 1
Bij (R1) = > Eij ( 1)cos( 1R1)d 1 = Eij ( 1)cos( 1R1)d 1
1 0
Bjj (R1)cos( 1R1)dR1 = — Bij (%1) cos( 1R1)dRy
0
(0.6)

£y ()=

fori = j. The Reynolds stress?, for example, is equal to the two-point correlation
tensorB j; with with zero separation distance. TV can be computed both from the
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three-dimensional spectrum (EQ.1) and one-dimensional spectrum (E}6)
Z .,
@: B11(x1;0;0) = 12( )d 1d od 3
z, ' (0.7)
vZ = B11(0) = . Eua( 1)d 1

Hence the turbulent kinetic enerdy= v&®=2, an be written as

1%+
k= > i()d1d od 3 (0.8)
141 12l 141
k= 2 . Ea( 1) 2+ 2, E2( 2) 2+ 2, Ess( 3)d 3 (0.9)

The integral in EgO.8 has no directional dependence: it results in a sckldnstead
of integrating oved ;d »d 3 we can integrate over a shell with radius ( ; ;)™
and letting the radius go from zero to in nity, i.e.

1Zl

k=
2 9

4 ? 5d (0.10)
where4 2 is the surface area of the shell. We now de ne an energy specE ( ) =
2 2 j sothat 7
k = E()d: (0.11)
0
The energy spectrui;; ( 1), forexample, corresponds to the square of the Fourier
coef cient of the velocity uctuation (see Parseval's fouta, Eq.G.4), i.e.

Eu( 1) =~V2( 1) (0.12)
Below the properties of the three energy spectra are surnethri

The three-dimensional spectrum tensog, ( ), is a tensor which is a function
of the wavenumber vector.

The one-dimensional spectrur; ( 1), is a tensor which is a function of a
scalar (one component of,).

The energy spectrunt ( ), is a scalar which is a function of the length of the
wavenumber vectoy, |

0.1 Energy spectra from two-point correlations

In connection to Eqg).4, O.5andO.6we stated that the one-dimensional energy spec-
tra and the two-point correlations form Fourier-transfqrairs. The proof is given in
this section. The energy spectrum is given by the squareedfdirier coef cients, see
Parseval's formula, EqG.4 Let 0 be the Fourier coef cient of the velocity uctua-
tion u®in thex direction which is periodic with periogL . Take the covariance of the



O.1. Energy spectra from two-point correlations 474

Fourier coef cientsp( 9 and( ) where and °denote two different wavenumbers
andx andx®denote two points separated in thelirections so that

: z L z L *
(Yo i = % } u(x)exp( {x )dx% } u(x%exp( { %9dx°®
* 1 z L z L *

= u)u(x%exp( {(x + %X%Ydxdx®
L L
(0.13)

whereh i denotes averaging over time; this equation correspondg.t® B except the
factor of two. Since we are performing a Fourier transform iwe must assume that
this direction is homogeneous, i.e. all averaged turb@enmntities are independent
of x and the two-point correlation is not dependenkdbr x% but only on the sepa-
ration distancex  x% see discussion in connection to Bf.60n p.125 Hence we
replacex’by x + x%so that

oz, 2z oo+
1 L L x
h( Ho( 9i = iz u)u(x + x9exp( {(x + x+ x%9)dx®® dx
L L x
1 Z L 1 Z L x ' *
= o0 LeXp( { + % ax . x|311(><0(36Xp( { %%9)dx® dx
(0.14)

The second integral (in parenthesis) is the Fourier trans{avhich corresponds to the
Fouriercoef cientin discrete space, see Eg.2&) of the two-point correlatioB 11,
ie. * 7 +

L

0 )0( i = B Cexp( {( + ) (0.15)

whereB1; denotes the Fourier transformBf; (cf. O.5) and since it does not depend
on the spatial coordinate it has been moved out of the inlte@nathermorelé\ll is real
and symmetric sinc81; is real and symmetric. The remaining integral in Eg15
includes trigonometric function with wavelengthsind ° They are orthogonal func-
tions, see Appendi®, and the integral of these functions is zero unless ° The
integral in Eq.0.15for = Cis evaluated as (see “length of of” in Appendix G,
Eq.G.13 and use 1 = cos(2 x=L ))

ZL
. . 2X
(1 )=j 1i®= cof == dx
L
Ax L (0.16)
= §+ 8—sm T L=L

In the same way, the “length of of” in Eq. G.16is alsoL. EquationO.15can now
be written

()0 )i = 5 (L + LB ()i = Bu)i (0.17)

Hence, it is seen that the Fourier transform of a two-pointedation (in this example
hB11(x1)i) indeed gives the corresponding one-dimensional energgtispn (in this
exampleEq1( 1) = HO( ))?i).
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P MTF271. Derivations of the IDD-PANS model

P.1 DES model

We formulate the diffusion term (see E2B.69 using the averaged modelled turbulent
kinetic energyky , and a perturbationk

@ C (kv + km)*> @kv + ku)
@x  « "M @x

Neglecting quadratic perturbation terms gives

DX + Dk:C_Q ﬁ@km)+2(kM)kM @K +ﬁ@|€q

Kk @x "m  @x "M @x "m @x

D+ Dk =

(P.1)

Next, we retain only rst-order perturbation terms

pk=C @ ks @kn) , 2kmku @k

k @x "m @k "M @
_C @ K @ku)@k , 2kuku @k

Kk @x "m @k @x " @x
We use Eg23.63for the rst term

bk - C @ K& ku @, 2kukv @k

Kk @x "m ku @x "M @x
3C @ kmkw @k _ 3C @ ku ki @k

k @x  "m  @x k @x km "m @x
3ku C @ Ky @k

ku kK @x "wm @x

At the last equality we used E83.62 The part inside curly brackets is the diffusion
term,DX. Hence, we get

Dk _3kwm

For the"yy equation we have

Cent- @ C (ku+ kn)?@h
b+Db = @x  « "M @x

Keeping only the linear uctuation terms we get

b = C @ Zuku @i
Kk @x "M @x

We use the rst part of EqR3.63

+_2C ku @ ki @u _2kw @ C ki @

D

kkm @x "wm @x Y @x «"m @x
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The part in curly brackets is the diffusion term"ofi.e. D"; hence we get

% = Zk';M (P.3)
Now, nd P X from Eq.23.72
Pk="y Dk
and insertitin Eq23.73
C--lL%Pk “w T D* ::'\:" + Cuz% ::TM + D" =0

so that

c:--li = c:--zi K D"+ cul"lpkk—“" + cul"l Dk

K kv kwm K Km Km

Using EqsP.2andP.3gives

n2 n2 k 2k . n k n 3k
M _ M M M M Sk KM M ~k M
- = g — D +Cy;—P*—*2+C1;—D
< Y ¢ “km  Ku km c Ykm km c Lk K

Next, we collect all terms includindk v =ky so that

n2 k n2 n n
LM - AM s~ M L op” .M pk .M ok
ClkM e, Csz 2D ClkM pPX 3C lkMD

Use EQgs23.59and23.60(settingC., = C-» since we are working with IDDES)

n%/l kM n%/l u%/l "M «
M = Mo, Mys c, M o, Mp
S 2k 2 i
Mpk o.M k
Crap P 30w P
kM u%/l " %/l
T e
Finally, we get
= 3kkMM g_i (P.4)

P.2 PANS model

Now we will repeat the same derivation as in Sectidh but here we will do it for
PANS. We insert ER3.66into Eq.23.69

bk @ C ki @k _ @ C ki @k

T @x «'mfZ@x ~ @y « "3 @x

EquationP.1now reads (recall that a perturbatidn, between modeled and resolved
turbulence does not affekt; )

@ C kiy @ku + km)

DK+ Dk=
¥ @x «"m @x
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Write the equation for the uctuating part, i.e.

@ C kiy @km) _ @ C ki ku @k

Dk = = = = X Mot *M &M

@x «k"w @x @x «k"wm km @x

ku @ C ki @k

km @x «"m @x
where we used E@3.62and the rst part of Eq23.63 The part in curly parenthesis
is DX in PANS (Eq.23.69 so we get

DK Kk
—_— = — P.
Dk kM ( 5)
For the" equation the uctuating part of the diffusion terms reads
D" = @ C_@@"M) - @ C_@@"M)_@K" =0 (P.6)

T@x -"'w @x  @x -"w @u @x

since" y =0, see Eq23.61
Now insert Eqs23.67into Eq.23.68

" Dk kM n2 Cu kM ;
Coppk — 4+ M ¢ M 2 M 4+ p'=0
oy Pk " Ky 2km C.y  ku
Next, insert EqsP.5andP.6so0 that
" DX ky = ku "2 C., kn
CopMpk —_ M M ¢ M 2 M -9
ey Pk ky  Ku 2km C.y  Kku

Replace the diffusion ternD¥, using Eq.23.59(with = 1 since we dealing with
PANS)

- c-.l%::TM c..z% gzz I':TM -
= C"l::TM C-.2+C..2::TM=0
Finally, we get an expression fa€ ., as
Cor= - M(c, Cu) (P.7)

Km

P.3 PITM model

We will do the same derivation for PITM as we did for DBST and PANS (Sections
P.2. The diffusion terms for thiey, and"y equation is the same as for DES and hence
we can use Eq#.2andP.3

—_ = (P.8)
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D" _ 2kw

D" Km
Now insert Eqs23.67into Eq.23.68

(P.9)

" k n2
Mok D K % C.y  kuw .
g —P —+ — oy — + D =
C 1t PK " kw C2 C, ku 0
Next, insert EqsP.8andP.9so that
" 3Dk k k "2 C. k .2k
o, Mpk 22 BM M oM 2 Bm M _
i T PRk K S C, Kku D G O
Collect all ky =ky so that
kM " "2 "M "M Pk "2 C.
— 20" +C., M v pk . LM 22 o
ko Csz 3C v C1 ko Csz c, 0

Replace the diffusion ternD¥, using Eq.23.59(with = 1 since we dealing with
PANS)
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which nally gives
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Q MTF271, Assignment 1: Reynolds averaged Navier-
Stokes

Q.1 Part a: Data of Two-dimensional ow

ou can do the assignment on your own or in a group of two. It ismenended

(but the not required) that you us8gX (an example of how to write il"IeXis
available on the course www page). You nIEX at here You can also useé’TpX
on-line

You'll use data from a coarse DNS. Although some of the dagapsobably not
fully accurate, in this exercise we consider the data to betexou should usBython
You will read data les of the mean ow\(, vz, p) and turbulent quantitiesv®, vZ,

vZ, vOvJ and"). You will analyze one of the following ows:
Case 1: Flow over a wave.
Case 2: Flow over a hill.
Case 3: Flow in an expansion
Case 4: Flow in an contraction.

@y=@x = v, =0 at the top boundary (higky) for all four cases anBe =500
at the inlet.

| have created the data by doing DNS (Direct Numerical Sithutd in a three-
dimensional domain using mgyCALC-LES CFD code P05. Periodic boundary
conditions are imposed in the spanwigeg)(directions in all ows. The inlet boundary
conditions are taken from a pre-cursor DNS of fully-develdghannel ow. In the
post-processing, the time-averaged quantitieg p¥, andvs are computed as (which
are functions ok; andx,)

1 Z Z

(Vi)ygy = TW Vi(X1;X2; X3; t)dtdxs
1 77

(V2o = Ty Va(X1; X2; X3; t)dtdxs Q.1)
1 77

(Vs)xs;t = TW V3(X1;X2;X3;t)dth3 =0

X3 t
where subscripks;t denotes averaging iRz and time; T andW denote the aver-

aging time and spanwise extent of the domain, respectivigig normal stresses are
computed as (which are functions)of andx;)

zZ z
- 1 -
VDt = Ty ) tVl(Xl;XZ;Xs;t)vl(xl;xz;xli;t)dtdxli (V1)yot (Va)yot
7z
- 1 -
(VOVY), i = W tV2(X1;X2;XS;I)VZ(Xl;Xz;X:%;t)dthB (V2)yyt (V2) i1
7° 7z
S 1
(Vng)x3;t = TW V3(X1; X2; X3; t)V3(X1; X2; X3; t)dtdxs
z z* !
(D= vilaixaixa DVabixaixaidtdxa (Vo) (Vo)
X3

(Q2)
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Ask the teacher which Case you should use. Download the datathe Canvas
course page or

https://www.tfd.chalmers.se/"lada/comp turb _model

The report, along with the Python les(s), should be subaditelectronically at
Canvas; the deadline can be found in the time table.

Report: See the following as a guideline to discuss the t®sWrite a owing
report, so the reader does not need the assignment. Distydsta based on rea-
sonability. If you gure out deviations from the expectedocame discuss them. You
should discuss all gures; if you have nothing to write abaugure, don't include it.

Q.1.1 Analysis

Study the ow. In which regions do you expect the turbulerice the gradients of the
Reynolds stresses) to be important? Let's nd out. The twoeahsional time-averaged
Navier-Stokes for th&; andx; momentum equations read (the density is set to one,
ie. =1)

V1@+ @ 1@ . @v @?4_ @v. @}

@x  ’@x @x @F @x ©@F @x
@, @_ 1@, 6 G. @M, 6 &v oF

Vi— +

@x @x @x @f @x @3 ox

Recall that all the terms on the right-hand sides represerndx, components of
forces per unit volume.

(Q3)

Q.1.2 The momentum equations

The le plot.py loads the data and plots the skin friction, the pressuredeef, the
grid, the dissipation at the inlet and a color surface pldhefpressure. The following
ow elds are loaded:

u2d :v;

vad :vs

p2d :p

uu2d :v®
wad :vE
ww2d : v®

uv2d :vOvd
diss2d "

Choose twax; locations (vertical grid lines), one without recirculati¢close to
the left boundary, for example) and one grid line where tli®gerecirculation region.
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Assignment 1.1. Plot the Reynolds stresses along verti@aliges at these two locations using
the Pythorplt.plot(x,y) . Please make sure that in your report the num-
bering on the axis and the text in the legend are large enough.

Assignment 1.2. Compute and plot all terms thesquation ( rst line in Eq.Q.3), see Fig6.6.
You will need to compute the derivatives of e.g; andp. In plot.py the
modulesdphidx anddphidy in gradients are used to comput@.=@x
and @;=@x%. Use this function to compute all derivatives that you ne&d.
enhance readability you may omit the small terms or use twtsgder vertical
grid line. Make also a zoom near the walls.

Which terms are negligible? Can you explain why they areigéxé?

What about the viscous terms: where do they play an importéer?

Q.1.3 The turbulent kinetic energy equation

The exact transport equation for the turbulent kinetic gnds, reads

- @k_ @k K .
“ex  @xex " TP ©0.4)
Ph= W

Assignment 1.3. Plot the production term along the two gridd (see Fig8.3). Explain why
it is large at some locations and small at others. The prioclutérm consists
of the sum of four terms, two of which involve the shear strghde the other
include the normal stresses. Compare the contributionsratughear stress and
the normal stresses.

Assignment 1.4. Plot the dissipation and compare it withptteeluction. Do you have local equi-
librium (i.e. PX ' ") anywhere?
Q.1.4 The Reynolds stress equations

The modeled transport equation for the Reynolds stresselsecavritten as

@ _ @Vio\/jo +P: +  +D: "
“ax T exaex VT TRl .
5@ 5 @ Qo
Pi= Wex e

The pressure-strain term;; , uses the models in Eg$1.9], 11.57 11.9Q 11.95and
11.96 Note that it may be betterto use= "  @’k=@% since this agrees better with
the modeled dissipation, see Sectidn14.5

1. In the damping functiorf, (see Eq11.99, jnkw (Xk  Xkw )j denotes the dis-
tance to the nearest wall. We have only one wall (the lowel)wahe distance
to node(l;J ) is

Mew (XK Xien )i = (x(153) x(50)2+(y(1;3)  y(1; 0)2 7 (Q.6)

You may simply compute it ag(l;J) y(l; 0). The damping functionf ,
involvesk and".



Q.1. Part a: Data of Two-dimensional ow 482

2. If, for example, the lower wall is horizontal, than, = (0;1). To compute;.
for the general case (see E44.-95and11.96, compute rst the vector which is
parallel to the walls;., , and then compute;,, froms;,, (see EQAC.2)

3. In SectionAG you nd some details on how to compute one of the terms,
VOVO Niw Nmaw , i the general expression in EHL.95

4. ThediffusionternD; can be modeled using the Generalized Gradient Diffusion
Hypothesis GGDH of20€] (see Eql11.49

!

@ _—sok@V

Dj = — aVV9
I kK Vi Vm
@x

@x%
This diffusion is much larger in the, direction than in thex; direction. Hence,
you may use a simpli ed form

(Q.7)

_ |
@ k@Y
@x 2 @x

The following constants should be used:

Djj 2 = (Q.-8)

(c ;c1;C2;Ciw; Cow; Kk Ck) = (0:09; 1:5; 0:6; 0:5; 0:3; 1; 0:2)

5. The dissipation is modeled as (see Sectibry.3
2

i =3

Assignment 1.5. Choose two stresses. Plot the differemiter the equations for one vertical grid
line fairly close to the inlet. Look at the correspondingtgtr channel ow, see
Fig.9.1 Ifthe gure becomes too crowded, use two plots per vertigal line or
simply omit terms that are negligible. Try to explain why soterms are large
and vice versa. Usually, a stress is large in locations whgneroduction (or
pressure-strain) term is large. Is that the case for you?

Assignment 1.6. Compute the stresses using the Boussissamation, i.e/io\/j0 = 2.5 +

(2k=3) j where { = ¢ k?=". Compare the eddy-viscosity stresses with two of
the Reynolds stresses from the database. Make also a zoogafinvalls.

You'll nd that — surprisingly — the Boussinesq gives muclottarge a shear
stress at the inlet (near the wallydt ' 20). The reason is that you have (proba-
bly) omittedf , see Eq11.155 Re-compute the Boussinesq shear stress includ-
ingf . The agreement with DNS gets much better, right?

The modeled production term
Pk=2 (sj s (Q.9)

is always positive. The exact production of turbulent kinenergy (see EqQ.4) is
usually positive. It can however become negative.

Assignment 1.7. Compute the exact production in@dkin the entire domain to investigate if the
production is negative anywhere. If so, explain why (for gibgl explanation,
see Itenl at p.104).
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The reason why the eddy-viscosity production in B9 must be positive is that
neither y nors; sj can go negative. Another way to explain this fact is that the
modeled Reynolds stresé\Tjo, and the strain rate tensay, are parallel. To nd outto
what degree the exact Reynolds stress and the strain rgbasiéel, one can compute
the eigenvectors.

Assignment 1.8. The realizability concept is discussedeictiBn13. It is shown that the Boussi-
nesqg assumption can give unphysical negative normal Rdgstiesses (=@ x
in Eqg. 13.2is very large thew® goes negative). A remedy is presented in Sec-
tion 13 in which the turbulent viscosity is limited using the eigatlues of the
strain-rate tensos;; , see Eq13.12 Compute the eigenvalues §f in the en-
tire domain. Check if the limiter in EdL3.12reduces ; along the two vertical
lines you previously chose. Find out where in the entire darttee limiter has
largest effect. Is this region a stagnation region? (theah)f Eq.13.12is to
limit ¢ in stagnation regions, see Sectibh 3.
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Q.2 Part b: Machine learning

In this part you will use Neural Network (NN) to model dampingctions in the AKN
turbulence model which read$T]

@k @k _ @ t @k ,
@t @x = @x < a@x ™ (Q.10)
@" @" _ @ ¢ @ " "2
@ @x  @ex - @ Uk “fg
k2 @ @ O
= Cf — Pz, —+ =2 =0
' Cf = = g @x @x
Cqi1 = 15 GC,=19 C =0:09 k =1:4; ~=1:4

wherek and" denote the modeled turbulent kinetic energy and its dissiparespec-
tively. The damping functions are de ned as

2( " R 2#)
- Yy : e
fo = 1 exp 31 1 0:3exp 65
( n #)
2 2
_ y 5 Rt
f = 1 exp 1 1+ ?:4 exp 200
U - k2
y = =L uw=( )" Re= ¢

The wall boundary condition is implemented by settinat the wall-adjacent cells as

k
=2 5 (Q.11)

Q.3 Crash course on Neural Network (NN)
Below | give you some useful links for NN and PyTorch.

Good YouTube lectures

— 3BluelBrown: But what is a neural network

— 3BluelBrown: gradient descent, how neural network learn
— 3BluelBrown: backpropagation, intuitively

— 3BluelBrown: backpropagation, calculus

— Sebastian Lague: how to create a neural network

Celsius to Fahrenheit with PyTorch NN
Building a Regression Model in PyTorch
Multi-Target Predictions with Multilinear Regression ig®rch

We start by creating a simple NN that, for example, nds a damgdunction,
Y f,asafunctionoK y*,seeFigQ.1l Ithasoneinput = a(lo) ), one hidden
layer with two neuronszﬁl) ; a(zl)) and one outputY = a(lz)). In Listing 1, you nd
the line labelecConnection 0-1  which Connecta(lo) and a(ll) ;a(zl) and the line

labeledConnection 1-2  which goes from a(ll);a(ll) to a(lz).
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O @

Figure Q.1: Schematic of Simple NN

class NN(nn.Module):
def __init__(self):
self.layer_1=nn.Linear(1l, 2) # Connection 0-1
self.layer_2=nn.Linear(2, 1) # Connection 1-2
def forward(self, x):
x = torch.nn.functional.sigmoid(self.layer_1(x))
x = torch.nn.functional.sigmoid(self.layer_2(x))

Listing 1: Python code of Simple NN.

Now we formulate the NN with weightsy, and biased) and add Sigmoid activa-
tors,s, to both neurons as well as well the output neuron, i.e.

Activation 1: a(ll) = s(ll) W(10) a(lo) + b(10)

Activation 2: a(zl) = 5(21) Wéo) a(lo) + b(zo)

Output: a(lz) = 5(12) W(ll) a(ll) + B

+W§1) a(zl) + B Y

The Python code for the simple NN model is given in Listihg

# initiate the NN model
model = NN()
# define input, X
X=np.zeros(nj,1))
X[:,0] = scaler_yplus.fit_transform(yplus)[:,0]
# define output, y (f is known)
= f

y =

# Training loop

for epoch in range(max_no_epoch):
# Compute prediction and loss

o0 = model(X) #prediction

loss = loss_fn(o, y) # loss, |o-y|_2
loss.backward()

Listing 2: Simple NN.

Theloss.backward() command computes the gradients of the outputyith
respect to the weights, biases and activators, (@0=@QWwW@ o0=@,b@o0=@5s::) in
order to get new improved,; by;:::

Q.4 The Assignment

Download the data and script les from the Canvas course pagere

The damping functions andf, are used in the AKN model, see EQ.1Q They
are functions ofy andRe;. In this assignment you will create ndw andf, using
NN. You will rst make them as functions of andy*. The created NN model
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will be saved to disk, and then you will load the NN model irfte Python CFD code,
rans-k-eps-NN.py (available at Canvas and at the course www page). The Python
scriptNN-f2-5200-no-batch.py uses PyTorch to trainfg, damping function in

the NN model orB0% of the DNS data (randomly chosen) and then test (predict) on
the remainin®20%

StudyNN-f2-5200-no-batch.py carefully. Note that the initial weights and
biases are randomized in Pytorch. If you want to make sureyiha get the same
model every time you run the script, you can use

if epoch == 0 and batch ==
# Define checkpoint
checkpoint = {
‘epoch’: epoch,
'model_state_dict: model.state_dict(),

‘'optimizer_state_dict: optimizer.state_dict(),
'loss": loss,

}
torch.save(checkpoint, 'checkpoint-f2.ct’)

from one run that converged well. Then you load the initidbda a subsequent run
for epoch in range(N_epochs):

if epoch == O:
print(‘checkpoint loaded’)
checkpoint = torch.load(‘checkpoint-f2.ct',weights_on ly=True)

# Apply the state_dict to model and optimizer
NN = MyNet()
NN.load_state_dict(checkpoint['model_state_dict])

optimizer = torch.optim.SGD(NN.parameters(), Ir=learni ng_rate)
optimizer.load_state_dict(checkpoint['optimizer_sta te_dict])

# Retrieve the training epoch
# epoch = checkpoint['epoch']
loss = checkpoint['loss']

NN.train() # For training mode (resuming training)

The input datay andRe, are taken from and they are scaled and then assigned
to X. i.e. (Line 68)

# we choose two inputs: yplus_DNS and ystar_DNS
# re-shape

yplus= y_plus_DNS.reshape(-1,1)

ystar= y_star_DNS.reshape(-1,1)

# use scaling, One for each input
scaler_yplus = MinMaxScaler()
scaler_ystar = MinMaxScaler()

# X = input matrix
X=np.zeros((len(yplus_DNS),2))

X[:,0] = scaler_yplus.fit_transform(yplus)[:,0]
X[:,1] = scaler_ystar.fit_transform(ystar)[:,0]

The NN model will try to nd suitable weights and biases tohd input parameters
to the output (thearget), which isf , (also taken from DNS). It is assignedYdLine

61)

# current model of f_2

f_2=((1.-np.exp(-y_star_DNS/3.1)) * 2) x(1.-0.3  *np.exp(-(re_t/6.5) *x 2))
# output is f_2_NN (see below) predicted by the NN. Our target is f 2

# transpose the target vector to make it a column vector
Y = f_2.transpose()
Y= Y.reshape(-1,1) # makes an array of size [len(Y), 1]

The NN model is using 10 neurons and three hidden layers@dsif two and one,
respectively, in the example above) and the ReLu actuatsed (instead of Sigmmoid
above)
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class MyNet(nn.Module):

def __init_ (self):
super().__init__()
selfinput = nn.Linear(2, 10) #axis 0: number of inputs
self.hiddenl = nn.Linear(10, 10)
self.hidden2 = nn.Linear(10, 1) #axis 1: number of outputs

def forward(self, x):
x = nn.functional.relu(self.input(x))
x = nn.functional.relu(self.hidden1(x))
x = self.hidden2(x)

return X

At the end ofNN-f2-5200-no-batch.py the NN model is saved to disk

# save NN model to disk

filename = 'model-neural-k-omega-f_2.pth'
torch.save(NN, filename)
dump(scaler_yplus,'scaler-yplus-k-omega-f_2.bin")
dump(scaler_ystar,'scaler-ystar-k-omega-f_2.bin")

yplus_min np.min(yplus_train)
ystar_min np.min(ystar_train)
f_2_min = np.min(f_2_train)

yplus_max = np.max(yplus_train)
ystar_max = np.max(ystar_train)
f_2_max = np.max(f_2_train)

np.savetxt('min-max-model-f_2.txt', [yplus_min,yplus _max,ystar_min,ystar_max,f_2_min,f_2_max])

Study the CFD codeans-k-eps-NN.py carefully. The NN model is loaded
NN-f2-5200-no-batch.py at the beginning. | de ne a 1D gridyc , from wall-
to-wall. The location of the cell centers are storegjn

First, thev, equation is solved. The friction Reynolds numliee u = =
520Q where is half-channel widthu and are set to one and hence= 1=Re .
We're computing fully-developed channel ow (i.e@;=@x = 0) and the driving
pressure gradieng=@x = 1 is prescribed, which is obtained from force balance, see
Eq.6.38 Next, thek and" equations are solved. You may note that the negative source
terms in both equations are included3p where the total source 8= Sy + Sp
see p. 16 in mCFD lecture notesWith this procedure, there is no way thaaind"
can go negative since all terms in the discretized equatiee Eq. 13 on p, 17) then
are positive. Recall thatp = ay + ag  Sp.

Assignment 1.9. Run thidN-f2-5200-no-batch.py script and create the NN model. Then
run the CFD code, both using the standard AKN " model, i.e.NNbool =
False and using the NN model, i.&iNbool = True

Assignment 1.10. INN-f2-5200-no-batch.py lusey™ andy as inputparameters. For ex-
ample, use only one of them. Or maypeandRe;, as in the original model. Or
Pk, or.... You want your NN model to work also in other ows andéa other
Reynolds numbers. Hence, your input parameters must bedinogrsional.
The DNS data are non-dimensionalized with and (i.e. you can regard
u = =1)

Assignment 1.11. Do one of many of the subtasks below

— Use your NN model at other Reynolds numbers. You nd DNS data f
Re =550,Re =2; 000andRe = 10000, at the course www page.
Note that when you increase the Reynolds numbeams-k-eps-NN.py
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you may need to increase the number of cells (i.e. increagingo that
y* < 1for the wall-adjacent cells.

— Include another NN model fdr

— Train your NN model(s) aRe = 10000and use itin CFD code for lower
Reynolds numbers.
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R MTF271, Assignment: LES,Re = 1000

ou can do the assignment on your own or in a group of two. You \eitleive
data from a DNS of fully developed ow in a channel. It is recoranded (but not
required) that you useTgX (an example of how to write inIpXis available on the
course www page). You can downlo&dgX at here You can also uséTgX on-line
You can uséviatlab, Octaveor Python Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish itnthssprefer engineers to
use Python instead of Matlab due to Matlab's high licenss.fee
The report, along with the Matlab/Octave/Python les($)psld be submitted elec-
tronically.
The equations that have been solved are

@/ = 0
@x (R.1)
@/+ —@(V Vi ) = . Qp-'- i @Vi
@ @x '~ " @x Re @x@x
TheRe number based on the friction velocity and the half channdtiwvisRe =
uh= =1000(h= =u =1sothat =1=Re).

A 192 160 192mesh has been used. The streamwise, wall-normal and sganwis
directions are denoted by(x1), y (x2) andz (x3) respectively. The cell size i and
z directions are x = 0:0327and z = 0:00818 Periodic boundary conditions were
applied in thex andz direction (homogeneous directions). The size of the dornisain
(L;h; Z max ) in (X;y; 2), see FigR. 1.

R.1 Time history

At the www-page

https://www.tfd.chalmers.se/"lada/comp turb _model/
you nd a le u.v_time _4nodes _re1000.dat with the time history ofu andv.
The le has eight columns ofl andv at four nodesy= = 0:00463y= = 0:0144
y= = 0:0727andy= = 0:25. Withu =1 and = 1=Re = 1=1000this
correspond toy* = 4:6, y* = 14, y* = 67 andy* = 253. The time step is
0:0008178

Download the Matlab/Octave progrgh _time.m orthe Pythonb lepl _time.py
which load and plot the time history of Run the programpl _time . Recall that the
velocities have been scaled with the friction velocity and thus what you see is really
u=u . The time history olu aty= = 0:014andy= = 0:067 are shown. Study the
time history of the blue liney= = 0:014) in greater detail. Make a zoom between,
forexamplet =1 andt = 2 andumi, =3 andumi, =21. Thisis conveniently done
with the Python commands

plt.axis([1,2,3,21])
plt.plot(t,u2,'b-0")

or the Matlab/Octave commands

axis([1 2 3 21))
plot(t,u2,'b-0")
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Use this technique to zoom and to look at the details of the tiistory. Alterna-
tively, you can use the zoom buttons above the gure.

Plotu for all four nodes. How does the time variationwf/ary for different posi-
tions? Why? Plot alsw at the four different positions. What is the difference begw
u andv?

R.2 Time averaging

Compute the average of thevelocity at node 2. Add the following code (before the
plotting section) for Python

umean=np.mean(u2)
or in Matlab/Octave
umean=np.mean(u2)

Here the number of samplesis= 10000 (the entireu2 array). Find out how many
samples must be used to get a correct mean value. Start hy tiih 100samples as
in Python

umean_100=plt.mean(u2(0:100))
or in Matlab/Octave
umean_100=mean(u2(1:100))

Do the same exercise for the other three nodes.

R.3 Auto-correlation

Auto-correlation is de ned in Section0.2 Compute the auto-correlation fof at
Node 1 using the Python command

ul_fluct=ul-np.mean(ul)
two_uu_21=np.correlate(ul_fluct,ul_fluct,full’)
# find max

nmax=np.argmax(two_uu_1)

# and its value
two_max=np.max(two_uu_1)

# Pick the right half and normalize
two_sym_norm=two_uu_1[nmax:]/two_max

or in Matlab/Octave

imax=500;
two_uu_21=autocorr(ul,imax);

In Octave, it should brcorr ; downloadthe lepl _time _re1000 _with _xcorr.m
Maybe you need to download tkeggnal package. In Ubuntu you type

sudo apt-get install octave-signal
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Then you load the package by typing (in Octave)
pkg load signal
Finally, use the commands

u_fluct=u2-mean(u2);
two_uu_21=xcorr(u_fluct,imax,'coeff’);

where the option "coeff” means that the auto-correlationasmalized by RMS, i.e.
R/(rms(x).rms(y)).

Above, we set the maximum separation in timen@ax = 500 (i.e. we carry out
the integration in EgL0.11not to in nity, buttoimax  t). Note that theautocorr
command returns the normalized auto-correlation BE™ , see Eq10.1Q Plot the
auto-correlation as in Python as

plt.plot(t[0:imax},two_sym_norm[0:imax},'b-")
plt.xlabel('t")
plt.ylabel("$B_{11}"{norm}$")

or in Matlab/Octave

plot(t(1:imax),two_uu_1(1:imax),linewidth',2)
xlabel('t")
ylabel("$B_{11}{norm}$','Interpreter','latex’)
handle=gca

set(handle,'fontsize’,[20])

Note that if you have createtvo _uu_1t with xcorr you get the correlation for
negative times as well. Then you should plot it as

plot(t(1:imax+1),two_uu_1(imax+1:end))

For large time separation you nd that the auto-correlatignillates around zero.
This is numerical noise. You should carry out the integraiioEq.10.11only up to the
point when the auto-correlation goes negative. If is doégomegative, terminate the
integration at the time separation when the auto-cormaiaiarts to increase. Compute
the integral time scal€,; in Python as

dt=t(1);
int_T_1=np.trapz(two_uu_1) *dt;

or in Matlab/Octave

dt=t(1);
int_T_1=trapz(two_uu_1) * dt;

Again, if you have usetivo _uu_1 you should integrate fronmax + 1 to end.
Plot the normalized auto-correlation and compute the mnalégne scales also for
the other three points. WhereTg, large and small, respectively? Try to explain why.
In SectionR.2 you time averaged the velocities to get the mean value. Yeu in
vestigated how few samples you could use. In reality it isordy the number of
samples that is relevant, but also that theyiadependentTo nd out if two samples
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are independent, it is convenient to use the integral tinadest;,, . If the samples
are separated by seconds they are independent. Hence, re-do the averaging yo
did in SectionR.2 but use samples evefy,; second. The theoretical estimate of the
statistical error varies with number of independent sas)ple as

1 Vims
= p=—F— R.2
error 19W i (R.2)

We see that the statistical error decreasedlas™?, provided that the samples are
independent
Let us use Taylor's frozen turbulence hypothesis to compheeintegral length
scale. This hypothesis assumes that — if the turbulencé ievet too strong — the
velocity uctuation at pointx and timet is the same as that at tinfe ) at point
(x )where =(x )=hui (ittakestime forthe particle to travel from poirfx )
to pointx with a velocityhui). The hypothesis assumes that the turbulence is frozen
between poinfx ) andx. When we want to nd the velocity uctuation at point
(x )attime(t ) we caninstead take it at pointat timet. The Taylor hypothesis
makes it possible to compute the integral lengthscale franirntegral timescale as (see
Eq.10.12 z,
Line = hui BIY™ (6)df = hui Tine (R.3)
0

Compute the integral lengthscale.

R.4 Probability density/histogram

Histogram (also called probability density function, POdan give additional useful
information, see Section. With a probability densityf , of thev velocity, the mean

velocity is computed as Z,
hvi = vfy(v)dv (R.4)
1
Normalize the probability density function so that
z 1
fy(v)dv=1 (R.5)

1

Here we integrate over. The mean velocity can of course also be computed by
integrating over time, as we do when we de ne a time averagenjilite the PDF in
Python as

u3_fluct=u3-np.mean(u3)
pdf3,u3_pdf=np.histogram(u3_fluct, bins=20, density=T rue)

and in Matlab/Octave as

u3_fluct=u3-mean(u3);
[pdf3 u3_pdf]= hist(u3_fluct,20);

Here we have divideds into 20bins which span the variation ag, i.e. [min(us); max(us)].
The variablepd 3is a vector of lengtl20whose elements gives the number of samples
in each bin. Plot the histogram in Python as
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figd = plt.figure("Figure 4")
plt.clf()
plt.plot(u3_pdf[0:-1],pdf3,'b-")
plt.xlabel("$u_3"\prime$')
plt.ylabel('PDF")

and in Matlab/Octave as

norm3=sum(pdf3) = (u3_pdf(2)-u3_pdf(1));
plot(u3_pdf,pdf3/norm3,'linewidth’,2)
xlabel('u3")

ylabel('PDF")

handle=gca

set(handle,'fontsize’,[20])

wherenorm 3 is the integral in Eq7.3. You nd that the PDF is rather symmetric.
Compute and plot the PDFs of the points close to the wall andwith nd that they
are more skewed. SkewneSs|s a variable that quantify the skewness and it is de ned

as L Z,
Swo= — VB Lo(v9)dvO
Vrms 1

Compute it in Python as

urms3=np.std(u3_fluct)
S=np.mean(u3_fluct  ** 3)/lurms3 =+ 3

and in Matlab/Octave as

urms3=std(u3_fluct);
S=mean(u3_fluct."3)/urms3"3,;

whereurms 3 = hu®i1=2 at Node 3. Verify that the magnitude 8fis large close to
the wall. What does a negative skewness mean physicallyFi¢ef7.2) Do you have
any explanation why the skewness increases as we go clober teall?

R.5 Frequency spectrum

Is is interesting to look at the spectra of the resolved tigfce. One can analyze the
time history of a variable at a point. You do a FFT of that sigoaget the Fourier
coef cientsa and then plog2. Then you get the frequency spectrum, i.e. how much
energy resides in each frequency. The other way to do it isdk &t the instantaneous
velocity along a grid line, and do a FFT of that signal. Then get the energy spec-
trum as a function of the wave number, i.e. the inverse of thealength. In this case
you must average over many instants to get a reasonably Brepettrum.

The Python lepl _spectrum.py (corresponding Matlab leipl _spectrum.m )
makes a FFT of the time history of uctuating velocity}, (u = hui + u% and plots
a?. The same data le as in the previous exercise is used_{ime _4nodes.dat ).
They use the Python/Matlab functipmvelch . Run the programl _spectrum

As we mentioned in the eBook, in a well-resolved LES we wartiaee the cut-
off in the inertial subrange where the kinetic energy deas/the wave number (or
frequency) up to the power of5=3. No 5=3region can be seen. There are probably
two reasons for than: too coarse a grid and too low Reynoldsen
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periodic b.c.

X2 j i
2h —— !

L.

Xli L

(@) x1  x2 plane.

periodic b.c.

X2 ]
2h

X3 k X3;max

-
(b) x2  x3 plane.

Figure R.1: Channel domain.

There are two useful frequencies you can use to get a feainthé frequencies in
the plotted energy spectrum. First, we have the integragiale which we computed
in SectionR.3. This corresponds to the frequerfgy = 1=Tj,; . Second, we have the
frequency related to the streamwise spacing, i.e. the titaées for a uid particle to
ow pastacell. Thisisf x = hvii= X3. Where ard,; andf  in the spectrum?

Plot the spectra for the three other points (make changglsispectrum.m ).

It should be mentioned that spectra may not be a reliableumea$resolution27,
128. Two-point correlations are usually better.

R.6 Backstep

If you want, you can now also study time histories in a backiMacing step, see
Fig.R.2 Itis data from LES 207 using PANS. The inlet Reynolds numbeRe =
3600 The inlet heightisinet = 1, see FigR.2, and it is covered b5 cells.

A precursor RANS using the AKN modet]] is carried out from whichUrans ,
Vrans andkgans are obtained d@Re = 3600. The time-varying inlet velocities are
then computed ag, = Urans + ugym ,Vin = Vrans + vgym , Win = wgym where
uﬁsym denotes anisotropic synthetic uctuations that were otgdiusing the same
procedure as in408. The synthetic uctuations are scaled withans =kransmax -
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Figure R.2: Backstep domain.

x=H y=H i i

ul 3.3 0:037| 96 | 15
u2 8.7 0:037 | 150 | 15
u3d3 | 187 | 0:037| 250 | 15
ud 3.3 0:85 | 96 | 30
us 8.7 0:85 | 150 | 30
u6 | 187 0:85 | 250 | 30
u7 394 | 1.017| 15 | 66
vl 33 0:85 | 96 | 15
v2 8.7 0:85 | 150 | 15
v3 | 187 0:85 | 250 | 15

Table R.1: Backstep. Data points.

The inlet modeled turbulent kinetic energy and its dissgrasire computed ds, =
frkrans » "in = C kS ?="ggs, 'sgs = Cs , = V1I¥3[208 ( Cs = 0:05). The
grid has336 152 64cells in the streamwis&({, wall-normal /) and spanwisez()
direction, respectively.

Time histories ofv andv have been recorded étpoints, see Tabl®.1. Down-
stream the step, the ow re-attachexat xgr ' 6H, see FigR.2

This ow is much more exiting than the channel ow which yowsted above.
Look at the time histories, compute PDF:s and integral timlangth scales! Use the
Python ¢l _time _backstep.py ) or Matlab le (pl -time _backstep.m ); they
read the leutime _backstep.dat  which includes the time histories at the points
shown in TableR.1 It can be noted that poimtis very close to the inlet and close to
the wall y* ' 17). Points4 6 are located in the outer region of the boundary layer

(" .

R.7 Channel ow: resolved stresses

Now we return to the channel ow. At the www-pagdet{ps://www.tfd.chalmers.se/"lada/comp turb
you nd data les. The data les include the instantaneousiablesu (v1), v (v2), w
(v3) andp (made non-dimensional by and ); the les areu3d_re1000.mat
v3d _re1000.mat , w3d_re1000.mat , p3d_rel000.mat ). You nd a Python/-
Matlab/Octave program at the www-page which read the dadacamputes the mean
velocity. The data les are Matlab binary les.

We decompose the instantaneous variables in time-aveeagkdictuating quan-
tities as

vi = hvii + V% p= tpi + p°
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The symbolhi denotes averaging in the homogeneous directioandz. Note that
in reality i always denote time averaging. It is only in this special acaid test case
where we havehreehomogeneous directiong;@;t) where we can — in addition to
time averaging — also can ugeandz averaging. Compute the six stresses of the stress
tensor,h/i(\/joi . Use the de nition to compute the stresses, for example

WOV = vy h vii)(v2 h vai)i
h/]_Vzi h Vlhlgii h Vgh/]_ii + hh/]_thgII (RG)
h/]_Vzi 2h\/1ihV2i + h/]_ithi = h\/1V2i h V]_ithi:

Wait with analysis of the results until you have done next.par

R.8 Resolved production and pressure-strain

Compute the production term and the pressure-strain terms

PX= h v)\i @((;D”;
P]_]_ = ZWEVS @\é/;l
P12 = h ngg @8@/;
1= 0@9
@x
2= p@)g + p@&
@y
=2 0
P @x @x%

When computing the gradient of, for example, use the Python command
dudx, dudy, dudz=np.gradient(u3d,dx,y,dz,edge_order=2 )
or the Matlab command

[dudy dudx dudz]=gradient(u3d,y,x,z);

Do the production terms and the pressure-strain term agysearu had expected? (see
the previous course TME226).

Now analyze the uctuations in the previous subsection. shhstresses do you
think are symmetric with respect to the centerline? or apivmetric? What's the
reason?

When averaging, we use only one time step. If we would use mmaorg time steps
—or, ingeneral,ifweleT ! 1  when time averaging, e.g.

z
1T
hi= TIllrln T dt
then some of the stresses would be identically zero (nowdhegmall): which ones?
Why?
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t I
E
resolved cut-off SGS
scales .
Cc
Figure R.3: Spectrum with cut-off.
R.9 Filtering

Plotv; andv, alongx; at two differentx; values aks = Xz:max =2.

1. Filterv; andv; to getv; andv, using a 1D box- lter (in thex; direction) with
lter width =2  xj (this correspondsto a test Iter, see H®.37). Compare
vy andv, with v; andvs.

2. Do the same thing again but with a lter width of= 4  x; (now you must
derive the expression on your own!). Discuss the differsrimdween no lter,
=2 Xxpand =4 xj.

In LES we almost always assume that the Iter width is equah®control volume
(i.e. we use aimplicit Iter). Above, in Item 1 and 2 you have just carried explicit
Itering. This type of Itering is used in the scale-simildy model, see Sectioh8.15
Repeat Item 1, but now for a 2D lteixg andxs direction); the formula for a 3D
Iter is given in Eqg. 18.35 Compare the results along the same lines as in Item 1 and
2.

R.10 SGS stresses: Smagorinsky model

Compute the SGS stresg from the Smagorinsky model, which reads

p—
i = 2 sgsSij; sgs = (Csf ) 2 2sjj Sjj

1 @ G
Sij = > @?( + @x (R?)
f =1 exp( x;=26)

The ltered velocitiesy;, are taken from SectioR.9using the 2D Iter (inx; andxs);
we should really have used a 3D lter, but in order to keepnitgie, we use the 2D
Iter. The constaniCgs = 0:1.



R.11. SGS stresses: WALE model 498

As an alternative to the damping functidn, one can compute the lter length as
=min fsmag; N g (R.8)

where smag = Cs( Vik )¥™ is the LES length scale amtlis the distance to the
nearest wall.

Compare the SGS strelsg,i with the resolved stredsi%% and compare the SGS
viscosity with the physical one. Use wall damping both adogy to EqsR.7andR.8.
Plot them across the channel. Any thoughts?

R.11 SGS stresses: WALE model

Repeat the Task in Sectiéh 10, but now for the WALE model by]51], which reads

@.
g = @—;(; gijz = Ok G

1 1
Sﬁ > gi,2 + gjzi 3 Ok (R.9)

_ 2 ij ij
sgs — (Cm ) — 5=4
(sisj)° 7+ st

with Cy, = 0:325which corresponds t€s = 0:1.

R.12 Dissipations

Compute the dissipation
.. Ohop
@x @x

and plot" across the channel.

In LES we introduce a Iter which is assumed to cut off the dpam at . in the in-
ertial region, see Fidr.3 At cut-off, kinetic energy is extracted from the resolvexv
by the SGS dissipatiotygs. Since the cut-off is assumed to be located in the inertial
sub-range (ll), the SGS dissipation is at hige numbers equal to the dissipation.

Introduce a 2D Iter @ Xx; and2 x3) as in Section®k.9andR.10and lter all
velocities to obtairvy, v, andvs. Compute the SGS stresses from the de nition

i = ViVi ViV (R.10)
and compute the SGS dissipation
" @i
sgs — ij @—;( (R.11)

Now, what is the relation betweegys and"? Considering the cascade process, what
did you expect?

Recall that when we do traditional Reynolds decompositiba,production term
in the equation for turbulent kinetic energy appears as lkatsirm in the equation for
the mean kinetic energy, see Bj39 This is the case also in LES, but now we have
a decomposition into time-averaged Itered velochy,i, resolved uctuationy?, and
SGS uctuationy® i.e.

vi = v + v0= hyi + v+ v20 (R.12)
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Now we have three equations for kinetic enerdfy: = %h/iihvi i,k = %h/iovﬁ and

ksgs = 2hv%0%. The ow of kinetic energy can be illustrated as in Figs4 andR.5

(cf. Fig. 20in P9))
7
‘«\‘Si\ "o

0N
" s o
_q/_o @Vi i

~ MAINCTY :
O N —0

. . @'\
ol @ i
@f\' @/ /\& +

\®/

Figure R.4: Transfer of kinetic turbulent energyK = %h\/iihvii andk = %h/iovioi denote
time-averaged kinetic and resolved turbulent kinetic gnerespectively. T denotes increase
in internal energy, i.e. dissipation. The cascade procgsasaes that the term in red is negligible
(see also Fig8.2). The terms in blue show viscous and the SGS dissipationeofrttan ow
which is not included in the cascad process.

The transport equation fch%vioviol is derived in R4]. (can be downloaded from
www.tfd.chalmers.se/"lada ).

When deriving theksgs equation, no decomposition into time-averagdesl,, and
resolved uctuationsy?, is made. Hence the SGS dissipation in Bdllappears as an
instantaneous production term in the equatiorkigs [100 101 (can be downloaded

from www.tfd.chalmers.se/"lada ).
Plot (alongxy), compare and discuss the ve dissipations (see FRgéandR.5)
0.0 @vai . . I . . : .
hvivsi @x dissipation (which is equal to production with minus sigg)rbsolved
turbulence in th&k equation
* +
. . 0 0 @
"ggs = Sgs%% ' SQS%% : SGS dissipation term in tHeequa-

tion. This is themodelledSGS dissipation.

The exact SGS dissipation is computed as (si@g@is a product of two uctu-
ating quantities, we compute it with the same formula as infE6)

" @ @ C@vii . @i
Sos = i?@_?( = I @ +hi,-|—@?( = sgs+hij|—@?( (R.13)

see EqR.11 Note that"ggs is de ned using theuctuating velocity gradient
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Figure R.5: Energy spectrum. Transfer of kinetic energy. The cascadeegs assumes that
the term in red is negligible (see also F&2). The terms in blue show viscous and the SGS
dissipation of the mean ow which is not included in the catpaocess.

(see P4]°), contrary t0"sgs = Pk iN EQ.R.11 The difference betweehygs
and"2y is that the former includes the SGS dissipation from the niemetic
energy; using the Boussinesqg assumption, the last term.iR E§reads

h ij I% =h 2 sgs Sij ihSij i 2h SgsihSij ihSij i (R.14)
@x
see FigsR.4andR.5.
0 @0
@’ @y . viscous dissipation term in tHeequation
@x @x
D E o2
595% @@”);' "h sgsi @@‘)";' : SGS dissipation term in thk equation. This

corresponds t@h sgssjj ihs; i in Figs.R.4andR.5. This is seen by re-writing
the production term

@ . @, @7

sgs @—?( @x @—?(

9can be downloaded from course home page

=2h sgs Sij ihSij i (R.15)
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see Eq11.39 In fully-developed channel ow, the left side reads

@ @wvii
Sgs@_; @; (R.16)
R.13 Test ltering
Above the Itered velocities were computed using the Iteidth = 2 , X1. In
dynamic models, we often de r% the test Iter as twice thealslter, i.e. =2

Use this de nition (1D lter,i.e. =4  x;) to compute the dynamic Leonard stress

hL;»i from the de nition
z—{ z{Z{
Lij = ViV ViVj (R.l7)

and compare it (across the channel) with the resolved dwés$i and the SGS stress
h 1»i de ned in Eq.R.1Q Do you expect the magnitude of stresses to be similar?

R.14 Near-wall behavior

What is the near-wall behavior bf;i, wvEi andhgi (i.e., forvy, whatism in hvqi =
O(x7')). In order to estimaten, plot the quantities in log-log coordinates. Do the
guantities exhibit the near-wall behaviour that you expd®et

R.15 Two-point correlations

The two-point correlation fon®

1 X92X920|..K0|..K
192 192 Vi(X1;X2; X3 )V1(X1; X2, X3 m) (R.18)
I=1 K =1

B11(X2; m) =

wherexf and p, are the spanwise locations of the two points. Take advamtbte
fact that the ow is periodic, but be careful when integratithe correlation above in
thexs direction. We havd 92cells in thexs direction. If, for example,, =2 Xs,
and one of the pointxf) is atK = 1 then the other} 2 )isatk = 95.

Plot the two-point correlation at a couplexof positions. When plotting two-point
correlations, it is no point showing both symmetric partgw only half of it (cf. the
two-point correlations in Sectioh0.1and Fig.S.1).

Compute and plot the integral length scdle, which is de ned by

Z,
1
Ll(Xz): — B]_]_(Xz; 1)d 1: (ng)
Vl;rms 0
Compute alsd 3, which is de ned as
1 21
L3(x2) = — Bss(x2; 3)d a: (R.20)
V3;rms 0

What's the difference betwedrn, andL 3? Did you expect this difference?
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R.16 Energy spectra, optional

The energy spectrum of any second moment can be obtainedtihg the FFT of the
corresponding two-point correlation. You can nd some dstan how to use Pythons
FFT in AppendixS.

If you have computed the Fourier coef cients properly, thiensof all coef cients
should give the energy. The reason is that the Fourier cafts correspond to the
energy spectrum, and if we integrate the energy spectrumalveave numbers we
get the total energy. When we take the FFT of RdL8 for example, we get

@11( z) = FFT(B]_]_)
and summation gives
X
V%;rms = B\11=N (R.Zl)
see Appendis.
Plot the energy spectra at a couplexof locations. When plotting two energy

spectrum, it is no point showing both symmetric parts; sholy dalf of it (cf. the
energy spectrum in Figs.5b). Con rm that Eq.R.21is satis ed.

R.17 Something fun
Think of an interesting turbulent quantity and plot it andigaze it!
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S MTF271: Compute energy spectra from LES/DNS
data using Python

S.1 Introduction

HEN analyzing DNS or LES data, we are interested to look at theggrepectra.
From these we can nd out in which turbulence scales (i.e. fativwave num-
bers) the uctuating kinetic turbulent energy reside. Bkitgy the Fourier transform
of the time signal (a uctuating turbulent velocity) and th&aking the square of the
Fourier coef cients we obtain the energy spectrum versegudency.
If we want to have the energy spectrum versus wavenumbegr trertwo options;
either we

1. Fourier transfornN instantaneous signals in space and then time averagé the
Fourier transforms, or

2. we Fourier transform a (time-averaged) two-point catieh,B 33(%X3).

Option 1 and 2 is really only a question when we time averagéption 1, we take
rst FFT and then time average. In 2, we rst time average dmehttake FFT.
Here we will use Option 2. The two-point correlatiddis(X3) is de ned as (see
Eq.10.2
B(x3;R3) = h3(xz  R3)va(xa)i (S.1)

where®s is the separation between the two points. Here we assumexghiatan
homogeneous direction so tHBg3 is independent oks, i.e. B3z = B33(®3). The
two-point correlation for an in nite channel ow is shown iRig. S.1 On discrete
form the expression fdB 33 reads

X
Bosk 2= o Vixs Kk 2)vi(xa) (s2)
m=1
wherem denotes summation in homogeneous directions (i.e. timegpatial homo-
geneous directions).

In the following section we give a simple example how to uséhBy to Fourier
transform a signal where we know the answer. Then we show diderive the energy
spectrum from a spatial two-point correlation. Finallymscomments are given on
how to create an energy spectrum versus frequency from arcautelation (i.e. from
a two-point correlation in time).

S.2 Anexample of using FFT
Here we will present a simple example. Consider the function
u=1+cos(2 x=L )=1+cos(2 (n 1)=N) (S.3)

whereL = 3 is the length of the domain aridl = 16 is the number of discrete points,
see Fig.S.2 Let's use this function as input vector for the discrete f@uransform
(DFT) using Python. The functiamis symmetric, so we expect the Fourier coef cients
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to be real. In Python the DFT afis de ned as

2Kk D 1

X
U(k) = Up exp

n=1 N (S.4)
1 k N
wherek is the non-dimensional wavenumber aje P ~ 1. Theratio(n 1)=N
corresponds to the physical coordinatein the the continuous FFT
14t
uc( )= T u(x)exp( {x)dx; =2 =L (S.5)
L

Note that the discrete Fourier(k) coef cients in Eq.S.4must be divided byN , i.e.
U(k)=N, in order to correspond to the Fourier coef cieft§ (N corresponds th in
Eq.S.5. Furthermore, it can be noted that in Ey4the period0; 2 ]is used whereas
the formulation in EqS.5is based on the intervgl ; 1.

In Python, we generate the functiarin Eq. S.3using the commands

mport numpy as np

import math

import matplotlib.pyplot as plt
N=16

n = np.linspace(1,N,N,dtype=int)
u=1l.+np.cos(2.  *pi *(n-1)/N)

Theu function is shown in FigS.2 16 nodes are used; node 1 is located at0
and nodel6is located ail5L=16.
Now we take the discrete Fourier transformuofType

Bs3(%3)

Figure S.1: Two-point correlationB (%3) = hv3(xs  R3)v3(x3)i, of DNS data in channel
ow taken from [99].
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Figure S.2: Theu function.

U=sci.fft(u)

Instead of using the built-ifft command in Python we can program E}j4
directly in Python as

U=zeros(1,N);
for k=1:N
for n=1:N
argl=2 =pi *(k-1) =*(n-1)/N;
Uk)=U(k)+u(n)  *cos(-argl);
end
end

# take FFT
U=np.zeros(N)
for kp in range (N):
for np in range (N):
argl=2. =*pi *kp*np/N
Ulkp]=U[kp]+u[np] * math.cos(argl)

Note that sinceu is symmetric, we have only usexs( x) = cos(x) (the sym-
metric part ofexp( {x)).

The resulting Fourier coef cients are shown in Fl§.3 Since the functio in-
cludes only one cosine function and a mean (which is equahé) only three Fourier
coef cient are non-zero. Two of then(2)=N = 0:5, U(16)=N = 0:5, correspond to
the cosine functions (there must be two sikcés symmetric). Fok = 2 we have

cos(2 (n  1)=N)
and fork = N
cos(N 1)2 (n 1)=N)=cos( 2 (n 1)=N)=cos(2 (n 1)=N)
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(a) Versus non-dimensional wavenumber, (b) Versus wavenumber,.

Figure S.3: TheU=N Fourier coef cients.

which corresponds toos(2x=L ) in Eq.S.3 It can be noted that the intervid =
N=2+1;N = 9;16]corresponds to the negative, symmetric part of the waveeusnb
in the physical formulation (cf. Eq&.4andS.5. The rst Fourier coef cient corre-
sponds — as always — to the mearupf.e. U(1)=N = hui. This is easily veri ed from
Eq.S.4by insertingk = 1. The remaining coef cients are zero.

In Fig. S.3 U=N is plotted versus non-dimensional wavenumlhkerand versus
wavenumber =2 (n  1)=L.

The energytu?i, of the signal in FigS.2can be computed as

Z L )(\|
u?(x)dx = uz=N=1:5 (S.6)

n=1

hu?i =

| =

0

In wavenumber space the energy is — according to Parsevaftsufa, see EqG.4 —
equal to the integral of the square of the Fourier coef ciene.

Z 1 )(\l
h2i=1  u)d = =
L o N el

U2=N =1:5 (S.7)
see FigS.3

S.3 Energy spectrum from the two-point correlation

Now that we have learnt how to use the FFT command in Pythds,use it on our
two-point correlation in EgS.1and Fig.S.1 EquationS.4reads

2Kk 1N 1
N

X
Bas(k) = Bsa(n)exp

n=1

(S.8)

The simulations ing9 have been carried out with periodic boundary conditionssin
direction (andk), and henc@33(X3) is symmetric, see Figs.4 Thus, it is suf cient
to use the cosine part of E§.§ i.e.

2 (k 1)(n 1)

X
Bas(k) = Bs3(n)cos N

n=1

(S.9)
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Figure S.4: Periodic two-point correlatiorBss (%3) = hv3(x3)vi(xs + X3)i, of DNS data in
channel ow taken from 99].
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Figure S.5: The energy spectrum of versus wavenumber;. Dashed line in b) show 5=3
slope. Taken fromd9].

In Fig. S.5 the Fourier coef cient€3; 3 are presented versus wavenumbge
2 (n 1)=Xz:max , Wherexsmax ' 1:55, see FigS.4 FigureS.% shows the same
energy spectra in log-log scale (only half of the spectrunmatuded), which is the
common way to present energy spectra. The dashed line shew®t£3 slope which
indicates that the energy spectra from the DNS follows thieriégorov 5=3 decay.
As usual, the Fourier coef cient for the rst non-dimenselnvavenumber, i.e.
B33(1)=N is equal to the mean &z, i.e.

X 1
MBasi = —  Basz(n) WB\33(1) (S.10)

n=1

compare with EqS.9 Note that this is almost the same expression as that for the
integral length scale which reads (see E@.9

Z l .
1 hB 33i
Lini (X3) = = Baa(Xa;Ra)ds = —= (S.11)
Vi o V3
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Hence the integral length scale is related to the rst Fauriede as

- _ Bx(@)
Ling = T (S.12)

The two-point correlation for zero separation is equa@o i.e. B33(0) = E =
1:51. Another way to obtaing is to integrate the energy spectrum in Fg5 i.e.

__ Za X
V@ = i Bas( 3)d 3= Ni Bss(n) = 1:51 (S.13)

n=1

S.4 Energy spectra from the auto-correlation

When computing the energy spectra of tHevelocity, say, versus frequency, the time
series ofvJ(t) is commonly Fourier transformed and the energy spectrurbtisied
by plotting the square of the Fourier coef cients versusgjfrencyf . We can also split
the time signal into a number subsets, Fourier transforrh sabset and then average.
In Python, the commanep.pwelch is a convenient command which does all this.

In the previous section we computed the energy spectrunusevavenumber by
Fourier transforming the two-point correlation. We can tigesame approach in time.
First we create the auto-correlatiBaz( ) = hv(t)vi(t + )i (this can be seen as a
two-point correlation in time). TheBs3( ) is Fourier transformed to géiss(f ) in
the same way as in Sectiéh3
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T MTF271, Assignment 2a: DES, DDES and SAS

N this exercise you will evaluate PANS (Sectip8), DES (Sectior?20), DDES (Sec-

tion 20.3 and SAS (Sectiod2). You will use data from the IDD-PANS modelT5
(see also Sectiop3.4). The ow is fully developed channel ow, see FifR.1. TheRe
number based on the friction velocity and the half channdtiwisRe = u h= =
520Q The matching line may be de ned by whép in Eq. 47 in L75 (see also
Eq.23.79 falls down to, say 0:4. It turns out that it occurs at gridline numb28 at
whichx; ' 270, x2= =0:052( denotes half channel width).

A 32 96 32mesh has been used. The cell sizexinand x3 directions are

X1 =0:1and x3 = 0:05. Periodic boundary conditions were applied in xheand
x3 direction (homogeneous directions). All data have beenenmah-dimensional by
u and .

At the Canvas course www page you nd data les with instarans ow elds
(statistically independent). The data les include the@amsaneous variables(vy), v
(v2), w (v3), k and" (made non-dimensional hy and ).

You can uséMatlab, Octaveor Python Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish itnthssprefer engineers to
use Python instead of Matlab due to Matlab's high licenss.fee

Use one of the programs Python/Matlab/Octave to analyzelate You nd a
Python/Matlab/Octave program at the www page which reaesifta and computes
the mean velocity. The data les are Matlab binary les.

You will also nd a le with time history of u.

T.1 Time history

At the www page you nd the leau-time-history-i70.dat andw-time-history-i70.dat

with the time history of/; andvsz. Each le has six columns of; andvs at ve nodes

(and time):x2,= = 0:0028(nodel0) , x,= = 0:0203 (node22) xo= = 0:0364

(node26) x,= = 0:0645(node30) andx,= = 0:20(node38) . Hence, three nodes

are located in the URANS region, and two nodes in the LES regidthu =1 and
=1=Re = 1=5200 this correspondta; = 15,x; = 105,x; = 189,x; = 336

andx, = 1040, respectively. The sampling time stepli5E 3 (every time step).

Use the Python/Matlab prograph _time _IDD_DESPANSto load and plot the time

history ofv; .

Recall that the velocities have been scaled with the frictielocityu , and thus
what you see is really;=u . The time history ofr; atx,= = 0:0203andx,= =
0:0645are shown. To study the pro les in closer detail, usephexis command
(Python) oraxis command (Matlab/Octave) to zoom-in.

Plot v, for all ve nodes. How does the time variation of differ for different
positions? Recall that the three points closest the walbaated in the URANS region
and the other two are located in the LES region. In the URANftorethe turbulent
viscosity is much larger than in the LES region. How do youeetphat the difference
in  affects the time history of; 2°. You should also keep in my mind that turbulent
uctuations are created by the mean ow gradient (i.e. thedarction). Small mean
ow gradients means little or no creation of turbulence. Bdkee time history of/,
behave as you expect? What abei?

10Hint: small scales destroys/kills the large scales
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Compute the auto-correlation (see Sectlén? of the ve points. In Python, you
do

ul_fluct=ul-np.mean(ul)
two=np.correlate(ul_fluct,ul_fluct,'full’)
# find max

nmax=np.argmax(two)

# and its value
two_max=np.max(two)

# Pick the right half and normalize
two_sym_norm=two[nmax:]/two_max

and in Matlab/Octave

imax=500;
two_uu_1 mat=autocorr(ul,imax);

Plot the auto-correlation in Python

figl = plt.figure("Figure 1")

imax=500;
plt.plot(t[0:imax],two_sym_norm[0:imax],'b-")
plt.xlabel('t")

plt.ylabel("$B_{uu}$")

or in Matlab/Octave

plot(t(1:imax),two_uu_1_mat(1:imax),'linew',2)
xlabel('t")

ylabel('B_{uu})

handle=gca

set(handle,'fontsi',[20])

The np.correlation computes the correlation by sliding the two arrays, see
example AppendiAB.

Above we set the maximum separation in time5@0 samples. For large time
separation you nd that the auto-correlation oscillatesusid zero. This is numerical
noise. You should carry out the integration in E§.11only up to the point when the
auto-correlation goes negative. If is does not go negatiérejinate the integration at
the time separation when the auto-correlation starts tease.

Above | told you to use built-in functiongérrelate  or autocorr ) to com-
pute the auto-correlation; the reason is that they are \asiy fIf you really want to
understand what's going on you should dee loops. | have made an example in
SectionX.10.

Compute the integral timescale in Python

dt=t[1]-t[O]
int_T_1=np.trapz(two_sym_norm) * dt

or in Matlab/Octave

dt=t(2)-t(1);
int_T_1=trapz(two_uu_1_mat) * dt;
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Compute the auto-correlation and integral timescale asthie other four points.
Do you see any difference between the points in the URANSregnd the LES re-
gion? What did you expect?
Hint: small-scale turbulence breaks up/destroys large eddies.

T.2 Mean velocity pro le

After having performed a DES, we want to look at the time-aged results. Use the
le pl _uvw_IDD_PANSto look at the mean velocity pro lespl _uvw_IDD_PANS
reads the instantaneous eld and performs an averaging in the homogeneous direc-
tionsx; andxs. The time averaged velocity pro le is compared with the lag e
(markers). The velocity is also plotted in linear scale tbgewith an inset (i.e. zoom-
in) near the wall. There are 16 les with instantaneous valoi/; v, andvs which in

the beginning opl _uvw_IDD _PANSis merged into three 3D arrays3d, v3d and
w3d of sizel6 (ni;nj;nk ) (nfiles=16 ). If you want to speed-up the simulations
when debugging/testing, you can use fewer les (afjes=4 ).

T.3 Resolved stresses

We want to nd out how much of the turbulence that has beenlvescand how much
that has been modelled. Compute xshean (this quantity should be very small, but
if you had in nite number of samples it would be zero). Now qauehvdvdi. Here's
an example how to do in Python:

uv=np.zeros(nj)

for k in range (0,nk):

for j in range (O,nj):

for i in range (O,ni):
ufluct=u3d[i,j,k]-umean]j]
vfluct=v3d][i,j,k]-vmean(j]
wfluct=w3d[i,j,k]-wmean[j]
uv[j]=uv[j]+ufluct * Vfluct

uv=uv/ni/nk
and in Matlab

uv=zeros(nj,1);

for k=1:nk

for j=1:nj

for i=1:ni
ufluct=u3d(i,j,k)-umean(j);
vfluct=v3d(i,j,k)-vmean(j);
uv(j)=uv(j)+ufluct * Vfluct;

end

end

end

uv=uv/ni/nk;

A much faster way is to use Python's built-in function
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uvmeanl=np.mean((u3d-umean[None,:,None]) * (v3d-vmean[None,:,None]), axis=(0,2))
or Matlab's built-in function
uv=mean(mean(((u3d-umean). * (v3d-vmean)),3),1);

Plot it in a new gure. Note that if you compare with DNS, it iee modeled
plus resolved shear stress which should match the DNS daagbdlyou can do that
comparison in Section.5.

T.4 Turbulent kinetic energy

The resolved turbulent kinetic energy is de ned as
Kres =0:5 WW&i + W&i + hvi

Plot and compare the resolved and modelled turbulent kimgtergies. Note that the
modelled turbulent kinetic energl, (tel _IDD_PANS.mat, te2 _IDD_PANS.mat,

...), can be downloaded from the www page and are loaded betianing ofpl _uvw_IDD _PANS
Which is largest (modeled or resolved)? Which is largeshan WRANS region and

in the LES region, respectively? What about the sum? The matmof resolved and

modelled turbulent kinetic energies is discussed on p. A15d7] in relation to Fig. 6

in [167].

T.5 The modelled turbulent shear stress

We have computed the resolved shear stress. Let's nd theeftemtishear stress.

The modelled turbulent kinetic enerdy,(le tel IDD_PANS.mat, ...), and the

dissipation,' (le epsl _IDD_PANS.mat, ...) will be used. Recall that = 1=520Q

Compute the turbulent viscosity & f k=" (AKN/PANS model), see E3.19
Compute the modelled shear stress from the Boussinesq pgsom

@ @
2= 24S12= ¢ @—;4'@—;

To compute the velocity gradient, use the Python command
dudx, dudy, dudz=np.gradient(u3d,dx,y,dz)

or the Matlab command

[dudy dudx dudz]=gradient(u3d,y,dx,dz);

Plot h 12i and compare with the resolved shear stress (see SeEtpn Are they
smooth across the interface? Is the resolved shear strgesitethe URANS region?
Should it be large? Why/why not?

T.6 Location of interface in DES and DDES

As mentioned above, the interface in the present simulatinay be de ned where
fx ' 0:4. Let's compare that with SA-DES and DDES.

In SA-DES, the interface is de ned as the location where tladl distance is equal
toCpes where =max f ; y; .0,seeEq20.3
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In SST-DES, the location of the interface is computed u&irend”. The switch
of this model takes place according to 2.8 How does the location compare with
SA-DES?

In DDES, the boundary layer is shielded with a damping fuorctin SST-DDES,
the shielding function (see Eg0.17) may be one of the blending functiorts, or F,
(see Eg20.9. Let's useF, as the shielding function as ii9]. Does DDES work, i.e.
does it make the model to be in RANS mode in the entire bourdgey?

T.7 SAS turbulent length scales

The SAS model is described in Sectipa
Compute the steady von Karman length scale de ned as

Lo . Ouiz@x
vK;steady @h/li :@%

where = 0:41is the von Karman constant. Note that you should take thigateres
of theaveragedv; velocity, i.e. oftv;i. How does it behave, i.e. whatrisin O(x5) in
the fully turbulent region? What shoutdbe? You will nd a large peak &g * 1800
(cell [41]) where@Unmean =@¥ changes sign (you may omit this cell in the plotS).

When we're doing real 3D simulations, the rst and secondidgive must be
de ned in 3D. One way of de ning the von Karman length scale3D is [159-162]

(T.1)

S
Lvkiinst = mo
S= (2 Sij Sij )0:5 (T.Z)
UOO: @Vi @Vi 0%
@x@x @xQ@Xx

Plot the von Karman length scale using Eq®. Compare it with EqT.1.

Recall that we use the von Karman length scale in a sourog Bsas (EQs.22.7
and22.8); you may assume thay is negligible and = 0:41), in the! equation. Plot
this source term for bothykinst andLyk:steaqy - Which source term is large/small
and why? Compare them with the production tef, see Eq20.5 Note that you
are interested to look at the source terms only in the turthutggion P' is very large
near the wall but this is not interesting because 0).

T.8 Anisotropic errors (optional)

Recently, Toosi & Johan LarssoB(9 proposed a method for evaluating resolution.
They propose to use a directionally small-scale (i.e., eadionally high-pass test |-

tered) eld,v, ™ de ned as

2
v ™oy g M T”nT moTvion (T.3)
wheren de nes the direction along which the small-scale velocgycomputed. The
anisotropic error is then de ned as

Am)= v My ™ (T.4)

11when computing the von Karman in a CFD code this large valoigld create a large turbulent viscosity
which would smoothen the velocity pro le and the non-phgsigeak would vanish
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In [209 they used the quantity as an indicator where the grid neexlbd re ned and

in which direction. But it can also be used as a post-prongdsiol to evaluate if the
grid is equally good (or bad) everywhere. Hence we want thar é@r Eq.T.4 to be as
constant as possible in all grid direction and throughoatdbmain. Since our ow

is homogeneous ir; andxs we need only to evaluate how inhomogeneous the error
is in thex, direction. Furthermore, on structured grids we can compatd.3 using
second velocity derivatives, i.e.

. h @
' 4 @x@x

where ,isequalto x, yor z.Inordertotake the anisotropic cells into account,
the error should be multiplied by the cell volun&l[j
D E -

ANy = x y z v,My ™ (T.6)

vV ; N0 summation ovem (T.5)

Plot A(n)y and nd out how constant and isotropic it is. Where does thalme
needs to be re ned? In which direction(s)?
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U MTF271, Assignment 2b, recirculating ow: PANS,
DES, DDES and SAS

I N this exercise you will use data from PANS and Zonal PANS fa tw over
a hump. In SectiorT, a similar analysis is carried for channel ow. It may be
interesting to do that assignment before this one.

The results of the hump simulations are presented in detild7, 178 20§ *?

0.8
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Figure U.1: Hump ow. Grid. Every4" grid line is shown.

The Reynolds number of the hump ow Re. = 936 000, based on the hump
length,c, and the inlet mean velocity at the centerlitg,.c . The grid is shown in
Fig.U.1. Experiments were conducted by Greenbl21t217; they are also described
in detail athttps://turbmodels.larc.nasa.gov/nasa40percent.fimel maximum height
of the humph, and the channel height,, are given byH=c = 0:91andh=c=0:128
respectively. The baseline mesh 1842 120 64cells withZ s =0:2.

There are side-wall effects (3D ow) near the side platehmaxperiment. Hence,
in order to compensate for the blockage effect of the sideeplm the computation,
the surface shape of the upper wall (above the hump) is mddird the upper wall
is moved slightly indented, see Fig.1. The ratio of the local cross-sectional area of
the side plates (facing the ow) to the cross sectional af¢hetunnel enclosed by the
side plates was computed. This ratio was used to scale thkHeiht of the channel
and thus modifying the contour shape of the upper wall.

Neumann conditions are used at the out ow section locatexsat 4:2. Slip
conditions are used at the upper wall and periodic boundangitions are used on
the spanwise boundaries. In ow boundary fat = 0:6) conditions are taken from
2D RANS SSTk ! simulations carried out by the group of Prof. Strelets in St.
Petersburg. The distributions ¥f andV, atx; = 0:6 from the RANS simulation are
used together witNz = 0 as mean inlet velocities to which the uctuating velocif),
V9 andVy are superimposed. The computed integral length scale éayththetic inlet
uctuations isL ' 0:040and the integral time scale ' 0:038 It is noted that the

12these papers can be downloaded friattps://www.tfd.chalmers.se/ lada/allpaper.html
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prescribed inlet integral length scale is rather largéd (approximately equal to the
in ow boundary layer thickness). The reason is that synthetctuations with a large
integral length scale are ef cient in generating resolwatbtilent uctuations 197.

Atthe course Canvas page you nd data les with time and spaewveraged ow
elds. You can uséviatlab, Octaveor Python Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish itnthssprefer engineers to
use Python instead of Matlab due to Matlab's high licenss.fee

Use one of the programs Python/Matlab/Octave to analyzelate You nd a
Python/Matlab/Octave program at the www page which readsitfta and computes
the mean velocity. The data les are Python binary les.

Start by downloadingl _vect _hump.py orpl _vect _hump.m,vectz _aiaa _paper.dat
xy _hump.dat andx065 _off.dat ...x130 _off.dat . The py and m- les read
the data les. The velocities, the square of the velocitied a number of other quan-
tities are read. The resolved stresses are computed as R.&d-urthermore, the py
and m- les plot contours ofw9v?i, the grid, a vector plot as well d®;i andhvSvii at
x = 0:65. The experimental data are also included in the plois=aD :65.

U.1 Discretization schemes

You will analyze results from two publication${8 208. You can also nd slides for

the two papers dtere(titles: Embedded LES using PANS, Hawaii 2@htiEmbedded
LES using PANS (CD¥)The main difference is that ireDg§ pure central differenc-
ing was used whereas id 7§ a blend 0f95% central differencing an8% bounded

second-order upwind scheme (van Leer scheig]] was employed. In both works,
f« was set td:4 in the entire region, which means that the PANS model wasatipey

in LES mode everywhere.

Consider the plot div;i (Figure 1) andwSv3i (Figure 2) ax = 0:65. The velocity
pro le shows that the boundary layer extends upo' 0:17. However, thewdvi
exhibits large values outside the boundary layer; the paalevatx, ' 0:24is almost
5times larger than in the boundary layer. These uctuatiaesenphysical and stem
from the use of central differencing.

Now plothvvSi at locations further downstream (choose the positions evbes
perimental data exist, i.ec = 0:65, x =0:80,x =0:90,x =1:0,x =1:1,x =1:2
andx = 1:3). There are nonphysical uctuations at the inlet. Do thesaghpear further
downstream? Compare witkv3i in Fig. 13 in R20g. The nonphysical uctuations
appear in the outer region where no physical resolved tartmd is present. Pure cen-
tral differences sometimes give problemsin ow regionglikis. Itis tempting to draw
the conclusion that these nonphysical uctuations areeaby the inlet synthetic uc-
tuations. However, when increasing the magnitude of thet synthetic uctuations
the magnitude of the nonphysical uctuation diminisheg B@. 13a in 20g.

Similar (much worse) problems with central differenceseMencountered in LES
of the ow around an airfoil 114, 214. Large nonphysical uctuations were found in
regions far from the airfoil; in these studies the problenesersolved by using00%
van Leer scheme in the far- eld regions.

In [178 the same simulations were carried out but now using a bldroiotral
differencing 05%) and van Leer schemé&%). Analyze these results by loading le
vectz _aiaa _journal.dat in pl _vect _hump.py orpl _vect _hump.m.

Consider the resolved uctuations: note how strongly thegréase when going
from the attached boundary layer;(= 0:65) to the recirculating regiorQ:8 . x .
1:2. The peak ofwdV3i, for example, increases from0017 (x; = 0:65) to 0:046
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(x2 = 0:8). This is the main reason why the nonphysical uctuationgat= 0:65
vanish quickly further downstream.

U.2 The modeled turbulent shear stress

As usual, when analyzing results of DES, PANS etc, we wanhtbout how much of
the turbulence is modeled and how much is resolved. Thisgimendication how well
the turbulence has been resolved; if much turbulence isves$@ may be either good
or bad. In recirculating regions it is usually good but it nieydisastrous in boundary
layer regions close to the wall if the mesh is not ne enoudtis(is the very reason
why DDES was proposed, see Exf).1]). A suitable quantity to look at is the shear
stress which is much more relevant than the turbulent ldrestergy; the shear stress
is the largest diffusion term in the momentum equations,imager than the normal
stresses (at least in boundary layer ows).

Now plot the resolveduyv _2d) and the modelled shear stress (model _2d) in
the boundary layer region (e.g. = 0:65) and the recirculating region (e.g. = 1).
Where is the modeled shear stress large and where is it snhaltk at the other
locations with experiments at some locatio@$6. . .1:30).

When you compare turbulent quantities here and below, hateittis interesting
to compare turbulent quantiti@sly inside the turbulent boundary layer. The ow
is laminar outside the turbulent boundary. To nd the thieka of the turbulent, nd
where = falls below one.

U.3 The turbulent viscosity

It may be interesting to look at the turbulent viscosity. blbuit is plotted scaled with
,i.e. (= . Plotthe viscosity,(= ((vis _2d-viscos)/viscos ), vis 2dis
the total viscosity, ot = + ) inthe boundary layer and in the recirculating region.
You nd that the turbulent viscosity is large in the reciratibn region, right? That
might lead you to conclude that the turbulence is betterlvesdn the boundary layer
(where { is small) than in the recirculating region. But that would d®incorrect
conclusion. When estimating the in uence of the modelethtilence, we should not
look at the turbulent viscosity because it does not appeartaem in the momentum
equations; we should look at the ratio of modeled stressdisetoesolved one, and,
as mentioned in Sectidd.2, preferably the ratio of the modeled to the resolved shear
stress 127,129. It would actually be even more relevant to look at the dierce of

these terms, i.e. _
@ @ and Quvi
@x '@ @x
because these are the terms that indeed appear in the momegtations. Plot and
compare the two terms in Egl. 1.

You have noted that the turbulent viscosities are rathgetan the recirculation re-
gion (= islargertharl00 Go back and load the results @8 (vectz _aiaa _paper.dat
Plot the turbulent viscosity for the two data sets. You natkthe turbulent viscosity
is much larger than for the data df{§. It is true that the discretization schemes used
in the two papers are slightly different, but that is not teason. The difference stems
from the fact that the turbulent Prandtl numbers in khend" equations were in the
two papers set as

(U.1)

k=14, .=1:4 [209 (U.2)

).
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k =1:4F2; . =1:4f2 [17§ (U.3)

EquationU.3 corresponds to the original PANS model. Recall that theutientt diffu-
sion in, for example, thi equation reads

@ . @k (U.4)

@x « @x
Sincefy = 0:4, it means that the turbulent diffusion in theand" equations are
1=0:4?"' 6times largerin 178 than in [20§. The consequence is that peak&kiand
" (and also ;) are reduced in the former case compared to the latter ttieiphysical
role played by diffusion: it transports from regions of highk to regions of lowk).
This explains why the peaks &fare much larger in0g compared to in17§.

Hence, in the original PANS model (E4;3), the RANS turbulent viscosity appears
in the turbulent diffusion ok (and"), because the turbulent diffusion term reads (recall
thatfy = k=kowr = k=krans Wherekgans denotes the turbulent kinetic energy in
a RANS simulation)

@ i @k _ @ ck® @k

@x fZ«@x ~ @x "fZ«@x
_ @ ckins @k _ @ _trans @K
@x "k @x @x Kk @x

cf. Egs. 18 and 19 in43. Thus thetotal (i.e. RANS) viscosity is responsible for the
transport of thenodeledurbulent kinetic energy.

(U.5)

U.4 Location of interface

The results analyzed above were from LES simulatidi&[20g (i.e. the PANS
model was used in LES mode). Now we will analyze results framoai ed IDDES.
In[219 —which is the ratio of the RANS to the LES length scale — is cotag from
Eq.23.51 Note that for the SST-DES model we used the notafipps (Eq.20.8
instead of . We will use data obtained fron219 but on a ner mesh(ni; nj;nk ) =
(723 128 32)(this mesh has been re ned in the outlet region compared1§]].
Runthe lepl -vect _hump.IDDES.py (in this part of the Assignment you must

use Python) which loads the les

x2d _hump_IDDES.dat
y2d _hump_IDDES.dat
z_hump_IDD.dat
itstep.npy
p-averaged.npy
u_averaged.npy
v_averaged.npy
w_averaged.npy

k_averaged.npy
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vis _averaged.npy
uu_stress.npy

vV _stress.npy

WW Stress.npy

uv _stress.npy

fk _averaged.npy
eps _averaged.npy
gen_averaged.npy
x065 _off.dat.

Start by nding where the IDDES model switches from RANS to3,E.e where
exceeds one. Plot the location of the switch versus

The IDDES model is presented in Secti®d.4.2 It has many blending functions
and it is not straight-forward to understand. The main biegdunction isf 4, see
Eq.23.54 The author's experience is that the impact ofthéunction is negligible (it
can be set tb. = 0); this simpli es the IDDES model a lot sindg then only includes
fq andfg . The latter function is used to create a DES length scaleKge8 in [L65
where it is denotetlymies )

Loes = felrans + (1 fg)Lies (U.6)

(I've setf = 0). Next, a DDES shielding function is introduced

Lppes = Lrans  famax(0;Lrans  Lies)

wheref 4 = 0 gives RANS. This can be written as

Lopes =(1 fa)Lrans + falies (U.7)
EquationdJ.6 andU.7 are then combined so that (cf. E2B.53

Liopes = falrans + 1 g Lies

wherefy =1 gives RANS (sincd fq is used in Eq23.59. Recall that | have here
simpli ed the IDDES model by settinfe = 0.

Plotfg alongy at the usual locations = 0:65:::1:3. Thefy should fall below
one at the same location asexceeds one.

U.5 Location of interface in DES and DDES

Let's compare IDDES with DES and DDES. Recall that = 0:2=32. In SA-DES, the
interface is de ned as the location where the wall distarscequal tadCpes ~ where
=max f «; y; .0 see Eq20.3 How does this compare with the switching
location de ned by IDDES?
In DDES, the boundary layer is shielded with a blending fiorct As shown
above IDDES is actually a combination of wall-modelled LES.( hybrid LES-
RANS) and DDES (EqU.7) where the shielding function is given by EB3.56
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Use the shielding function to nd where the IDDES switch takgdace When com-
puting the shielding function you needin Eq. 23.58 This quantity is loaded in
pl _-vect _hump_IDDES.py .

Does IDDES work, i.e. does it make the model to be in RANS madee entire
boundary layer? What about the separation region?

U.6 The SAS model (optional)

Learn about the SAS model in Sectid® The SAS model is based on the von Karman
lengthscale, Download the Python schpt_sas _IDDES.py which reads data les
with instantaneous results. The les are

u3d _saved _0.npy ,v3d _saved _0.npy ,w3d_saved _0.npy
u3d_saved _100.npy ,v3d _saved _100.npy , w3d_saved _100.npy
u3d _saved _200.npy ,v3d _saved _200.npy ,w3d_saved _200.npy

u3d_saved _2200.npy ,v3d _saved _2200.npy ,w3d_saved -2200.npy

which include 23 independent instantaneous velocity el@sly the rstthree elds
(nfiles=2 ) are loaded irpl _sas _IDDES.py . The more instantaneous velocity
elds that are used, the better statistics and the smootieeplotted lines. When ev-
erything works, | recommend that you use more les (mayb@3jlseinfiles=22 ).

In the beginning opl _sas _IDDES.py , all rst and second velocity derivatives
are computed. Compute the instantaneous von Karmanhseejel x.nst USING
Eq.22.3 Spanwise average and plot it at a couple of positiOrgsy(. . . 1:30).

Recall that the idea of the SAS model is that the von Karmeagthscale is smaller
for an unsteady ow eld than for a steady one. Compute the K@mman lengthscale
using the time-averaged velocity eld (use the ¢ _vect _hump_IDDES.py ); note
thathvsi is zero since the time-averaged ow eld is two dimensionajompare it
with Lyk:inst - Compare also witlepes

Recall that we use the von Karméan length scale in a souroe Bsas (EQs.22.7
and22.8 you may assume that, is negligible), in thel equation. Plot this source
term for bothLyk:inst andLyk:steady - Which source term is large/small and why?
Compare them with the production terf, , see Eq20.5

The von Karman lengthscale using the time-averaged wglaad is a RANS
lengthscale. Therefor it is interesting to compare it with RANS lengthscalfk,es +
k)3=2="wherekes is the resolved turbulent kinetic energy anid the modelled dissi-
pation (from the PAN& " model). Note that what we denote as a steady von Karman
lengtscale in Sectiof2 here corresponds to

2hs;; ihs;j i)'
Luksteady = —( IJUOO i 1) (U.8)
mean
where .
w _ @i @i *°
Umean = @x@x @K@ (U.9)

Note than in a CFD code, E2.3and22.2are always used but when the ow is steady
it is equal to EqsU.8 andU.9.
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U.7 Different ways to evaluate resolution

In[127,128 different ways to estimate the resolution of an LES weregtigated. It
is also discussed in Sectid®.26 There are many ways to estimate resolution.

1. Ratio between viscous and modelled turbulent viscositf (ecommended in
[127,128).
Plot h {i= at a couple of position8:65 ...1:30. This quantity does not say
much about how good the LES resolution is. It tells us howestbg LES is to a
DNS.

2. Ratio between modeled and total shear stress (recommhénfie?7,129).
Plot jh 12i=(h 1oi + hvdVi)j at a couple of positiond:65. ..1:30. Compute the
modeled shear stress from the Boussinesq approximation.

3. Ratio between modeled and total turbulent kinetic en@epommended ird03).
Plot HKKmodel i =(FKmodel | + Kres ) ratio at a couple of positior&65. ..1:30.

4. Anisotropic error (optional).
Plot the anisotropic error at a couple of positidn65 . . .1:30; 2:00; 3:00. This
guantity should be as constant as possible. Some furtheu@tions are given
in SectionU.7.1

5. Two-point correlations.
Plot the two-point correlations (recommended 2}, 12§). You nd info on
how to proceed in Sectiod.7.2

6. Ratio of boundary-layer thicknessto x and z. This is a measure of the
resolution in the log-law region. It is commendedthat x < 10and = z <
20, see Section8.26
Plot = xand = zvs.x. One question arises: how the estimate the boundary-
layer thickness. One useful de nition is to de neas the location wherg =
falls below one.

In [203 he suggest that iKmodel =(Kmodel + Kres) < 0:2 (ratio of modelled to
total turbulence), then the turbulence is well resolvedh®/ LES. Assume we make
the same de nition for the shear stress, jleg,i=(h 121 + W{Vv3i)j < 0:2.

Do these methods give similar results? Do you trust anyorre thhan the other?
(hint: look at [128,.

U.7.1 Anisotropic errors (optional)

You plotted this error estimate also for the channel ow, SeetionT.8. You can use
the rst and second-order derivatives that you computeddati®nU.6. The x and
y needed in EqT.5 can be computed as

dx=diff(xp2d);
dx=repmat(dx,[1 1 nk-1]);
dx(ni,:)=dx(ni-1,:);

dy=diff(yp2d,1,2);

dy(:,nj)=dy(:,nj-1);
dy=repmat(dy,[1 1 nk-1]);
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( zis constant). Only two sets of velocity elds are loaded, pans _iddes.mat
...w2_pans _iddes.mat . When everything works, use more velocity elds (possi-
bly all eight) in order to get better statistics.

U.7.2 Two-point correlations

In Item5in SectionU.7 you should compute two-point correlation. To do that, yoll wi
use data from another simulation of the hump ow presentdd i1, 174. Download
the

Pythons lepl _twocorr _computed fk.py or
the Matlab/Octave lepl _twocorr _computed _fk.m .

They load a new grid witB05 109grid points. The 3D grid ha32 cells in the span-
wise direction £max = 0:2). pl _twocorr _computed fk will also load time histo-
ries of the spanwise velocitys atx = 0:65;0:8; 1:1andx = 1:3(les w.time _z65,
w_time _z80,wtime _z110 andwtime _z130). These les include time histories
at cell centej = 10;30; 50; 70; 90in the wall-normal direction at6 positions in the
x3 direction. The time series are re-arranged into 3D arraysz -t 65[j,k,t] ,
wy z_t _80[j,k,t] , Wy z t 110[,k,t] andw.y _z t _130[j,k,t] where
indexj; k;t denote wall-normal direction, spanwise direction and finespectively.
Don't plot any data foj = 90 since this cell is outside the boundary layer.

Now, use the time series to compute two-point correlatiaisgithe formulas given
in Section10.1 Equation10.3 gives the two-point correlation of} at two points
separated in the; direction. In your case, you will compute the two-point eation
of v§ at two points separated in ttxg direction, i.e.BI™ (x5;%3). Plot it at allx;
positions k1 = 0:65;0:8; 1:1 and1:3) and at a couple of, locations. Then compute
the integral lengthscale, see Bd).6

In [127,129 it is recommended that in a good LES (or in the LES region of a
DES/hybrid LES-RANS), the integral lengthscale shouldexd®+16 cells, depending
on how accurate the user wants her/his LES/DES to be.

Here are some hints on how to compute the two-point coroglatart by comput-
ing it for oney location (=0 in Python and =2 in Matlab/Octave) and arseparation,
2=2 2).InPython

B33=0

k=2

for n in range(1,N): # time average
B33=B33+w[0,0,n] *w][0,0+k,n]/N

and in Matlab/Octave

B33=0;

k=2;

for n=1:N % time average
B33=B33+w(2,1,n) *w(2,1+k,n)/N;

end

wherek = 2 (because the separatiorgis= 2 z) andN is the number of time steps.
This givesB33(2 z). Next, doitfor2 =3 z,i.e. (in Python)
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B33=0

k=3

for n in range(1,N): # time average
B33=B33+w[0,0,n] *w][0,0+k,n]/N

This givesB33(3 z). Now, do it for allk = 0;1;:::15. And then normalize by
w2.s (or, easier, simply by33[0] (Python) orB33(1) (Matlab/Octave)). Check
that it is correct by plottind333(2) versus2. It should look someting like the two-
point correlation in Fig10.1 Finally, compute the two-point correlation for all we
locations and fouxk locations and compute the integral length scale.
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V MTF271, Assignment. Embedded LES with PANS,
channel ow

Interface

) RANS,f, =1:0 LES,fi = fLES < 1

X2 E

X1 :
0:95 2:25

- D7 -

Figure V.1: Channel ow con guration. The interface separates the RAdS the LES regions.

N this exercise you will use data from an embedded PANS of atlanw where
RANS is used fox < 0:95and LES is used fox  0:95. The data are taken from
[179. Thek, (Eq.23.9 and the", (Eq.23.19 equations are solved. The turbulent
viscosity is computed from Eq3.6 The PANS model is a modied& " model

which can operate both in RANS mode and LES mode.

The Reynolds number for the channel owie = 950 based on the friction
velocity, u , and half the channel width,. In the present simulations, we have set
=1, =1andu ' 1,seeFigV.l. Witha3:2 2 1:6domain, a mesh with

64 80 64cellsis used in, respectively, the streamwisy (he wall-normal ¥)
and the spanwise] direction, see FigV.1. The resolution is approximately (the wall
shear stress varies slightly along the wdB) (0:6 103) 24in viscous units. Inlet
conditions atx = 0 are created by computing fully developed channel ow witk th
LRN PANS model in RANS mode (i.e. withy = 1). The RANS part extends up to
x1 = 0:95; downstream the equations operate in LES mode f(i.e= 0:4).

Anisotropic synthetic uctuations are added at the integfaThe interface condi-
tion for ", is computed with the baseline val@g = 0:07, wherekgans is taken at
x = 0:5, see FigV.1. The modeled dissipatiofijer , is set fromkiner and an SGS
length scale; sgs, Which is estimated from the Smagorinsky model as

\sgs = GCs (V.1)
and the interface condition fég, is computed as
Kinter = f+=° Krans (V.2)

with f ES = 0:4. The interface conditions ok, and", will make the turbulent
viscosity steeply decrease from its large values in the RA&d0oNn to much smaller
values appropriate for the LES region.

V.1 Time history

At the www-page you nd a leu_time _interior.dat with the time history of
V2. The le has eight columns of, along two lines:x, = 0:0139(x; ' 13) and
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Xz = 0:24 (x5 ' 230); they are located at; = 0:775 1:175 1:675 2:175 The
sampling time step i8:000625(every time step).

You can uséViatlab, Octaveor Python Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish itnthssprefer engineers to
use Python instead of Matlab due to Matlab's high licenss.fee

Use the Python/Matlab/Octave prograin_time _pans to load and plot the time
history ofv,.

The time history of/, atx, = 0:0139atx; = 0:775andx; = 1:675are shown.
To study the pro les in closer detail, use thgis -command in the same way as when
you studied the DNS data. Why is there such a big differentieenuctuations?

If you're not interested in integral time scales, skip thetref this section and
proceed to SectioW.2.

In pl _time _pans, gure 2, the auto-correlation is plotted. The auto-coat&n
is de ned as Z,

B()=  v(tv(t )dt (V.3)
0

When prescribing the time correlation of the synthetic wations, the integral timescale
T is used. The integral time scale is de ned as
z 1
T= B ()d (V.4)
0

whereB™'™ = B( )=B(0) so thatB"'™ (0) = 1. The constan& is in [17§ set to
0:954and from Eq. 14 in208 we can then compute the prescribed integral timescale.
In the Python/Matlab/Octave le the integral timescale @nputed from the auto-
correlation.

Plotv; for the other nodes and study the differences. Compute tioecaurrelations
and the integral timescales.

V.2 Resolved stresses

Now we will look at the time-averaged results. Use the gk _uuvvww_2d.m to
look at the mean quantities such as velocity, resolved amdeted stresses, turbulent
viscosities etcpl _uuvvww_2d.m reads the elds and transforms them into 2D arrays
such asi_2d, uu_2d. o

Runpl _uuvwww_2d. The resolved stresség®i are plotted v, (gure 1) and
vS. X1 (gure 2). Two x; stations are shown in gure X; = 1:175andx; = 2:925
Plot the resolved stress also in the RANS region, i.exfox 0:95. Thehv®i pro les
are very different in the RANS regiom{ < 0:95) and in the LESX; > 0:95), aren't
they? Why? This can also be seen in gure 2 whiesgi is plotted vsx;

Now plot the resolved shear stressedvdi, both in the RANS region and in the
LES region. You nd the same difference between RANS and Lé&gan as fohv®i,
don't you?

V.3 Turbulent viscosity

Plot the turbulent viscosity vsx; in both regions. Normalize it with i, i.e. plot
h ,i= . Where is it large and where is it small? Why? Now plot it also ;.
Something drastically happensxat= 0:95, right?
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E()

dissipating range

C

Figure V.2: Energy spectrum.

V.4 Modeled stresses

In SectionV.2 you looked at the resolved Reynolds stresses. Now let's &idke
modeledstresses. Compute the modeled Reynolds stresses from tissiBesq as-
sumption

i i 2 .
@i, @ui 2 )
@x @x 3
Compare the resolved and the modeled shear stress as wadl ssgamwise and the
normal stresses in the RANS region and in the LES region.

h/iTiomodi = h “i

V.5 Turbulent SGS dissipation

In an LES the resolved turbulent uctuations can be repreegkhy a energy spectrum
as in Fig.V.2. The resolved turbulence extracts kinetic energy via toelpction term,
Pk, which represents a source term in thequation (Eg8.14) and a sink term in the
K equation (Eq8.39. The energy ow is visualized in FigR.4 where the energy in
K mostly goes to resolved turbulenée then to modeled turbulendesgs (orky) and
nally to internal energy via dissipatiori,, .

In RANS mode, however, there is no resolved turbulence. elémekinetic energy
goes directly fronK to the modeled turbulenck, .

In the LES region, the production term in tkg equation includes both mean and
uctuating strain rates since

@7 . @ @

Pu = "sgs = U =o P
9 @x @x @x

which is stored apksgs -2d. Now consider the LES region. Investigate the relation
betweerP, = "s4s and the production due to the resolved turbulence

——. @V;i
Pk = h Vi(\/jol @—?(

Compare als®X in the LES region and in the RANS region.



V.5. Turbulent SGS dissipation 527

In both the RANS and the LES region the process of viscougdiisn takes place
via",. Hence, plot also this quantity. Is the turbulence in locpligbrium, i.e. does
the relationP, = ", hold?
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W MTF271, Assignment 3: Hybrid LES-RANS, chan-
nel ow

I N this exercise you will use data from a Hybrid LES-RANS forlyutleveloped
channel ow. The turbulence model is the same asdf] [(no forcing), but the
domain and Reynolds number is taken fr@ti]. TheRe number based on the friction
velocity and the half channel width Re = u h= = 8000. 28 cells 29 nodes
including the boundary) are located in the URANS region ahesall. The matching
line is located at gridline numb@ at whichx; ' 500, x2= = 0:06.

A 64 96 64 mesh has been used. The cell sizexinand x3 directions are

X1 = 0:05and x3 = 0:025 Periodic boundary conditions were applied in #he
andxs direction (homogeneous directions). All data have beenenmadh-dimensional
byu and .

The number of A4 pages in the report should not ex@&edront size must b&1pt
or larger. The minium size of each gure must not be smallantfcm.

At the course www page you nd data les with instantaneousv celds (statisti-
cally independent). The data les include the instantarse@riabless (v1), v (V2), w
(v3) andkt (made non-dimensional hy and ).

You can uséviatlab, Octaveor Python Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish itnthssprefer engineers to
use Python instead of Matlab due to Matlab's high licenss.fee

Use Python, Matlab or Octave to analyze the data. You nd &@&ytMatlab/Oc-
tave program at the www page which reads the data and comiat@sean velocity.
The data les are Matlab binary les. Since the data les aather large, it is recom-
mended that you do all tasks using only data les '1'. Whenrgtleing works, then
use also data les '2','3"and '4', and average by use of allfoles.

You will also nd a le with time history of u.

W.1 Time history

At the www page you nd a leu_v_time _4nodes _hybrid.dat with the time
history ofv; andvs. The le has nine columns of; andvs at four nodes (and time):
X>= = 0:0028 xo= = 0:015 x,= = 0:099andx,= = 0:35. Hence, two nodes
are located in the URANS region and two nodes in the LES regidithu =1
and = 1=Re = 1=800Q this correspond ta; = 22,x; = 120,x, = 792 and
X, = 2800, respectively. The sampling time stepR250E 4 (every time step).
Use the Python/Matlab/Octave progrgm_time _hybrid to load and plot the time
history ofv; .

Recall that the velocities have been scaled with the frictielocityu , and thus
what you see is really;=u . The time history of/; atx,= =0:015andx,= =0:35
are shown. To study the pro les in closer detail, usedles -command in the same
way as when you studied the DNS data.

Plot v, for all four nodes. How does the time variation\af differ for different
positions? Recall that the two points closest the wall acatied in the URANS region
and the other two are located in the LES region. In the URANftorethe turbulent
viscosity is much larger than in the LES region. How do yous®tphat the difference
in  affects the time history of;. Does the time history of; behave as you expect?
What about,?

Compute the auto-correlation of the four points
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imax=500;
two_uu_1 mat=autocorr(ul,imax);

Above we set the maximum separation in time@d samples. Compute the inte-
gral timescale

dt=t(1);
int. T 1=trapz(two_uu_1 mat) *dt;

Plot the auto-correlation.

plot(t(1:imax),two_uu_1_mat(1:imax),'linew',2)
xlabel('t")

ylabel('B_{uu})

handle=gca

set(handle,'fontsi',[20])

How does it compare to the integral timescale? Compute ttee@rrelation and
integral timescale also for the other three points. Do yauasey difference between
the points in the URANS region and the LES region?

W.2 Mean velocity pro le

After having performed a hybrid LES-RANS, we want to lookte time-averaged re-
sults. Use the lepl _uvw_hybrid.m tolook at the mean velocity pro lel _uvw_hybrid.m
reads the instantaneous eld and performs an averaging in the homogeneous direc-
tionsx; andxs. The time averaged velocity pro le is compared with the lag e
(markers). There are four les with instantaneous valueg ofUse more than one le

to perform a better averaging.

W.3 Resolved stresses

We want to nd out how much of the turbulence that has beenlvescand how much
that has been modelled. Compute xshean (this quantity should be very small, but
if you use only one le this may not be the case due to too fewdas). Now compute
hv{vSi. Here's an example how to do:

uv=zeros(nj,1);

for k=1:nk

for j=1:nj

for i=1:ni
ufluct=u3d(i,j,k)-umean(j);
vfluct=v3d(i,j,k)-vmean(j);
uv(j)=uv(j)+ufluct * Vfluct;

end

end

end

uv=uv/ni/nk;

Plotitin a new gure (a gure is created by the commafigure(2) ).
Compute also the resolved turbulent kinetic energy

Kres =0:5 W& + h&i + h/Ei

and plotitin a new gure.
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URANS region LES region
25n[1  exp( 0:2ky °n=)] = o= V)
T | 0:09 2:5k77°n[1  exp( 0:014] °n= )] 0:07k} >

Table W.1: Expressions for and 1 in the LES and URANS regions1 denotes the distance
from the wall.

W.4  Turbulent kinetic energy

Now plot and compare the resolved and modelled turbulemtidenergies. Note that

the modelled turbulent kinetic enerds; (tel _hybrid.mat ,te2 _hybrid.mat ,

...), can be downloaded from the www page and loaded at thiatiag ofpl _uvw_hybrid.m
Which is largest? Which is largest in the URANS region andhia LES region, re-
spectively? What about the sum? The magnitude of resolvédraerdelled turbulent
kinetic energies is discussed in the last subsectiofi%h [

W.5 The modelled turbulent shear stress

We have computed the resolved shear stress. Let's nd theeftemtishear stress.

The modelled turbulent kinetic enerdy; (le tel _hybrid.mat ,...), will be
used. Recall that = 1 =800Q Compute the turbulent viscosity according to TAMé&
and do the usual averaging. When computing/ou need the volumey , of the cells.
Itiscomputedasv =( X1 Xz Xz); Xpand Xgare constantandx; is stored
in the arraydy(j) , look at the beginning of the m- le. Pldt ti= . Where is it large
and where is it small? (Recall that the URANS region is lodatethe rst 28 cells).
Is it smooth? Do you need more samples? If so, use more les.

Compute the modelled shear stress from the Boussinesq pgsom

@, @
@x% @x
Plot it and compare with the resolved shear stress (seeo8&UtB). Are they smooth

across the interface? Is the resolved shear stress larfge WRANS region? Should it
be large? Why/why not?

2= 271S12= 7T

W.6 Location of interface in DES and DDES

As mentioned above, the interface in the present simulai®prescribed along a xed
grid line (No29). Let's compare that with DES and DDES.

In SA-DES, the interface is de ned as the location where tladl distance is equal
toCpes Wwhere =max ; y; 2, see Eq20.3 How does this compare with
gridline numbeR9?

In SST-DES, the location of the interface is computed ug&imgnd! . Compute
from 1 andk as! = t=k) and compute the location using Ex).8

W.7 Turbulent length scales

Compute and plot the turbulent length scales given in Talale Plot the sgs and
“urans length scales in both regions. Which is largest? Any suegfls Compare
them with x, and( X1 Xz X3)'™°. One would expect thdt x; X» x3)*™° <
“urans everywhere. Is this the case?
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X MTF271, Assignment 4. Synthetic inlet uctuations

From the course www page, download the les, iangles , randf _1, randf _2,
synt _main. The le you should mainly concentrate is @ynt _main . Study this
le. The theory is covered in Sectiody.

You can uséVlatlab, Octaveor Python Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish itnthssprefer engineers to
use Python instead of Matlab due to Matlab's high licenss.fee

X.1 synt _main

In Chapter 1 length scale, constants and the grid are de ned. The inbateis as-
sumed to be located at= const, i.e. the inlet planeisya z (j k) plane.
For simplicity, constant grid spacing is used in thdirection and only one cell
is used in they direction fj = 2).
Random numbers are used. A random generator needs aiseedl; is taken
from the local time (the Python commatiche or the Matlab/Octave command
clock (note that the seed must be negative,rsegf _2.m). This means that
a different random velocity eld will be generated every &nou run the code.

In Chapter 2 the loop ovenstep realizations (“time steps”) starts.

In Chapter 3 the loop over the inlet grid plane starts.

X.2 angles

In this le the angles' ", ", " and " are computed for each wavenumlmeby
calling the functiorrandl .

X.3 randl.m

In this le the upper and lower limits of the random numbers set.

X.4 rand2.m

In this le random numbers are generated. The function gpoads taanl in Nu-
merical Recipes in C: The Art of Scienti c Computji@econd Edition.

X.5 Mean values; randomness

Run the progransynt _main. Random elds ofu®, v andw?® are created foR00
realizations. They are stored in the vectorsihevt andwt. Check the dimensions
in Python by typing

ut.shape
in Matlab/Octave

size(ut)
at the Matlab prompt. You'll nd that the dimension ot is (62;200). It consists of
200independent realizations of thi€ eld along thez axis 62 cells).

In plot 1 u®is shown vs.z. Run the program again. i’ the same now? The
answer is: no. The reason is that the random number gené&aiven a seed based
on the clock. The seed is stored in the varidbéed . Set, for example,
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iseed=-21
and run the code a couple of times. Now the same “random” glcréated each run.
At the beginning of Chapter 4 isynt _main the mean of1°, v® andw® are com-
puted. They should be close to zero. They are, aren't thegy Wil get closer to zero
the more realizations you use. You can try this by increasgisghumber of realizations
(for examplenstep=400 in Chapter 1 irsynt _main); note that it will take longer
time to run the program.

X.6 RMS and shear stress

Compute the RMS (root-mean-squarep8fv®andw®, i.e. Urms , Vims andwims . You
can do this in Python as (we assume the that mean isfzero)

urms=0.
for n in range(1,nstep):
for k in range(0,nk-1):
urms=urms-+ut[k,n] ++ 2/nstep/(nk-1)

urms=urms ** 0.5
and in Matlab/Octave as

urms=0;

for n=1:nstep

for k=1:nk-1
urms=urms+ut(k,n)"2/nstep/(nk-1);

end

end

urms=urms”0.5;

You can also use the Python commamulvar(ut[0:nk-1,1:]) or the Mat-
lab/Octave commana? _v=var(ut(:)))

Above we average over time and thdirection.u;ms should be equal tap which
was set in Chapter 1 isynt _main . Is it? Again, the more time steps you use, the
closer it will get. Compute alsg;ns andwy,s . Since the turbulent eld should be
isotropic, we should getyms = Vims = Wrms -

Furthermore, as the uctuating eld is isotropic, there sl be no correlation
between the three velocity components. Check if it's truiee Torrelation betweeun
andv® (i.e. u&9), for example, can be computed in Python as

uv=0
for n in range(1,nstep):
for k in range(0,nk-1):
uv=uv+utlk,n] = vt[k,n]/nstep/(nk-1)

and in Matlab/Octave as

uv=0;
for n=1:nstep
for k=1:nk-1
uv=uv+ut(k,n)  *vt(k,n)/nstep/(nk-1);
end
end
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X.7 Two-point correlations

When generating the uctuating eld we have prescribed atérscalel ; (sli=0.1  *delta=0.05
in Chapter 1 insynt _main). Let's compute the length scale of our uctuating eld.
The best way to do this is to compute the two-point correfatind then, maybe, the
integral length scale.
The two-point correlation afi®, for example, is de ned as

1 Zl szax
Buw()= — u(z;t)u(z  ;t)dzdt (X.1)
rms t=0 z=0

where is the separation distance between the two points. CombistatPython as

imax=min(50,nk)
two_uu=np.zeros(imax)
for it in range(1,nstep+1):
for z in range(0,imax-1):#separation distance
for k in range(0,nk-imax-1):
i0=k+z
two_uu[z]=two_uu[z]+ut[k,it] * Ut[i0,it]
if it ==
print('i0=",i0,'k=",k,'z=",z,"two_uu',two_uu[z])
two_uu_org=two_uu
two_uu=two_uu/two_uu[0] #normalize so that two_uu(1)=1

fig2 = plt.figure("Figure 2")

plt.clf() #clear the figure
plt.plot(zp[0:imax-1],two_uu[0:imax-1],'b-")
plt.xlabel('zeta")

plt.ylabel(‘two-uu’)
plt.axis([0,0.2,-0.2,1.1])

and in Matlab/Octave as

imax=min(50,nk);
two_uu=zeros(imax,1);
for it=1:nstep
for z=1:imax
zeta=z-1; %zeparation distance
for k=1:nk-imax-2
i0=k+zeta;
two_uu(z)=two_uu(z)+ut(k,it) * Ut(i0,it);
end
end
end
two_uu=two_uu/two_uu(l); %normalize so that two_uu(1)=1

%% plot two_uu
figure(2)
zeta=zp(1:imax)-zp(1);
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plot(zeta,two_uu(1:imax),linewidth',2)
xlabel('zeta")

ylabel('two-uu")

axis([0 0.2 -0.2 1.1])

h=gca;

set(h,'fontsize’,[20])

Run the program. The two-point correlation should appraach for > L . Does
it? (the integral length scalk,, corresponds to the integral of the two-point correlation
(see EgX.2), i.e. it is equal to the area below tlig,, ). Increase the length scale
in Chapter 1 insynt _main. and run the program again. The two-point correlation
should now increase (i.e. it should go to zero for a largeassjon distance). Does it?

X.8 The integral length scale

A quantitative measure of the length scale is the integngjtlescale. It is de ned from
the two-point correlation z,
Lint = Bu ()d (X.2)
0
where we assume thBt,, has been normalized so thag, (0) = 1. Program this in
Python as

L=0.
dz=zp[2]-zp[1]
for z in range(0,imax-1):
if two_uufz] < O:
break
L=L+two_uu[z] =*dz

and in Matlab as

Lint=0;
dz=zp(2)-zp(1);
for z=1:imax

if two_uu(z) < O

break

end

Lint=Lint+two_uu(z) *dz;
end

The integral in EqX.2 should be carried out to in nity. Here we choose to stop
whenB,, goes negative. This choice is somewhat arbitrary. Run tlde.caVhat
Lint do you get? How does it compare with the prescribedPython/Matlab/Octave
variablesli )? What happens if you increase the number of moNe&Python/Mat-
lab/Octave variableamodes)?

X.9 Correlation in time

We have generatetstep independentelocity elds. Now we want to create a cor-
relation between them, i.e. we will prescribe a time sdalthat will create the auto-
correlationexp(  t=T). The time scale should be proportionaltp=U, and we set
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ittoT =0:1=u =0:1 0:5=1 = 0:05. We can now compute the coef cierasandb
as p

a=exp( t=T); b= 1 a?

(see Sectio27.9. With a time step of t = 0:001, this givesa = 0:98andb=0:198
The uctuating inletu® velocity for time stepm is now obtained as

(U™ = aU)™ *+ buj™ (X.3)
Program this in Python as

dt=0.001

t = np.linspace(0,dt * nstep,nstep+1)
a=np.exp(-dt/0.05)

b=(1-a ** 2) » 0.5
uin_fluct=np.zeros(nstep+1)

k=0
uin_fluct[1]=ut[k,1] #we generate the inlet fluctuations for one cell, and we
for n in range(2,nstep+1):

uin_fluctln] = a *uin_fluctn-1] + b * ut[k,n]

fig3 = plt.figure("Figure 3")
plt.clf() #clear the figure
plt.plot(t,uin_fluct,'b-")
plt.plot(t,utk,:],'r--")

plt.xlabel('z")
plt.ylabel('u-in-fluct’)

or in Matlab/Octave as

dt=0.001;

t=dt:dt:nstep *dt;

a=exp(-dt/0.05);

b=(1-a"2)"0.5;

uin_fluct=zeros(nstep,1);

k=1,

m=1,

uin_fluct(1)=ut(k,1); % we generate the inlet fluctuation s for one cell,
% and we choose k=1. The first time step, m=1,
% we set simply uin_fluct=ut

for m=2:nstep

uin_fluct(m) = a = uin_fluct(m-1) + b * ut(k,m);
end
%
figure(3)
hold off
plot(t,uin_fluct,'linewidth',2)
hold

plot(t,ut(k,:),'r--",'linewidth’,2)
xlabel('time")
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ylabel('u-in-fluct")
hold

h=gca;
set(h,'fontsize’,[20])

536

Run the code. Both)° (solid blue line) andi® (red dashed line) are plotted versus
time. As you can see, the variation 0f is much smoother than that af, the latter

uctuates “wildly”, i.e. randomly.

X.10 Auto-correlation in time

In SectionX.7, we looked at the two-point correlation in space. Now lat'si at the

two-point correlation irtime, de ned as
1 4o
Blu()= utu(t

rms  t=0

where is the separation distance in time between the two veloityads.

So far, we have only generat@@0realizations oli®. This is not suf ciently long.
Let's generat®000realizations; setistep=2000 in Chapter 1 irsynt _main . This
will require rather long computer time; to speed it up, dasesthe number of cells in
the z direction fromnk = 63 to nk = 3 (do this in Chapter 1). Program the Python

code as

nstep=2000
imax=200
two_uu_t=np.zeros(imax+1)
k=1
for tau in range(0,imax): # time separation
for it in range(1,nstep-imax-1):
i0=it+tau;
two_uu_t[tau]=two_uu_t[tau]+uin_fluct[it]
if it ==
print(‘it=",it,'i0=",i0,"tau’,tau,'two_uu_t',two_uu
two_uu_t_org=two_uu_t
two_uu_t=two_uu_t/two_uu_t[0] #normalize so that two_uu
figd = plt.figure("Figure 3")
plt.clf() #clear the figure
plt.plot(t[0:imax-1],two_uu_t[0:imax-1],'b-")
plt.xlabel(‘tau’)
plt.ylabel(‘two-uu-t')
plt.axis([0,0.2,-0.2,1.1])

or in Matlab

nstep=2000,
imax=200;
two_uu_t=zeros(imax,1);
for tt=1:imax
tau=tt-1; %time separation
for it=1:nstep-imax-2

+ uin_fluct[iO]

_t[tau])

_t(1)=1



X.11. Spectrum 537

i0=it+tau;
two_uu_t(tt)=two_uu_t(tt)+uin_fluct(it) * uin_fluct(i0);
end
end
two_uu_t=two_uu_titwo_uu_t(1); %normalize _uu_t so that two_uu_t(1)=1
figure(4)
hold off

tau=t(1:imax)-t(1);
plot(tau,two_uu_t(1:imax),'linewidth’,2)
xlabel('tau")

ylabel('two-uu-t")

hold

axis([0 0.2 -0.2 1.1])

h=gca;

set(h,'fontsize',[20])

Run the code. We have prescribed a time s@ake 0:05 (see SectiorX.9). Does
the auto-correlation behave as expected?

In SectionX.8 we computed the integral length scale from the two-pointedar
tion. In the same way you can compute the intetina¢ scale from the auto-correlation.
Do that.

X.11 Spectrum

We have generated uctuations whose spectrum should fotteev 5=3 spectrum.
Let's nd out if our generated uctuations really do exhidt 5=3 spectrum. In Sec-
tion X.7 you created a two-point correlation for the uctuations. SectionS it is
described how to make energy spectra from two-point cdiogls. Read the Section
carefully and try to create an energy spectrum from the taiotcorrelation you cre-
ated in SectiorX.7. Be patient; it will take some time ...

X.12 Anisotropic uctuations

Now we will generate anisotropic uctuations. Read the #ac27.9carefully.
Download the Matlab lesynt _main _aniso.m from the course www page.
There are a few additional features in this le comparedynt _main.m .

Chapter 1 the eigenvalues and the eigenvectors are computed froméberfbedstress
tensor.

Chapter 2 The eigenvalues are inverted

Chapter3 1. ;and ; aretransformed to the principal coordinate directiosws, i. and

J
2. j and ; are scaled with the eigenvectors. is modi ed so as to make
the uctuation anisotropic and; is modi ed to ensure that the uctuations
satisfy the continuity equation.

3. The synthetic uctuations are computed in the principmlinate system
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Chapter 4 The synthetic uctuations are transformed from the priatipoordinate system
to the original coordinate system

Now run the code and generate the anisotropic uctuations.ti2 uctuations
agree with the prescribed stress tertsdvi ?

Check if the anisotropy of the synthetic uctuations agreihvihe prescribed
anisotropy. Compute, for examphug;,m i ni Python as

u2_synt=0
for t in range(1,nstep):
for k in range(0,nk-1):
u2_synt=u2_synt+ut[k,t] *x 2/nstep/nk

or in Matlab/Octave as

u2_synt=0;

for t=1:nstep

for k=1:nk
u2_synt=u2_synt+ut(k,t)"2/nstep/nk;

end

end

It is much faster to use the Python commardsynt=np.var(ut) or the Matlab
commandsy2 _synt=mean(var(ut')) . Now comparelfug,m i:mg;m i with the
prescribed valustress(1,1)/stress(2,2) . The agreement is, withistep=500
within 2 percent. Increasingstep=500 leads to even better agreement.

Change the prescribed Reynolds tensor. The original cheifrem channel data
of Re =590 aty* ' 16wherehu®Y is largest. Let's take the Reynolds stress at
y* ' 116where

2:96 077 O
hAi=4 077 104 0 O (X.4)
0 0 155

Change thatress  variable in Chapter 1 isynt _main _aniso.m accordingly.
Run the code. Make sure that the eigenvectdrsiew andv2 _new are in the appro-
priate quadrants (see Chapter Zimt _main _aniso.m ). Compare the anisotropic
synthetic uctuations withu%9.

So far we have used constant time-averaged uctuationsanesg.e. we have as-
sumed that the Reynolds stresses are not function of the spacdinate in synt _main _aniso.m .
One way to improve this is to scale the synthetic uctuatiaith the turbulent kinetic
energykrans , obtained from a RANS simulation or experiments. Downldeal te
k_RANS4000.dat which is krans from a RANS simulation of channel ow at
Re = 4000. Assume thatp in synt _main _aniso.m corresponds to the wall-
normal coordinate in the channel. TReRANS4000.dat data have been interpo-
lated to thezp coordinates anthax(zp) corresponds to the center of the channel.

Make the pro les of the synthetic uctuations the samelkagns by multiply-
ing them withkrans =krans:max - Then scale the synthetic uctuations so that their
kinetic energyksynt = 0:5u® + u® + w®i, is equal tokrans , i.€.

Ksynt dz = Krans dz (X.5)
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whereh denotes half channel height.
Above we have scaled the synthetic uctuations whkthlit is often better to scale
them with the shear stress. This is done in Appendix
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Y MTF271, Assignment 5: synthetic anisotropic uc-
tuations using EARSM

In this assignment we will create anisotropic synthetictuations. They will be
scaled with a shear stress. We will solve the time-averageiEi Stokes for 2D fully-
developed channel ow.

You can uséViatlab, Octaveor Python Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish itnthssprefer engineers to
use Python instead of Matlab due to Matlab's high license.fee

Y.l Mean ow

From the course www page
https://www.tfd.chalmers.se/"lada/comp turb _model/
downloadrans andtdma. The Python or Matlab/octave scrigns solvesU with
the PDHK ! turbulence modelq17. Since the ow is fully developed 2D ow, it
reduces to one dimension. Look at the code and try to unaetsthat it is doing.
Open Python/Matlab/Octave and run the code. When the saltts converged,
it program plotdJ andk as well as convergence historyloind! (at a chosen point,
jmon ) and the wall shear stress. In this way you get an additiooalrmation that
the solution has converged.
At the end ofrans , the results are written to le
yp_u_k_omyvist _uv_yc _PDHB8000.dat ; the le includes seven columns with
(cell centers)U, k, !, ¢, vV andy (grid lines).

Y.2 Synthetic uctuations

In this section, we will generate anisotropic synthetictuations. The prodedure fol-
lows that given in 183.

1. A pre-cursor RANS simulation is made usirams

2. After having carried out the pre-cursor RANS simulatithe Reynolds stress
tensor is computed using the EARSM mod&l|f

3. The Reynolds stress tensor is used as input for genetagngnisotropic syn-
thetic uctuations. The integral length scale is se0t8 .

4. Since the method of synthetic turbulence uctuationsiasss homogeneous tur-
bulence, we can only use the Reynolds stress tensor in oné pak need to
choose a relevant location for the Reynolds stress tensarturbulent boundary
layer, the Reynolds shear stress is by far the most imposteggs component.
Hence, the Reynolds stress tensor is taken at the locatienewthe magnitude
of the turbulent shear stress is largest.

5. Finally, the synthetic uctuations are scaled wifa%g=ju%Yax ;\ZNS , Which
is obtain from the simulation withans .

Download the lesangles ,randf _1,randf _2,synt _main _earsm.
The main code isynt _main _earsm for which some details are given below.
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Y.2.1 Chapter1

The le created byrans is read.
The Reynolds shear stresses are computed using EARSM.
The location where the magnitude of the shear stress is fnalichumberl9).

Using the stress tensor at cell numiéx the eigenvalues and the eigenvectors
are computed.

Y.2.2 Chapter 2-3

Isotropic uctuations are created in the directions of tigeeavectores (see Sec-
tion X).

The eigenvalues and the wavenumbers are scaled with thevaiges.

The uctuations are generated

Y.3 Exercises

De ne your own channel ow case irans (newRe number, new grid, ...)

Use another two-equation turbulence model, e.g. the stdnidédcox k !
model. The model is presented in the rep@i[ You can download ihere

Instead of using a two-equation turbulence model based @ddp visacosity,
use EARSM when solving the momentum equations. You nd anlémgnta-
tion in the MSc thesis]1§. It can be downloadeHdere

Compare isotropic and anisotropic uctuations

In synt _main _earsm we scale the uctuations with the shear stress.14q,
the uctuations are scaled with the modelled turbulent kimenergy. Try this.
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X2

X1

Figure Z.1: Transformation between the coordinate systéms; x, ) and(x1; X2).

Z MTF271: Transformation of tensors

Z.1 Rotationfrom x; X, toX; Xo

HE rotation of a vector from the; coordinate system to reads (see, e.g., Chapter
1in[30Q])

Ui = by u; (z.1)
whereb; denotes the cosine between the axis
hj =cos(xi;xj ) (2.2)
In Fig. Z.1, theb; is given by
b1 =cos; bip=cos = cos(=2 )= sin( ) 2.3)
bp1 =cos(=2 )=sin ; b, =cos '
The relationd bk = bibg = j are ful lled as they should.
For a second-order tensor, the transformation reads
Uj = bk Bm Uk m (Z2.4)
As an example, set = = 4. EquationZ.3 gives

bllzlzpé; b = 1:p§; bz1:1:p§; bp=1= 2 (Z2.5)

Inserting EqZ.5into Eq.Z.4 gives

Uir = buabiaus 1 + bobiguz 1 + buabiouy o + brobious - (Z.6a)
1
=§(U11 Up1 Uz +U22)
Ui = bialpiug 1 + biolpius 1 + biabpouy 2 + biobpous - (Z.6b)
1
=§(U11 Up1 +Up2 U22)
Upp = bpabpaug 1 + bobygun 1 + pabioug o + pobious - (Z.6¢)
1
:E(U11+U21 U2 U22)
Upo = p1lpius 1 + Bolpiun 1 + pabpouy o + pobpous - (Z.6d)

1
=§(U11 +Uxy +UL2 +U22)
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Z.2 Rotationfrom x; X>toX; Xo

Now we do the same transformation as in SecHahbut backwards, i.e. from; x>
tox; Xy . Consider fully developed ow in a channel, see Appendior which

@y _
@x

so that the strain-rate tensey, , reads

V2 =0 .7)

1
S$11=0; Spp= = Sp1 = S12; S22 =0 (Z.8)

oy,
2@x%’
The x1 andx, coordinates in FigZ.1 correspond now to the streamwise and wall-

normal directions in the channel, respectively. Letthe x, coordinate system
denote the eigenvectors. The transformation fram X, tox;  Xp reads

Sij = CkGm Skm; GCj =COS(Xi ;Xj) (2.9
where

C11=C0S; Cip=cos(=2 )=sin

. (Z.10)
Cy1 =COS = SIn; C 2 =COS

see Fig.Z.1. It can be seen that the relatiop = by is satis ed as it should. The
eigenvectors for EqZ.8 are any two orthogonal vectors with angles=4; 3 =4.
Let us choose= 4 and3 = 4 for which the transformation in Eq..9reads ( = =4)

S1 1 = C11C€11S11 + C12C11S21 + C11C12S12 + C12C12S22 (Z.11a)
1
= 5(311 + Sp1 + S12 + Sp2)

S1 2 = C11Cp1S11 *+ C12C21S21 + C11C22S12 + C12C22S22 (Z.11b)

1
= E( S11 Sp1t+ S12 + Sp2)

S2 1 = C21C11S11 + C22C11S21 + C21C12S12 + C22C12S22 (Z.11c)

1
= E( S11+ S21 S12 + Sp2)

S2 2 = C21C21S11 + C22C21S21 + C21C22S12 + C22C22S22 (2.11d)
1
= 5(311 So1 S12+ S22)
The fully developed channel ow is obtained by inserting 8
S11 =S12; S12 =0; s31 =0; S22 = s21 (2.12)

Since the off-diagonal elements are zero it con rms thatdberdinate system;

X2 with = =4isindeed a principal coordinate system. The eigenvalués, of
sj correspond to the diagonal elements in Eq.2 i.e.
1 1
W s =spp= Qy. o S22 = Si2= 16y (2.13)

T 2@%’ 2@x
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Z.3 Transformation of a velocity gradient

Consider the velocity gradie®t; = @w=@x. Apply the transformation from the
X1 Xz system to the principal coordinate systemm X, in Egs.Z.11aZ.11dwith

= =4
1
Ap1 = E(All + A+ Ax + Ap)
1
Ao = E( A1 Ao+ A+ Ap)
1 (Z.14)
Ax1 = E( A+ A A+ Ap)
1
Az = E(All A2t A+ Az)
Insert EqZ.10with = =4and replacé\; by the velocity gradient use Eg.7 (i.e.
fully-developed channel ow)
1 1
@y _@y _1l@y @y _@y _ l@y (Z.15)

@x @ 2@ @x @ 2@x

It can be seen tha®y =@x = s; 1 and@y =@x + @y =@x =2s;, =0
(see EgsZ.13andZ.15) as it should.
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AA MTF271: Green's formulas

N this appendix we will derive Green's three formulas from &adivergence law.
In the last section we will derive the analytical solutiortlie Poisson equation. The
derivations below are partly taken fror219.

AA.1 Green's rst formula

Gauss divergence law reads

Z Z

@F

—dV = FinidS AA.1
v @x s H ( )

whereS is the bounding surface of the volumé, andn; is the normal vector o6

pointing out ofV. Replacing~; by @ gives

@x
Z Z
@.e ,. .@.
V@( a@x dv . @xn.ds (AA.2)
The left side is re-written as
@.0 .. 6 0@ an )

@x @x  @x@x @x@x
which inserted in EGAA.2 gives

z
. @ @ee@._~ .@
v @x@xdv+ V@x@xdv_ s @xn'ds (AA4)

This is Green's rst formula.

AA.2 Green's second formula
Switching' and in Eq.AA.4 gives

z
@ _ .
v @@t yexex T s ex'® (AA5)

Subtract EGAA.5 from AA.4 gives

Z Z
@ @ @ @'
' dv = = — n;dS AA.6
v @x@x @x@x s @x @x (AA6)
This is Green's second formula.
AA.3 Green's third formula
In Green's second formula, E4A.6, set
(r)= ! (AA.7)

jr rej

As usual we are considering a volundewith bounding surfac& and normal vector
n;. Since function (r) is singular forr = rp, consider a small sphere M, see
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N;

X2

X1

Figure AA.1: Green's third formula. A volum& with bounding surfac& with normal vector
ni. InV there is a small sphei® located atp with radius” and normal vecton; .

Fig. AA.1. In Egq. AA.6 we need the rst and the second derivative af The rst
derivative ofl=r; is computed as
@ 1 _ @r=@x_ ri

@x r r2 r3

since the derivative of a distaneis a vector along the increment of the distance, i.e.
@X=@x X=X whereX = jX;j. The second derivative is obtained as

(AA.8)

@ } = Q r_l = @ i + @r i
r rs3 rs3 r4
@x@x @x @x @x2 (AA.9)
= 3 i + r_' i = i + r_ 3 =0
- r3 ror4d 3 4

To get the right side on the second line we used the factthat r?. Now we replace
ri=rbyr rp=r; rp;inEQgs.AA.8andAA.9 which gives

@ 1 T I
. . - . .3
@@X jr 1rPJ jrrpj (AA.10)
- . 0
@x@x jr rpj

forr; 6 rP,i.e. forV excluding the spher®’, see FigAA.1. Apply Green's second
formula for this volume which has the bounding surfaBemdS" with normal vectors
n; (outwards) anah; (inwards), respectively. We get

z z
L G - N 1 @ s
v s ir rpj @x@x ; s ir rei® jr rpj@x
,oriorf 1 @ :
+. s’ ir rej® jr rej@x ( n,)dSl

I's

(AA.11)
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where the volume integral is taken over the voluvhbut excluding the spher@', i.e.
V S'. Note the minus sign in front of the normal vector in Beintegral; this is
because the normal vector must paiut of the volumeV S, i.e. into the sphere,
S". In the sphere the normal vectat,, correspond to the direction from poirg,, i.e.

r e ni Tei (AA.12)
Jrore} i reii)

where we have normalized the vector rp; in order to make its length equal to one.
The length of the vectar,  rp; is the radius of spherg’, i.e.

jir rpj=" (AA.13)

n =

The surface areasS, for sphereS” can be expressed in spherical coordinates as
dS="2 = "?sindd (AA.14)

where is the solid angle. Inserting EgaA.12, AA.13 andAA.14 in the last integral
in Eq.AA.11 gives
VA Z
_ ' Fi Ip;i @)I w24 _— ' @)I

IS" - . E + wo @( d - . + ( ri rp;i )@( d (AA15)
To re-write this integral we will use theean value theorerfor integrals. In one
dimension this theorem simply states that for the integiral function,g(x), over an
interval[a; b, there exists (at least) on point for which the the relation

Zy
g(x)dx = (a b)g(xq) (AA.16)

a

holds, wherexqg denotes a point ofe; k. Applying this theorem to the integral in
Eq.AA.15 gives
z z

ls =" (rQ) d+ ro IrP;i)%((fca) o (AA.17)

whererqg  rq; denotes a pointo8’. Aswe letQ! P, the radius;, of sphereS’
goes to zero so that the integral in Bop.17 reads

I!ilmols-- =4" (rq) (AA.18)
R !
since - d =4 . Inserted in EGAA.11 gives
VA .

' (rp)= 4i P 1r @@@ dv
z 5 It el &x@X (AA.19)

+i ' undS-p i 1 @nds

4 5 jr et 4 sjr rpj@x

This is Green's third formula.

The singularityl=jr  rpj in the volume integral in EGAA.19 is not a problem.
Consider a small sphere with radius= jr, rpj centered at poinP. In spherical
coordinates the volume element can then be expressed as

dv = r?sindrdd = r2drd (AA.20)

Hence it is seen that volume elemeM goes to zero faster than the singulafityr
I'p ]
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AA.4 Analytical solution to Poisson's equation
Poisson's equation reads

@ _

@x@x
where we assume that goes to zero at in nity and that the right side is limited.
Green's third formula, EGAA.19, gives

(AA.21)

, 1% 1)
(re) = R :
z Vit el z (AA.22)
+ i ! ri rlp nds+ i 1 gnds .
4 o jr rp3" 4 Sjr rpj@x "

We choose the volume as a large sphere with radiudsing EqsAA.12, AA.13 and
AA.14, the rst surface integral can be written as

1 z ri rP z 1 z

i T ' '
— ——ndS= — inidsS=— d AA.23
4 s rPJ3n| 4R?Z ¢ o 4 s ( )
usingnjn; = 1. This integral goes to zero for largesince’ | OasR!1

The second surface integral in EgA.22 can be re-written using E4A.13, Gauss
divergence law and E\A.21 as

z , z
4i i 1r .%nidsz % %nids
le zpj@, . z (AA.24)
dv fdv

" 4R ¢ @x@x 4R

This integral also goes to zero for largesince we have assumed tHais limited.
Hence the nal form of EQAA.22 reads

10 _qy

- AA.25
Irrej ( )

o= g

This is the analytical solution to Poisson's equation, £4.21.
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AB MTF271: the np.correlate command

Python's commanap.correlate computes the correlation by sliding two arrays.
Les us look at an example of two arrays

al =12;57]
a2 =]0;1,0:5]
The commandp.correlate(al,a2,'same’) givesthe resultirray([4.5,
8.5 7. ]) . Theargumermame means that the output array has the same length

as the largest input vector. It is computed as

First element, optiotsame’
2 5 7
0 1 0.5
0O + 2 + 25 + 0 =45

Second element, optidsame'

2 5 7
0 1 0.5
0 5 + 35 =8.5

Third element, optiorsame’
2 5 7
0 1 0.5
0O + O 7 + 0 =7
With option'full’ , the array is slides so that the rst and last output elerment i
clude only one element @fl oral. The Python commanap.correlate(al,a2,'full’)
givesarray([1. , 4.5, 85, 7. , 0. ] . We get

First element, optiotfull’
2 5 7
0 1 0.5
0O + 0 + 1 + 0 + 0 =1

Fifth element, optiorfull’
2 5 7

1
O + 0 + 0 + 0 + 0 =0
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N
o
ne
nw
Se = ('Ste; S2e)
P Ne = ( N1y N
° Ne = (N1e;Nze)
° E
W
sw
se
¢S

Figure AC.1: Control volume. The velocity, is stored at the corners (ne, nw, ...). Coordinates
X1; X2 are given at the corners (ne, nw, ...).

AC MTF271, How to compute derivatives on a curvi-
linear mesh

In this section we describe how the derivatives on a cungdr grid are computed in
the provided Python modulefphidx.py  anddphidy.py . On a Cartesian grid it
is more convenient to use the built-in Pythgmadient , but the approach used below
works for all meshes, including Cartesian ones.

The data you have been given, andx, and all variables, are stored at the grid
pOintS, i.e. a'(Xl;sw , X2;sw)y (Xl;se , XZ;se)y (Xl;nw » X2:nw ) and (Xl;ne 3y X2:ne ) When
you need a variable, say, at the center of the cell, compute it as

1
Vip = Z(Vl;sw + Vise ¥ Vinw + Vine) (AC.1)

Let's compute@y=@x. In order to do that we use Gauss' law over a control vol-
ume centered at faee(dashed control volume in Fig\C.1). The divergence theorem

for a scalar, , reads 7 Z
de = n idA
v @x A
To compute@y=@x we set = v; andi =1 which gives
Z Z
@dv = V]_nldA
v @x A
Assuming tha@y=@x is constant in the volum¥ we obtain
Z
@y _ 1

— = — dA
@x v AVlnl



AC.1. Geometrical quantities 551

In discrete form we can write (see Fi§C.1)

1 X
% V] (viniA); =

1
v f(viAn1)e + (ViAN1)n + (ViANg)y + (V1AN1)sg

AC.1 Geometrical quantities

It is useful to rst compute the unit vectossalong the control volume. For the east
face, for example, we get

_ Xine Xise

S1e =
de
X2me  X2;se
Spe = ——————
de
q
de = (X1ne Xl;se)2 +(X2;ne X2;se)2

(note that the area of the east fake is equal tod, since z = 1). The relation
between the normal vectar, s and the unit vector in the-direction

s n=0
s 2=n;

gives us the normal vector for the east face as

Nie = Spe (AC 2)
Noe =  Ste! '
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AD MTF271: Discussion seminars and Oral Exam

AD.1 Seminar 1l
Course materiaRecorded Lectures 1 and 2; eBook: 11.1.1-11.6,11.7.1 -21.7
1. What is the physical meaning of the two term% %, that appear in
the equation? Which term needs to be modeled?
2. Which term in they; equation
@vi @ _ @ @v, @M
+—(oViVj)= ——+ 0
@t @x @x  @x@x @x

needs to be modeled? What is the physical meaning of the@ifféerms?

of 0)J

3. Which terms in the? equation (Eq11.19)

oy oV _ @ @, P e, O
o ax.~ "ax Tox "~ ex ex
Ci ] Pij 4 ij
@ —~———~ P JO pO\IIO @Viovjo
@x Y TR TR Y Geex (D)
: o Djj
oo o @07

) 0 ) 0
g vV° g vwo°
Gj

need to be modeled? Explain the physical meaning of therdiftéerms.

4. Consider th&k " model. The modele& equation, in symbolic form, reads
(see Section$l.4and11.5

ck=pPk+ DK+ Gk (AD.2)

Explain the physical meaning of the different terms in Bdp.2. Derive the
modeled' equation (in symbolic form).

5. Derive the Boussinesq assumption (see Sedtio§. Start from the right-hand
side term of the momentum equations (with non-constant

@, @ @, oo
@x+@3< @;<+@x VY

6. In a CFD simulation using the " model, how many transport equations are
solved (3D ow)? In a CFD simulation using the RSM model, howmy trans-
port equations are solved (3D ow)? In a CFD simulation ugimgASM model,
how many transport equations are solved (3D ow)?

7. Explain the principles how to derive the transport equrafor v?vjo, Eqg.11.11
(see Sectioil.2o0n p.128
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8. How is the turbulent heat ux/? ©, modeled using the Boussinesq approach?
Hint: the viscous heat ux in the energy equation is modeled as k@@))—)?, see
Eq.2.14

9. Show how the turbulent diffusion (i.e. the term which urdés the triple corre-
lation)
@ 1557
@ 21V
in thek equation is modeled (see Sectibh.7.9.
Hint: look at the model fow? ©
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AD.2 Seminar 2

Course materialRecorded Lectures 3 and 4; eBook: 11.7.1, 11.7.5, 11.7.4011
11.13,12.1,12.2.

1. How is the production term

1 —— @
Pk = EP” = Vl(\llo@;(
inthek " model modeled (see Sectidi.7.9)?

2. Discuss and show how the dissipation term in@ transport equation (i.e.
the RSM model)

! @x @x
is modeled, see Sectidl.7.3

3. Use physical reasoning to derive a model for the diagooadponents of the
pressure-strain term,;; , see Sectiod1.7.4(slow part).

4. For a Poisson equation
@7. = f
@x@x
there exists an exact analytical solution

f (y)dy1dy>dys

1
X)= — - -
) 4 v Iy X]

Applying this equation for the uctuating pressup, we get (see EdqL1.69

pYx) = e
L,@i(y) @fy) @ dy?

v @y @y Q@yQy Iy xj

Which are the “slow” and “rapid” terms? Why are they calledots’ and
“rapid”?

vIyIVI(y)  vAY)VI(Y)

5. Explain the principles how to derive the exact Poissoradqn for the pressure
uctuation, Eq.11.65(rapid part).
Hint: start from Navier-Stokes

@v, @w _ 1@p, @v;
@t @x @x  @x@x

6. What main assumption is made in the algebraic stress nfa&l), see Sec-
tion11.1C

7. What is a non-linear eddy-viscosity model?

8. Describe the physical effect of stable strati cation amtable strati cation on
turbulence, see Sectid2.1
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9. Consider streamline curvature for a streamline formeal @scular arc (convex
curvature), see Sectidr?.2 Show that the turbulence is dampene@it=@r >
0 and that it is enhanced if the sign @v=@1is negative.

Flow in a polar coordinate system illustrating streamlimevature. The streamline is aligned
with the axis.

2
V_ @p: 0
r @r
10. What is the physical reasoning leading to the modeled giessure strain term,
22:1w , for wall effects, see Sectidtil.7.6 What sign does it have?
11. Streamline curvature:  consider a boundary layer whdre streamlines
are curved away from the wall (concave curvature), see @&ecti2.2

\%1 streamline

Streamline curvature occurring when the ow approachesgf@ample, a separation region or

an obstacle.
-5 @
RSM; V& eqg: Py = ZVQVQ@—;
5 @ | 0O
RSM; VW0 eq: Py =| vB==| v&=—
1V2 g 12 I @x 2 D%
= —— @
RSM;vZ eq: Pyp= ZVQVQ@—;
@ [@°
kK " Pk= L 22
" @x |@x

Explain how the Reynolds stress model gives an enhancedlémnde production (as it
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should) because of positive feedback between the produims. Why is the effect
of streamline curvature in tHe " model much smaller?
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AD.3 Seminar 3
Course material.ectures 4 and 5; eBook: 12.3, 13, 14 15, 16.

1. Consider stagnation ow. Show that in the Reynolds stresdel, there is only a
small production of turbulence whereas eddy-viscosityet®(such as thie "
model) give a large production of turbulence.

X2

u

The ow pattern for stagnation ow.

—5 @1 V—@@z @1,

RSM=ASM : 0:5(Py; + Py)= VvB&—= =2 = ZLE® @
(P11 + P22) I @x 2)@)3 ax\: 2)
@ ° @, °
kK ":Pk=2 =, =2
Y @x @x

2. What is a realizability constraint? There are two mairizahility constraints, one on
the normal and one on the shear stresses: give the form & toestraints.

3. Show that the Boussinesq assumption may give negativeaistresses.

— _ 2 @
="k 2,—
N '@x

In which coordinate system is the risk largest for negatwemal stresses?
4. Consider stable strati cation in the; direction. Discuss and explain the sign of the
production term for theZ and thev§ 2equations
— 5 0 @ @3
Gaz=2g V§ % Pz = vly\P— 00—
g v3 3 @x K @x
5. Four equations are solved in the V2F model? What is theiphlymeaning of each of

the quantities?
Hint:

N

v
Vo ..

2 P = fk (AD.3)

P= =V P "2+

@x
How doed enter into thev® equation?
Hint: See EQAD.3



AD.3. Seminar 3

. What does the acronym SST mean? The SST model is a conanimédtihek

thek ! model. In which region is each model used and why?

7. Howis! expressed ik and"?
8. Inthe SST model, one blending functiorfs. What is object of;?
9. Discuss the general principle how the transport equédioh is derived.

10.
11.

What is the purpose of the shear stress limiter in the S&deif?
SST model includes the blending functien What is the object of,?

558

and
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AD.4 Seminar 4

Course materiaRecorded Lectures 6 and 7; eBook: 5.1-5.3, 18.1.

1.

10.

11.

12.

What characterizes turbulence? Explain the charatitsridVhat is a turbulent
eddy?

. Explain the cascade process. How large are the largdss8caVhat is dissi-

pation? What dimensions does it have? Which eddies extrertg from the
mean ow? Why are these these eddies “best” at extractingggnfeom the
mean ow?

. What are the Kolmogorov scales? Use dimensional andtydisrive the expres-

sion for the velocity scale; , the length scale, and the time scale, .

. Make a gure of the energy spectrum. The energy spectrunsists of three

subregions: which? describe their characteristics. Stavadw of turbulent
kinetic energy in the energy spectrum. Given the energytapacE( ), how

is the turbulent kinetic energly, computed? Use dimensional analysis to derive
the 5=3 Kolmogorov law.

. What does isotropic turbulence mean? What about the streases?

. How is the energy transfer from eddy-to-eddy,estimated? Show how the ratio

of the large eddies to the dissipative eddies depends ongyredRis number (see
Eq.5.16).

. Show the difference between volume averaging ( Iterimg)LES and time-

averaging in RANS, see Sectids.

. Why is averaging once or twice differentin RANS and LES?

. The volume- Itered Navier-Stokes equations (i.e. theSL.&quations) read

@, 6 @

@ 1@, Gvi @
@t @x

(ivi)= —=+

@x @x@x @x
@i

@x
What is the difference between the RANS and LES equations?

In physical space, which length scales are resolved¢oeing from the LES
equations) and which are modeled?

Consider the energy spectrum. Show the three diffeegidns (the large energy-
containing scales, the5=3 range and the dissipating scales). Where should the
cut-off be located?

Consider the spatial derivative of the pressure in tterdd Navier-Stokes. Dis-
cuss how the derivative can be moved outside the Iteringdnal, i.e.

S Z z

@p_1 @p @

@p,_. @ 1 2 _ @ 2
@x vV y@x T ax v PV o0 =G0 (X
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AD.5 Seminar 5
Course materialRecorded Lectures 7, 8 and 9; eBook: 18.2,, 18.3, 18.5, 18.8,

18.8,

1.

10.

11.

18.9,18.21,18.8,18.9,18.11, 18.12, 18,13, 182051 18.16, 18.22
Consider the RANK equation
@  @_ @ @ @ & @

— +

@t "ex~ ' @x @x @x @x

Now formulate the one-equatidgys equation.

@k
@x

_t
k

. Discuss two ways for deriving the Smagorinsky model (8astl8.6and18.22

. Consider the energy spectrum and discuss the physicalingeaf P¢,, and

"sgs, See Sectiori8.8

. Show how the velocity is decomposed (in mean and uctaggpiarts) in RANS

and LES, both in physical space and wavennumber space ¢veatek, k and
ksgs computed from the energy spectrum?).

. 1
Hint: all turbulence= ; E( )d

. Consider the dynamic model, see Secti@l1l What is a test Iter?

z
. The lItered and test- ltered equation for/{i is derived in two ways. Which

ways?

. When deriving an expression for the dynamic coef ci€htwe use three equa-

tions and we have three unknowns. Which are the three easatitd which are
the three unknowns? (you don't need to write down the eqostitell me in
words)

. Draw an energy spectrum and show which wavenumber rarggétiowing

three turbulent kinetic energies cover, see Sectivi 1

k = 0:5vQ°
Ksgs = 0:5v0%0

z{0g{00
I(sgs;test =0:5v; v,

. Discuss that when a rst-order upwind schemes is usechfocbnvection term,

an additional diffusion term and dissipation terms appeaahse of a numerical
SGS viscosity, see Sectid8.14

What are the ve main differences between a RANS niteurok CFD code and
a LES nite volume CFD code?

We usually de ne the SGS stress tensorjas Viv;  v;v;. In scale-similarity
models, j is written as three different terms, see Secti@il6 What are they
called? What does the word “scale-similar” mean? Two of #rents are not
Galilean invariant: which ones? WhatGalilean invariance?
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AD.6 Seminar 6

Course materialRecorded Lectures 9-12; eBook: 18.26, 10.1, 10.2, 18.2®,120,
20.1,20.2,20.3, 21, 22, 23, 23.2,23.3,27.1,27.2,27.2.23

1.

10.

11.

Explain and discuss the two-point correlation and awiwetation, see Sec-
tion 10. How are the integral length and timescale de ned?

. What do you need to consider in LES when you want to comjmt-averaged

guantities? (see Fid.8.19. How can the integral time scal€; , be used? (see
SectionR.3)

. When doing LES, how ne does the mesh need to be in the nadiregion (see

Section18.26§? Why does it need to be that ne?

. Describe URANS, see Sectid®. What turbulence models are used? What is

scale separation?

. Mention four different ways to estimate the resolutioranfLES that you have

made; see SectidlB.26Which method is good/bad? Which is best?

. What is DES (see Sectid®0)? The destruction term in the RANS S-A model
2

reads % ; how is it computed in the S-A DES model?

. How is the length scale computed ilka " two-equation DES model (see Sec-

tion20.1)? Where in a boundary layer should the DES model switch fré&ftN&
to LES?

. What is DDES (see Secti@®.3? Why was it invented?
. Howis thek ! SST model modiedtogetthk ! SST DES model (see

Section20.2?

Describe the SAS model (see Sect@ How is the von Karman length scale
de ned? An additional source term is introduced in thesquation: what is
the form of this term? Describe how this source reduces txeikent viscosity.
When is the term large and small, respectively?

Give a short description of the method to generate stinttuebulent inlet uc-
tuations; see Chapt@7 and rst 14 slides in
http://lwww.tfd.chalmers.se/"lada/slides/slideket. pdf

What form on the spectrum is assumed? How is the wavenumpgefor the
energy-containing eddies, determined? How are the maxi@odnminimum
wavelengths, max , min , determined?
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AE IMS135, Assignment on Machine Learning for Tur-

bulence Modeling

You should either do an assignment presented in Seétiot or SectionAE.2.

AE.1

Machine Learning will be used to improve the non-linéar
al. [60]. The model for the Reynolds stresses reads (se&4£8.

Improving a non-linear turbulence model or EARSM

model of Craftet

vao o
S O TR Y e
2 1 2
+ G Sik Sk §S‘k Sk j T ik Skj Sk ki
2 1 3
+ C3 L L +C 7 SkSk i S'k Skj
3 2
t G P mSmj TS m m 5 mn 0 Smojj
+ G s s Sj + C7 ek Sij
1 @i @ 1 @ @;
S: = - —+ = iD= = —_— = k=" AE.2
! 2 @x @x 2 @x @x (AE.2)
The constants are set t6(] (see also p176)
c, = 005 ¢ =0:11, c=0:21; c,= 038 (AE.3)
¢ = 0; = 05 ¢ =05
In fully developed channel ow, = vz = @=@x= @=@x 0), Eq.AE.1is
simpli ed as [22() (recall that ¢s + ¢ + ¢7 =0)
— k @ ° 2
e - — 2 = +60)+ =k AE.4
Vom0 gy (tbo)t 3 (AE.4)
— k @ ? 2
e = -2 == + —k AE.
V3 7 @x (co 60o) 3 (AE.5)
— k, @ °2 2
e = -2 = + 2k AE.
V3 6 @x Co 3 (AE.6)
vivi = ¢ %
where | denoteg ¢y + C3.

Now we want to compute the coef cients in this equation systesing Machine
Learning. In order to create a target (i.e. the exact coeht), we rst compute the
coef cients using DNS data. Hence we invert the equationesysand we getJ2Q

6as3 2a;1 + as3
Co = 5, = ——— (AE.7)
2 @ 2 @y
@x @x
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The objective is to use Machine Learning to adapt the coehtscy andc, so that
the normal stresses using Edd=.4, AE.5 and AE.6 agree with DNS of developing
boundary layer aRe = 8180 [42]. The mean velocityy;, k and" in Eqs.AE.4 —
AE.6 are taken from DNS42). The DNS data are non-dimensional with and .

Support Vector Machines (SVR) allows only one output patamédiere we have
two output parametergy andc,. Hence, we choose to use Neural Network and we
will use pytorch  in Python.

The next question is which input variable should be used.kirgpat Eq.AE.4 —
AE.6, the square of the velocity gradient seems to be an obviais&hNote that the
input variables should be non-dimensional so that the Neélgawvork Model can be
used to predict other ow cases and Reynolds numbers. Asioret above, the DNS
data are already non-dimensional. Recall that the velgc#gients must be taken with
respectto/” (noty) in order to get a non-dimensional velocity gradient. Webaitay
need at least one more input variable. There are a numbeif@fedit suitable choices.
Here are some of the combinations of input variables I tried

1

@u=ey* ; @u=e@y (AE.8)
T2(@U=@Y ; T(@U=@Y'; T=k=" (AE.9)
@uv=@y > : k=" (AE.10)
Additional input variables could be
P (AE.11)
ﬁ; L= ﬁ T= 5 (AE.12)
y* (AE.13)

The advantage of ECAE.9 is that the scaling is local; the other options depend on
scaling based on wall quantities which may be dif cult to uis&omplex geometries.
Here | use EGAE.9 (Eqg. AE.8 gives virtually identical results).

You can scale (normalize) also the already normalized (witand ) k* and"*.
For example, if | want to use the time scdle= k=" for normalizing%, then | can
use eithek, " ork™,"*.

T k="

@ _ G @
@% orm @x @x

For quantities which are already normalized withand as

k=")

T"=k"=""; k' =k=u’ "t="=u*
we getT* = k="(u?=) so that
@, @ 2
= ——( =u
@x% @)g( )
@n @ “_,_ @
= - = = T = ==(k="
@% o @x% @)g( )

i,e.u and cancel.
Hereyou nd Python scripts and all DNS data.
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AE.1.1 The Assignment

Assignment laln SectionAE.1the NN model NN-train-BL.py ) is trained using
80%of the data of the normal Reynolds stresses in the boundgey law and
then the remaining0%are predicted. DNS data for three other ows are avail-
able on the courseww pagei.e. channel ow atRe =550, Re =2000and
Re = 10000. You should train the NN model on one of the channel and pre-
dict the Reynolds stresses for other ows (i.e. the boundaygr ow and two
channel ows). You need probably to change the limitsygnand@U =@y .

Assignment 1bin [221] | have used NN to improve an EARSM (Explicit Algebraic
Stress Model). You can download the Python CFD code and thedxifdtshere
The NN model is trained on channel ow Be = 10000and is then validated
at channel ow atRe =2000andRe =5200and boundary-layer ow. Now
you should train the NN model at boundary-layer ow and vat®lat the other
three ows.

Assignment 2aUse different different input parameters when training k¢ in one
of the boundary layer ow/channel ows. You can choose betwaising the
non-linear model or the EARSM. Try to get better agreemetthénother ows
than | got P20, 221].

Assignment 2binstead of using Neural Network, NN (Pythompgtorch ) use Ran-
dom Forest, RF (PythonRandomForestRegressor )

Assignment 2cEvaluate the NN model in one or many of the ow in FIi§E.1. For
the non-linear model you need to make some assumptions docdéf cients
Cs4, Cs andcg: should they stay constant? should their raticg@nd/orc, stay
constant? or ...

Assignment 2dIn case you're working on the EARSM model, implement your new
NN model intopyCALC-RANS and validate it in channel ows and/or bound-
ary layer ow.

Assignment 2eDo something else!

Next step? (MSc thesis projecarry out a CFD simulation with e.g. STAR-CCM+,
ANSYS or OpenFOAM using the NN predict script. Then the ndreteesses
should be added both irk and in the momentum equations.

Assignment 1a or 2a is mandatory. Do one/many/all of Assigmrda—2e.

AE.1.2 How I created the DNS Data bases for validating NN mode

First a precursor DNS of ow in a half-channel was carried atRe = 550 (Re, =
1000Q. The grid ha®00 150 300cellwith0:2< y* <5, z* =3, x;, =6.
The grids for the hill, wave, contraction and expansion Wwet@ve300 300 for
which the mesh at the inlet is identical to that of the chanael The boundary
conditions for these four ows are:

Left boundary (lowx): inlet b.c. taken from the pre-cursor channel ow.

Right boundary (higkx): outlet
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(a) Wave. (b) Hill.

i

(c) Expansion. (d) Contraction.

Figure AE.1: Grids for DNS simulations. Ever§!™ grid lines are shown.

Low boundary (lowy): wall
High boundary (Higty): slip wall, i.e. symmetry b.c.

AE.2 Using PINN for computing the (turbulent) diffusion coef -
cient

In my recent paper2d, | turn the equation for the turbulent kinetic energy edorat
into an equation for the turbulent viscosity. In fully-démeed channel ow, thek
equation is a diffusion equation with source terms whichisea

d dk
&y NN o+ PKt=Q (AE.14)

dy
The subscripNN indicates that | predict.yy  USing a method based on Neural Net-
work (NN). EquatiorAE.14is re-written as

a2k dkd e
G ) gy ay

| want to nd a new turbulent viscosity,nn , that gives a turbulent diffusion that
agrees with the DNS turbulent diffusion term in Fig. 1c 22f]. Hence, nn IS the
unknown variable in EGAE.15andk, PX and" are taken from DNS. EquatiokE.15
is solved in half a channel & =5200. The boundary condition at the wall € 0)

is tnn =0 and at the centey(= 1)itis tpns -

The turbulent viscosity,.nn  in EQ.AE.15, is predicted by PINN while minimiz-
ing the errorQ?. The loss functionloss _fn , in Listing 2 in [227 is replaced with
Eq.AE.15and the Python code is given in Listing 3 227].

You nd two Python scripts at the coursevw page namely

+Pk "=Q (AE.15)

compute-vist-using-PINN-save.py
compute-vist-using-PINN-load.py
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Execute the rst le a couple of times. You'll nd that someties PINN converges
(i.e. the loss is getting smaller), sometimes not. The me@sdhat the NN initiates
the weights and biases, i.w.go) , b(10) , Wgo) , b(zo), ...(see left column at p. 3 iIr2R2)
randomly. The trick | use then is to save the initial weightd hiases in a le with the
command

torch.save(checkpoint,'checkpoint-vist-5200-plus-un its-save-5-cells.ct’)
When PINN converges, | keep this le and load it with the conmala

# Define checkpoint
if epoch == O:
checkpoint=torch.load('checkpoint-vist-5200-plus-un its-save-5-cells.ct',\
weights_only=False)

in the scriptcompute-vist-using-PINN-load.py . This means that | will use
the same (good) initial weights and biases every time | risdtript.

Study the scriptompute-vist-using-PINN-load.py and try to under-
stand all of it.

AE.2.1 The Assignment

Assignment 1Consider the Poisson equation

d’k
A AE.1
57 t270 (AE.16)
where = 0:01 The boundary conditions ake= 0 aty = 0 andy = 1. The
analytical solution is then

k=1 y y? (AE.17)

Now you should use PINN to solve a simpli ed version of .16, the Pois-

son equation, i.e.
d’k

tNN d—y2 +2=0 (AE.18)

Assume thak is known (given by EQAE.17) and that .yn IS the unknown.

Use PINN to solve this equation. The solution you should get of course —
tNN 0:01L

Copycompute-vist-using-PINN-save.py into, e.g.poisson-save.py

and modify it. Here are some tips.

1. Use a course equidistant grid (e.g. 10 cells)

2. Inorder to get accuratk=dy? near the boundaries, you must estge _order
=2,i.e.

dkdy= np.gradient(k,y,edge_order = 2)

3. Run the script a couple of times until it converges; thenthe checkpoint
le

torch.save(checkpoint,'checkpoint-poisson.cf’)
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in another scrippoisson-load.py as | describe above.

4. 1 run10000epochs and theloss = 0.00013  and the predicted PINN
resultis0:00998< nyn < 0:010017). Maybe you'll not manage to get
this good result, but you should try!

Assignment 2Now you should solve EqAE.18 but with a non-constant. You may
choose any form of , e.g.

=0:01(1 + by); =0:01(1+ bsin(y));

wherebis a constant. The complication is that most likely you wit md an
analytical solution. Use the 1D Poisson solyisson-1D.py , atthe course
www pageto getk. Repeat the simulations you did in Assignment 1 with a new

What you're doing in this Assignment is very similar to thenwdn [223 (see
also my short summery at p. 1 i832), except that they did PINN in 2D.

Here are some tips.

1. luse =0:01(1+5sin(y))
2. luselearning _rate = 0.01 and100000epochs

3. I reduce the factor for the loss of the boundary condittomf10000to 10,
ie.

loss = loss_de+10. *|oss_bc

My loss is reduced to approximatddy04; still, the error of the peak in.nn IS

6%.

It turns out that the reason to the large error is that | comgkrt:dy andd?k=dy?

in the Poisson script and the PINN script differently (in tater | use Python's
gradient ). The solution is to savek=dyandd’k=dy? at the end opoisson-1D.py
and load them in the PINN script. The error of the peak.jgn is then reduced

to 3%.

Assignment 3 (optional)Consider the Poisson equation in 2D

@k , @k
"er ey
Assume thak is known (given by the analytical solution E4A.25) and that

tNN IS the unknown. Solve the equation using PINN in the same vgaip a
Assignment 2 above.

+2=0 (AE.19)
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AF MTF271: Derivation of an Explicit Algebraic Stress
Model in 2D

The Algebraic Stress Model (ASM) with the LRR pressureistraodels B2] read

(Eq.11.119
8 7o+ 1
+ k= o = — S + 27 2
¢ 1+P aj 155” 11

5 9c
11

(ak ik A )
(AF.1)

2
aik Skj t Sik 8 éamn Shm jj

Below | will make a derivation of an explicit algebraic stsewodel presented by
many authors36, 37,39, 61, 224, but not in much detail. In two dimensions the most
general expression @i is [37,39,61,224 (cf. Eq.11.107

1
kS)*t G3 SkS§  5SmnS

aj = Gi1sj + Ga(sy 35mn Som i (AF.2)

j

k k
Sij = wSij s i =i
Terms which are quadratic in; (i.e. ijz = ik ) arenotincluded because of the
Cayley-Hamilton theorem, see SectidR.1. Itis not clear why the lastterm is included
since it is quadratic irs; (i.e. s, = s Sy ) and hence (in two-dimensions) is not
independent according to Cayley-Hamilton theorem. Funtioee, in two dimensions
an additional tensof, @ , should be added to take into account the fact that$icg 0

whereas/s = 0. This additional tensor is de ned a36)

1=6 0

0 —
T 0 1=6

(AF.3)

Pope [L3, Chapter 11.9] also notes th&at? can be expressed i, see Sec-
tion AF.2. Formally, thes, 2 T© should be included in EGAF.2 rather tharT @, see
Egs.AF.31andAF.32

The derivation below follows that of2P4 but with much more details. Equa-
tion AF.1 can be written

aj (Lo Li2wmSpm)
2

= LZSiJ- + L3 Sik akj + aik Skj 3

i Smn@m  *+ La(@k j + kak)
(AF.4)

where the classic slow pressure-train model of R&&is used and

pk 200 2k 2
T T @ tg S =28

Note that the_ 4 term in Eq.AF.4 is usually expressed a37]

Aik ik A (AR.5)
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For two-dimensional incompressible mean ow, the geneayatffor the anisotropy
tensor is given by ECAF.2. Using Eq.AF.32 (see Sectioi\F.2) it reads

1
aj = G155 + Ga(si ik Sij )+ éGs ills (AF.6)

Pope [L3, Chapter 11.9] mentions th&f® simply can be added into the divergence of
the pressure and does not affect the mean ow. Also, it do¢sifiect the production
term in thek and" (or! ) equations since the production term in thequation P,
stemming from the last term in E4F.6 reads

P, = (—25G3 i Ilssj = %Gsll sSi =0

However, as noted by Wallin & Johanss@¥], the only way to achieve good agree-

ment of the predicted normal stress is to include the last tarEq. AF.6. And if the

normal stresses are used in the model of the wall-normalgidh term in thek and”

(or!) equations, the last term in E4F.6 does indeed make a diffence.
Multiplication of Eq.AF.6 by s; gives

1
aj Sj = Gi1Sj 55 + Gosj (S i ik Sij )+ (—SGSSij ills

= G1SjSj + Ga(Sji Sk k  SqSi k)t Gssills (AF.7)
= Glsij SI] G]_II S

because the products of the symmetric tensqfs §.2) and the skew-symmetric ten-

sors (5 i) arezero, i.e.

2 -n- 2 _
Sk §  SmSmk K =07 S k  SkmSmi ik =0 (AF.8)

Inserting EqAF.7 into the left side of EQAF.4 gives

2
g (Lo LiGillg)= L23ij + L3 sya + ax Skj 3 ij Gill s

(AF.9)
+La(ak g+ wa)
Pluging EqsAF.6 andAF.7 into Eq.AF.9 gives (left-hand side)
1
(LO L]_G]_II S) Glsij + GZ(Sik kj ik Sk] )+ é ij II S (AFlO)
and for the L3 term on the right-hand side of Bd:.9 we get
1
Sk GiSy + Ga(Sym  m km Smj ) * (_SG?’ klls
1
+8 Gisyg + Ga(Sm  mk im Smk ) + 663 ik Il's (AF.11)
2
Glé ills

Thel 4 term on the right-hand side of E4F.9 then reads
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1
ik GiSik + Ga(Sim  mk im Smk ) * éGs ikll's
. (AF.12)
+ ik Gi1Sy + GaSyn  m km Smj ) + 663 Kils
The terms related t6, in Eq.AF.11read
SikSkm mj Sk kmSmj T SkjSim mk  Ski im Smk (AF.13)
These terms are zero. For example,iferj = 1 we get
S1kSkm ml S1k km Sml + Sklslm mk Skl im Smk
= S11812 21 S11 12521 % S11S12 21 S11 12521
5128 21 S1o 21811+ S21811 12 So1 1252
= S11812 217 S11 21521 1 S11S12 21t S11 2151
8128 21 S12 21811 S21S11 21t So1 2152
=2511S1p 21 2811812 21 281550 21 t2Sy; 215, =0
using ,; = 12811 = Sy ands;, = s,;. Withi =1 andj = 2, the terms
related toG, in Eq.AF.11read
S1kSkm m2 Stk kmSm2 * Sk2Sim  mk Sk2  1mSmk
= S11S11 12 S11 12522 T S12S12 21 S12 12521
T S15S01 12 S12 218121 S22S11 12 S22 1252
=S11811 12t S 12511| S12S12 12 S12 1252}
|+512521 12{7*' S12 1251§ S11811 12 S11 12511
where the underlined and underbraced terms cancel.
Fori = j =1, theG, termsin EqAF.12read
1kSim  mk ik 1mSmk t 1kSkm m1 1k  kmSm1
12511 12 12 1285227 1252 21 12 21511 (AF.14)
= 12511 12 12 12522 12522 12F 12 12811
=sp( 12 127 12 12F 12 2% 12 12) =211
Fori = j =2,theG; terms in EQAF.12read
2kS2m  mk 2k 2mSmk ¥ 2Skm m2 2k km Sm2
21S22 21 21 21811t 21511 12 21 12522 (AF.15)
= 2S» 21 21 21511 218511 217 21 21Sm
=Sy 21 21 21 1t 21t 21 21) =211
Fori=1,j =2,theG; terms in EqQAF.12read
2kSim  mk %k 1mSmk t 1kSkm m2 1k km Sm2
21812 21 21 12521 12521 12 12 21512 (AF.16)
= 21812 a1t 12 125t 1281 12t 21 21512

=S 21 21F 12 2% 12 2% 21 21) =251l
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EquationsAF.14, AF.15andAF.16 show that the&s, terms in EqAF.12read
2s; 11 (AF.17)

The lastG, terms in square brackets in Ei.11read

1 1 1 1 1
éSik kj II S + ésk] ik II s = 63” II S + ESU II s = :_))Slj II S (AF18)
TheGj; terms in EqAF.12reads
1 1 1 1
6 kj ik”S é ik jk”S: 6 ij IIS 6 ij IIS:O (AFlg)

Finally, we can collect all terms for the 2D EARSM. The lefifid side (EGAF.10),
theG; terms and the last term in E4F.11and theG; and theG; terms in EQAF.12
(see EqAF.19) and theG, terms in EqAF.11(see EqAF.17) give

(Lo LiGalls) Gisj + Ga(si

1
i ikskj)"'éGS ills

1 1
= Slj L2 + §L3Gsll S + 2L462” + ZG]_Ls Sik Sjk :—)) ij II S (AFZO)
L4G1( i Si ik Skj )
which agrees with the expression 224 (Eq. 19).
When using thé 4, term as in EQAF.5the nal equation reads
1
(Lo LiGills) Gisj + Ga(sy ik Sk ) + EGS ills
_ 1 1 (AF.21)
= Sij Lo+ §L3Ggll s 2L4Gyll +2GiLs Sik Sjk é i Ils
+LaGa( 5 Si ik Skj )
Comparing the coef cients in front of; in Eq.AF.20we get
1
(Lo LlGllls)Glz Lo+ §L363||3+2L4G2|| (AF22)
The coef cient forsy i S In Eq.AF.20gives
LG
Ga(Lo Li1Gills)= L4G Gy= —M— AF.23
2(Lo LiGills) 4G1 ) 2% [ L601s ( )

The coef cients in front ofs s, % jj Il s (on the right side in EqAF.20) and
i 1l s=6 (on the left side, see E4\F.32) yield

2G;L
(Lo L1Gill§)G3=2GiLy3 ) Gz= — 18 (AF.24)
Lo LiGillg
Inserting EqsAF.23 and AF.24 into Eq. AF.22 gives a cubic equation is;. This
equation can be solved analyticall®4. Having solved forG;, we getG, andGgs
from Egs.AF.23andAF.24 Then we can computg; explicitly from Eq.AF.6.
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The cubic equation is expessed@a. Later, Wallin & Johansson made a slightly
different solution. They express EfF.1 as

Naj = Asj +(ak k@) Az Syag + aik Sy é i Smn @nm
where
8 11
A1= 157c, + 1
5 9% 11
A2= —— 7c +1
Az =(c 1)7021741_1
11
il
N =Az+ A4P.—.k
Their solution is expressed as
G, = %; G, = %; Gs = ZAéAZ; Q=N2 21 gAgus
AF.1 Cayley-Hamilton in 2D
The characteristic equation sf reads (see E4.3.9
2 (s11+Sp) *(SuSp SpSp) j =0 (AF.25)
which is also satis ed by; . Hence, we get
Sij2 =(S11* S2)Sj  (S11S22  S12512) i (AF.26)

The left-hand side reads
2
S11

2
S12

2
S22 Sp1S12tF S8y

S11811 F S12S21

S11812 t S12S»

and the right-hand side reads
2N o2 2
(S11+ S22)811 (S11S2 S12) = Si1 + Si2
(S11 * S22)S12 = S11S12 + S22S12
2 2 2
(S11+ S22)S2 (S11S22 S12) = Si1 + Si2

which con rms that EQAF.26is satis ed.

AF.2 The 2nd tensorT @ can be expressed in the zeroth tensdf (@

1 1 .
TO 3 3 @, =diag(1;1,0)

1
2) _
T@ = Sik Sk :_))Smn Shm i
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As mentioned in 13, Chapter 11.9] the following relation is valid in two diménss:

1
7= 5008 (AF.27)
where

;%= kS5 Sik = SicSu (AF.28)

Componentsijz, left side of EQAF.27

2 _ _
S11 = S1kSk1 = S11S11 F S12S01
2 _ _ _
S22 = SokSk2 = Sp1S12 F S20Spp = Sp1S10 + 5118y (AF.29)

2 _ _ _
S15 = S1kSk2 = S11812 + S12S22 =0

because of continuitys(; = s,,). Hence, EGAF.27is true. Componerg,?, right side of EqAF.27

2 _ _
Sk = S11511 2512812 + S22 = 281581, + 25138y (AF.30)

because of continuity. Hence, B&F.27is true.
Pope L3, Chapter 11.9] also states that in two-dimensions thevatig relation is
satis ed:
T@ = g2TO (AF.31)

Show that EQAF.31is true. The components of the second teri'%@ are given
by

2 — 1 ) 1 2 2 2
T11 = S1kSk1 ésmn Sam = S11 t S12S21 3 $17+2815 + Sp5
1 1
_ 2 2 2 _ 2 2
= 5311 + :—,)512 5322 =3 S12 S
-|—(2)_ 1 =g 24 1 24952452
22 = SokSk2 ésmn Som = Sp1t S22, 3 $11 S12 + Sy
1, 1, 2, 2 2
= 5311 + 5312 + :—,)522 =3 S12 T Sy
(2 _ 1 _ 1 2 2 2 _ 2 2 2
T3 = ésmn Shm = 3 S171+28)5+ 55 = 3 S12+ Sy

2 _— _ _
T12" = S1kSkz2 = S11S12 + 1252, =0

where continuity has been used for all components.

The zeroth tensoTij(O) is given by EQAF.3. Then the components of the right side
of Eq.AF.31reads

2+(0) _ 1 2 2
Sk T11 = 3 S12 + Sy
2+0) _ 1 2 2
Sk T2 = 3 S12 + S
2+(00) _
Sk T2 =0

Hence, EgAF.31is true. We can express it as

1 1
Sik Skj  3Smn Shm i T 6

3 ijlls (AF.32)
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AG MTF271: How to compute the wall pressure-strain
term

The general formula for a wall that is not aligned with a Csigte coordinate axis
seems very dif cult to compute. Let's look at the term for 8. It reads{(=j = 1)

- 33— 33—
111w = ClWE VEVPn I"|k;w I"|m;w EVEV?nk;w I']l;w EVEV?nl;W I'1k;w f

The rst term includes a double summation (okeandm). In 2D, it reads
VOV Niew Nmaw =

+ vOOng. Ny
k=1;m=1

I

+ VOV N1
k=2 ;m=1

I

+ VIVEN 1w Now
k=1;m=2

I

+ VOVEN . N2y
k=2 ;m =2

I
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