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Abstract

This course material is used in two courses in the International Master's pro-
grammeApplied Mechanicsat Chalmers. The two courses areTME226 Mechanics of �uids
(Chapters 1-10, part of Chapter 11), andMTF271 Turbulence Modeling(part of
Chapter 9 and 10, Chapters 11-27). MSc students who follow these courses are
supposed to have taken one basic course in �uid mechanics.

This eBook can be downloaded at
https://www.tfd.chalmers.se/˜lada/postscript�les/solids-and-�uids turbulent-�ow turbulence-modelling.pdf

Recorded lectures are found at
https://www.tfd.chalmers.se/˜lada/MoF/recordedlecture.html

and

https://www.tfd.chalmers.se/˜lada//compturb model/recordedlecture.html

The Fluid courses in the MSc programme are presented at
https://www.tfd.chalmers.se/˜lada/msc/msc-programme.html

The MSc programme is presented at
https://www.chalmers.se/en/education/programmes/masters-info/Pages/Applied-Mechanics.aspx

1

https://www.tfd.chalmers.se/~lada
https://www.tfd.chalmers.se/~lada
https://www.tfd.chalmers.se/~lada/MoF/
https://www.tfd.chalmers.se/~lada/comp_turb_model/
https://www.tfd.chalmers.se/~lada/postscript_files/solids-and-fluids_turbulent-flow_turbulence-modelling.pdf
https://www.tfd.chalmers.se/~lada/MoF/recorded_lecture.html
https://www.tfd.chalmers.se/~lada/comp_turb_model/recorded_lecture.html
https://www.tfd.chalmers.se/~lada/msc/msc-programme.html
https://www.chalmers.se/en/education/programmes/masters-info/Pages/Applied-Mechanics.aspx


Contents

1 Motion, �ow 18
1.1 Eulerian, Lagrangian, material derivative. . . . . . . . . . . . . . . 18

1.2 What is the difference between
dv2

dt
and

@v2
@t

? . . . . . . . . . . . . 19

1.3 Viscous stress, pressure. . . . . . . . . . . . . . . . . . . . . . . . 20
1.4 Strain rate tensor, vorticity. . . . . . . . . . . . . . . . . . . . . . . 21
1.5 Product of a symmetric and antisymmetric tensor. . . . . . . . . . 23
1.6 Deformation, rotation. . . . . . . . . . . . . . . . . . . . . . . . . 24
1.7 Irrotational and rotational �ow . . . . . . . . . . . . . . . . . . . . 26

1.7.1 Ideal vortex line. . . . . . . . . . . . . . . . . . . . . . . . 27
1.7.2 Shear �ow. . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.8 Eigenvalues and eigenvectors: physical interpretation . . . . . . . . 30

2 Governing �ow equations 31
2.1 The Navier-Stokes equation. . . . . . . . . . . . . . . . . . . . . . 31

2.1.1 The continuity equation. . . . . . . . . . . . . . . . . . . . 31
2.1.2 The momentum equation. . . . . . . . . . . . . . . . . . . 31

2.2 The energy equation. . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.3 Transformation of energy. . . . . . . . . . . . . . . . . . . . . . . 34
2.4 Left side of the transport equations. . . . . . . . . . . . . . . . . . 35
2.5 Material particle vs. control volume (Reynolds Transport Theorem). 36

3 Solutions to the Navier-Stokes equation: three examples 38
3.1 The Rayleigh problem. . . . . . . . . . . . . . . . . . . . . . . . . 38
3.2 Flow between two plates. . . . . . . . . . . . . . . . . . . . . . . . 41

3.2.1 Curved plates. . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2.2 Flat plates. . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.2.3 Force balance, channel �ow. . . . . . . . . . . . . . . . . . 45
3.2.4 Balance equation for the kinetic energy. . . . . . . . . . . . 46

3.3 Two-dimensional boundary layer �ow over �at plate. . . . . . . . . 47
3.3.1 Momentum balance, boundary layer. . . . . . . . . . . . . 50

4 Vorticity equation and potential �ow 52
4.1 Vorticity and rotation . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.2 The vorticity transport equation in three dimensions. . . . . . . . . 54
4.3 The vorticity transport equation in two dimensions. . . . . . . . . . 57

4.3.1 Boundary layer thickness from the Rayleigh problem. . . . 58
4.4 Potential �ow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.4.1 The Bernoulli equation. . . . . . . . . . . . . . . . . . . . 60
4.4.2 Complex variables for potential solutions of plane �ows . . . 61
4.4.3 f / zn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.4.3.1 Parallel �ow . . . . . . . . . . . . . . . . . . . . . 63
4.4.3.2 Stagnation �ow. . . . . . . . . . . . . . . . . . . . 63
4.4.3.3 Flow over a wedge and �ow in a concave corner.. . 64

4.4.4 Analytical solutions for a line source. . . . . . . . . . . . . 65
4.4.5 Analytical solutions for a vortex line. . . . . . . . . . . . . 66
4.4.6 Analytical solutions for �ow around a cylinder. . . . . . . . 67
4.4.7 Analytical solutions for �ow around a cylinder with circulation 70

4.4.7.1 The Magnus effect. . . . . . . . . . . . . . . . . . 72

2



3

4.4.8 The �ow around an airfoil. . . . . . . . . . . . . . . . . . . 74

5 Turbulence 77
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.2 Turbulent scales. . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.3 Energy spectrum. . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.4 The cascade process created by vorticity. . . . . . . . . . . . . . . 83

6 Turbulent mean �ow 87
6.1 Time averaged Navier-Stokes. . . . . . . . . . . . . . . . . . . . . 87

6.1.1 Boundary-layer approximation. . . . . . . . . . . . . . . . 89
6.2 Wall region in fully developed channel �ow. . . . . . . . . . . . . 89
6.3 Reynolds stresses in fully developed channel �ow. . . . . . . . . . 94
6.4 Boundary layer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

7 Probability density functions 98

8 Transport equations for turbulent kinetic energy 101
8.1 Rules for time averaging. . . . . . . . . . . . . . . . . . . . . . . . 101

8.1.1 What is the difference betweenv0
1v0

2 andv0
1 v0

2? . . . . . . . 101

8.1.2 What is the difference betweenv02
1 andv0

1
2
? . . . . . . . . . 102

8.1.3 Show that�v1v02
1 = �v1v02

1 . . . . . . . . . . . . . . . . . . . 102
8.1.4 Show that�v1 = �v1 . . . . . . . . . . . . . . . . . . . . . . . 103

8.2 The Exactk Equation . . . . . . . . . . . . . . . . . . . . . . . . . 103
8.2.1 Expressing dissipation withsij ; non-isotropic dissipation. . 107
8.2.2 Spectral transfer dissipation" � vs. “true” viscous dissipation," 108

8.3 The Exactk Equation: 2D Boundary Layers. . . . . . . . . . . . . 108
8.4 Spatial vs. spectral energy transfer. . . . . . . . . . . . . . . . . . 109
8.5 The overall effect of the transport terms. . . . . . . . . . . . . . . . 110
8.6 The transport equation for�vi �vi =2 . . . . . . . . . . . . . . . . . . . 111

9 Transport equations for Reynolds stresses 114
9.1 Source terms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
9.2 Reynolds shear stress vs. the velocity gradient. . . . . . . . . . . . 119

10 Correlations 123
10.1 Two-point correlations. . . . . . . . . . . . . . . . . . . . . . . . . 123
10.2 Auto-correlation. . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
10.3 Taylor's hypothesis of frozen turbulence. . . . . . . . . . . . . . . 126

11 Reynolds stress models and two-equation models 127
11.1 Mean �ow equations. . . . . . . . . . . . . . . . . . . . . . . . . . 127

11.1.1 Flow equations. . . . . . . . . . . . . . . . . . . . . . . . 127
11.1.2 Temperature equation. . . . . . . . . . . . . . . . . . . . . 128

11.2 The exactv0
i v

0
j equation . . . . . . . . . . . . . . . . . . . . . . . . 128

11.3 The exactv0
i � 0 equation . . . . . . . . . . . . . . . . . . . . . . . . 130

11.4 Thek equation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
11.5 The" equation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
11.6 The Boussinesq assumption. . . . . . . . . . . . . . . . . . . . . . 134
11.7 Modeling assumptions. . . . . . . . . . . . . . . . . . . . . . . . . 135



4

11.7.1 Production terms. . . . . . . . . . . . . . . . . . . . . . . 135
11.7.2 Diffusion terms. . . . . . . . . . . . . . . . . . . . . . . . 136
11.7.3 Dissipation term," ij . . . . . . . . . . . . . . . . . . . . . 137
11.7.4 Slow pressure-strain term. . . . . . . . . . . . . . . . . . . 138
11.7.5 Rapid pressure-strain term. . . . . . . . . . . . . . . . . . 141
11.7.6 Wall model of the pressure-strain term. . . . . . . . . . . . 147

11.8 Thek � " model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
11.9 The modeledv0

i v
0
j equation with IP model . . . . . . . . . . . . . . 150

11.10 Algebraic Reynolds Stress Model (ASM). . . . . . . . . . . . . . . 150
11.11 Explicit ASM (EASM or EARSM) . . . . . . . . . . . . . . . . . . 151
11.12 Derivation of the Explicit Algebraic Reynolds StressModel (EARSM) 152
11.13 Boundary layer �ow. . . . . . . . . . . . . . . . . . . . . . . . . . 156
11.14 Wall boundary conditions. . . . . . . . . . . . . . . . . . . . . . . 157

11.14.1 Wall Functions . . . . . . . . . . . . . . . . . . . . . . . . 158
11.14.2 Low-Re Number Turbulence Models. . . . . . . . . . . . . 160
11.14.3 Low-Rek � " Models. . . . . . . . . . . . . . . . . . . . . 162
11.14.4 Wall boundary Condition fork . . . . . . . . . . . . . . . . 164
11.14.5 Different ways of prescribing" at or near the wall. . . . . . 164

12 Reynolds stress models vs. eddy-viscosity models 166
12.1 Stable and unstable strati�cation. . . . . . . . . . . . . . . . . . . 166
12.2 Curvature effects. . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
12.3 Stagnation �ow . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
12.4 RSM/ASM versusk � " models . . . . . . . . . . . . . . . . . . . 171

13 Realizability 172
13.1 Two-component limit . . . . . . . . . . . . . . . . . . . . . . . . . 173

14 Non-linear Eddy-viscosity Models 175

15 The V2F Model 178
15.1 Modi�ed V2F model. . . . . . . . . . . . . . . . . . . . . . . . . . 181
15.2 Realizable V2F model. . . . . . . . . . . . . . . . . . . . . . . . . 182
15.3 To ensure thatv2 � 2k=3 . . . . . . . . . . . . . . . . . . . . . . . 182

16 The SST Model 183

17 Overview of RANS models 188

18 Large Eddy Simulations 189
18.1 Time averaging and �ltering. . . . . . . . . . . . . . . . . . . . . . 189
18.2 Differences between time-averaging (RANS) and space �ltering (LES)190
18.3 Resolved & SGS scales. . . . . . . . . . . . . . . . . . . . . . . . 191
18.4 The box-�lter and the cut-off �lter . . . . . . . . . . . . . . . . . . 192
18.5 Highest resolved wavenumbers. . . . . . . . . . . . . . . . . . . . 193
18.6 Subgrid model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194
18.7 Smagorinsky model vs. mixing-length model. . . . . . . . . . . . . 195
18.8 Energy path . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
18.9 SGS kinetic energy. . . . . . . . . . . . . . . . . . . . . . . . . . 196
18.10 LES vs. RANS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197
18.11 The dynamic model. . . . . . . . . . . . . . . . . . . . . . . . . . 197



5

18.12 The test �lter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
18.12.1 2D �ltering . . . . . . . . . . . . . . . . . . . . . . . . . . 199
18.12.2 3D �ltering . . . . . . . . . . . . . . . . . . . . . . . . . . 200

18.13 Stresses on grid, test and intermediate level. . . . . . . . . . . . . . 201
18.14 Numerical dissipation. . . . . . . . . . . . . . . . . . . . . . . . . 202
18.15 Scale-similarity Models. . . . . . . . . . . . . . . . . . . . . . . . 203
18.16 The Bardina Model. . . . . . . . . . . . . . . . . . . . . . . . . . 204
18.17 Rede�ned terms in the Bardina Model. . . . . . . . . . . . . . . . 204
18.18 A dissipative scale-similarity model.. . . . . . . . . . . . . . . . . 204
18.19 Forcing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
18.20 Numerical method. . . . . . . . . . . . . . . . . . . . . . . . . . . 206

18.20.1 RANS vs. LES . . . . . . . . . . . . . . . . . . . . . . . . 207
18.21 One-equationksgs model . . . . . . . . . . . . . . . . . . . . . . . 209
18.22 Smagorinsky model derived from theksgs equation . . . . . . . . . 209
18.23 A dynamic one-equation model. . . . . . . . . . . . . . . . . . . . 209
18.24 A Mixed Model Based on a One-Eq. Model. . . . . . . . . . . . . 211
18.25 Applied LES. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211
18.26 Resolution requirements. . . . . . . . . . . . . . . . . . . . . . . . 211

19 URANS: Unsteady RANS 213
19.1 Turbulence Modeling. . . . . . . . . . . . . . . . . . . . . . . . . 216
19.2 Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216

20 DES: Detached-Eddy-Simulations 218
20.1 DES based on two-equation models. . . . . . . . . . . . . . . . . . 219
20.2 DES based on thek � ! SST model . . . . . . . . . . . . . . . . . 220
20.3 DDES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

21 Hybrid LES-RANS 223
21.1 Momentum equations in hybrid LES-RANS. . . . . . . . . . . . . 225
21.2 The one-equation hybrid LES-RANS model. . . . . . . . . . . . . 225

22 The SAS model 226
22.1 Resolved motions in unsteady. . . . . . . . . . . . . . . . . . . . 226
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1. Motion, �ow 18

1 Motion, �ow

1.1 Eulerian, Lagrangian, material derivative

SEE also [3], Chapt. 3.2.

Assume a �uid particle is moving along the line in Fig.1.1. We can choose to study
its motion in two ways: Lagrangian or Eulerian. In the Lagrangian approach we keep
track of its original position (X i ) and follow its path which is described byx i (X i ; t).
For example, at timet1 the temperature of the particle isT(X i ; t1), and at timet2 its
temperature isT(X i ; t2), see Fig.1.1. This approach is not used for �uids because it
is very tricky to de�ne and follow a �uid particle. It is however used when simulating
movement of particles in �uids (for example soot particles in gasoline-air mixtures in
combustion applications). The speed of the particle is thenexpressed as a function of
time and its position at time zero, i.e.vi = vi (X i ; t).

In the Eulerian approach we pick a position, e.g.x1
i , and watch the particle pass

by. This approach is used for �uids. The temperature of the �uid, T , for example, is
expressed as a function of the position, i.e.T = T(x i ), see Fig.1.1. It may be that the
temperature at positionx i , for example, varies in time,t, and thenT = T(x i ; t).

Now we want to express how the temperature of a �uid particle varies. In the
Lagrangian approach we �rst pick the particle (this gives its starting position,X i ).
Once we have chosen a particle its starting position is �xed,and temperature varies
only with time, i.e.T (t) and the temperature gradient can be writtendT=dt.

In the Eulerian approach it is a little bit more dif�cult. We are looking for the
temperature gradient,dT=dt, but since we are looking at �xed points in space we
need to express the temperature as a function of both time andspace. From classical
mechanics, we know that the velocity of a �uid particle is thetime derivative of its
space location, i.e.vi = dxi =dt. The chain-rule now gives

dT
dt

=
@T
@t

+
dxj

dt
@T
@xj

=
@T
@t

+ vj
@T
@xj

(1.1)

Note that we have to use partial derivative onT since it is a function of more than one
(independent) variable. The �rst term on the right side is the local rate of change; by local rate

of changethis we mean that it describes the variation ofT in timeat positionx i . The second term
on the right side is called theconvective rate of change, which means that it describesConv. rate

of change

X i

T(X i ; t1)

T (x1
i ; t1)

T (X i ; t2)

T (x2
i ; t2)

Figure 1.1: The temperature of a �uid particle described in Lagrangian,T (X i ; t ), or Eulerian,
T (x i ; t ), approach.
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0 1 2
0

1

2 5

4

x1; r1

x2; r2

Figure 1.2: Flow pathx2 = 1 =x1 . The �lled circle shows the point(x1 ; x2) = (1 ; 1). 5 : start
(t = ln(0 :5)); 4 : end (t = ln(2) ).

the variation ofT in spacewhen it passes the pointx i . The left side in Eq.1.1is called
thematerial derivative and is in this text denoted bydT=dt.

Exercise 1 Write out Eq.1.1, term-by-term.

1.2 What is the difference between
dv2

dt
and

@v2
@t

?

Students sometimes get confused about the difference between
dv2

dt
and

@v2
@t

. Here we

give a simple example. Figure1.2 shows a �ow path of �uid particles which can be
expressed in time as

r1 = X 1 exp(t); r2 = X 2 exp(� t) (1.2)

wherer i is the location of the particle andX i is the initial location. ForX 1 = X 2

we getr2 = 1 =r1. By varyingX 1 (and/orX 2) we get different �ow paths. The �ow
path in Fig.1.2 is steady in time and it starts at(r1; r2) = ( X 1; X 2) = (0 :5; 2) and
ends at(r1; r2) = ( x1; x2) = (2 ; 0:5). The �ow path is taken from stagnation �ow, see
Fig. 4.7. Equation1.2gives the velocities

vL
1 =

dr1

dt
= X 1 exp(t); vL

2 =
dr2

dt
= � X 2 exp(� t) (1.3)

and Eqs.1.2and1.3give

vE
1 = r1 = x1; vE

2 = � r2 = � x2 (1.4)

(cf. Eq.4.50). The superscriptsE andL denote Eulerian and Lagrangian, respectively.
Note thatvL

1 = vE
1 and vL

2 = vE
2 ; the only difference is thatvE

i is expressed as
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function of (t; x 1; x2) andvL
i as function of(t; X 1; X 2). Now we can compute the

time derivatives of thev2 velocity as

dvL
2

dt
= exp( � t)

dvE
2

dt
=

@vE2
@t

+ vE
1

@vE2
@x1

+ vE
2

@vE2
@x2

= 0 + x1 � 0 � x2 � (� 1) = x2

(1.5)

We �nd, of course, that
dv2

dt
=

dvE
2

dt
=

dvL
2

dt
= x2 = exp( � t).

Consider, for example, the point(x1; x2) = (1 ; 1) in Fig. 1.2. The difference bet-

ween
dv2

dt
and

@v2
@t

is now clearly seen by looking at Eq.1.5. The velocity at the point

(x1; x2) = (1 ; 1) does not change in time and hence
@vE2
@t

= 0 . However, if we sit on

a particle which passes the location(x1; x2) = (1 ; 1), the velocity,vL
2 , increases by

time,
dvL

2

dt
=

dv2

dt
= 1 (the velocity,v2, gets less negative) . Actually it increases all

the time from the starting point where
dv2

dt
= 2 andv2 = � 2 until the end point where

dv2

dt
= 0 :5 andv2 = � 0:5.

1.3 Viscous stress, pressure

See also [3], Chapts. 6.3 and 8.1.

We have in Part I [4] derived the balance equation for linear momentum which
reads

� _vi � � ji;j � �f i = 0 (1.6)

Switch notation for the material derivative and derivatives so that

�
dvi

dt
=

@�ji
@xj

+ �f i (1.7)

where the �rst and the second term on the right side represents, respectively, the net
force due to surface and volume forces (� ij denotes the stress tensor). Stress is force
per unit area. The �rst term on the right side includes the viscous stress tensor,� ij . As
you have learnt earlier, the �rst index relates to the surface at which the stress acts and
the second index is related to the stress component. For example, on a surface whose
normal isni = (1 ; 0; 0) act the three stress components� 11, � 12 and� 13, see Fig.1.3a;
the volume force acts in the middle of the �uid element, see Fig. 1.3b.

In the present notation we denote the velocity vector byv = vi = ( v1; v2; v3)
and the coordinate byx = x i = ( x1; x2; x3). In the literature, you may �nd other
notations of the velocity vector such asui = ( u1; u2; u3). If no tensor notation is used
the velocity vector is usually denoted as(u; v; w) and the coordinates as(x; y; z).

The diagonal components of� ij represent the normal stresses and the off-diagonal
components of� ij represent the shear stresses. In Part I [4] you learned that the pres-
sure is de�ned as minus the sum of the normal stress, i.e.

P = � � kk =3 (1.8)
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x1

x2

� 11

� 12

� 13

t (ê 1 )
i

(a) Stress components and stress vector on a surface.

x1

x2
f i

(b) Volume force,f i = (0 ; � g; 0), acting in
the middle of the �uid element.

Figure 1.3: Stress tensor, volume (gravitation) force and stress vector, t (ê 1 )
i , see Eq.D.2.

The pressure,P, acts as a normal stress. In general, pressure is a thermodynamic
property,pt , which can be obtained – for example – from the ideal gas law. In that
case the thermodynamics pressure,pt , and the mechanical pressure,P, may not be the
same but Eq.1.8 is nevertheless used. Theviscousstress tensor,� ij , is obtained by
subtracting the trace,� kk =3 = � P, from � ij ; the stress tensor can then be written as

� ij = � P � ij + � ij (1.9)

� ij is the deviator of� ij . The expression for the viscous stress tensor is found in Eq.2.4
at p.31. The minus-sign in front ofP appears because the pressure actsinto the surface.
When there is no movement, the viscous stresses are zero and then of course the normal
stresses are the same as the pressure. In general, however, the normal stresses are the
sum of the pressure and the viscous stresses, i.e.

� 11 = � P + � 11; � 22 = � P + � 22; � 33 = � P + � 33; (1.10)

Exercise 2 Consider Fig.1.3. Show how� 21; � 22; � 23 act on a surface with normal
vectorni = (0 ; 1; 0). Show also how� 31; � 32; � 33 act on a surface with normal vector
ni = (0 ; 0; 1).

Exercise 3 Write out Eq.1.9on matrix form.

1.4 Strain rate tensor, vorticity

See also [3], Chapt. 3.5.3, 3.6.

We need an expression for the viscous stresses,� ij . They are needed in the mo-
mentum equations, Eq.1.7 (see also Eq.1.9). They will be expressed in the velocity
gradients,@vi

@xj
. Hence we will now discuss the velocity gradients.
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The velocity gradient tensor can be split into two parts as

@vi
@xj

=
1
2

0

B
B
@

@vi
@xj

+
@vi
@xj

2@vi =@xj

+
@vj
@xi

�
@vj
@xi

=0

1

C
C
A

=
1
2

�
@vi
@xj

+
@vj
@xi

�
+

1
2

�
@vi
@xj

�
@vj
@xi

�
= Sij + 
 ij

(1.11)

where

Sij is asymmetrictensor called thestrain-rate tensor Strain-rate
tensor


 ij is aanti-symmetrictensor called thevorticity tensor vorticity ten-
sorThe vorticity tensor is related to the familiarvorticity vector which is the curl of

the velocity vector, i.e.! = r � v , or in tensor notation

! i = � ijk
@vk
@xj

(1.12)

where� ijk is the permutation tensor, see lecture notes of Ekh [4] and TableC.1 in
AppendixC. If we set, for example,i = 3 we get

! 3 = @v2=@x1 � @v1=@x2: (1.13)

The vorticity represents rotation of a �uid particle. Inserting Eq.1.11into Eq.1.12
gives

! i = � ijk (Skj + 
 kj ) = � ijk 
 kj (1.14)

since � ijk Skj = 0 because the product of a symmetric tensor (Skj ) and an anti-
symmetric tensor (" ijk ) is zero. Let us show this fori = 1 by writing out the full
equation. Recall thatSij = Sji (i.e. S12 = S21, S13 = S31, S23 = S32) and
� ijk = � � ikj = � jki etc (i.e."123 = � "132 = "231 . . . , "113 = "221 = : : : "331 = 0 )

"1jk Skj = "111S11 + "112S21 + "113S31

+ "121S12 + "122S22 + "123S32

+ "131S13 + "132S23 + "133S33

= 0 � S11 + 0 � S21 + 0 � S31

+ 0 � S12 + 0 � S22 + 1 � S32

+ 0 � S13 � 1 � S23 + 0 � S33

= S32 � S23 = 0

(1.15)

Now let us invert Eq.1.14. We start by multiplying it with" i`m so that

" i`m ! i = " i`m � ijk 
 kj (1.16)

The"-� -identity gives (see TableC.1at p.344)

" i`m � ijk 
 kj = ( � `j � mk � � `k � mj )
 kj = 
 m` � 
 `m = 2
 m` (1.17)
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This can easily be proved by writing out all the components, see TableC.1 at p.344.
Now Eqs.1.16and1.17give


 m` =
1
2

" i`m ! i =
1
2

" `mi ! i = �
1
2

"m`i ! i (1.18)

or, switching indices


 ij = �
1
2

" ijk ! k (1.19)

It turns out that is is much easier to go from Eq.1.14to Eq.1.19by writing out the
components of Eq.1.14(here we do it fori = 1 )

! 1 = "123
 32 + "132
 23 = 
 32 � 
 23 = � 2
 23 (1.20)

and we get


 23 = �
1
2

! 1 (1.21)

which indeed is identical to Eq.1.19.

Exercise 4 Write out the second and third component of the vorticity vector given in
Eq.1.12(i.e. ! 2 and! 3).

Exercise 5 Complete the proof of Eq.1.15for i = 2 andi = 3 .

Exercise 6 Write out Eq.1.20also fori = 2 andi = 3 and �nd an expression for
 12

and
 13 (cf. Eq.1.21). Show that you get the same result as in Eq.1.19.

Exercise 7 In Eq.1.21we proved the relation between
 ij and! i for the off-diagonal
components. What about the diagonal components of
 ij ? What do you get from
Eq.1.11?

Exercise 8 From your course in linear algebra, you should remember how to compute
a vector product using Sarrus' rule. Use it to compute the vector product

! = r � v =

2

4
ê1 ê2 ê3

@
@x1

@
@x2

@
@x3

v1 v2 v3

3

5

Verify that this agrees with the expression in tensor notation in Eq.1.12.

1.5 Product of a symmetric and antisymmetric tensor

In this section we show the proof that the product of a symmetric and antisymmetric
tensor is zero. First, we have the de�nitions:

� A tensoraij is symmetric ifaij = aji ;

� A tensorbij is antisymmetric ifbij = � bji .

It follows that for an antisymmetric tensor all diagonal components must be zero;
for example,b11 = � b11 can only be satis�ed ifb11 = 0 .

The (inner) product of a symmetric and antisymmetric tensoris always zero. This
can be shown as follows

aij bij = aji bij = � aji bji ;
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where we �rst used the fact thataij = aji (symmetric), and then thatbij = � bji

(antisymmetric). Since the indicesi andj are both dummy indices we can interchange
them in the last expression (� aji bji = � aij bij ), which gives

aij bij = � aij bij

This expression says thatA = � A which can be only true ifA = 0 and henceaij bij =
0.

This can of course also be shown be writing outaij bij on component form, i.e.

aij bij = a11b11 + a12b12

I

+ a13b13

II

+ a21b21

I

+ a22b22 + a23b23

III

+ a31b31

II

+ a32b32

III

+ a33b33 = 0

The underlined terms are zero (b11 = b22 = b33 = 0 ); terms I cancel each other
(a12 = a21, b12 = � b21) as do terms II and III.

1.6 Deformation, rotation

See also [3], Chapt. 3.3.

The velocity gradient can, as shown above, be divided into two parts: Sij and

 ij . We have shown that the latter is connected torotation of a �uid particle. During rotation
rotation the �uid particle is not deformed. This movement can be illustrated by Fig.1.4.
The vertical movement (v2) of the right end of the horizontal edge (x1 + � x1) of the
particle in Fig.1.4is estimated as follows. The velocity at the left edge isv2(x1). Now
we need the velocity at the right edge which is located atx1 + � x1. It is computed
using the �rst term in the Taylor series as1

v2(x1 + � x1) = v2(x1) + � x1
@v2
@x1

It is assumed that the �uid particle in Fig.1.4 is rotated the angle� � during the
time � t. The angle rotation per unit time can be estimated as� �= � t ' d�=dt =
� @v1=@x2 = @v2=@x1; if the �uid element does not rotate as a solid body, the rotation
is computed as the average, i.e.d�=dt = ( @v2=@x1 � @v1=@x2)=2. The vorticity
is computed as! 3 = @v2=@x1 � @v1=@x2 = � 2
 12 = 2 d�=dt , see Eq.1.13and
Exercise4. Hence, the vorticity! 3 can be interpreted as twice the average rotation per
unit time of the horizontal edge (@v2=@x1) and vertical edge (� @v1=@x2).

Next let us have a look at the deformation caused bySij . It can be divided into two
parts, namely shear and elongation (also called extension or dilatation). The deforma-
tion due to shear is caused by the off-diagonal terms ofSij . In Fig.1.5, a pure shear de-
formation byS12 = ( @v1=@x2 + @v2=@x1)=2 is shown. The deformation due to elon-
gation is caused by the diagonal terms ofSij . Elongation caused byS11 = @v1=@x1 is
illustrated in Fig.1.6.

In general, a �uid particle experiences a combination of rotation, deformation and
elongation as indeed is given by Eq.1.11.

1this corresponds to the equation for a straight liney = kx + ` wherek is the slope which is equal to the
derivative ofy, i.e. dy=dx, and` = v2 (x1 )
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@v2
@x1

� x1� t = � � � x1

@v1
@x2

� x2� t = � � � x2

x1

x2

Figure 1.4: Rotation of a �uid particle during time� t . Here@v1=@x2 = � @v2=@x1 so that
� 
 12 = ! 3=2 = @v2=@x1 > 0. The distance the upper part of the left edge is negative because
it has moved with a negativev1 velocity.

�

� x2

� x1

�

@v2
@x1

� x1� t = � � � x1

@v1
@x2

� x2� t = � � � x2

x1

x2

Figure 1.5: Deformation of a �uid particle by shear during time� t . Here@v1=@x2 = @v2=@x1
(hence no vorticity) so thatS12 = @v1=@x2 > 0.

Exercise 9 Consider Fig.1.4. Show and formulate the rotation by! 1.

Exercise 10 Consider Fig.1.5. Show and formulate the deformation byS23.

Exercise 11 Consider Fig.1.6. Show and formulate the elongation byS22.
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Figure 1.6: Deformation of a �uid particle by elongation during time� t .

x1

S

x2

t i d`

Figure 1.7: The surface,S, is enclosing by the linè. The vector,t i , denotes the unit tangential
vector of the enclosing line,`.

1.7 Irrotational and rotational �ow

In the previous subsection we introduced different types ofmovement of a �uid parti-
cle. One type of movement was rotation, see Fig.1.4. Flows are often classi�ed based
on rotation: they arerotational (! i 6= 0 ) or irrotational (! i = 0 ); the latter type is also
called inviscid �ow or potential �ow. We will talk more aboutthat later on, see Sec-
tion 4.4. In this subsection we will give examples of one irrotational and one rotational
�ow. In potential �ow, there exists a potential,� , from which the velocity components
can be obtained as

vk =
@�
@xk

(1.22)

Before we talk about the ideal vortex line in the next section, we need to introduce
the conceptcirculation. Consider a closed line on a surface in thex1 � x2 plane, see
Fig. 1.7. When the velocity is integrated along this line and projected onto the line we
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obtain the circulation

� =
I

vm tm d` (1.23)

Using Stokes's theorem we can relate the circulation to the vorticity as

� =
I

vm tm d` =
Z

S
" ijk

@vk
@xj

ni dS =
Z

S
! i ni dS =

Z

S
! 3dS (1.24)

whereni = (0 ; 0; 1) is the unit normal vector of the surfaceS. Equation1.24reads in
vector notation

� =
I

v � t d` =
Z

S
(r � v ) � ndS =

Z

S
! � ndS =

Z

S
! 3dS (1.25)

The circulation is useful in, for example, aeronautics and windpower engineering
where the lift of a 2D section of an airfoil or a rotorblade is expressed in the circulation
for that 2D section. The lift force is computed as (see Eqs.4.84and4.85)

L = �V � (1.26)

whereV is the velocity around the airfoil (for a rotorblade it is therelative velocity,
since the rotorblade is rotating). In an PhD project, an inviscid simulation method
(based on the circulation and vorticity sources) is used to compute the aerodynamic
loads for windturbine rotorblades [5].

Exercise 12 In potential �ow ! i = " ijk @vk =@xj = 0 . Multiply Eq.1.22by " ijk and
derivate with respect toxk (i.e. take the curl of) and show that the right side becomes
zero as it should, i.e." ijk @2� =(@xk @xj ) = 0 .

1.7.1 Ideal vortex line

The two-dimensional ideal vortex line is an irrotational (potential) �ow where the �uid
moves along circular paths, see Fig.1.8. The governing equations are derived in Sec-
tion 4.4.5. The velocity �eld in polar coordinates reads

v� =
�

2�r
; vr = 0 (1.27)

where� is the circulation. Its potential reads

� =
� �
2�

(1.28)

The velocity,v� , is then obtained as

v� =
1
r

@�
@�

=
�

2�r
(1.29)

To transform Eq.1.27 into Cartesian velocity components, consider Fig.1.9. The
Cartesian velocity vectors are expressed as

v1 = � v� sin(� ) = � v�
x2

r
= � v�

x2

(x2
1 + x2

2)1=2
= �

� x2

2� (x2
1 + x2

2)

v2 = v� cos(� ) = v�
x1

r
= v�

x1

(x2
1 + x2

2)1=2
= �

� x1

2� (x2
1 + x2

2)

(1.30)
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Figure 1.8: Ideal vortex. The �uid particle (i.e. its diagonal, see Fig.1.4) does not rotate. The
locations of the �uid particle is indicated by black, �lled squares. The diagonales are shown as
black dashed lines. The �uid particle is shown at� = 0 , �= 4, 3�= 4, � , 5�= 4, 3�= 2 and� �= 6.

Inserting Eq.1.30into Eq.1.27we get

v1 = �
� x2

2� (x2
1 + x2

2)
; v2 =

� x1

2� (x2
1 + x2

2)
: (1.31)

To verify that this �ow is a potential �ow, we need to show thatthe vorticity, ! i =
" ijk @vk =@xj is zero. Since it is a two-dimensional �ow (v3 = @=@x3 = 0 ), ! 1 =
! 2 = 0 , we only need to compute! 3 = @v2=@x1 � @v1=@x2. The velocity derivatives
are obtained as

@v1
@x2

= �
�
2�

x2
1 � x2

2

(x2
1 + x2

2)2 ;
@v2
@x1

=
�
2�

x2
2 � x2

1

(x2
1 + x2

2)2 (1.32)

and we get

! 3 =
�
2�

1

(x2
1 + x2

2)2 (x2
2 � x2

1 + x2
1 � x2

2) = 0 (1.33)

which shows that the �ow is indeed a potential �ow, i.e.irrotational (! i � 0). Note
that the deformation is not zero, i.e.

S12 =
1
2

�
@v1
@x2

+
@v2
@x1

�
=

�
2�

x2
2

(x2
1 + x2

2)2 (1.34)

Hence a �uid particle in an ideal vortex does deform but it does not rotate (i.e. its
diagonal does not rotate, see Fig.1.8).

It may be little confusing that the �ow path forms avortexbut the �ow itself has no
vorticity. Thus one must be very careful when using the words “vortex” and ”vorticity”. vortex vs.

vorticityBy vortex we usually mean a recirculation region of the mean �ow. That the �ow has
no vorticity (i.e. no rotation) means that a �uid particle moves as illustrated in Fig.1.8.
As a �uid particle moves from positiona to b – on its counter-clockwise-rotating path
– the particle itself is not rotating. This is true for the whole �ow �eld, except at the
center where the �uid particle does rotate. This is a singular point as is seen from
Eq.1.27for whichv� ! 1 .

Note that generally a vortex has vorticity, see Section4.2. The ideal vortex is a very
special �ow case.
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Figure 1.9: Transformation ofv� into Cartesian components.
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Figure 1.10: A shear �ow. A �uid particle with vorticity. v1 = cx2
2 .

1.7.2 Shear �ow

Another example – which is rotational – is the lower half of fully-developed channel
�ow for which the velocity reads (see Eq.3.28)

v1

v1;max
=

4x2

h

�
1 �

x2

h

�
; v2 = 0 (1.35)

wherex2 < h=2, see Fig.1.10. The vorticity vector for this �ow reads

! 1 = ! 2 = 0 ; ! 3 =
@v2
@x1

�
@v1
@x2

= �
4
h

�
1 �

2x2

h

�
(1.36)

When the �uid particle is moving from positiona, via b to positionc its has vor-
ticity. Its vertical too edge move faster than its bottom edge. The horizontal edges
stay horizontal becausev2 = . Its vertical edges are rotating in clockwise direction.
The diagonal is rotating which really is the de�nition of rotation. Note that the posi-
tive rotating direction is de�ned as the counter-clockwisedirection, indicated bya in
Fig. 1.10. This is why the vorticity,! 3, in the lower half of the channel (x2 < h=2) is
negative. In the upper half of the channel the vorticity is positive because@v1=@x2 < 0.
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Figure 1.11: A two-dimensional �uid element. Left: in original state; right: rotated to principal
coordinate directions.� 1 and� 2 denote eigenvalues;v̂ 1 andv̂ 2 denote unit eigenvectors.

It may be noted that for the �ow in Fig.1.10the magnitude of the shear,S12, and the
vorticity, 
 12, are equal but of opposite sign, i.e.S12 = � 
 12.

1.8 Eigenvalues and eigenvectors: physical interpretation

See also [3], Chapt. 2.5.5.

Consider a two-dimensional �uid (or solid) element, see Fig. 1.11. In the left �gure
it is oriented along thex1 � x2 coordinate system. On the surfaces act normal stresses
(� 11, � 22) and shear stresses (� 12, � 21). The stresses form a tensor,� ij . Any tensor has
eigenvectors and eigenvalues (also called principal vectors and principal values). Since
� ij is symmetric, the eigenvalues are real (i.e. not imaginary). The eigenvalues are
obtained from the characteristic equation, see [3], Chapt. 2.5.5 or Eq.13.5at p.172.
When the eigenvalues have been obtained, the eigenvectors can be computed. Given
the eigenvectors, the �uid element is rotated� degrees so that its edges are aligned
with the eigenvectors,̂v 1 = x̂10 andv̂ 2 = x̂20, see right part of Fig.1.11. Note that the
sign of the eigenvectors is not de�ned, which means that the eigenvectors can equally
well be chosen as� v̂ 1 and/or� v̂ 2. In the principal coordinatesx10 � x20 (right part
of Fig. 1.11), there are no shear stresses on the surfaces of the �uid element. There
are only normal stresses. This is the very de�nition of eigenvectors. Furthermore, the
eigenvalues are the normal stresses in the principal coordinates, i.e.� 1 = � 1010 and
� 2 = � 2020.
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2 Governing �ow equations

SEE also [3], Chapts. 5 and 8.1.

2.1 The Navier-Stokes equation

2.1.1 The continuity equation

The �rst equation is the continuity equation (the balance equation for mass) which
reads [4]

_� + �v i;i = 0 (2.1)

Change of notation gives
d�
dt

+ �
@vi
@xi

= 0 (2.2)

For incompressible �ow (� = const) we get

@vi
@xi

= 0 (2.3)

2.1.2 The momentum equation

The next equation is the momentum equation. We have formulated the constitutive law
for Newtonian viscous �uids [4]

� ij = � P � ij + 2 �S ij �
2
3

�S kk � ij

� ij = 2 �S ij �
2
3

�S kk � ij

(2.4)

Inserting Eq.2.4into the balance equations, Eq.1.7, we get

�
dvi

dt
= �

@P
@xi

+
@�ji
@xj

+ �f i = �
@P
@xi

+
@

@xj

�
2�S ij �

2
3

�
@vk
@xk

� ij

�
+ �f i (2.5)

where� denotes the dynamic viscosity. This is theNavier-Stokesequations (sometimes
the continuity equation is also included in the name “Navier-Stokes”). It is also called
thetransport equation for momentum. Note that the stress tensor,� ij , depends only on
thesymmetricpart (i.e. Sij , see Eq.1.11) of the velocity gradient. It is only the part
of the velocity gradient thatdeformsthe �uid (see Figs.1.5 and1.6) that appears in
� ij . The part of the velocity gradient that rotates the �uid (i.e. 
 ij , see Eq.1.11and
Fig. 1.4) does not appear in� ij .

For incompressible �ow, the last term in the diffusion term is zero because of the
continuity equation (see Eq.2.3) so that

�
dvi

dt
= �

@P
@xi

+
@

@xj

�
�

�
@vi
@xj

+
@uj
@xi

��
+ �f i (2.6)

Furthermore, if the viscosity,� , is constant it can be moved outside the derivative.
We can then re-write the �rst term in the parenthesis in Eq.2.6as

@
@xj

�
�

�
@vi
@xj

+
@uj
@xi

��
= �

@
@xj

�
@vi
@xj

+
@uj
@xi

�
= �

@2vi

@xj @xj
(2.7)
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because of the continuity equation, i.e.

�
@

@xj

�
@vj
@xi

�
= �

@
@xi

�
@vj
@xj

�
= 0 : (2.8)

Equation2.5can now – for constant� and incompressible �ow – be written

�
dvi

dt
= �

@P
@xi

+ �
@2vi

@xj @xj
+ �f i (2.9)

The viscous stress tensor then reads

� ij = 2 �S ij = �
�

@vi
@xj

+
@vj
@xi

�
(2.10)

In inviscid (potential) �ow, there are no viscous (friction) forces. In this case, the
Navier-Stokes equation reduces to theEuler equations Euler

equations
�

dvi

dt
= �

@P
@xi

+ �f i (2.11)

Exercise 13 Equation1.7 states that mass times acceleration is equal to the sum of
forces forces (per unit volume). Write out the momentum equation (without using the
summation rule) for thex1 direction and show the surface forces and the volume force
on a small, square �uid element (see lecture notes of Toll & Ekh [4]). Now repeat it for
thex2 direction.

Exercise 14 Formulate the Navier-Stokes equation for incompressible �ow but non-
constant viscosity.

2.2 The energy equation

See also [3], Chapts. 6.4 and 8.1.

We have in Part I [4] derived the energy equation which reads

� _u � vi;j � ji + qi;i = �z (2.12)

whereu denotes internal energy (N.B.: in [4] it is denoted bye). qi denotes the
conductive heat �ux andz the net radiative heat source. For simplicity, we neglect the
radiation from here on. Change of notation gives

�
du
dt

= � ji
@vi
@xj

�
@qi
@xi

(2.13)

In Part I [4] we formulated the constitutive law for the heat �ux vector (Fourier's
law)

qi = � k
@T
@xi

(2.14)

Inserting the constitutive laws, Eqs.2.4and2.14, into Eq.2.13gives

�
du
dt

= � P
@vi
@xi

+ 2 �S ij Sij �
2
3

�S kk Sii

�

+
@

@xi

�
k

@T
@xi

�
(2.15)
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where we have usedSij @vi =@xj = Sij (Sij + 
 ij ) = Sij Sij because the product of
a symmetric tensor,Sij , and an anti-symmetric tensor,
 ij , is zero. The dissipation
term,� , can be re-written as

� = 2 �
�

Sij Sij �
1
3

Skk Sii

�
=

"

2�
�

Sij �
1
3

Skk � ij

� 2
#

> 0

which shows that� is positive. The dissipation represents irreversible viscous heating
(i.e. transformation of kinetic energy into thermal energy); it is important at high-
speed �ow2 (for example re-entry from outer space) and for highly viscous �ows (lu-
bricants). The �rst term on the right side represents reversible heating and cooling due
to compression and expansion of the �uid. Equation2.15is thetransport equation for
(internal) energy,u.

Now we assume that the �ow is incompressible (i.e. the velocity should be smaller
than approximately1=3 of the speed of sound) for which

du = cpdT (2.16)

wherecp is the heat capacity (see Part I) [4] so that Eq.2.15gives (cp is assumed to be
constant)

�c p
dT
dt

= � +
@

@xi

�
k

@T
@xi

�
(2.17)

The dissipation term is simpli�ed to� = 2 �S ij Sij becauseSii = @vi =@xi = 0 . If we
furthermore assume that the heat conductivity coef�cient is constant and that the �uid
is a gas or a common liquid (i.e. not an lubricant oil) so that the viscous dissipation is
negligible (i.e.� = 0 ), we get

dT
dt

= �
@2T

@xi @xi
(2.18)

where� = k=(�c p) is thethermal diffusivity. The Prandtl number is de�ned as thermal
diffusivity

P r =
�
�

(2.19)

where� = �=� is the kinematic viscosity. The physical meaning of the Prandtl number
is the ratio of how well the �uid diffuses momentum to how wellit diffuses internal
energy (i.e. temperature).

The dissipation term,� , is neglected in Eq.2.18when one of two assumptions are
valid:

1. The �uid is a gas with low velocity (lower than1=3 of the speed of sound); this
assumption was made when we assumed that the �uid is incompressible

2. The �uid is a common liquid (i.e. not an lubricant oil). In lubricant oils the
viscous heating (i.e. the dissipation,� ) is large. One example is the oil �ow in a
gearbox in a car where the temperature usually is more than100oC higher when
the car is running compared to when it is idle.

Exercise 15 Write out and simplify the dissipation term,� , in Eq.2.15. The �rst term
is positive and the second term is negative; are you sure that� > 0?

2High-speed �ows relevant for aeronautics will be treated indetail in the course “TME085 Compressible
�ow” in the MSc programme.
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2.3 Transformation of energy

Now we will derive the equation for the kinetic energy,k = vi vi =2. Multiply Eq. 1.7
with vi

�v i
dvi

dt
� vi

@�ji
@xj

� vi �f i = 0 (2.20)

Using the product rule backwards (Trick 2, see Eq.8.4), the �rst term on the left side
can be re-written

�v i
dvi

dt
=

1
2

�
d(vi vi )

dt
= �

dk
dt

(2.21)

(vi vi =2 = k) so that

�
dk
dt

= vi
@�ji
@xj

+ �v i f i (2.22)

Re-write the stress-velocity term so that (Trick 1, see Eq.8.2)

�
dk
dt

=
@vi � ji

@xj
� � ji

@vi
@xj

+ �v i f i (2.23)

This is thetransport equation for kinetic energy,k. Adding Eq.2.23to Eq.2.13gives

�
d(u + k)

dt
=

@�ji vi

@xj
�

@qi
@xi

+ �v i f i (2.24)

This is an equation for the sum of internal and kinetic energy, u + k. This is the
transport equation for total energy,u + k.

Let us take a closer look at Eqs.2.13, 2.23and2.24. First we separate the term
� ji @vi =@xj in Eqs.2.13and2.23into work related to the pressure and viscous stresses
respectively (see Eq.1.9), i.e.

� ji
@vi
@xj

= � P
@vi
@xi

a

+ � ji
@vi
@xj

b =�

(2.25)

The following things should be noted.

� The physical meaning of thea-term in Eq.2.25– which includes the pressure,P
– is heating/cooling by compression/expansion. This is a reversible process, i.e.
no loss of energy but only transformation of energy.

� The physical meaning of theb-term in Eq.2.25– which includes the viscous
stress tensor,� ij – is a dissipation, which means that kinetic energy is trans-
formed to thermal energy. It is denoted� , see Eq.2.15, and is called viscous
dissipation. It is always positive and represents irreversible heating.

� The dissipation,� , appears as a sink term in the equation for the kinetic energy, k
(Eq.2.23) and it appears as a source term in the equation for the internal energy,
u (Eq. 2.13). The transformation of kinetic energy into internal energy takes
place through this source term. In incompressible �ow for which the viscous
term in Navier-Stokes can be simpli�ed (see Eq.2.9), the viscous term reads

� ji
@vi
@xj

= �
@vi
@xj

@vi
@xj

(2.26)
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which is the viscous dissipation. When arriving at this expression we use the
fact that the second term in� ij in the Navier-Stokes (Eq.2.9) is zero, i.e. we use
� ij = � @vi

@xj
(see2.10). The viscous dissipation is very important in turbulent

�ow, cf. Eqs. 8.14and8.39.

� � does not appear in the equation for the total energyu+ k (Eq.2.24); this makes
sense since� represents a energy transfer betweenu andk and does not affect
their sum,u + k.

Dissipation is very important in turbulence where transferof energy takes place at
several levels. First energy is transferred from the mean �ow to the turbulent �uctua-
tions. The physical process is called production of turbulent kinetic energy. Then we
have transformation of kinetic energy from turbulence kinetic energy to thermal en-
ergy; this is turbulence dissipation (or heating). At the same time we have the usual
viscous dissipation from the mean �ow to thermal energy, butthis is much smaller than
that from the turbulence kinetic energy. For more detail, see Section5.

2.4 Left side of the transport equations

So far, the left sides in transport equations have been formulated using the material
derivative,d=dt. Let  denote a transported quantity (i.e. = vi ; u; T : : :); the left
side of the equation for momentum, thermal energy, total energy, temperature etc reads

�
d 
dt

= �
@ 
@t

+ �v j
@ 
@xj

non-conservative (2.27)

This is often called thenon-conservativeUsing the continuity equation, Eq.2.2, it can
be re-written as

�
d 
dt

= �
@ 
@t

+ �v j
@ 
@xj

+  
�

d�
dt

+ �
@vj
@xj

�

=0

=

�
@ 
@t

+ �v j
@ 
@xj

+  
�

@�
@t

+ vj
@�
@xj

+ �
@vj
@xj

� (2.28)

The two underlined terms will form a time derivative term, and the other three terms
can be collected into a convective term, i.e.

�
d 
dt

=
@� 
@t

+
@�vj  
@xj

conservative (2.29)

Thus, the left side of the temperature equation and the Navier-Stokes, for example, can
be written in three different ways (by use of the chain-rule and the continuity equation)

�
dvi

dt
= �

@vi
@t

+ �v j
@vi
@xj

=
@�vi
@t

+
@�vj vi

@xj

�
dT
dt

= �
@T
@t

+ �v j
@T
@xj

=
@�T
@t

+
@�vj T

@xj

(2.30)

The continuity equation can also be written in three ways (byuse of the chain-rule)

d�
dt

+ �
@vi
@xi

=
@�
@t

+ vi
@�
@xi

+ �
@vi
@xi

=
@�
@t

+
@�vi
@xi

(2.31)
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The forms on the right sides of Eqs.2.30and2.31are called theconservativeform.
When solving transport equations (such as the Navier-Stokes) numerically using �nite
volume methods, the left sides in the transport equation arealways written as the ex-
pressions on the right side of Eqs.2.30and2.31; in this way Gauss law can be used
to transform the equations from a volume integral to a surface integral and thus ensur-
ing that the transported quantities areconserved. The results may be inaccurate due
to too coarse a numerical grid, but no mass, momentum, energyetc is lost (provided a
transport equation for the quantity is solved): “what comesin goes out”.

2.5 Material particle vs. control volume (Reynolds Transport The-
orem)

See also lecture notes of Toll & Ekh [4] and [3], Chapt. 5.2.

In Part I [4] we initially derived all balance equations (mass, momentum and en-
ergy) for a collection ofmaterial particles. The conservation of mass,d=dt

R
�dV = 0 ,

Newton's second law,d=dt
R

�v i = Fi etc were derived for a collection of particles in
the volumeVpart , whereVpart is a volume that includes the same �uid particles all the
time. This means that the volume,Vpart , must be moving and it may expand or contract
(if the density is non-constant), otherwise particles would move across its boundaries.
The equations we have looked at so far (the continuity equation2.3, the Navier-Stokes
equation2.9, the energy equations2.15and2.23) are all given for a �xed control vol-
ume. How come? The answer is the Reynolds transport theorem,which converts the
equations from being valid for a moving, deformable volume with a collection of parti-
cles,Vpart , to being valid for a �xed volume,V . The Reynolds transport theorem reads
(�rst line)

d
dt

Z

Vpart

� dV =
Z

V

�
d�
dt

+ �
@vi
@xi

�
dV

=
Z

V

�
@�
@t

+ vi
@�
@xi

+ �
@vi
@xi

�
dV =

Z

V

�
@�
@t

+
@vi �
@xi

�
dV

=
Z

V

@�
@t

dV +
Z

S
vi ni � dS

(2.32)

whereV denotes a �xed non-deformable volume in space. The divergence of the ve-
locity vector,@vi =@xi , on the �rst line represents the increase or decrease ofVpart

duringdt. The divergence theorem was used to obtain the last line andS denotes the
bounding surface of volumeV . The last term on the last line represents the net �ow of
� across the �xed non-deformable volume,V . � in the equation above can be, e.g.,�
(mass),�v i (momentum) or�u (energy). This equation applies toanyvolume atevery
instant and the restriction to a collection of a material particles is no longer necessary.
Hence, in �uid mechanics the transport equations (Eqs.2.2, 2.5, 2.13, . . . ) are valid
both for a material collection of particles as well as for avolume; the latter is usually
�xed (this is not necessary).

The left hand of the momentum equation, i.e.� = �v i , is given on the �rst line in
Eq. 2.30. However, if we want to write it asdvi =dt (as in [4]) we start from the right
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side of line 1 in Eq.2.32, i.e.

d
dt

(�v i ) + �v i
@vk
@xk

= vi
d�
dt

+ �
dvi

dt
+ �v i

@vk
@xk

= vi
@�
@t

+ vi vk
@�
@xk

+ �
dvi

dt
+ �v i

@vk
@xk

= �
dvi

dt

because the underlined terms on line 2 are the continuity equation multiplied withvi .
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Figure 3.1: The plate moves to the right with speedV0 for t > 0.
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Figure 3.2: Thev1 velocity at three different times.t3 > t 2 > t 1 .

3 Solutions to the Navier-Stokes equation: three exam-
ples

3.1 The Rayleigh problem

IMAGINE the sudden incompressible motion of an in�nitely long �at plate. For time
greater than zero the plate is moving with the speedV0, see Fig.3.1. Because the

plate is in�nitely long, there is nox1 dependency. Hence the �ow depends only onx2

andt, i.e. v1 = v1(x2; t) andp = p(x2; t). Furthermore,@v1=@x1 = @v3=@x3 = 0 so
that the continuity equation gives@v2=@x2 = 0 . At the lower boundary (x2 = 0 ) and
at the upper boundary (x2 ! 1 ) the velocity componentv2 = 0 , which means that
v2 = 0 in the entire domain. So, Eq.2.9gives (no body forces, i.e.f 1 = 0 ) for thev1

velocity component
@v1
@t

= �
@2v1

@x22
(3.1)

where we have divided the equation by density so that� = �=� . The boundary condi-
tions for Eq.3.1are

v1(x2; t = 0) = 0 ; v1(x2 = 0 ; t) = V0; v1(x2 ! 1 ; t) = 0 (3.2)

The solution to Eq.3.1 is shown in Fig.3.2. For increasing time (t3 > t 2 > t 1), the
moving plate affects the �uid further and further away from the plate.

It turns out that the solution to Eq.3.1 is asimilarity solution; this means that the similarity
solutionnumber of independent variables is reduced by one, in this case from two (x2 andt) to

one (� ). The similarity variable,� , is related tox2 andt as

� =
x2

2
p

�t
(3.3)
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If the solution of Eq.3.1depends only on� , it means that the solution for a given �uid
will be the same (“similar”) for many (in�nite) values ofx2 andt as long as the ratio
x2=

p
�t is constant. Now we need to transform the derivatives in Eq.3.1 from @=@t

and@=@x2 to d=d� so that it becomes a function of� only. We get
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�
=

@
@x2

�
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2
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�t

dv1

d�

�
=

1

2
p

�t

@
@x2

�
dv1

d�

�
=

1
4�t

d2v1

d� 2

(3.4)

We introduce a non-dimensional velocity

f =
v1

V0
(3.5)

Inserting Eqs.3.4and3.5 in Eq.3.1gives

d2f
d� 2 + 2 �

df
d�

= 0 (3.6)

We have now successfully transformed Eq.3.1and reduced the number of independent
variables from two to one. Now let us �nd out if the boundary conditions, Eq.3.2, also
can be transformed in a physically meaningful way; we get

v1(x2; t = 0) = 0 ) f (� ! 1 ) = 0

v1(x2 = 0 ; t) = V0 ) f (� = 0) = 1

v1(x2 ! 1 ; t) = 0 ) f (� ! 1 ) = 0

(3.7)

Since we managed to transform both the equation (Eq.3.1) and the boundary conditions
(Eq.3.7) we conclude that the transformation is suitable.

Now let us solve Eq.3.6. Integration once gives

df
d�

= C1 exp(� � 2) (3.8)

Integration a second time gives

f = C1

Z �

0
exp(� � 02)d� 0+ C2 (3.9)

The integral above is the error function

erf(� ) �
2

p
�

Z �

0
exp(� � 02)d� 0 (3.10)

At the limits, the error function takes the values0 and1, i.e. erf(0) = 0 and erf(� !
1 ) = 1 . Taking into account the boundary conditions, Eq.3.7, the �nal solution to
Eq.3.9is (with C2 = 1 andC1 = � 2=

p
� )

f (� ) = 1 � erf(� ) (3.11)



3.1. The Rayleigh problem 40

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

f

�

Figure 3.3: The velocity,f = v1=V0 , given by Eq.3.11.
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Figure 3.4: The shear stress for water (� = 10 � 6) obtained from Eq.3.12at timet = 100 000.

The solution is presented in Fig.3.3. Compare this �gure with Fig.3.2 at p.38; all
graphs in that �gure collapse into one graph in Fig.3.3. To compute the velocity,v1,
we pick a timet and insertx2 andt in Eq.3.3. Thenf is obtained from Eq.3.11and
the velocity,v1, is computed from Eq.3.5. This is how the graphs in Fig.3.2 were
obtained.

From the velocity pro�le we can get the shear stress as

� 21 = �
@v1
@x2

=
�V 0

2
p

�t

df
d�

= �
�V 0p
��t

exp
�
� � 2�

(3.12)

where we used� = �=� . Figure3.4 presents the shear stress,� 21. The solid line is
obtained from Eq.3.12and circles are obtained by evaluating the derivative,df=d� ,
numerically using central differences(f j +1 � f j � 1)=(� j +1 � � j � 1). As can be seen
from Fig. 3.4, the magnitude of the shear stress increases for decreasing� and it is
largest at the wall,� w = � �V 0=

p
�t

The vorticity,! 3, across the boundary layer is computed from its de�nition (Eq.1.36)

! 3 = �
@v1
@x2

= �
V0

2
p

�t

df
d�

=
V0p
��t

exp(� � 2) (3.13)

From Fig.3.2at p.38 it is seen that for large times, the moving plate is felt further
and further out in the �ow, i.e. the thickness of the boundarylayer,� , increases. Often
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Figure 3.5: Flow in a horizontal channel. The inlet part of the channel isshown.

the boundary layer thickness is de�ned by the position wherethe local velocity,v1(x2),
reaches 99% of the freestream velocity. In our case, this corresponds to the point where
v1 = 0 :01V0. Find the pointf = v1=V0 = 0 :01 in Fig. 3.3; at this point� ' 1:8 (we
can also use Eq.3.11). Insertingx2 = � in Eq.3.3gives

� = 1 :8 =
�

2
p

�t
) � = 3 :6

p
�t (3.14)

It can be seen that the boundary layer thickness increases with t1=2. Equation3.14can
also be used to estimate thediffusion length. After, say,10minutes the diffusion length diffusion

lengthfor air and water, respectively, are

� air = 10:8cm

� water = 2 :8cm
(3.15)

The diffusion length can also be used to estimate the thickness of a developing bound-
ary layer, see Section4.3.1.

Exercise 16 Consider the graphs in Fig.3.3. Create this graph with Python/Mat-
lab/Octave.

Exercise 17 Consider the graphs in Fig.3.2. Note that no scale is used on thex2 axis
and that no numbers are given fort1, t2 and t3. Create this graph with Python/Mat-
lab/Octave for both air and engine oil. Choose suitable values ont1, t2 andt3.

Exercise 18 Repeat the exercise above for the shear stress,� 21, see Fig.3.4.

3.2 Flow between two plates

Consider steady, incompressible �ow in a two-dimensional channel, see Fig.3.5, with
constant physical properties (i.e.� = const).

3.2.1 Curved plates

Provided that the walls at the inlet are well curved, the velocity near the walls is larger
than in the center, see Fig.3.5. The reason is that the �ow (with velocityV ) following
the curved wall must change its direction. The physical agent which accomplish this
is the pressure gradient which forces the �ow to follow the wall as closely as possible
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Figure 3.6: Flow in a channel bend.
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Figure 3.7: Secondary �ow in a duct bend.

(if the wall is not suf�ciently curved a separation will takeplace). Hence the pressure
in the center of the channel,P2, is higher than the pressure near the wall,P1. It is thus
easier (i.e. less opposing pressure) for the �uid to enter the channel near the walls than
in the center. This explains the high velocity near the walls.

The same phenomenon occurs in a channel bend, see Fig.3.6. The �ow V ap-
proaches the bend and the �ow feels that it is approaching a bend through an increased
pressure. The pressure near the outer wall,P2, must be higher than that near the inner
wall, P1, in order to force the �ow to turn. Hence, it is easier for the �ow to sneak
along the inner wall where the opposing pressure is smaller than near the outer wall:
the result is a higher velocity near the inner wall than near the outer wall. In a three-
dimensional duct or in a pipe, the pressure differenceP2 � P1 creates secondary �ow
downstream the bend (i.e. a swirling motion in thex2 � x3 plane). If you sit on a �uid
particle through the bend you're exposed to two forces:

� a centrifugal forces which tries to push you towards the outer wall

� and an opposing pressure forceP2 � P1 per unit area

The pressure force is constant along thex3 direction but the centrifugal is small along
the wallsa andb(because of the boundary laywers along these walls) and it islarge in
the centerC � C. Hence, the secondary �ow is in the center (C � C) movning towards
the outer wall..



3.2. Flow between two plates 43

3.2.2 Flat plates

The �ow in the inlet section (Fig.3.5) is two dimensional. Near the inlet the velocity is
largest near the wall and further downstream the velocity isretarded near the walls due
to the large viscous shear stresses there. The �ow is accelerated in the center because
the integrated mass �ow (fromx2 = 0 to h) at eachx1 must be constant because of
continuity. The acceleration and retardation of the �ow in the inlet region is “paid for ”
by a pressure loss which is rather high in the inlet region; ifa separation occurs because
of sharp corners at the inlet, the pressure loss will be even higher. For largex1 the �ow
will be fully developed; the region until this occurs is called theentrance region, and
the entrance length can, for moderately disturbed in�ow, beestimated as [6]

x1;e

Dh
= 0 :016ReD h � 0:016

V Dh

�
(3.16)

whereV denotes the bulk (i.e. the mean) velocity, andDh = 4 A=Sp whereDh ,
A andSp denote the hydraulic diameter, the cross-sectional area and the perimeter,
respectively. For �ow between two plates we getDh = 2 h.

Let us �nd the governing equations for the fully developed �ow region; in this
region the �ow does not change with respect to the streamwisecoordinate,x1 (i.e.
@v1=@x1 = @v2=@x1 = 0 ). Since the �ow is two-dimensional, it does not depend
on the third coordinate direction,x3 (i.e. @=@x3), and the velocity in this direction is
zero, i.e.v3 = 0 . Taking these restrictions into account the continuity equation can be
simpli�ed as (see Eq.2.3)

@v2
@x2

= 0 (3.17)

Integration givesv2 = C1 and sincev2 = 0 at the walls, it means that

v2 = 0 (3.18)

across the entire channel (recall that we are dealing with the part of the channel where
the �ow is fully developed; in the inlet sectionv2 6= 0 , see Fig.3.5).

Now let us turn our attention to the momentum equation forv2. This is the vertical
direction (x2 is positive upwards, see Fig.3.5). The gravity acts in the negativex2

direction, i.e.f i = (0 ; � g;0). The momentum equation can be written (see Eq.2.9at
p. 32)

�
dv2

dt
� �v 1

@v2
@x1

+ �v 2
@v2
@x2

= �
@P
@x2

+ �
@2v2

@x22
� �g (3.19)

Sincev2 = 0 we get
@P
@x2

= � �g (3.20)

Integration gives
P = � �gx 2 + C1(x1) (3.21)

where the integration “constant”C1 may be a function ofx1 but not ofx2. If we denote
the pressure at the lower wall (i.e. atx2 = 0 ) asp we get

P = � �gx 2 + p(x1) (3.22)

Hence the pressure,P, decreases with vertical height. This agrees with our experience
that the pressure decreases at high altitudes in the atmosphere and increases the deeper
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we dive into the sea. Usually thehydrodynamic pressure, p, is used in incompressiblehydrodynamic
pressure�ow. This pressure is zero when the �ow isstatic, i.e. when the velocity �eld is zero.

However, when you want thephysicalpressure, the�gx 2 as well as the surrounding
atmospheric pressure must be added.

We can now formulate the momentum equation in the streamwisedirection

�
dv1

dt
� �v 1

@v1
@x1

+ �v 2
@v1
@x2

= �
dp
dx1

+ �
@2v1

@x22
(3.23)

whereP was replaced byp using Eq.3.22. Sincev2 = @v1=@x1 = 0 the left side is
zero so

�
@2v1

@x22
=

dp
dx1

(3.24)

Since the left side is a function ofx2 and the right side is a function ofx1, we conclude
that they both are equal to a constant (i.e. Eq.3.24is independent ofx1 andx2) . The
velocity,v1, is zero at the walls, i.e

v1(0) = v1(h) = 0 (3.25)

whereh denotes the height of the channel, see Fig.3.5. Integrating Eq.3.24twice and
using Eq.3.25gives

v1 = �
h
2�

dp
dx1

x2

�
1 �

x2

h

�
(3.26)

The minus sign on the right side appears because the pressureis decreasing for increas-
ing x1; the pressure isdriving the �ow. The negative pressure gradient is constant (see
Eq.3.24) and can be written as� dp=dx1 = � p=L.

The velocity takes its maximum in the center, i.e. forx2 = h=2, and reads

v1;max =
h
2�

� p
L

h
2

�
1 �

1
2

�
=

h2

8�
� p
L

(3.27)

We often write Eq.3.26on the form

v1

v1;max
=

4x2

h

�
1 �

x2

h

�
(3.28)

The mean velocity (often called the bulk velocity) is obtained by integrating Eq.3.28
across the channel, i.e.

v1;mean =
v1;max

h

Z h

0

4x2

h

�
1 �

x2

h

�
dx2 =

2
3

v1;max (3.29)

The velocity pro�le is shown in Fig.3.8
Since we know the velocity pro�le, we can compute the wall shear stress. Equa-

tion 3.26gives

� w = �
@v1
@x2

= �
h
2

dp
dx1

=
h
2

� p
L

(3.30)

Actually, this result could have been obtained by simply taking a force balance of a
slice of the �ow far downstream.

This �ow is analyzed in AppendixD.
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Figure 3.8: The velocity pro�le in fully developed channel �ow, Eq.3.28.

3.2.3 Force balance, channel �ow

We continue to consider fully developed �ow between two parallel plates. To formulate
a force balance in thex1 direction, we start with Eq.1.7which reads fori = 1

�
dv1

dt
=

@�j 1

@xj
(3.31)

The left hand side is zero since the �ow is fully developed. Forces act on a volume and
its bounding surface. Hence we integrate Eq.3.31over the volume of a slice (length
L ), see Fig.3.9

0 =
Z

V

@�j 1

@xj
dV (3.32)

Recall that this is the form on which we originally derived the momentum balance
(Newton's second law) in Part I. [4] Now use Gauss divergence theorem

0 =
Z

V

@�j 1

@xj
dV =

Z

S
� j 1nj dS (3.33)

The bounding surface consists in our case of four surfaces (lower, upper, left and right)
so that

0 =
Z

Slef t

� j 1nj dS+
Z

Sright

� j 1nj dS+
Z

Slower

� j 1nj dS+
Z

Supper

� j 1nj dS (3.34)

The normal vector on the lower, upper, left and right areni;lower = (0 ; � 1; 0), ni;upper =
(0; 1; 0), ni;lef t = ( � 1; 0; 0), ni;right = (1 ; 0; 0). Inserting the normal vectors and us-
ing Eq.1.9give

0 = �
Z

Slef t

(� p + � 11)dS +
Z

Sright

(� p + � 11)dS �
Z

Slower

� 21dS +
Z

Supper

� 21dS

(3.35)
� 11 = 0 because@v1=@x1 = 0 (fully developed �ow). The shear stress at the upper and
lower surfaces,� 21, have opposite sign because� (@v1=@x2) lower = � � (@v1=@x2)upper .
Using this and Eq.3.22give (p = p(x1) and� w is constant and can thus be taken out
in front of the integration)

0 = p1W h � p2W h � 2� w LW (3.36)
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Figure 3.9: Force balance of the �ow between two plates.

where� w = � (@v1=@x2) lower andW is the width (inx3 direction) of the two plates
(for convenience we setW = 1 ). With � p = p1 � p2 we get Eq.3.30.

3.2.4 Balance equation for the kinetic energy

In this subsection we will use the equation for kinetic energy, Eq.2.23. Let us integrate
this equation in the same way as we did for the force balance. The left side of Eq.2.23
is zero because we assume that the �ow is fully developed; using Eq.1.9gives

0 =
@vi � ji

@xj
� � ji

@vi
@xj

+ �v i f i

=0

= �
@vj p
@xj

+
@vi � ji

@xj
+ p� ij

@vi
@xj

� � ji
@vi
@xj
�

(3.37)

On the �rst line vi f i = v1f 1 + v2f 2 = 0 becausev2 = f 1 = 0 . The third term on
the second linep� ij @vi =@xj = p@vi =@xi = 0 because of continuity. The last term
corresponds to the viscous dissipation term,� (i.e. loss due to friction), see Eq.2.25
(termb). Now we integrate the equation over a volume

0 =
Z

V

�
�

@pvj
@xj

+
@�ji vi

@xj
� �

�
dV (3.38)

Gauss divergence theorem on the two �rst terms gives

0 =
Z

S
(� pvj + � ji vi )nj dS �

Z

V
� dV (3.39)

whereS is the surface bounding the volume. The unit normal vector isdenoted bynj

which pointsout from the volume. For example, on the right surface in Fig.3.9 it is
nj = (1 ; 0; 0) and on the lower surface it isnj = (0 ; � 1; 0). Now we apply Eq.3.39
to the �uid enclosed by the �at plates in Fig.3.9. The second term is zero on all
four surfaces and the �rst term is zero on the lower and upper surfaces (see Exercises
below). We replace the pressureP with p using Eq.3.22so that

Z

Slef t & Sright

(� pv1 + �gx 2v1)n1dS = � (p2 � p1)
Z

Slef t & Sright

v1n1dS

= � pv1;mean W h
(3.40)
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because�gx 2n1v1 on the left and right surfaces cancels;p can be taken out of the
integral as it does not depend onx2. Finally we get

� p =
1

W hv1;mean

Z

V
� dV (3.41)

3.3 Two-dimensional boundary layer �ow over �at plate

The equations for steady, two-dimensional, incompressible boundary layer �ow reads
(x1 andx2 denote streamwise and wall-normal coordinates, respectively)

v1
@v1
@x1

+ v2
@v1
@x2

= �
@2v1

@x22
@p
@x2

= 0

@v1
@x1

+
@v2
@x2

= 0

(3.42)

where the pressure gradient is omitted in thev1 momentum equation because@p=@x1 =
0 along a �at plate in in�nite surroundings. The boundary conditions are

x2 = 0 : v1 = v2 = 0 (at the wall)

x2 ! 1 : v1 ! V1;1 ; v2 = 0 (far from the wall)
(3.43)

Let's introduce thestream function	 , which is useful when re-writing the two-stream-
functiondimensional Navier-Stokes equations. It is de�ned as

v1 =
@	
@x2

; v2 = �
@	
@x1

(3.44)

With the velocity �eld expressed in	 , the continuity equations is automatically satis-
�ed which is easily shown by inserting Eq.3.44into the continuity equation

@v1
@x1

+
@v2
@x2

=
@2	

@x1@x2
�

@2	
@x2@x1

= 0 (3.45)

Inserting Eq.3.44into the streamwise momentum equation gives

@	
@x2

@2	
@x1@x2

�
@	
@x1

@2	
@x22

= �
@3	
@x32

(3.46)

The boundary conditions for the stream function read

x2 = 0 : 	 =
@	
@x2

= 0 (at the wall)

x2 ! 1 :
@	
@x2

! V1;1 (far from the wall)
(3.47)

As in Section3.1 we want to transform the partial differential equation, Eq.3.46,
into an ordinary differential equation. In Section3.1we replacedx1 andt with the new
non-dimensional variable� . Now we want to replacex1 andx2 with a new dimension-
less variable, say� . At the same time we de�ne a new dimensionless stream function,
g(� ), as

� =
�

V1;1

�x 1

� 1=2

x2; 	 = ( �V 1;1 x1)1=2 g (3.48)
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First we need the derivatives@�=@x1 and@�=@x2

@�
@x1

= �
1
2

�
V1;1

�x 1

� 1=2 x2

x1
= �

�
2x1

@�
@x2

=
�

V1;1

�x 1

� 1=2

=
�
x2

(3.49)

Now we express the �rst derivatives of	 in Eq. 3.46as derivatives ofg, i.e. (g0

denotesdg=d�)
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@x1

�
(�V 1;1 x1)1=2

�
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�V 1;1

x1

� 1=2

g � (�V 1;1 x1)1=2 g0 �
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1
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� 1=2

(g � �g 0)

@	
@x2

=
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@x2

�
(�V 1;1 x1)1=2

�
g + ( �V 1;1 x1)1=2 @�

@x2
g0 = V1;1 g0

(3.50)

The second and third derivatives of	 read

@2	
@x22

= V1;1 g00@�
@x2

= V1;1

�
V1;1

�x 1

� 1=2

g00= V1;1
�
x2

g00

@3	
@x32

= V1;1

�
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�x 1

� 1=2

g000@�
@x2

= V1;1
V1;1

�x 1
g000= V1;1

�
�
x2

� 2

g000

@2	
@x1@x2

= V1;1 g00@�
@x1

= �
�

2x1
V1;1 g00

(3.51)

Inserting Eqs.3.50and3.51into Eq.3.46gives

� V1;1 g0 �
2x1

V1;1 g00�

 
1
2

�
�V 1;1

x1

� 1=2

(g � �g 0)

!

V1;1

�
V1;1

�x 1

� 1=2

g00

= �
V 2

1;1

�x 1
g000

(3.52)

Divide byV 2
1;1 and multiply byx1 gives

� g0�
2

g00�
1
2

(g � �g 0) g00= g000 (3.53)

so that
1
2

gg00+ g000= 0 (3.54)

This equation was derived (and solved numerically!) by Blasius in his PhD thesis
1907 [7, 8]. The numerical solution is given in Table3.1. The �ow is analyzed in
AppendixE.

Exercise 19 For the fully developed �ow, compute the vorticity,! i , using the exact
solution (Eq.3.28).
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� g g0 g00

0 0.000000000E+00 0.000000000E+00 3.320573362E-01
0.2 6.640999715E-03 6.640779210E-02 3.319838371E-01
0.4 2.655988402E-02 1.327641608E-01 3.314698442E-01
0.6 5.973463750E-02 1.989372524E-01 3.300791276E-01
0.8 1.061082208E-01 2.647091387E-01 3.273892701E-01
1.0 1.655717258E-01 3.297800312E-01 3.230071167E-01
1.2 2.379487173E-01 3.937761044E-01 3.165891911E-01
1.4 3.229815738E-01 4.562617647E-01 3.078653918E-01
1.6 4.203207655E-01 5.167567844E-01 2.966634615E-01
1.8 5.295180377E-01 5.747581439E-01 2.829310173E-01
2.0 6.500243699E-01 6.297657365E-01 2.667515457E-01
2.2 7.811933370E-01 6.813103772E-01 2.483509132E-01
2.4 9.222901256E-01 7.289819351E-01 2.280917607E-01
2.6 1.072505977E+00 7.724550211E-01 2.064546268E-01
2.8 1.230977302E+00 8.115096232E-01 1.840065939E-01
3.0 1.396808231E+00 8.460444437E-01 1.613603195E-01
3.2 1.569094960E+00 8.760814552E-01 1.391280556E-01
3.4 1.746950094E+00 9.017612214E-01 1.178762461E-01
3.6 1.929525170E+00 9.233296659E-01 9.808627878E-02
3.8 2.116029817E+00 9.411179967E-01 8.012591814E-02
4.0 2.305746418E+00 9.555182298E-01 6.423412109E-02
4.2 2.498039663E+00 9.669570738E-01 5.051974749E-02
4.4 2.692360938E+00 9.758708321E-01 3.897261085E-02
4.6 2.888247990E+00 9.826835008E-01 2.948377201E-02
4.8 3.085320655E+00 9.877895262E-01 2.187118635E-02
5.0 3.283273665E+00 9.915419002E-01 1.590679869E-02
5.2 3.481867612E+00 9.942455354E-01 1.134178897E-02
5.4 3.680919063E+00 9.961553040E-0 1 7.927659815E-03
5.6 3.880290678E+00 9.974777682E-0 1 5.431957680E-03
5.8 4.079881939E+00 9.983754937E-0 1 3.648413667E-03
6.0 4.279620923E+00 9.989728724E-01 2.402039844E-03
6.2 4.479457297E+00 9.993625417E-01 1.550170691E-03
6.4 4.679356615E+00 9.996117017E-01 9.806151170E-04
6.6 4.879295811E+00 9.997678702E-01 6.080442648E-04
6.8 5.079259772E+00 9.998638190E-01 3.695625701E-04
7.0 5.279238811E+00 9.999216041E-01 2.201689553E-04
7.2 5.479226847E+00 9.999557173E-01 1.285698072E-04
7.4 5.679220147E+00 9.999754577E-01 7.359298339E-05
7.6 5.879216466E+00 9.999866551E-01 4.129031111E-05
7.8 6.079214481E+00 9.999928812E-01 2.270775140E-05
8.0 6.279213431E+00 9.999962745E-01 1.224092624E-05
8.2 6.479212887E+00 9.999980875E-01 6.467978611E-06
8.4 6.679212609E+00 9.999990369E-01 3.349939753E-06
8.6 6.879212471E+00 9.999995242E-01 1.700667989E-06
8.8 7.079212403E+00 9.999997695E-01 8.462841214E-07

Table 3.1: Blasius numerical solution of laminar �ow along a �at plate.
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x1
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v2(x1)
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wall

Figure 3.10: Force balance of boundary layer �ow along a �at plate.

Exercise 20 Show that the �rst and second terms in Eq.3.39are zero on the upper and
the lower surfaces in Fig.3.9.

Exercise 21 Show that the second term in Eq.3.39is zero also on the left and right
surfaces in Fig.3.9(assume fully developed �ow).

Exercise 22 Using the exact solution, compute the dissipation,� , for the fully devel-
oped �ow.

Exercise 23 From the dissipation, compute the pressure drop. Is it the same as that
obtained from the force balance (if not, �nd the error; it should be!).

3.3.1 Momentum balance, boundary layer

Let's make a momentum balance for the boundary layer in the same way as we did
for fully-developed channel �ow in Section3.2.3. The left boundary (see Fig.3.10) is
located upstream of the plate, i.e. atx < 0, see Fig.E.1, Note that here – contrary to
the channel �ow – we do not have any pressure gradient. At the upper boundary we
also have an out�ow because the right boundary includes a boundary layer meaning
that the out�ow here is smaller than the in�ow at the left boundary. Hence, the right
side of the momentum equation reads (cf. Eq.3.34)

0 =
Z

Slower

� j 1nj dS = �
Z

Slower

� 21 = �
Z

Slower

� w dS (3.55)

using Eq.1.9 andnj = (0 ; � 1; 0). Only the contribution from the lower boundary
appears. The reason is that is no pressure forces on the left and right (or, rather, they
cancel each other) and there is no shear stress on the top boundary since@v1=@x2 = 0 .
The other difference compared to the channel �ow in Section3.2.3is that the left side
of Eq.3.31is not zero. It reads

�
dv1

dt
�

@vj v1

@xj
: (3.56)

Gauss divergence theorem gives
Z

V

@vj v1

@xj
dV =

Z

Slef t

vj v1nj dS +
Z

Sright

vj v1nj dS +
Z

Stop

vj v1nj dS (3.57)
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where the contribution at the lower boundary is zero since the velocity is zero at
the walls. The unit normal vector at the left, right and top boundaries are(1; 0; 0),
(� 1; 0; 0) and(0; 1; 0), respectively, which gives

Z

V

@vj v1

@xj
dV =

Z

Sright

v2
1dS �

Z

Slef t

v2
1dS +

Z

Stop

v1v2dS (3.58)

At the left boundaryv1 = V1 which gives
Z

V

@vj v1

@xj
dV =

Z

S

�
v2

1 � V 2
1;1

�
dS +

Z

Stop

v1v2dS (3.59)

Combining Eqs.3.55and3.59we can write (assuming that the extent of the integration
domain in the third direction is one)

� w =
1
L

" Z

S

�
V 2

1;1 � v2
1

�
dx2 +

Z

Stop

v1v2dx1

#

(3.60)

We �nd one important difference between fully-developed channel �ow and bound-
ary layer �ow: the �ow in channel �ow is driven by a pressure gradient (the pressure
decreases) whereas in the boundary layer the “force” to overcome the opposing wall
shear stress is achieved by decreasing momentum in the convective term. Making a bal-
ance of the mass �ow and combining it with Eq.3.60the expression for the momentum
thickness,E.2, is derived.
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v1(x2)

x1

x2

g

(x1; x2)

� 12(x1 � 0:5� x1)n1

� 12(x1 + 0 :5� x1)n1

� 21(x2 � 0:5� x2)n2

� 21(x2 + 0 :5� x2)n2

P(x1 � 0:5� x1) P(x1 + 0 :5� x1)

Figure 4.1: Surface forces acting on a �uid particle. The �uid particle is located in the lower
half of fully developed channel �ow. Thev1 velocity is given by Eq.3.28andv2 = 0 . Hence
� 11 = � 22 = @�12 =@x1 = 0 and� @�21 =@x2 > 0. Thev1 velocity �eld is indicated by dashed
vectors.

4 Vorticity equation and potential �ow

4.1 Vorticity and rotation

VORTICITY, ! i , was introduced in Eq.1.12at p.22. As shown in Fig.1.4at p.25,
vorticity is connected to rotation of a �uid particle. Figure 4.1 shows the surface

forces acting on a �uid particle in a shear �ow. Looking at Fig. 4.1 it is obvious that
only the shear stresses are able to rotate the �uid particle;the pressure and the normal
viscous stresses act through the center of the �uid particleand are thus not able to
affect rotation of the �uid particle. Note that thev2 momentum equation (see Eqs.2.4
and3.32) requires that the vertical viscous stresses in Fig.4.1 are in balance. Thev1

momentum equation requires that the horizontal viscous stresses balance the pressure
difference. Furthermore, you may notice that� 12 6= � 21 in Fig. 4.1. The reason is that
� 21 is drawn at a largerx2 where the velocity derivative@v1=@x2 is larger that at the
position where� 12 is drawn.

Let us have a look at the momentum equations in order to show that the viscous
terms indeed can be formulated with the vorticity vector,! i . In incompressible �ow
the viscous terms read (see Eqs.2.4, 2.5and2.7)

@�ji
@xj

= �
@2vi

@xj @xj
(4.1)
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The right side can be re-written using the tensor identity

@2vi

@xj @xj
=

@2vj

@xj @xi
�

�
@2vj

@xj @xi
�

@2vi

@xj @xj

�
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@

@xi

�
@vj
@xj

�

=0

� " inm "mjk
@2vk

@xj @xn
= � " inm "mjk

@2vk

@xj @xn

(4.2)

where the �rst on the second line is zero because of continuity. Let's verify that
�

@2vj

@xj @xi
�

@2vi

@xj @xj

�
= " inm "mjk

@2vk

@xj @xn
(4.3)

Use the" � � -identity (see TableC.1at p.344)

" inm "mjk
@2vk

@xj @xn
= ( � ij � nk � � ik � nj )

@2vk

@xj @xn
=

@2vk

@xi @xk
�

@2vi

@xj @xj
(4.4)

which shows that Eq.4.3 is correct. At the right side of Eq.4.3 we recognize the
vorticity, ! m = "mjk @vk =@xj , so that

@2vi

@xj @xj
= � " inm

@!m
@xn

(4.5)

In vector notation the identity Eq.4.5reads

r 2v = r (r � v ) � r � r � v = �r � ! (4.6)

Using Eq.4.5, Eq.4.1reads

@�ji
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@!m
@xn

(4.7)

Let's look at Eq.4.7for thev1 equation in two dimensions. Settingi = 1 gives
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(4.8)

since! 2 = 0 . Inserting Eq.1.12gives
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Changing the order of derivatation for the second term gives
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Using the continuity equation for the last term gives
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�
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@
@x1

�
@v1
@x1

�

and now we have shown – again – that Eqs.4.7and4.8are indeed correct.
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Thus, there is a one-to-one relation between the viscous term and vorticity: no
viscous terms means no vorticity and vice versa. An imbalance in shear stresses (left
side of Eq.4.7) causes a change in vorticity, i.e. generates vorticity (right side of
Eq.4.7). Hence, inviscid �ow (i.e. friction-less �ow) has no rotation. (The exception
is when vorticity is transportedinto an inviscid region, but also in that case no vorticity
is generated or destroyed: it stays constant, unaffected.)Inviscid �ow is often called
irrotational �ow (i.e. no rotation) orpotential�ow. The vorticity is always created at potential
boundaries, see Section4.3.1.

The main points that we have learnt in this section are:

1. The viscous terms are responsible for creating vorticity; this means that the vor-
ticity can not be created or destroyed in inviscid (friction-less) �ow

2. The viscous terms in the momentum equations can be expressed in! i ; consider-
ing Item 1 this was to be expected.

Exercise 24 Prove the �rst equality of Eq.4.5using the"-� -identity.

Exercise 25 Write out Eq.4.7for i = 1 and verify that it is satis�ed.

4.2 The vorticity transport equation in three dimensions

Up to now we have talked quite a lot about vorticity. We have learnt that physically
it means rotation of a �uid particle and that it is only the viscous terms that can cause
rotation of a �uid particle. The terms inviscid (no friction), irrotational and potential
�ow all denotefrictionless �owwhich is equivalent to zero (change in) vorticity. Therefriction-

lessis a small difference between the three terms because there may be vorticity in inviscid
�ow that is convected into the �ow at the inlet(s); but also inthis case the vorticity is not
affected once it has entered the inviscid �ow region. However, usually no distinction is
made between the three terms.

In this section we will derive the transport equation for vorticity in incompressible
�ow. As usual we start with the Navier-Stokes equation, Eq.2.9 at p.32. First, we
re-write the convective term of the incompressible momentum equation (Eq.2.9) as

vj
@vi
@xj

= vj (Sij + 
 ij ) = vj

�
Sij �

1
2

" ijk ! k

�
(4.9)

where Eq.1.19 on p. 23 was used. InsertingSij = ( @vi =@xj + @vj =@xi )=2 and
multiplying by two gives

2vj
@vi
@xj

= vj

�
@vi
@xj

+
@vj
@xi

�
� " ijk vj ! k (4.10)

The second term on the right side can be written as (Trick 2, see Eq.8.4)

vj
@vj
@xi

=
1
2

@(vj vj )
@xi

=
@k
@xi

(4.11)

wherek = vj vj =2. Equation4.10can now be written as

vj
@vi
@xj

=
@k
@xi

no rotation

� " ijk vj ! k

rotation

(4.12)
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The last term on the right side is the vector product ofv and! , i.e. v � ! .
The trick we have achieved is to split the convective term into one term without

rotation (�rst term on the right side of Eq.4.12) and one term including rotation (second
term on the right side). Inserting Eq.4.12into the incompressible momentum equation
(Eq.2.9) yields

@vi
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no rotation

� " ijk vj ! k

rotation
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1
�
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+ �
@2vi

@xj @xj
+ f i (4.13)

The volume source is in most engineering �ows represented bythe gravity, i.e.f i = gi .
From Eq.4.13we get Crocco's theorem for steady inviscid �ow
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@xi

�
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+ k
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@xi

�
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+ k + �
�

P0 =�
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where@�=@xi = � f i is the potential of the body force. In vector notation, Eq.4.14
reads

v � ! =
1
�

r (P0) (4.15)

These equations states that the gradient of stagnation pressure,P0, is orthogonal to
both the velocity and vorticity vector.

Since the vorticity vector in Eq.1.12is de�ned by the cross product"pqi @vi =@xq
(r � v in vector notation, see Exercise8), we start by applying the operator"pqi @=@xq

to the Navier-Stokes equation (Eq.4.13) so that
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@gi
@xq

(4.16)

where the body forcef i was replaced bygi . We know that" ijk is anti-symmetric in
all indices, and hence the second term on line 1 and the �rst term on line 2 are zero
(product of a symmetric and an anti-symmetric tensor). The last term on line 2 is
zero because the gravitation vector,gi , is constant (it is zero even if it is non-constant,
because it can be expressed as a potential, see Eq.4.32). The last term on line 1 is
re-written using the"-� identity (see TableC.1at p.344)
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Using the de�nition of! i we �nd that its divergence
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@xi

�
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@vk
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�
= " ijk

@2vk

@xj @xi
= 0 (4.18)

is zero (product of a symmetric and an anti-symmetric tensor). Using the continuity
equation (@vq=@xq = 0 ) and Eq.4.18, Eq.4.17can be written
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@vj ! k
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@vp
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Figure 4.2: Vortex stretching. Dashed lines denote �uid element beforestretching.
@v1
@x1

> 0.

The second term on line 2 in Eq.4.16can be written as

�" pqi
@3vi

@xj @xj @xq
= �

@2

@xj @xj

�
"pqi

@vi
@xq

�
= �

@2! p

@xj @xj
(4.20)

Inserting Eqs.4.19and4.20into Eq.4.16gives �nally

d! p

dt
�

@!p
@t

+ vk
@!p
@xk

= ! k
@vp
@xk

+ �
@2! p

@xj @xj
(4.21)

We recognize the usual unsteady term, the convective term and the diffusive term.
Furthermore, we have got rid of the pressure gradient term. That makes sense, because
as mentioned in connection to Fig.4.1, the pressure cannot affect the rotation (i.e. the
vorticity) of a �uid particle since the pressure acts through its center. Equation4.21
has a new term on the right-hand side which represents ampli�cation and bending or
tilting of the vorticity lines. If we write it term-by-term it reads

! k
@vp
@xk

=

8
>>>>><

>>>>>:

! 1
@v1
@x1

+ ! 2
@v1
@x2

+ ! 3
@v1
@x3

; p = 1

! 1
@v2
@x1

+ ! 2
@v2
@x2

+ ! 3
@v2
@x3

; p = 2

! 1
@v3
@x1

+ ! 2
@v3
@x2

+ ! 3
@v3
@x3

; p = 3

(4.22)

The diagonal terms in this matrix representvortex stretching. Imagine a slender, Vortex
stretchingcylindrical �uid particle with vorticity ! i and introduce a cylindrical coordinate system

with thex1-axis as the cylinder axis andr2 as the radial coordinate (see Fig.4.2) so
that! i = ( ! 1; 0; 0). We assume that a positive@v1=@x1 is acting on the �uid cylinder;
it will act as a source in Eq.4.21increasing! 1 and it will stretch the cylinder. The vol-
ume of the �uid element must stay constant during the stretching (the incompressible
continuity equation), which means that the radius,r , of the cylinder will decrease. For
high Reynolds numbers, the viscous term is neglible. Hence, the viscous forces on the Re number=

ratio of con-
vective to vis-
cous term

surface is small. This means than the angular momentum,r 2! 1, is constant during the
elongation (stretching) of the cylinder which gives an increased! 1. We see that vortex
stretching will either make a �uid element longer and thinner with larger! 1 (as in the
example above) or shorter and thicker (when@v1=@x1 < 0). The illustratation given
here is mainly relevant when a �uid particle actually rotates (as it does in turbulent
�ow, see Section5).

The off-diagonal terms in Eq.4.22representvortex tilting. Again, take a slender Vortex
tilting
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@x2
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Figure 4.3: Vortex tilting. Dashed lines denote �uid element before bending or tilting.

�uid particle, but this time with its axis aligned with thex2 axis, see Fig.4.3. Assume
is has a vorticity,! 2, and that the velocity surrounding velocity �eld isv1 = v1(x2).
The velocity gradient@v1=@x2 will tilt the �uid particle so that it rotates in clock-wise
direction. The second term! 2@v1=@x2 in line one in Eq.4.22gives a contribution to
! 1. This means that vorticity in thex2 direction, through the source term! 2@v1=@x2,
creates vorticity in thex1 direction..

Vortex stretching and tilting are physical phenomena whichact in three dimensions:
�uid which initially is two dimensional becomes quickly three dimensional through
these phenomena. Vorticity is useful when explaining why turbulence must be three-
dimensional, see Section5.4.

4.3 The vorticity transport equation in two dimensions

It is obvious that the vortex stretching/tilting has no in�uence in two dimensions; in
this case the vortex stretching/tilting term vanishes because the vorticity vector is or-
thogonal to the velocity vector (for a 2D �ow the velocity vector readsvi = ( v1; v2; 0)
and the vorticity vector reads! i = (0 ; 0; ! 3) so that the scalar product is zero, i.e.
! k @vp=@xk = 0 ). Thus in two dimensions the vorticity equation reads

d! 3

dt
= �

@2! 3

@x� @x�
(4.23)

(Greek indices are used to indicate that they take values1 or 2). If the Prandtl number
is one (P r = 1 ), this equation is exactly the same as the transport equation for temper-
ature in incompressible �ow, see Eq.2.18. This means that vorticity is convected and
diffused in the same way as temperature. In fully developed channel �ow, for example,
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the vorticity and the temperature equations reduce to (cf. Eq. 3.24)

0 = �
@2! 3

@x22
(4.24a)

0 = k
@2T
@x22

(4.24b)

For the temperature equation the heat �ux is given byq2 = � k@T=@x2; with a hot
lower wall and a cold upper wall (constant wall temperatures) the heat �ux is constant
for all x2 and goes from the lower wall to the upper wall. We have the samesituation for
the vorticity. Its gradient, i.e. the vorticity �ux,
 2 = � �@!3=@x2, is constant across
the channel, see Eq.3.27(you have plotted this quantity in TME226 Assignment 1).
Equation4.24is turned into relations forq2 and
 2 by integration


 wall = 
 2 (4.25a)

qwall = q2 (4.25b)

If the wall-normal temperature derivative@T=@x2 = 0 at both walls (adiabatic
walls), the heat �ux at the walls,qwall , will be zero and the temperature will be equal to
an arbitrary constant in the entire domain. It is only when the wall-normal temperature
derivative at the walls are non-zero that a temperature �eldis created in the domain.
The same is true for! 3: if �@!3=@x2 = � 
 2 = 0 at the walls, the �ow will not include
any vorticity. Hence, vorticity is – in the same way as temperature – generated at the
walls.

4.3.1 Boundary layer thickness from the Rayleigh problem

In Section3.1we studied the Rayleigh problem (unsteady diffusion). As shown above,
the two-dimensional unsteady temperature equation is identical to the two-dimensional
unsteady equation for vorticity. The diffusion time,t, or the diffusion length,� , in
Eq. 3.14 can now be used to estimate the thickness of a developing boundary layer
(recall that the limit between the boundary layer and the outer free-stream region can
be de�ned by vorticity: inside the vorticity is non-zero andoutside it is zero).

In a boundary layer, the streamwise pressure gradient is zero, see Eq.3.42. This
means that

�
@2v1

@x22

�
�
�
�
wall

= 0

because, at the wall, the only non-zero terms in the Navier-Stokes equation are the
streamwise pressure gradient and the wall-normal diffusion term (see, for example,
Eqs.2.9and3.23). Hence, the �ux of vorticity


 2 = � �
@!3
@x2

�
�
�
�
wall

= �
@2v1

@x22

�
�
�
�
wall

= 0 (4.26)

(recall that(@v2=@x1)wall = 0 ) along the wall which means that no vorticity is created
along the boundary. The vorticity in a developing boundary layer is created at the
leading edge of the plate (note that in channel �ow, vorticity is indeed created along the
walls because in this case the streamwise pressure gradientis not zero). The vorticity
generated at the leading edge is transported along the wall by convection and at the
same time it is transported by diffusion (and convection) away from the wall.
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Figure 4.4: Boundary layer. The boundary layer thickness,� , increases for increasing stream-
wise distance from leading edge (x1 = 0 ).

Below we will estimate the boundary layer thickness using the expression derived
for the Rayleigh problem. In a boundary layer there is vorticity and outside the bound-
ary layer it is zero (in the Rayleigh �ow problem, the vorticity is created at timet = 0 +

when the plate instantaneously accelerates from rest to velocity V0). Hence, if we can
estimate how far from the wall the vorticity diffuses, this gives us an estimation of the
boundary layer thickness.

Consider the boundary layer in Fig.4.4. The boundary layer thickness at the end of
the plate is� (L ). The time it takes for a �uid particle to travel from the leading edge of
the plate tox = L is L=V0 (in the Rayleigh problem this corresponds to the �ow �eld
after timet = L=V0). During this time vorticity will be transported by diffusion in the
x2 direction the length� according to Eq.3.14. If we assume that the �uid is air with
the speedV0 = 3 m=s and that the length of the plateL = 2 m we get from Eq.3.14
that� (L ) = 1 :2cm.

Exercise 26 Note that the estimate above is not quite accurate because inthe Rayleigh
problem we assumed that the convective terms are zero, but ina developing boundary
layer, as in Fig.4.4, they are not (v2 6= 0 and @v1=@x1 6= 0 ). The proper way to
solve the problem is to use Blasius solution, see Section3.3. Blasius solution gives (see
Eq.E.1)

�
L

=
5

Re1=2
L

; ReL =
V0L

�
(4.27)

Compute what� (L ) you get from Eq.4.27.

Exercise 27 Assume that we have a developing �ow in a pipe (radiusR) or between
two �at plates (separation distanceh). We want to �nd out how long distance it takes
for the the boundary layers to merge. Equation3.14can be used with� = R or h.
Make a comparison with this and Eq.3.16.
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4.4 Potential �ow

IN potential �ow, the velocity vector can be expressed as the gradient of its poten-
tial � , see Eq.1.22. The vorticity is then zero by de�nition since the curl of the

divergence is zero. This is easily seen by inserting Eq.1.22(vi = @� =@xi ) into the
de�nition of the vorticity, Eq.1.12, i.e.

! i = � ijk
@vk
@xj

= � ijk
@2�

@xj @xk
= 0 (4.28)

since� ijk is anti-symmetric in indicesj andk and@2� =@xj @xk is symmetric inj and
k. Inserting Eq.1.22into the continuity equation, Eq.2.3, gives

0 =
@vi
@xi

=
@

@xi

�
@�
@xi

�
=

@2�
@xi @xi

(4.29)

i.e. the potential satis�es the Laplace equation. This is ofgreat important since many
analytical methods exist for the Laplace equation.

4.4.1 The Bernoulli equation

The velocity �eld in potential �ow is thus given by the continuity equation, Eq.4.29
(together with Eq.1.22). Do we have any use of the Navier-Stokes equation? The
answer is yes: this equation provides the pressure �eld. We use the Navier-Stokes
equation (Eq.4.13) with the viscous term expressed as in Eq.4.5

@vi
@t

+
@k
@xi

� " ijk vj ! k = �
1
�

@P
@xi

� �" inm
@!m
@xn

+ f i (4.30)

Since! i = 0 in potential (irrotational) �ow, we get (withf i = gi ) and usingk =
vi vi =2 = v2=2

@
@t

�
@�
@xi

�
+

1
2

@v2

@xi
= �

1
�

@P
@xi

+ gi (4.31)

wherevi in the unsteady term was replaced by its potential (Eq.1.22). The gravity
force can be expressed as a force potential,gi = � @X =@xi (see Eq.4.14), because it is
conservative. The gravity force is conservative because when integrating this force, the conservative

forcework (i.e. the integral) depends only on the starting and ending points of the integral:
in mathematics this is called anexactdifferential.

Insertinggi = � @X =@xi in Eq.4.31gives

@
@xi

�
@�
@t

+
v2

2
+

P
�

+ X
�

= 0 (4.32)

Integration gives the famous Bernoulli equation

@�
@t

+
v2

2
+

P
�

+ X = C(t) (4.33)

whereX = � gi x i . In steady �ow, we get

v2

2
+

P
�

� g3x3 = C (4.34)

wheregi = (0 ; 0; g3). Using the height,gh = � g3x3, we get the more familiar form

v2

2
+

P
�

+ gh = C (4.35)
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4.4.2 Complex variables for potential solutions of plane �ows

Complex analysis is a suitable tool for studying potential �ow. We start this section by
repeating some basics of complex analysis. For real functions, the value of a partial
derivative,@f=@x, atx = x0 is de�ned by makingx approachx0 and then evaluating
(f (x + x0) � f (x))=x0. The total derivative,df=dt , is de�ned by approaching the point
x10; x20; x30; t as a linear combination of all independent variables (cf. Eq. 1.1).

A complex derivative of a complex variable is de�ned as(f (z + z0) � f (z))=z0

wherez = x + iy andf = u+ iv . We can approach the pointz0 both in the real coordi-
nate direction,x, and in the imaginary coordinate direction,y. The complex derivative
is de�ned only if the value of the derivative is independent of how we approach the
pointz0. Hence

df
dz

= lim
� z! 0

f (z0 + � z) � f (z0)
� z

= lim
� x ! 0

f (x0 + � x; iy 0) � f (x0; iy0)
� x

= lim
� y ! 0

f (x0; iy0 + i � y) � f (x0; iy0)
i � y

:

(4.36)

The second line can be written as

@f
@x

=
1
i

@f
@y

=
i
i 2

@f
@y

= � i
@f
@y

(4.37)

sincei 2 = � 1. Insertingf = u + iv and taking the partial derivative off we get

@f
@x

=
@u
@x

+ i
@v
@x

� i
@f
@y

= � i
@u
@y

� i 2 @v
@y

= � i
@u
@y

+
@v
@y

(4.38)

Using Eq.4.37gives
@u
@x

=
@v
@y

;
@u
@y

= �
@v
@x

(4.39)

Equations4.39 are called theCauchy-Riemannequations. Another way to derive
Eq.4.39is foundhere.

So far the complex plane has been expressed asz = x + iy . It can also be expressed
in polar coordinates (see Fig.4.5)

z = rei� = r (cos� + i sin � ) (4.40)

Now we return to �uid mechanics and potential �ow. Let us introduce a complex
potential,f , based on the stream function,	 (Eq.3.44), and the velocity potential,�
(Eq.1.22)

f = � + i 	 (4.41)

Recall that for potential (i.e. inviscid,� = 0 ) two-dimensional, incompressible �ow,
the velocity potential satis�es the Laplace equation, see for example Eq.4.29. The
stream function also satis�es the Laplace equation in potential �ow where the vorticity,
! i , is zero. This is easily seen by taking the divergence of the stream function, Eq.3.44

@2	
@x21

+
@2	
@x22

= �
@v2
@x1

+
@v1
@x2

= � ! 3 = 0 (4.42)

https://mathworld.wolfram.com/Cauchy-RiemannEquations.html
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Figure 4.5: The complex plane in polar coordinates. Real and imaginary axes correspond to the
horizontal and vertical axes, respectively.

see Eq.1.13. Hence the complex potential,f , also satis�es the Laplace equation.
Furthermore,f also satis�es the Cauchy-Riemann equations, Eq.4.39, since

@�
@x

=
@	
@y

= v1 and
@�
@y

= �
@	
@x

= v2 (4.43)

see Eqs.3.44and1.22. Thus we can conclude thatf de�ned as in Eq.4.41is differen-
tiable, i.e.df=dz exists. We have now de�ned a complex function,f = � + i 	 which
satis�es Laplace equation and which has a physical meaning in �uid dynamics.

4.4.3 f / zn

Now we will give some examples off (z) which correspond to useful engineering
�ows. The procedure is as follows:

� assume thatf / zn is complex potential

� verify that this is true (see, e.g, Eqs.4.44and4.46)

� choose ann and �nd out what physical �ow the complex potential describes

We can choose any exponentn in f / zn and multiply with any constant in order
to get a physical, meaningful �ow. The solution

f = C1zn (4.44)

is one example. Let's �rst verify that this is a solution of the Laplace equation (i.e. the
continuity equation,4.29and thet the �ow is inviscid,! 3 = 0 , Eq.4.42). Taking the
�rst and the second derivatives of Eq.4.44gives

@f
@x

= C1n(x + iy )n � 1

@2f
@x2

= C1n(n � 1)(x + iy )n � 2

@f
@y

= C1ni (x + iy )n � 1

@2f
@2y

= C1n(n � 1)i 2(x + iy )n � 2 = � C1n(n � 1)(x + iy )n � 2

(4.45)
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Figure 4.6: Parallel �ow.

We �nd that the Laplace equation is indeed zero, i.e.

@2f
@x2

+
@2f
@y2

= 0 (4.46)

4.4.3.1 Parallel �ow

When we setn = 1 in Eq.4.44we get (C1 = V1 )

f = V1 z = V1 (x + iy ) (4.47)

The stream function,	 , is equal to the imaginary part, see Eq.4.41. Equation4.43
gives the velocity components

v1 =
@	
@y

= V1 and v2 = �
@	
@x

= 0 (4.48)

The �ow is shown in Fig.4.6.

4.4.3.2 Stagnation �ow

When we setn = 2 in Eqs.4.44we get (inviscid) stagnation �ow onto a wall. The
stream function,	 , corresponds to the imaginary part off , see Eq.4.41so that (C1 =
1)

	 = z2 (4.49)

The solution in form of a vector plot and contour plot of the stream function is given
in Fig. 4.7. The �ow impinges at the wall atx2 = 0 . The stream function is zero along
the symmetry line,x1 = 0 , and it is negative to the left and positive to the right. The
velocity components are obtained as

v1 =
@	
@y

= 2 x = 2 x1

v2 = �
@	
@x

= � 2y = � 2x2

(4.50)
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Figure 4.7: Potential �ow. Stagnation �ow.
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Figure 4.8: c
aptionPotential �ow. The lower boundary forx1 < 0 can either be a wall (concave

corner) or symmetry line (wedge).

Recall that since the �ow is inviscid (no friction), the boundary condition on the wall is
slip, i.e. a frictionless wall (same as a symmetric boundary). Note that this �ow is the
same as we looked at in Section1.2 except that the velocities are here twice as large
because we choseC1 = 1 (see Eq.1.4).

4.4.3.3 Flow over a wedge and �ow in a concave corner.

Next we setn = 6 =5. Whenn is not an integer, it is convenient to expressf in polar
coordinates

f = C1
�
rei� � n

= C1r n ein� = C1r n (cos(n� ) + i sin(n� )) (4.51)

With n = 6 =5 we get (inviscid) �ow over a wedge and �ow over a concave corner (n
should be in the interval1 < n < 2). The stream function, the imaginary part off , is
given by (Eqs.4.41and4.51)

	 = r 6=5 sin(6�= 5) (4.52)
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Figure 4.9: Line source. _m > 0

(C1 = 1 ) and the velocity components read

vr =
1
r

@	
@�

=
6
5

r 1=6 cos(6�= 5)

v� = �
@	
@r

= �
6
5

r 1=6 sin(6�= 5)
(4.53)

The velocity vector �eld and the stream function are presented in Fig.4.8. The stream
function is zero along the lower boundary. Note that� = 0 at the wedge, i.e.0 � � �
5=6� . The angle,� , in Fig.4.8a is given by

� =
(n � 1)�

n
=

�
6

(4.54)

4.4.4 Analytical solutions for a line source

The complex potential for a line source reads

f =
_m

2�
ln z (4.55)

where _m is the strength of the source; the physical meaning of_m is volume �ow
assuming that the extent of the domain in the third coordinate direction,x3, is one.
First, we need to make sure that this solution satis�es the Laplace equation. The �rst
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and second derivatives read

@f
@x

=
_m

2�z
@2f
@x2

= �
_m

2�z 2

@f
@y

=
i _m
2�z

@2f
@x2

= � i 2 _m
2�z 2 =

_m
2�z 2

(4.56)

which shows that the Laplace equation is satis�ed.
Writing Eq.4.55on polar form gives

f =
_m

2�
ln

�
rei� �

=
_m

2�

�
ln r + ln

�
ei� ��

=
_m

2�
(ln r + i� ) (4.57)

The stream function corresponds to the imaginary part off and we get

vr =
1
r

@	
@�

=
_m

2�r

v� = �
@	
@r

= 0
(4.58)

We �nd that the physical �ow is in the radial direction, see Fig. 4.9. If _m > 0, the �ow
is outwards directed and for_m < 0 it is going inwards toward origo. When origo is
approached, the velocity,vr , tends to in�nity. Hence, Eq.4.58gives nonphysical �ow
near origo. The reason is that the inviscid assumption (zeroviscosity) is not valid in
this region.

It was mentioned above that the physical meaning of_m is volume �ow. This is
easily seen by integratingvr (Eq.4.58) over a cylindrical surface as

Z 1

0
dx3

Z 2�

0
vr rd� =

Z 1

0
dx3

Z 2�

0

_m
2�r

rd� =
_m

2�

Z 1

0

Z 2�

0
dx3d� = _m: (4.59)

4.4.5 Analytical solutions for a vortex line

A line vortex is another example of a complex potential; it isvery similar to Eq.4.55
and reads

f = � i
�
2�

ln z (4.60)

which on polar form reads (cf. Eq.4.57)

f = �
�
2�

(i ln r � � ) (4.61)

From the stream function (the imaginary part off ) we get (cf. Eq.4.58)

vr =
1
r

@	
@�

= 0

v� = �
@	
@r

=
�

2�r

(4.62)

This �ow was introduced in Section1.7.1(where we called it an ideal vortex line) as an
example of a �ow with no vorticity. The �ow is in the positive� direction along lines
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Figure 4.10: Vortex line.
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Figure 4.11: Flow around a cylinder of radiusr 0 .

of constant radius, see Fig.4.10. The circulation,� , appears in the expression ofv� . It
was introduced in Section1.7. It is de�ned as a closed line integral along lineC, see
Eq.1.23and can be expressed as an integral of the vorticity over surfaceS bounded by
line C, see Eq.1.25and Fig.1.7.

4.4.6 Analytical solutions for �ow around a cylinder

The complex potential for the �ow around a cylinder can be found by combining a
doublet and a parallel �ow. A doublet consists of a line source (strength_m) and sink
(strength� _m) separated by a distance" in thex1 direction (line sources were intro-
duced in Section4.4.4). Imagine that we move the source and the sink closer to each
other and at the same time we increase their strengthj _mj so that the product� = _m"
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Figure 4.12: Flow around a cylinder of radiusr 0 . Integration of surface pressure.
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(a) CFD of unsteady laminar �ow [9]. The mark-
ers show the time-averaged location of separation.
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(b) Potential �ow, Eq.4.72

Figure 4.13: Pressure coef�cients.

stays constant. The resulting complex potential is

f =
�
�z

(4.63)

When adding the complex potential of parallel �ow, see Eq.4.47, we get

f =
�
�z

+ V1 z (4.64)

Now we de�ne the radius of a cylinder,r0, as

r 2
0 = �= (�V 1 ) (4.65)

so that

f =
V1 r 2

0

z
+ V1 z (4.66)

On polar form it reads

f =
V1 r 2

0

rei� + V1 rei� = V1

�
r 2

0

r
e� i� + rei�

�

= V1

�
r 2

0

r
(cos� � i sin � ) + r (cos� + i sin � )

� (4.67)

The stream function reads (imaginary part)

	 = V1

�
r �

r 2
0

r

�
sin � (4.68)
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Now we can compute the velocity components

vr =
1
r

@	
@�

= V1

�
1 �

r 2
0

r 2

�
cos�

v� = �
@	
@r

= � V1

�
1 +

r 2
0

r 2

�
sin �

(4.69)

We �nd that vr = 0 for r = r0 as intended (thanks to the de�nition in Eq.4.65). We
are not interested in the solution inside the cylinder (r < r 0). Furthermore, we see
that the tangential velocity is zero at� = 0 and� ; hence these points correspond to
the stagnation points, see Fig.4.11. The velocity �eld at the cylinder surface,r = r0,
reads

vr;s = 0

v�;s = � 2V1 sin �
(4.70)

where indexs denotes surface. Note that the local velocity gets twice as large as the
freestream velocity at the top (� = �= 2) and the bottom (� = � �= 2) of the cylinder.
The surface pressure is obtained from Bernoulli equation (see Eq.4.35)

V 2
1

2
+

P1

�
=

v2
�;s

2
+

ps

�
) ps = P1 + �

V 2
1 � v2

�;s

2
(4.71)

where we neglected the gravitation term. The surface pressure is usually expressed as
a pressure coef�cient

Cp �
ps � P1

�V 2
1 =2

= 1 �
v2

�;s

V 2
1

= 1 � 4 sin2 � (4.72)

using Eq.4.70.
It should be stressed that although Eqs.4.70and4.72are exact they are not realistic

because of the strict requirement that the �ow should be inviscid. This requirement is
valid neither in the boundary layers nor in the wake; the boundary layers may be thin
but the wake is a large part of the domain. Figure4.13presents the pressure coef�cient
for potential �ow and accurate unsteady CFD of two-dimensional viscous �ow [9] (the
Reynolds number is suf�ciently low for the �ow to be laminar); Eqs.2.3 and2.9 are
solved numerically [9]. The potential solution agrees rather well with viscous �ow up
to � ' 20o.

How do we �nd the lift and drag force? The only force (per unit area) that acts
on the cylinder surface is the pressure (in viscous �ow therewould also be a viscous
stress, but it is usually much smaller). To �nd the lift force, FL , we simply integrate
the pressure over the surface. Usually the lift force is expressed as a lift coef�cient,
CL , which is scaled with the dynamic pressure�V 2

1 =2. The lift coef�cient is obtained
as

CL =
FL

�V 2
1 =2

= �
Z 1

0
dx3

Z 2�

0

ps

�V 2
1 =2

sin�r 0d�

= � r0

Z 1

0
dx3

Z 2�

0
(1 � 4 sin2 � ) sin �d�

= � r0

�
� cos� � 4

�
1
12

cos(3� ) �
3
4

cos�
�� 2�

0
= 0

(4.73)
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Figure 4.14: Flow around a cylinder of radiusr 0 with additional circulation which give a (neg-
ative) lift force, see Eq.4.84.

Thesin � on the �rst line appears because we project the pressure force in the vertical
direction (see Fig.4.12) and minus sign is because pressure acts inwards, see Eq.1.9
and Fig.4.1. We assume in Eq.4.73that the length of the cylinder in thex3 direction
is one. The drag coef�cient is computed as

CD =
FD

�V 2
1 =2

= �
Z 1

0
dx3

Z 2�

0
(1 � 4 sin2 � ) cos�r 0d�

= � r0

Z 1

0
dx3

Z 2�

0

�
sin � �

4
3

sin3 �
� 2�

0
= 0

(4.74)

The cos� on the �rst line appears because we project the pressure force in the hori-
zontal direction (see Fig.4.12). Equations4.73and4.74give CL = CD = 0 ; hence
we �nd that inviscid �ow around a cylinder creates neither lift nor drag. The reason is
that the pressure is symmetric both with respect tox1 = 0 andx2 = 0 . The lift force
on the lower surface side cancels the force on the upper side.Same argument for the
drag force: the pressure force on the upstream surface cancels that on the downstream
surface.

4.4.7 Analytical solutions for �ow around a cylinder with ci rculation

We will now introduce a second example of potential �ow around cylinders, which is
by far the most important one from engineering point of view.Here we will introduce
the use of additional circulation which alters the locations of the stagnation points and
creates lift. This approach is used in potential methods forpredicting �ow around
airfoils in aeronautics (mainly helicopters) and windpower engineering.

We add the complex potential of a vortex line (see Eq.4.60) to Eq.4.66so that

f =
V1 r 2

0

z
+ V1 z � i

�
2�

ln z (4.75)

On polar form it reads (see Eqs.4.61and4.67)

f = V1

�
r 2

0

r
(cos� � i sin � ) + r (cos� + i sin � )

�
�

�
2�

(i ln r � � ) (4.76)
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Figure 4.15: Flow around a cylinder of radiusr 0 with maximal additional circulation.

The imaginary part gives the stream function
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We get the velocity components as (see Eqs.4.62and4.69)

vr =
1
r
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(4.78)

The effect of the added vortex line is, as expected, to increase v� while leavingvr

unaffected. The larger the circulation, the largerv� .
The velocity at the surface,r = r0, reads

vr;s = 0

v�;s = � 2V1 sin � +
�

2�r 0

(4.79)

Now let's �nd the location of the stagnation points, i.e. wherev�;s = 0 . Equation4.79
gives

2V1 sin � stag =
�

2�r 0
) � stag = arcsin

�
�

4�r 0V1

�
(4.80)

The two angles that satisfy this equation are located in the �rst and second quadrants.
The two positions are indicated witha andb in Fig. 4.14. For a limiting value of the
circulation,� max , the two locationss andb will merge at� = �= 2, denoted withc in
Fig. 4.15,

� max = 4 �V 1 r0: (4.81)

This corresponds to the maximum value of the circulation forwhich there is a stag-
nation point on the cylinder surface. For circulation larger than� max , the stagnation
point will be located above the cylinder.
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Figure 4.16: Table tennis. The loop uses the Magnus effect. Side view.

The pressure is obtained from Bernoulli equation as (see Eq.4.72)
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We found in Section4.4.6that a cylinder without circulation gives neither drag nor
lift, see Eqs.4.73and4.74. What about the present case? Let's compute the lift. We
found in Eq.4.73that the two �rst terms in Eq.4.82give no contribution to the lift.
The last term cannot give any contribution to the lift because it is constant on the entire
surface. Hence we only need to include the third term in Eq.4.82so that

CL =
FL
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(4.83)

We �nd that the lift force on a unit length of the cylinder can be computed from the
circulation as

FL = � �V 1 � (4.84)

This relation is valid for any body and it is called theKutta-Joukowskilaw who –
independent of each other – formulated it. The reason to the sign of the lift force can
easily be seen from Fig.4.14. The stagnation points, where the pressure is largest, are
located at the top of the cylinder and hence the pressure is higher on the top than on the
bottom. The ”lift” force is acting downwards, i.e. in the negativex2 direction.

The drag is, however, still zero. In Eq.4.74we found that the �rst and the second
terms in Eq.4.82gives no contribution to drag. Hence, we only need to consider the
third terms. In the drag integral (see Eq.4.74), this term in Eq.4.82gives rise to a term
proportional tosin � cos� whose contribution is zero. Hence, the additional circulation
does not give rise to any drag.

4.4.7.1 The Magnus effect

Circulation around a cylinder is very similar to a rotating cylinder. Instead of adding a
circulation, we let the cylinder rotate with speed! . A rotating cylinder produces lift.
This has interesting application in sports, for example football, table tennis and golf.
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Figure 4.17: Football. A free-kick uses the Magnus effect. Top view
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Figure 4.18: Flettner rotor (in blue) on a ship. The velocity experiencedby the ship isVwind +
Vship . The ship moves with speedVship . Top view.

In table tennis, the ball must hit the table on the side of the opponent. One way to
improve the chance that this will happen is to make a loop. This means that you hit the
ball slightly on the top. The ball experiences a force,F , when you hit it (see Fig.4.16)
and this force makes it rotate with rotation speed! (clockwise direction). The rotation
causes a lift,FL , which acts downwards so that the ball drops down quickly and(hope-
fully) hits the table on the other side of the net. The lift force is downwards because
the stagnation points are located on the upper surface. Recall that the relative velocity
of the air is in the negativex1 direction.

Another example where the Magnus effect is important is golf. Here the object is
often vice versa. You want the ball to go as far as possible. Hence you hit it with a
slice so that it spins with a positive! (counter-clockwise). The result is a lift force in
the positivex2 direction which makes the ball go further.

A �nal sports example is football. Here the lift is used sideways. Imagine there is a
free-kick rather close to the opponents' goal, see Fig.4.17. The opponents erects a wall
of players between the goal and the location of the free-kick. The player who makes
the free-kick wants to make the ball go on the left side of the wall; after the wall of
players, the ball should turn right towards the goal. The Magnus effect helps to achieve
this. The player hits the ball with her/his left foot on the left side of the ball which
creates a forceF on the ball. This makes the ball rotate clockwise, see Fig.4.17, and
creates a lift force so that the ball after it has passed the wall turns to the right towards
the goal. The reason that the ball turns to the right �rst after the wall (and not before)
is that the forward momentum created byF (the player) is much larger thanFL .
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Figure 4.19: Airfoil. The boundary layers,� (x1), and the wake illustrated in red.x1 = 0 and
x1 = c at leading and trailing edge, respectively.

When looking at Figs.4.16and4.17I know it may be confusing to understand the
direction of the force. The trick is to imagine that the ball is still/non-moving and the
wind is coming towards it with speed� Vball . Then we see that the rotation and on-
coming speed� Vball . ”co-operates” at the lower side and thereby increasing thetotal
speed on the lower side compared to the upper side. Bernoulli(Eq.4.35) then gives a
lower pressure on the lower side of the ball compared to the upper side which gives a
downward force.

If you are interested in football you may be pleased to learn that by use of �uid
dynamics it is now scienti�cally proven that it was much harder to make a good freekick
in 2010 worldcup than in 2014 [10]. Figure 7b in that paper is particularly interesting.

As an experiment, two identical freekicks are made with the football used at
the 2013 FIFA Confederations. The freekicks are made 25m from the goal. The
initial velocity of the football is 30 m/s. The result of the two freekicks is that the
two footballs reach the goal three meters from each other in the vertical direction.
Why? Because the ball was rotated 45 degrees before the second freekick (see
Figs. 2c,d) in [10].

Finally we give an engineering example of the use of the Magnus effect. The �rst
Flettner rotors on ships were produced in 1924. It has recently gained new interest as
the cost of fuel is rising. A Flettner rotor is a rotating cylinder (or many) on a ship,
see Fig.4.18. The diameter of this rotor can be a couple of meter and have a length
(i.e. height) of10 � 20 meter. The ship is moving to the right with speedVship . The
wind comes towards the ship from the left-front (relative wind at an angle of�= 4).
The Flettner rotor rotates in the clockwise direction. The Magnus effect creates a force
in the orthogonal direction to the relative windspeed, i.e.at an angle of� �= 4. Note
that if the wind comes from the right instead of from the left,the rotor should rotate
in the counter-clockwise direction. The additional propulsion force isFL cos(� ). The
Division of Fluid Dynamics recently took part in an EU project where we studied the
�ow around rotating cylinders in relation to Flettner rotors [11].

4.4.8 The �ow around an airfoil

Flow around airfoils is a good example where potential methods are useful. These
methods are still in use in wind engineering and for helicopters. At the Division of
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V1

Figure 4.20: Airfoil. Streamlines from potential �ow. Rear stagnation point at the upper surface
(suction side).

�

V1

Figure 4.21: Airfoil. Streamlines from potential �ow with added circulation. Rear stagnation
point at the trailing edge.
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Fluid Dynamics we had a PhD project where we used potential methods for computing
the aerodynamic loads for wind turbine rotor blades [5,12].

The �ow around airfoils is a good example where the �ow can be treated as inviscid
in large part of the �ow. For low angles of attack (which is thecase for, for example, an
aircraft in cruise conditions) the boundary layers and the wake are thin. Outside these
regions the �ow is essentially inviscid.

Figure4.19 (see also Fig.16.1) shows a two-dimensional airfoil. The boundary
layers and the wake are illustrated in red. The boundary layer is thinner on the pres-
sure (lower) side than on the suction (upper) side. It grows slightly thicker towards the
trailing edge (denoted by� (x1) in Fig. 4.19). When this �ow is computed using po-
tential methods, the location of the front stagnation pointis reasonably well captured,
see Fig.4.20. However, the stagnation point near the trailing edge is located on the
suction side which is clearly nonphysical. The �ow on the pressure (lower) side cannot
be expected to make a180o turn at the trailing edge and then go in the negativex1

direction towards the stagnation point located on the suction side.
The solution is to move the stagnation points in the same way as we did for the

cylinder �ow in Section4.4.7. We want to move the rear stagnation point towards
the trailing edge. This is achieved by adding a circulation in the clockwise direction,
see Fig.4.21. The magnitude of the circulation is determined by the requirement that
the stagnation point should be located at the trailing edge.This is called theKutta
condition. The added circulation is negative (clockwise). In aeronautics, the sign of
circulation is usually changed so that� aeronautic = � � . The lift of a two-dimensional
airfoil (or a two-dimensional section of a three-dimensional airfoil) is then computed
as (see Eq.4.84)

FL = �V 1 � aeronautic (4.85)
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5 Turbulence

5.1 Introduction

A LMOST all �uid �ow which we encounter in daily life is turbulent. Typical exam-
ples are �ow around (as well asin) cars, aeroplanes and buildings. The boundary

layers and the wakes around and after bluff bodies such as cars, aeroplanes and build-
ings are turbulent. Also the �ow and combustion in engines, both in piston engines
and gas turbines and combustors, are highly turbulent. Air movements in rooms are
turbulent, at least along the walls where wall-jets are formed. Hence, when we com-
pute �uid �ow it will most likely be turbulent. In turbulent �ow we usually divide the
velocities in one time-averaged part�vi , which is independent of time (when the mean
�ow is steady), and one �uctuating partv0

i so thatvi = �vi + v0
i .

There is no de�nition on turbulent �ow, but it has a number of characteristic fea-
tures (see Pope [13] and Tennekes & Lumley [14]) such as:

I. Irregularity . Turbulent �ow is irregular and chaotic (they may seem random,
but they are governed by Navier-Stokes equation, Eq.2.9). The �ow consists of a
spectrum of different scales (eddy sizes). We do not have anyexact de�nition of an
turbulent eddy, but we suppose that it exists in a certain region in space fora certain turbulent

eddytime and that it is subsequently destroyed (by the cascade process or by dissipation,
see below). It has a characteristic velocity and length (called a velocity and length
scale). The region covered by a large eddy may well enclose also smaller eddies. The
largest eddies are of the order of the �ow geometry (i.e. boundary layer thickness, jet
width, etc). At the other end of the spectrum we have the smallest eddies which are
dissipated by viscous forces (stresses) into thermal energy resulting in a temperature
increase. Even though turbulence is chaotic it is deterministic and is described by the
Navier-Stokes equations.

II. Diffusivity . In turbulent �ow the diffusivity increases. The turbulence increases
the exchange of momentum in e.g. boundary layers, and reduces or delays thereby
separation at bluff bodies such as cylinders, airfoils and cars. The increased diffusivity
also increases the resistance (wall friction) and heat transfer in internal �ows such as
in channels and pipes.

III. Large Reynolds Numbers. Turbulent �ow occurs at high Reynolds number.
For example, the transition to turbulent �ow in pipes occursthatReD ' 2300, and in
boundary layers atRex ' 500 000.

IV. Three-Dimensional. Turbulent �ow is always three-dimensional and unsteady.
However, when the equations are time averaged, we can treat the �ow as two-dimensional
(if the geometry is two-dimensional).

V. Dissipation. Turbulent �ow is dissipative, which means that kinetic energy in
the small (dissipative) eddies are transformed into thermal energy. The small eddies
receive the kinetic energy from slightly larger eddies. Theslightly larger eddies receive
their energy from even larger eddies and so on. The largest eddies extract their energy
from the mean �ow. This process of transferring energy from the largest turbulent
scales (eddies) to the smallest is called thecascade process, see Fig.R.5. cascade

processVI. Continuum. Even though we have small turbulent scales in the �ow they are
much larger than the molecular scale and we can treat the �ow as a continuum.
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Figure 5.1: Cascade process with a spectrum of eddies. The energy-containing eddies are
denoted byv0 ; `1 and `2 denotes the size of the eddies in the inertial subrange such that
`2 < ` 1 < ` 0 ; ` � is the size of the dissipative eddies.

5.2 Turbulent scales

The largest scales are of the order of the �ow geometry (the boundary layer thickness,
for example), with length scalè0 and velocity scalev0. These scales extract kinetic
energy from the mean �ow which has a time scale comparable to the large scales, i.e.

@�v1

@x2
� t � 1

0 � v0=`0 (5.1)

Part of the kinetic energy of the large scales is lost to slightly smaller scales with which
the large scales interact. Through thecascade process, kinetic energy is in this way
transferred from the largest scale to the smallest scales. At the smallest scales the
frictional forces (viscous stresses) become large and the kinetic energy is transformed
(dissipated) into thermal energy. The kinetic energy transferred per unit time from
eddy-to-eddy (from an eddy to a slightly smaller eddy) is thesame for each eddy size.
Although the kinetic energy is mostly transferred from large to small scales, it may
instantaneously go the other way, i.e. from small scales to large scales. It may even
happen that kinetic energy goes from �uctuations to the mean�ow; this happens when
the production term,P k , is negative, see Item II on p.104.

The dissipation is denoted by" which is energy per unit time and unit mass (" =
[m2=s3]). The dissipation is proportional to the kinematic viscosity, � , times the �uc-
tuating velocity gradient up to the power of two (see Section8.2). The friction forces
exist of course at all scales, but they are largest at the smallest eddies. In reality a small
fraction is dissipated at all scales. However it is assumed that most of the energy that
goes into the large scales per unit time (say 90%) is �nally dissipated at the smallest
(dissipative) scales.

The smallest scales where dissipation occurs are called theKolmogorov scales
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whose velocity scale is denoted byv� , length scale bỳ � and time scale by� � . We
assume that these scales are determined by viscosity,� , and dissipation," . The argu-
ment is as follows.

viscosity: Since the kinetic energy is destroyed by viscous forces it isnatural to assume
that viscosity plays a part in determining these scales; thelarger viscosity, the
larger scales.

dissipation: The amount of energy per unit time that is to be dissipated is" . The more
energy that is to be transformed from kinetic energy to thermal energy, the larger
the velocity gradients must be.

Having assumed that the dissipative scales are determined by viscosity and dissipation,
we can expressv� , ` � and� � in � and" using dimensional analysis. We write

v� = � a "b

[m=s] = [ m2=s] [m2=s3]
(5.2)

where below each variable its dimensions are given. The dimensions of the left and the
right side must be the same. We get two equations, one for meters [m]

1 = 2a + 2 b; (5.3)

and one for seconds[s]

� 1 = � a � 3b; (5.4)

which givea = b = 1 =4. In the same way we obtain the expressions for` � and� � so
that

v� = ( �" )1=4 ; ` � =
�

� 3

"

� 1=4

; � � =
� �

"

� 1=2
(5.5)

5.3 Energy spectrum

As mentioned above, the turbulence �uctuations are composed of a wide range of
scales. We can think of them as eddies, see Fig.5.1. It turns out that it is often conve-
nient to use Fourier series to analyze turbulence. In general, any periodic function,g,
with a period of2L (i.e. g(x) = g(x + 2 L)), can be expressed as a Fourier series, i.e.

g(x) =
1
2

a0 +
1X

n =1

(an cos(� n x) + bn sin(� n x)) (5.6)

wherex is a spatial coordinate and

� n =
n�
L

or � =
2�
L

: (5.7)

� n is called the wavenumber. The Fourier coef�cients are givenby

an =
1
L

Z L

� L
g(x) cos(� n x)dx

bn =
1
L

Z L

� L
g(x) sin(� n x)dx
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Figure 5.2: Spectrum for turbulent kinetic energy,k. I: Range for the large, energy containing
eddies. II: the inertial subrange. III: Range for small, isotropic scales. The wavenumber,� ,
is proportional to the inverse of the length scale of a turbulent eddy,̀ � , i.e. � / ` � 1

� . For a
discussion of" � vs. " , see Section8.2.2.

Parseval's formula states that
Z L

� L
g2(x)dx =

L
2

a2
0 + L

1X

n =1

(a2
n + b2

n ) (5.8)

For readers not familiar to Fourier series, a brief introduction is given in AppendixG.
An example of a Fourier series and spectra are given in Appendix H. Let g be a �uc-
tuating velocity component, sayv0

1. The left side of Eq.5.8 expressesv02
1 in physical

space (vs.x) and the right sidev02
1 in wavenumber space (vs.� n ). The reader who is

not familiar to the term “wavenumber”, is probably more familiar to “frequency”. In
that case, expressg in Eq. 5.6 as a series intime rather than inspace. Then the left
side of Eq.5.8expressesv02

1 as a function of time and the right side expressesv02
1 as a

function of frequency.
The turbulent scales are distributed over a range of scales which extends from the

largest scales which interact with the mean �ow to the smallest scales where dissipation
occurs, see Fig.5.1. Let us think about how the kinetic energy of the eddies varies with
eddy size. Intuitively we assume that large eddies have large �uctuating velocities
which implies large kinetic energy,v0

i v
0
i =2. It is convenient to study the kinetic energy

of each eddy size in wavenumber space. In wavenumber space the energy of eddies
can be expressed as

E(� )d� (5.9)

where Eq.5.9expresses the contribution from the scales with wavenumberbetween�
and� + d� to the turbulent kinetic energyk. The energy spectrum,E(� ), corresponds
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tog2(� ) in Eq.5.8. The dimension of wavenumber is one over length; thus we can think
of wavenumber as proportional to the inverse of an eddy's diameter, i.e� / 1=d. The
total turbulent kinetic energy is obtained by integrating over the whole wavenumber
space, i.e.

k =
Z 1

0
E(� )d� = L

X
g2(� n ) (5.10)

Think of this equation as a way to compute the kinetic energy by �rst sorting all eddies
by size (i.e. wavenumber), then computing the kinetic energy of each eddy size (i.e.
E (� )d� ), and �nally summing the kinetic energy of all eddy sizes (i.e. carrying out the
integration). Note that the physical meaning ofE is kinetic energyper unit wavenum-
ber of eddies of sizè � / � � 1. Hence the dimension ofE is v2=� , see Eq.5.10; for a
discussion on the dimension ofE , see AppendixH.

The kinetic energy is the sum of the kinetic energy of the three �uctuating velocity
components, i.e.

k =
1
2

�
v02

1 + v02
2 + v02

3

�
=

1
2

v0
i v

0
i (5.11)

The spectrum ofE is shown in Fig.5.2. We �nd region I, II and III which are discussed
below.

I. In this region we have the large eddies which carry most of the energy. These
eddies interact with the mean �ow and extract energy from themean �ow. This
energy transfer takes places via the production term,P k , in the transport equation
for turbulent kinetic energy, see Eq.8.14. Part of the energy extracted per unit
time by the largest eddies is transferred (per unit time) to slightly smaller scales.
The eddies' velocity and length scales arev0 and`0, respectively.

III. Dissipation range. The eddies are small and isotropic and it is here that the
dissipation occurs. The energy transfer from turbulent kinetic energy to thermal
energy (increased temperature) is governed by" in the transport equation for
turbulent kinetic energy, see Eq.8.14. The scales of the eddies are described by
the Kolmogorov scales (see Eq.5.5)

II. Inertial subrange. The existence of this region requires that the Reynolds number
is high (fully turbulent �ow). The eddies in this region represent the mid-region.
The turbulence is also in this region isotropic. This regionis a “transport re-
gion” (i.e. in wavenumber space) in the cascade process. The“transport” in
wavenumber space is calledspectral transfer. Energy per time unit,P k = " , is spectral

transfercoming from the large eddies at the lower part of this range and is transferred
per unit time to the dissipation range at the higher part. Note that the relation
P k = f dissipation at small scalesg, see Fig.5.2, is given by the assumption of
the cascade process, i.e. that the energy transfer per unit time from eddy-size–
to–eddy-size is the same for all eddy sizes.
The kinetic energy,k� = v0

�;i v0
�;i =2, of an eddy of size (lengthscale),1=� , repre-

sents the kinetic energy of all eddies of this size. The kinetic energy of all eddies
(of all size) is computed by Eq.5.11. The eddies in this region are indepen-
dent of both the large, energy-containing eddies and the eddies in the dissipation
range. One can argue that the eddies in this region should be characterized by
the spectral transfer of energy per unit time (" ) and the size of the eddies,1=� .
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Dimensional analysis gives

E = � a "b

[m3=s2] = [1 =m] [m2=s3]
(5.12)

We get two equations, one for meters[m]

3 = � a + 2 b;

and one for seconds[s]
� 2 = � 3b;

so thatb = 2 =3 anda = � 5=3. Inserted in Eq.5.12we get

E(� ) = CK "
2
3 � � 5

3 (5.13)

where the Kolmogorov constantCK ' 1:5. This is a very important law (Kol-
mogorov spectrum law or the� 5=3 law) which states that, if the �ow is fully
turbulent (high Reynolds number), the energy spectra should exhibit a� 5=3-
decay in the inertial region (region II, Fig.5.2).

Above we state that the eddies in Region II and III areisotropic. This means that –
in average – the eddies have no preferred direction, i.e. the�uctuations in all directions
are the same so thatv02

1 = v02
2 = v02

3 . Note that is not true instantaneously, i.e. in
generalv0

1 6= v0
2 6= v0

3. Furthermore, isotropic turbulence implies that if a coordinate isotropic
turbulencedirection is switched (i.e. rotated180o), nothing should change. For example if the

x1 coordinate direction is rotated180o thev0
1v0

2 should remain the same, i.e.v0
1v0

2 =
� v0

1v0
2. This is possible only ifv0

1v0
2 = 0 . Hence, all shear stresses are zero in isotropic

turbulence. Using our knowledge in tensor notation, we knowthat an isotropic tensor
can be written as const.� � ij . Hence, the Reynolds stress tensor for small scales can be
written asv0

i v
0
j = const.� ij which, again, shows us that the shear stresses are zero in

isotropic turbulence.
As discussed on p.78, the concept of the cascade process assumes that the energy

extracted per unit time by the large turbulent eddies is transferred (per unit time) by
non-linear interactions through the inertial range to the dissipative range where the
kinetic energy is transformed (per unit time) to thermal energy (increased temperature).
The spectral transfer rate of kinetic energy from eddies of size 1=� to slightly smaller
eddies can be estimated as follows. An eddy loses (part of) its kinetic energy during
one revolution. The kinetic energy of the eddy is proportional to v2

� and the time for
one revolution is proportional tò� =v� . Hence, the energy spectral transfer rate," � ,
for an eddy of length scale1=� can be estimated as (see Fig.5.2)

" � �
v2

�

t �
�

v2
�

` �
�

v�
�

v3
�

` �
(5.14)

Kinetic energy is transferred per unit time to smaller and smaller eddies until the trans-
fer takes place by dissipation (i.e. increased temperature) at the Kolmogorov scales. In
the inertial subrange, the cascade process assumes that" � = " . Applying Eq.5.14for
the large energy-containing eddies gives

"0 �
v2

0

`0
�

v0
�

v3
0

`0
� " � = " (5.15)
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generation x1 x2 x3

1st 1 0 0
2nd 0 1 1
3rd 2 1 1
4th 2 3 3
5th 6 5 5
6th 10 11 11
7th 22 21 21

Table 5.1: Number of eddies at each generation with their axis aligned in the x1 , x2 or x3

direction, see Fig.5.3.

For more discussion on" � , see the derivation starting with Eq.8.17. There we show
that" � does not depend on� , see Eq.8.23.

The dissipation at small scales (large wavenumbers) is determined by how much
energy per unit time enters the cascade process at the large scales (small wavenum-
bers). We can now estimate the ratio between the large eddies(with v0 and`0) to the
Kolmogorov eddies (v� and` � ). Equations5.5and5.15give

v0

v�
= ( �" ) � 1=4v0 =

�
�v 3

0=`0
� � 1=4

v0 = ( v0`0=� )1=4 = Re1=4

`0

` �
=

�
� 3

"

� � 1=4

`0 =
�

� 3`0

v3
0

� � 1=4

`0 =
�

� 3

v3
0`3

0

� � 1=4

= Re3=4

� o

� �
=

�
�` 0

v3
0

� � 1=2

� 0 =
�

v3
0

�` 0

� 1=2 `0

v0
=

�
v0`0

�

� 1=2

= Re1=2

(5.16)

whereRe = v0`0=� . We �nd that the ratio of the velocity, length and time scalesof the
energy-containingeddies to the Kolmogorov eddies increases with increasing Reynolds
number. This means that the eddy range (wavenumber range) ofthe intermediate region
(region II, the inertial region) increases with increasingReynolds number. Hence, the
larger the Reynolds number, the larger the wavenumber rangeof the intermediate range
where the eddies are independent of both the large scales andthe viscosity. or in other
words: the larger the Reynolds number, the larger the difference between the largest
and the smallest scales. This is the very reason why it is so expensive (in terms of
computer power) to solve the Navier-Stokes equations. Witha computational grid we
must resolve all eddies. Hence, as the Reynolds number increases, the number of grid
cells increases rapidly, see Eq.28.1.

5.4 The cascade process created by vorticity

The interaction between vorticity and velocity gradients is an essential ingredient to
create and maintain turbulence. Disturbances are ampli�edby interaction between the
vorticity vector and the velocity gradients; the disturbances are turned into chaotic,
three-dimensional �uctuations, i.e. into turbulence. Twoidealized phenomena in this
interaction process can be identi�ed: vortex stretching and vortex tilting.
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Figure 5.3: Family tree of turbulent eddies (see also Table5.1). Five generations (indidcated in
bold). Orientation of eddy is indicated in red. The large original eddy, with axis aligned in the
x1 direction, is1st generation. Adapted from [15].

The equation for the instantaneous vorticity (! i = �! i + ! 0
i ) reads (see Eq.4.21)

@!i
@t

+ vj
@!i
@xj

= ! j
@vi
@xj

+ �
@2! i

@xj @xj

! i = � ijk
@vk
@xj

(5.17)

As we learnt in Section4.2this equation is not an ordinary convection-diffusion equa-
tion: it has an additional term on the right side which represents ampli�cation and
rotation/tilting of the vorticity lines (the �rst term on the right side). Thei = j com-
ponents of this term represent (see Eq.4.22) vortex stretching. A positive@v01=@x1 Vortex

stretchingwill stretch the cylinder, see Fig.4.2 and from the requirement that the volume must
not change (incompressible continuity equation) we �nd that the radius of the cylinder
will decrease. We may neglect the viscosity since viscous diffusion at high Reynolds
number is much smaller than the turbulent one and since viscous dissipation occurs at
small scales (see p.78). Thus we can assume that there are no viscous stresses acting
on the cylindrical �uid element surface which means that theangular momentum

r 2! 0
1 = const. (5.18)

remains constant as the radius of the �uid element decreases. Note that also the cir-
culation,� – which is the integral of the tangential velocity round the perimeter, see
Eq. 1.23– is constant. Equation5.18shows that the vorticity increases if the radius
decreases (and vice versa). As was mentioned above, the continuity equation shows
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Figure 5.4: A �uid element is stretched by
@v01
@x1

> 0. Its radius decreases (from dashed line to

solid line).

that stretching results in a decrease of the radius of a slender �uid element and an in-
crease of the vorticity component (i.e. the tangential velocity component) aligned with
the element. For example, an extension of a �uid element in one direction (x1 direc-
tion) decreases the length scales in thex2 direction and increases! 0

1, see Fig.5.4. At
the same time, vortex tilting creates small-scale vorticity in the x2 andx3 direction,
! 0

2 and! 0
3. The increased! 0

1 means that the velocity �uctuation in thex2 direction
is increased, see Fig.5.5. The increasedv0

2 velocity component will stretch smaller
�uid elements aligned in thex2 direction, see Fig.5.5. This will increase their vortic-
ity ! 0

2 and decrease their radius. In the same way will the increased! 0
1 also stretch a

�uid element aligned in thex3 direction and increase! 0
3 and decrease its radius. At

each stage, the length scale of the eddies – whose velocity scale are increased – de-
creases. Figure5.3 illustrates how a large eddy whose axis is oriented in thex1 axis
in a few generations creates – through vortex stretching – smaller and smaller eddies
with larger and larger velocity gradients. Here a generation is related to a wavenumber
in the energy spectrum (Fig.5.2); young generations correspond to high wavenumbers.
The smaller the eddies, the less the original orientation ofthe large eddy is recalled.
In other words, the small eddies “don't remember” the characteristics of their original
ancestor. The small eddies have no preferred direction. They areisotropic. The cre-
ation of multiple eddies by vortex stretching from one original eddies is illustrated in
Fig. 5.3 and Table5.1. The large original eddy (1st generation) is aligned in thex1

direction. It creates eddies in thex2 andx3 direction (2nd generation); the eddies in
the x2 direction create new eddies in thex1 andx3 (3rd generation) and so on. For
each generation the eddies become more and more isotropic asthey get smaller.

Thei 6= j components in the �rst term on the right side in Eq.4.22representvortex Vortex
tiltingtilting. Again, take a slender �uid element, now with its axis aligned with thex2 axis,

Fig. 4.3. The velocity gradient@v1=@x2 (or @v01=@x2, which is equivalent) will tilt the
�uid element so that it rotates in the clock-wise direction.As a result, the second term
! 2@v1=@x2 in line one in Eq.4.22gives a contribution to! 1 (and! 0

1). This shows
how vorticity in one direction is transferred to the other two directions through vortex
tilting.

Vortex stretching and vortex tilting qualitatively explain how interaction between
vorticity and velocity gradient create vorticity in all three coordinate directions from
a disturbance which initially was well de�ned in one coordinate direction. Once this
process has started it continues, because vorticity generated by vortex stretching and
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Figure 5.5: The rotation rate of the �uid element (black circles) in Fig.5.4 increases and its

radius decreases. This creates a positive
@v03
@x3

> 0 which stretches the small red �uid element

aligned in thex3 direction and increases! 0
3 . The radius of the red �uid element decreases.

vortex tilting interacts with the velocity �eld and createsfurther vorticity and so on.
The vorticity and velocity �eld becomes chaotic and three-dimensional: turbulence has
been created. The turbulence is also maintained by these processes.

From the discussion above we can now understand why turbulence always must be
three-dimensional (Item IV on p.77). If the instantaneous �ow is two-dimensional
(x1 � x2 plane) we �nd that the vortex-stretching/tilting term on the right side of
Eq. 5.17vanishes because the vorticity vector and the velocity vector are orthogonal.
The only non-zero component of vorticity vector is! 3 because

! 1 =
@v3
@x2

�
@v2
@x3

� 0

! 2 =
@v1
@x3

�
@v3
@x1

� 0:

Sincev3 = 0 , we get! j @vi =@xj = 0 .
We have seen that the diffusion tern in Navier-Stokes include only the strain-rate

tensor,Sij , not the vorticity tensor,
 ij . Here we will show that it is only the strain-rate
tensor that creates vorticity, the vorticity tensor does not. The vortex stretching term
(Eq.5.17) read

! j
@vi
@xj

Replace the velocity gradient by
sij + 
 ij

and then replace

 ij

using Eq. 1.19 which gives

because the product of a symmetric tensor,! k ! i , and an anti-symmetric tensor," ijk ,
is zero. Hence, vorticity is also created only bysij .
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6 Turbulent mean �ow

6.1 Time averaged Navier-Stokes

WHEN the �ow is turbulent it is preferable to decompose the instantaneous vari-
ables (for example the velocity components and the pressure) into a mean value

and a �uctuating value, i.e.

vi = �vi + v0
i

p = �p + p0 (6.1)

where the bar,��, denotes the time averaged value de�ned as

�v =
1

2T

Z T

� T
vdt: (6.2)

whereT is suf�ciently large. When we time average Eq.6.1we get

�vi = �vi + v0
i = �vi + v0

i (6.3)

where we used the fact that�vi = �vi , see Section8.1.4. Hence, Eq.6.3gives

v0
i = 0 ; p0 = 0 (6.4)

One reason why we decompose the variables is that when we measure �ow quan-
tities we are usually interested in their mean values ratherthan their time histories.
Another reason is that when we want to solve the Navier-Stokes equation numerically
it would require a very �ne grid to resolve all turbulent scales and it would also require
a �ne resolution in time (turbulence is always unsteady).

The continuity equation and the Navier-Stokes equation forincompressible �ow
with constant viscosity read

@vi
@xi

= 0 (6.5)

�
@vi
@t

+ �
@vi vj

@xj
= �

@p
@xi

+ �
@2vi

@xj @xj
(6.6)

The gravitation term,� �g i , has been omitted which means that thep is thehydro-
dynamicpressure (i.e. whenvi � 0, thenp � 0, see p.44). Inserting Eq.6.1 into the
continuity equation (6.5)

@�vi + v0
i

@xi
=

@�vi

@xi
+

@v0
i

@xi
=

@�vi

@xi
=

@�vi

@xi
(6.7)

where we used the fact thatv0
i = 0 (see Eq.6.4and�vi = �vi , see section8.1.4).

Next, we use the decomposition in Navier-Stokes equation (Eq. 6.6)

�
@(�vi + v0

i )
@t
I

+ �
@(�vi + v0

i )(�vj + v0
j )

@xj
II

= �
@( �p + p0)

@xi
III

+ �
@2( �vi + v0

i )
@xj @xj

IV

(6.8)

Let us consider the equation term-by-term.
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Term I:
@(�vi + v0

i )
@t

=
@�vi

@t
+

@v0
i

@t
=

@�vi

@t
=

@�vi

@t
We assume that the mean �ow,�vi , is steady, and hence the term is zero.

Term II:

@(�vi + v0
i )(�vj + v0

j )

@xj
=

@�vi �vj + �vi v0
j + v0

i �vj + v0
i v

0
j

@xj

=
@�vi �vj

@xj
+

@�vi v0
j

@xj
+

@v0
i �vj

@xj
+

@v0
i v

0
j

@xj

� Section8.1.4shows that�vi �vj = �vi �vj .

� Section8.1.3shows that�vi v0
j = �vi v0

j = 0 and�vj v0
i = �vj v0

i = 0

Hence, Term II reads
@�vi �vj

@xj
+

@v0
i v

0
j

@xj

Term III:
@( �p + p0)

@xi
=

@�p
@xi

+
@p0

@xi
=

@�p
@xi

Term IV:
@2( �vi + v0

i )
@xj @xj

=
@2 �vi

@xj @xj
+

@2v0
i

@xj @xj
=

@2 �vi

@xj @xj

Now we van �nally write thetime averagedcontinuity equation and Navier-Stokes
equation

@�vi

@xi
= 0 (6.9)

�
@�vi �vj

@xj
= �

@�p
@xi

+
@

@xj

�
�

@�vi

@xj
� � v0

i v
0
j

�
(6.10)

It is assumed that the mean �ow is steady. This equation is thetime-averaged
Navier-Stokes equation and it is often called theReynolds Averaged Navies-Stokes
(RANS) equation. A new term� v0

i v
0
j appears on the right side of Eq.6.10which is RANS

called theReynolds stress tensor. The tensor is symmetric (for examplev0
1v0

2 = v0
2v0

1).
It represents correlations between �uctuating velocities. It is an additional stress term
due to turbulence (�uctuating velocities) and it is unknown. We need a model forv0

i v
0
j

to close the equation system in Eq.6.10. This is called theclosure problem: the num-
ber of unknowns (ten: three velocity components, pressure,six stresses) is larger thanclosure

problemthe number of equations (four: the continuity equation and three components of the
Navier-Stokes equations).

The continuity equation applies both for the instantaneousvelocity, vi (Eq. 6.5),
and for the time-averaged velocity,�vi (Eq.6.9); hence it applies also for the �uctuating
velocity,v0

i , i.e.
@v0i
@xi

= 0 (6.11)
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Figure 6.1: Flow between two in�nite parallel plates. The width (i.e. length in thex3 direction)
of the plates,Zmax , is much larger that the separation between the plates, i.e.Zmax � � .

6.1.1 Boundary-layer approximation

For boundary-layer type of �ow (i.e. boundary layers along a�at plate, channel �ow,
pipe �ow, jet and wake �ow, etc.) the following relations apply

�v2 � �v1;
@�v1

@x1
�

@�v1

@x2
; (6.12)

Assume steady (@=@t= 0 ), two-dimensional (�v3 = @=@x3 = 0 ) boundary-layer �ow.
First we re-write the left side of Eq.6.10using the continuity equation

�
@�vi �vj

@xj
= � �vj

@�vi

@xj
+ � �vi

@�vj

@xj
=0

= � �vj
@�vi

@xj
(6.13)

Using Eq.6.13, Eq.6.10can be written

� �v1
@�v1

@x1
+ � �v2

@�v1

@x2
= �

@�p
@x1

+
@

@x2

�
�

@�v1

@x2
� � v0

1v0
2

�

� 12 ;tot

(6.14)

x1 andx2 denote the streamwise and wall-normal coordinate, respectively, see Fig.6.1.
Note that the two terms on the left side are of the same order, because they both include
the product of one large (�v1 or @=@x2) and one small (�v2 or @=@x1) part.

In addition to the viscous shear stress,�@�v1=@x2, an additionalturbulentone – a shear
stressReynolds shear stress – appears on the right side of Eq.6.14. The total shear stress is

thus

� 12;tot = �
@�v1

@x2
� � v0

1v0
2 (6.15)

6.2 Wall region in fully developed channel �ow

The region near the wall is very important. Here the velocitygradient is largest as
the velocity drops down to zero at the wall over a very short distance. One important
quantity is the wall shear stress which is de�ned as

� w = �
@�v1

@x2

�
�
�
�
w

(6.16)
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Figure 6.2: The wall region (adapted from Ch.7 in [13]) for Re� = 10 000. � denotes half
width of the channel, see Fig.6.1andx+

2 = x2u� =� denotes the normalized wall distance.

From the wall shear stress, we can de�ne awall friction velocity, u� , as wall
friction
velocity

� w = �u 2
� ) u� =

�
� w

�

� 1=2

(6.17)

In order to take a closer look at the near-wall region, let us,again, consider fully
developed channel �ow between two in�nite plates, see Fig.6.1. In fully developed
channel �ow, the streamwise derivative of the streamwise velocity component is zero
(this is the de�nition of fully developed �ow), i.e. @�v1=@x1 = 0 . The continuity
equation gives now�v2 = 0 , see Eq.3.18at p.43. The �rst term on the left side of
Eq.6.14is zero because we have fully developed �ow (@�v1=@x1 = 0 ) and the last term
is zero because�v2 � 0. The streamwise momentum equation, Eq.6.14, can now be
written

0 = �
@�p
@x1

+
@

@x2

�
�

@�v1

@x2
� � v0

1v0
2

�
(6.18)

We know that the �rst term is a function only ofx1 and the two terms in parenthesis
are functions ofx2 only; hence they must be constant (see Eq.3.24and the text related
to this equation), i.e.

�
@�p
@x1

= constant

@
@x2

�
�

@�v1

@x2
� � v0

1v0
2

�
=

@�12;tot

@x2
= constant

(6.19)

where the total stress,� 12;tot , is given by Eq.6.15. Integrating Eq.6.18from x2 = 0
to x2 gives

� 12;tot (x2) � � w =
@�p
@x1

x2 ) � 12;tot = � w +
@�p
@x1

x2 = � w

�
1 �

x2

�

�
(6.20)

At the last step we used the fact that the pressure gradient balances the wall shear stress,
i.e. � @�p=@x1 = � w =� , see Eq.3.30(note thath = 2 � ) and Eq.6.39.
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The wall region can be divided into one outer and one inner region, see Fig.6.2.
The inner region includes the viscous region,x+

2 . 5 (dominated by the viscous diffu-
sion), and the logarithmic region,x+

2 & 30(dominated by turbulent diffusion); the log-
arithmic region is sometimes called theinertial region, because the turbulent stresses
stem from the inertial (i.e. the non-linear convection) term. The buffer region acts as a
transition region between these two regions where viscous diffusion of streamwise mo-
mentum is gradually replaced by turbulent diffusion. In theinner region, the total shear
stress is approximately constant and equal to the wall shearstress� w , see Fig.6.3.
Note that the total shear stress is constant only close to thewall (Fig. 6.3b); further
away from the wall it decreases (in fully developed channel �ow it decreases linearly
with the distance from the wall, see Eq.6.20and Fig.6.3a). The Reynolds shear stress
vanishes at the wall becausev0

1 = v0
2 = 0 , and the viscous shear stress attains its

wall-stress value� w = �u 2
� . As we go away from the wall the viscous stress decreases

and the turbulent one increases and atx+
2 ' 11 they are approximately equal. In the

logarithmic layer the viscous stress is negligible compared to the Reynolds stress.
At the wall, the velocity gradient is directly related to thewall shear stress, i.e. (see

Eq.6.16and6.17)
@�v1

@x2

�
�
�
�
w

=
� w

�
=

�
�

u2
� =

1
�

u2
� (6.21)

Integration gives (recall that both� andu2
� are constant)

�v1 =
1
�

u2
� x2 + C1

Since the velocity,�v1, is zero at the wall, the integration constantC1 = 0 so that

�v1

u�
=

u� x2

�
(6.22)

Equation6.22is expressed ininner scaling(or wall scaling) which means that�v1 and
x2 are normalized with quantities related to the wall, i.e. thefriction velocity stemming
from the wall shear stress and the viscosity (here we regard viscosity as a quantity
related to the wall, since the �ow is dominated by viscosity). The plus-sign (̀+ `) is
used to denote inner scaling, i.e.

�v+
1 �

�v1

u�

x+
2 �

u� x2

�

(6.23)

Now equation Eq.6.22can then be written as

�v+
1 = x+

2 (6.24)

From the friction velocity and the viscosity we can de�ne theviscous length scale, ` � ,
for the near-wall region as

x+
2 = x2=`� ) ` � =

�
u�

(6.25)

Further away from the wall at30 . x+
2 . 3000(or 0:003 . x2=� . 0:3), we

encounter thelog-law region, see Fig.6.2. In this region the �ow is assumed to be
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Figure 6.3: Reynolds shear stress.Re� = 2000. a) lower half of the channel; b) zoom
near the wall. DNS (Direct Numerical Simulation) data [16, 17]. : � � v0

1v0
2=� w ; :
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Figure 6.4: Velocity pro�les in fully developed channel �ow.Re� = 2000. : DNS (Direct
Numerical Simulation) data [16,17]; : �v1=u� = (ln x+

2 )=0:41 + 5:2; : �v1=u� = x+
2 .

independent of viscosity. The Reynolds shear stress,� v0
1v0

2, is in the regionx+
2 . 200

(i.e. x2=� . 0:1) fairly constant and approximately equal to the wall shear stress, i.e.

� w = � jv0
1v0

2j (6.26)

see Fig.6.3b. Hence the friction velocity,u� , is a suitable velocity scale in the inner
logarithmic region; it is used in the entire region.

What about the length scale? Near the wall, an eddy cannot be larger than the
distance to the wall and it is the distance to the wall that sets an upper limit on the
eddy-size. Hence it seems reasonable to take the wall distance as the characteristic
length scale; a constant,� , is added so that

` = �x 2: (6.27)

where� is the von Kármán constant,� = 0 :41. The velocity gradient can now be
estimated as

@�v1

@x2
=

u�

�x 2
(6.28)

based on the velocity scale,u� , and the length scale�x 2. Another way of deriving the
expression in Eq.6.28is to use the Boussinesq assumption (see Eq.11.33) in which a
turbulent Reynolds stress is assumed to be equal to the product between the turbulent
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� 32;tot

Figure 6.5: Symmetry plane of channel �ow.

viscosity and the velocity gradient as

� v0
1v0

2 = � t
@�v1

@x2
(6.29)

The turbulent viscosity,� t , represents the turbulence and has the same dimension as� ,
i.e. [m2=s]. Hence� t can be expressed as a product of a turbulent velocity scale and a
turbulent length scale, and in the log-law region that gives

� t = u� �x 2 (6.30)

so that Eq.6.29gives (inserting� v0
1v0

2 = u2
� )

u2
� = �u � x2

@�v1

@x2
)

@�v1

@x2
=

u�

�x 2
(6.31)

In non-dimensional form Eqs.6.28and6.31read

@�v+
1

@x+2
=

1
�x +

2

(6.32)

Integration gives now

�v+
1 =

1
�

ln
�
x+

2

�
+ B or

�v1

u�
=

1
�

ln
� x2u�

�

�
+ B

(6.33)

whereB is an integration constant. Equation6.33 is the logarithmic law due to von log-law
Kármán [18]. The constant,� , is called the von Kármán constant. The constants in the
log-law are usually set to� = 0 :41andB = 5 :2.

As can be seen in Fig.6.2 the log-law applies forx+
2 . 3000 (x2=� . 0:3).

Figure6.4– where the Reynolds number is lower than in Fig.6.2– shows that the log-
law �t the DNS (Direct Numerical Simulation) up tox+

2 . 500(x2=� . 0:25). Hence,
the upper limit for the validity of the log-law is dependent on Reynolds number; the
larger the Reynolds number, the larger the upper limit.

In the outer region of the boundary layer, the relevant length scale is the boundary
layer thickness. The resulting velocity law is thedefect law

�v1;c � �v1

u�
= FD

� x2

�

�
(6.34)
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wherec denotes centerline. The velocity in the log-region and the outer region (often
called the wake region) can be written as

�v1

u�
=

1
�

ln(y+ ) + B +
2�
�

sin2
� �x 2

2�

�
(6.35)

where� = 0 :38, B = 4 :1 and� = 0 :5 are taken from boundary layer �ow [19–21].

6.3 Reynolds stresses in fully developed channel �ow

The �ow is two-dimensional (�v3 = 0 and@=@x3 = 0 ). Consider thex2 � x3 plane,
see Fig.6.5. Since nothing changes in thex3 direction, the viscous shear stress

� 32 = �
�

@�v3

@x2
+

@�v2

@x3

�
= 0 (6.36)

because�v3 = @�v2=@x3 = 0 . The turbulent part shear stress,� v0
2v0

3, can be expressed
using the Boussinesq assumption (see Eq.11.33)

� � v0
2v0

3 = � t

�
@�v3

@x2
+

@�v2

@x3

�
= 0 (6.37)

and it is also zero since�v3 = @�v2=@x3 = 0 . With the same argument,v0
1v0

3 = 0 .
However note thatv02

3 = v2
3 6= 0 . The reason is that although thetime-averaged�ow

is two-dimensional (i.e.�v3 = 0 ), the instantaneous turbulent �ow is always three-
dimensional and unsteady. Hencev3 6= 0 andv0

3 6= 0 so thatv02
3 6= 0 . Consider, for

example, the time seriesv3 = v0
3 = ( � 0:25; 0:125; 0:125; � 0:2; 0:2). This gives

�v3 = ( � 0:25 + 0:125 + 0:125� 0:2 + 0:2)=5 = 0

but

v02
3 = v2

3 =
�
(� 0:25)2 + 0 :1252 + 0 :1252 + ( � 0:2)2 + 0 :22�

=5 = 0:034756= 0 :

Figure6.3presents the Reynolds and the viscous shear stresses for fully developed
�ow. As can be seen, the viscous shear stress is negligible except very near the wall. It
is equal to one near the wall and decreases rapidly for increasing wall distance. On the
other hand, the Reynolds shear stress is zero at the wall (because the �uctuating veloc-
ities are zero at the wall) and increases for increasing walldistance. The intersection
of the two shear stresses takes place atx+

2 ' 11.
Looking at Eq.6.18we �nd that it is not really the shear stress that is interesting,

but its gradient. The gradient of the shear stress,� @(� v0
1v0

2)=@x2 and �@2 �v1=@x22
represent, together with the pressure gradient,� @�p=@x1, theforcesacting on the �uid.
Figure6.6 presents the forces. Start by looking at Fig.6.6b which shows the forces
in the region away from the wall, see the red �uid particle in Fig. 6.7. The pressure
gradient is constant and equal to one: this is the forcedriving the �ow. This agrees
– fortunately – with our intuition. We can imagine that the �uid (air, for example) is
driven by a fan. Another way to describe the behaviour of the pressure is to say that
there is a pressure drop. The pressure must decrease in the streamwise direction so that
the pressure gradient term,� @�p=@x1, in Eq.6.18takes a positive value which pushes
the �ow in thex1 direction. The force that balances the pressure gradient isthe gradient
of the Reynolds shear stress. This is the forceopposingthe movement of the �uid. This
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Figure 6.6: Fully developed channel �ow.Re� = 2000. Forces in the�v1 equation, see Eq.6.18.
a) near the lower wall of the channel; b) lower half of the channel excluding the near-wall re-
gion. DNS (Direct Numerical Simulation) data [16, 17]. : � � (@v0
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Figure 6.7: Forces in a boundary layer. The red (dashed line) and the blue(solid line) �uid
particle are located atx+

2 ' 400andx+
2 ' 20, respectively (see Fig.6.6).

opposing force has its origin at the walls due to the viscous wall force (viscous shear
stress multiplied by area).

Now let us have a look at the forces in the near-wall region, see Fig.6.6a. Here the
forces are two orders of magnitude larger than in Fig.6.6b but they act over a very thin
region (x+

2 � 40 or x2=� < 0:02). In this region the Reynolds shear stress gradient
term isdriving the �ow and the opposing force is the viscous force, see the blue �uid
particle in Fig.6.7. We can of course make a force balance for a section of the channel,
as we did for laminar �ow, see Eq.3.36at p.45and Fig.3.9at p.46which reads

0 = �p1Zmax 2� � �p2Zmax 2� � 2� w LZ max (6.38)
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ical Simulation) data [22]; : �v2=u� = (ln x+
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whereL is the length of the section. We get

�� p
L

= �
@�p
@x1

=
� w

�
(6.39)

As can be seen the pressure drop is directly related to the wall shear stress. In turbulent
�ow the velocity pro�le in the center region is much �atter than in laminar �ow (cf.
Fig. 6.4 and Fig.3.8 at p. 45). This makes the velocity gradient near the wall (and
the wall shear stress,� w ) much larger in turbulent �ow than in laminar �ow: Eq.6.39
shows why the pressure drop is larger in the former case compared to the latter; or —
in other words – why a larger fan is required to push the �ow in turbulent �ow than in
laminar �ow.

Figure 6.8 presents the normal Reynolds stresses,� v02
1 , � v02

2 and � v02
3 . As can

be seen, the streamwise stress is largest and the wall-normal stress is smallest. The
former is largest because the mean �ow is in this direction; the latter is smallest because
the turbulent �uctuations are dampened by the wall. The turbulent kinetic energy,
k = v0

i v
0
i =2, is also included. Note that this is smaller thanv02

1 .

6.4 Boundary layer

Up to now we have mainly discussed fully developed channel �ow. What is the dif-
ference between that �ow and a boundary layer �ow? First, in aboundary layer �ow
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the convective terms are not zero (or negligible), i.e. the left side of Eq.6.14 is not
zero. The �ow in a boundary layer is continuously developing, i.e. its thickness,� ,
increases continuously for increasingx1. The �ow in a boundary layer is described by
Eq. 6.14. Second, in a boundary layer �ow the wall shear stress is not determined by
the pressure drop (indeed it is zero); the total shear stressis balanced by the convective
terms. Third, the outer part of the boundary layer is highly intermittent, consisting of
turbulent/non-turbulent motion.

However, the inner region of a boundary layer (x2=� < 0:1) is principally the same
as for the fully developed channel �ow, see Fig.6.9: the linear and the log-law regions
are very similar for the two �ows. However, in boundary layer�ow the log-law is
valid only up to approximatelyx2=� ' 0:1 (compared to approximatelyx2=� ' 0:3 in
channel �ow)
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Figure 7.1: Time history ofv0. Horizontal red lines show� vrms .

7 Probability density functions

SOME statistical information is obtained by forming the mean andsecond moments,
for example�v andv02

2 , as was done in Section6. Theroot-mean-square(RMS) can root-mean-
square
RMS

be de�ned from the second moment as

vrms =
�

v02
� 1=2

(7.1)

The RMS is the same as thestandard deviationwhich is equal to the square-root of thestandard
deviationvariance. In order to extract more information, probability densityfunction is a useful
variancestatistical tool to analyze turbulence. From the velocity signals we can compute the

probability densities (sometimes calledhistograms). With a probability density,f v , of
thev velocity, the mean velocity is computed as

�v =
Z 1

�1
vf v (v)dv (7.2)

Normalize the probability functions, so that
Z 1

�1
f v (v)dv = 1 (7.3)

Here we integrate overv. The mean velocity can of course also be computed by
integrating over time, as we do when we de�ne a time average, (see Eq.6.1at p.87),
i.e.

�v =
1

2T

Z T

� T
vdt (7.4)

whereT is “suf�ciently” large.
Consider the probability density functions of the �uctuations. The second moment

corresponds to the variance of the �uctuations (or the square of the RMS, see Eq.7.1),
i.e.

v02 =
Z 1

�1
v02f v0(v0)dv0 (7.5)

As in Eq.7.4, v02 is usually computed by integrating in time, i.e.

v02 =
1

2T

Z T

� T
v02(t)dt
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Figure 7.2: Probability density functions of time histories in Fig.7.1. Vertical red lines show
� vrms . The skewness,S, and the �atness,F , are given for the three time histories.

A probability density function is symmetric if positive values are as frequent and
large as the negative values. Figure7.1 presents the time history of thev0 history at
three different points in a �ow (note thatv0 = 0 ). The red horizontal lines indicate the
RMS value ofv0. The resulting probability densities functions are shown in Fig. 7.2.
The red vertical lines show plus and minus RMS ofv0. Let us analyze the data at the
three points.

Point 1. The time history of the velocity �uctuation (Fig.7.1a) shows that there ex-
ists large positive values but no large negative values. Thepositive values are
often larger than+ vrms (the peak is actually close to8vrms ) but the negative
values are seldom smaller than� vrms . This indicates that the distribution ofv0

is skewed towards the positive side. This is con�rmed in the PDF distribution,
see Fig.7.2a.

Point 2. The �uctuations at this point are much smaller and the positive values are as
large the negative values; this means that the PDF should be symmetric which is
con�rmed in Fig.7.2b. The extreme values ofv0 are approximately� 1:5vrms ,
see Figs.7.1b and7.2b.

Point 3. At this point the time history (Fig.7.1c) shows that the �uctuations are clus-
tered around zero and much values are within� vrms . The time history shows
that the positive and the negative values have the same magnitude. The PDF
function in Fig.7.2c con�rms that there are many value around zero, that the ex-
treme value are small and that positive and negative values are equally frequent
(i.e. the PDF is symmetric).

In Fig. 7.2we can judge whether the PDF is symmetric, but instead of “looking” at
the probability density functions, we should use a de�nition of the degree of symmetry,
which is theskewness. It is de�ned as skewness

v03 =
Z 1

�1
v03f v0(v0)dv0

and is commonly normalized byv3
rms , so that the skewness,Sv0, of v0 is de�ned as

Sv0 =
1

v3
rms

Z 1

�1
v03f v0(v0)dv0 =

1
2v3

rms T

Z T

� T
v03(t)dt
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Note thatf must be normalized (see Eq.7.3).
There is yet another statistical quantity which sometimes is used for describing

turbulent �uctuations, namely the�atness. The variance (the square of RMS) tells us �atness
how large the �uctuations are in average, but it does not tellus if the time history
includes few very large �uctuations or if all are rather close tovrms . The �atness gives
this information, and it is de�ned computed fromv04 and normalized byv4

rms , i.e.

F =
1

v4
rms

Z 1

�1
v04f v0(v)dv

The �uctuations at Point 1 (see Fig.7.1a) includes some samples which are very large
and hence its �atness is large (see caption in Fig.7.2a), whereas the �uctuation for
Point 3 all mostly clustered within� 2vrms giving a small �atness, see Fig.7.1c and
the caption in Fig.7.2c. For a Gaussian distribution

f (v0) =
1

vrms
exp

�
�

(v0 � vrms )2

2v2
rms

�

for whichF = 3 .
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8 Transport equations for turbulent kinetic energy

IN this section and Section9 we will derive various transport equations. There are two
tricks which often will be used. Both tricks simply use the product rule for derivative

backwards.

Trick 1: Using the product rule we get

@Ai B j

@xk
= A i

@Bj
@xk

+ B j
@Ai
@xk

(8.1)

This expression can be re-written as

A i
@Bj
@xk

=
@Ai B j

@xk
� B j

@Ai
@xk

(8.2)

and then we call it the “product rule backwards”.

Trick 2: Using the product rule we get

1
2

@Ai A i

@xj
=

1
2

�
A i

@Ai
@xj

+ A i
@Ai
@xj

�
= A i

@Ai
@xj

(8.3)

This trick is usually used backwards, i.e.

A i
@Ai
@xj

=
1
2

@Ai A i

@xj
(8.4)

8.1 Rules for time averaging

8.1.1 What is the difference betweenv0
1v0

2 and v0
1 v0

2?

Using Eq.6.2we get

v0
1v0

2 =
1

2T

Z T

� T
v0

1v0
2dt:

whereas

v0
1 v0

2 =

 
1

2T

Z T

� T
v0

1dt

!  
1

2T

Z T

� T
v0

1dt

!

We take a numerical example. Assume that we have a time-series of four time instants
with the values ofv0

1 andv0
2 as

v0
1 = [0 :2; � 0:3; 0:18; � 0:08]

v0
2 = [0 :15; � 0:25; 0:04; 0:06]

v0
1 =

1
N

NX

n =1

v0
1;n = (0 :2 � 0:3 + 0:18� 0:08)=4 = 0

v0
2 =

1
N

NX

n =1

v0
2;n = (0 :15� 0:25 + 0:04 + 0:06)=4 = 0

so that

v0
1 v0

2 =

 
1
N

NX

n =1

v0
1;n

!  
1
N

NX

n =1

v0
2;n

!

= 0 � 0 = 0
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However, the time average of their product is not zero, i.e.

v0
1v0

2 =
1
N

NX

n =1

v0
1;n v0

2;n = (0 :2�0:15+0:3�0:25+0:18�0:04� 0:08�0:06)=4 = 0:02685

8.1.2 What is the difference betweenv02
1 and v0

1
2
?

Using Eq.6.2we get

v02
1 =

1
2T

Z T

� T
v02

1 dt:

whereas

v0
1

2
=

 
1

2T

Z T

� T
v0

1dt

! 2

:

The numerical example gives

v02
1 =

1
N

NX

n =1

v02
1;n = (0 :22 + 0 :32 + 0 :182 + 0 :082)=4 = 0:0422

v02
2 =

1
N

NX

n =1

v02
2;n = (0 :152 + 0 :252 + 0 :042 + 0 :062)=4 = 0:02255

but

v0
1

2
=

 
1
N

NX

n =1

v0
1;n

! 2

= [(0 :2 � 0:3 + 0:18� 0:08)=4]2 = 0

v0
2

2
=

 
1
N

NX

n =1

v0
2;n

! 2

= [(0 :15� 0:25 + 0:04 + 0:06)=4]2 = 0

8.1.3 Show that�v1v02
1 = �v1v02

1

Using Eq.6.2we get

�v1v02
1 =

1
2T

Z T

� T
�v1v02

1 dt

and since�v does not depend ont we can take it out of the integral as

�v1
1

2T

Z T

� T
v02

1 dt = �v1v02
1

Now let us do it with numerical values. Assume that�v1 = 10.

�v1v02
1 =

1
N

NX

n =1

 
1
N

NX

m =1

v1;m

!

v02
1;n =

= (10 � 0:22 + 10 � 0:32 + 10 � 0:182 + 10 � 0:082)=4 = 0:422

�v1v02
1 =

 
1
N

NX

n =1

v1;n

!  
1
N

NX

n =1

v02
1;n

!

=

=
�
10� (0:22 + 0 :32 + 0 :182 + 0 :082)=4

�
= 0 :422
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8.1.4 Show that�v1 = �v1

Using Eq.6.2we get

�v1 =
1

2T

Z T

� T
�v1dt

and since�v does not depend ont we can take it out of the integral as

�v1
1

2T

Z T

� T
dt = �v1

1
2T

2T = �v1

With numerical values we get

�v1 =
1
N

NX

n =1

= (10 + 10 + 10 + 10) =4 = 10 = �v1

8.2 The Exactk Equation

The equation for turbulent kinetic energy,k = 1
2 v0

i v
0
i , is derived from the Navier-Stokes

equation. Again, we assume incompressible �ow (constant density) and constant vis-
cosity (cf. Eq.6.6). We subtract Eq.6.10from Eq.6.6and divide by density, multiply
by v0

i and time average which gives

v0
i

@
@xj

[vi vj � �vi �vj ] =

�
1
�

v0
i

@
@xi

[p � �p] + � v0
i

@2

@xj @xj
[vi � �vi ] +

@v0
i v

0
j

@xj
v0

i

(8.5)

Usingvj = �vj + v0
j , the left side can be rewritten as

v0
i

@
@xj

�
(�vi + v0

i )(�vj + v0
j ) � �vi �vj

�
= v0

i
@

@xj

�
�vi v0

j + v0
i �vj + v0

i v
0
j

�
: (8.6)

Using the continuity equation@v0j =@xj = 0 (see Eq.6.11), the �rst term is rewritten as

v0
i

@
@xj

�
�vi v0

j

�
= v0

i v
0
j

@�vi

@xj
: (8.7)

For the second term in Eq.8.6we start using@�vj =@xj = 0

v0
i

@
@xj

(v0
i �vj ) = �vj v0

i
@v0i
@xj

(8.8)

Next, we useTrick 2

�vj

 

v0
i
@v0i
@xj

!

= �vj
@

@xj

�
1
2

v0
i v

0
i

�
= �vj

@
@xj

(k) =
@

@xj
(�vj k) (8.9)

The third term in Eq.8.6can be written as (replace�vj by v0
j and use the same technique

as in Eq.8.9)

1
2

@
@xj

�
v0

j v0
i v

0
i

�
: (8.10)
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The �rst term on the right side of Eq.8.5 is re-written usingTrick 1

�
1
�

v0
i
@p0

@xi
= �

1
�

@p0v0
i

@xi
+

1
�

p0@v0i
@xi

= �
1
�

@p0v0
i

@xi
(8.11)

where the continuity equation was used at the last step. The second term on the right
side of Eq.8.5can be written

� v0
i

@2v0
i

@xj @xj
= � v0

i
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�
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�
= �
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(8.12)

applyingTrick 1 (A = v0
i andB = @v0i =@xj ). For the �rst term in Eq.8.12we use the

same trick as in Eq.8.9so that
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@xj @xj

(8.13)

The last term on the right side of Eq.8.5 is zero because it is time averaging of a
�uctuation, i.e. �ab0 = �a�b0 = 0 . Now we can assemble the transport equation for the
turbulent kinetic energy. Equations8.7, 8.9, 8.11, 8.12and8.13give

@�vj k
@xj

I

= � v0
i v

0
j

@�vi

@xj
II

�
@
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�
1
�

v0
j p0+

1
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v0
j v0

i v
0
i � �

@k
@xj

�

III

� �
@v0i
@xj

@v0i
@xj

IV

(8.14)

The terms in Eq.8.14have the following meaning.

I Convection.

II Production, P k . The large turbulent scales extract energy from the mean �ow.
This term (including the minus sign) is almost always positive. It may happen that
the production is negative which means that turbulent kinetic energy is transferred
from the �uctuations to the mean �ow. In turbulent �ow which includes recircula-
tion, this often occurs locally in small regions.
The production is largest for the energy-containingeddies, i.e. for small wavenum-
bers, see Fig.5.2. This term originates from the convection term (the �rst term on
the right side of Eq.8.6). It can be noted that the production term is an accelera-
tion term,v0

j @�vi =@xj , multiplied by a �uctuating velocity,v0
i , i.e. the product of an

inertial force per unit mass (acceleration) and a �uctuating velocity. A force mul-
tiplied with a velocity corresponds to work per unit time. When the acceleration
term and the �uctuating velocity are in opposite directions(i.e. whenP k > 0), the
mean �ow performs work on the �uctuating velocity �eld. Whenthe production
term isnegative, it means that the �uctuations are doing work on the mean �ow
�eld. In this case,v0

j and the acceleration term,v0
j @�vi =@xj , have the same sign.

Using Eq.1.11, the production terms reads

P k = � v0
i v

0
j

@�vi

@xj
= � v0

i v
0
j ( �Sij + �
 ij ) = � v0

i v
0
j

�Sij (8.15)
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Figure 8.1: The size of the largest eddies (dashed lines) for different velocity pro�les.

(the product of the symmetric tensor,v0
i v

0
j , and the anti-symmetric tensor,�
 ij , is

zero). Thus it is only the symmetric part of the velocity gradient (�Sij , the part
that deformsa �uid element) that creates turbulence. The production does not
depend on�
 ij , the part of the velocity gradient that rotates a �uid element. This
is consistent with the fact that the stress tensor,� ij , depends only onSij , not on

 ij , see discussion below Eq.2.5.

III The two �rst terms representturbulent diffusion by pressure-velocity �uctua-
tions, and velocity �uctuations, respectively. The last term is viscous diffusion.
The velocity-�uctuation term originates from the convection term (the last term
on the right side of Eq.8.6).

IV Dissipation, " . This term is responsible for transformation of kinetic energy at
small scales to thermal energy. The term (excluding the minus sign) is always
positive (it consists of velocity gradients squared). It islargest for large wavenum-
bers, see Fig.5.2. The dissipation term stems from the viscous term (see Eq.8.12)
in the Navier-Stokes equation. It can be written asv0

i @�0ij =@xj , see Eq.4.1. The
divergence of� 0

ij is a force vector (per unit mass), i.e.T 0
i = @�0ij =@xj . The

dissipation term can now be writtenv0
i T

0
i , which is a scalar product between two

vectors. When the viscous stress vector is in the opposite direction to the �uctuat-
ing velocity, the term is negative (i.e. it is dissipative);this means that the viscose
stress vector performs work and transforms kinetic energy into internal energy.

The transport equation fork can also be written in a simpli�ed easy-to-read sym-
bolic form as

Ck = P k + D k � " (8.16)

whereCk , P k , D k and" correspond to terms I-IV in Eq.8.14.
Above, it is stated that the production takes place at the large energy-containing

eddies, i.e. we assume that the large eddies contribute muchmore to the production
term more than the small eddies. There are two arguments for this:
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Figure 8.2: Zoom of the energy spectrum for a wavenumber located in Region II or III, see
Fig. 5.2.

1. The Reynolds stresses (which appear inP k ) are larger for large eddies than for
small eddies.

2. The mean �ow generates large eddies which will have same time scale as the
mean velocity gradient,@�vi =@xj . In the fully turbulent region of a boundary
layer, for example, both time scales are proportional to�x 2=u� . The time scale
of the velocity gradient is given by�x 2=u� , see Eq.6.28, and the time scale of
a large eddy is also given by`0=v0 = �x 2=u� . Figure8.1shows how different
velocity pro�les create different largest eddies. The largest eddies created by the
velocity pro�le A are much smaller than those created by the velocity pro�le
B , because the gradient of pro�leA acts over a much shorter length than the
gradient of pro�leB .

In the cascade process (see Section5.3) we assume that the viscous dissipation," ,
takes places at the smallest scales. How do we know that the majority of the dissipation
takes place at the smallest scales? First, let us investigate how the time scale varies with
eddy size. Consider the inertial subrange. let us denote theenergy that is transferred
in spectral space (i.e. from eddy-to-eddy) per unit time by" � . How large is" – that
is generating heat – at wavenumber� , which we here denote" (� ) (see Section8.2.2
and Fig.8.2)? Recall that the viscous dissipation," , is expressed as viscosity times
the square of the velocity gradient, see Eq.8.14. The velocity gradient for an eddy
characterized by velocityv� and lengthscalè� can be estimated as

�
@v
@x

�

�
/

v�

` �
/

�
v2

�

� 1=2
� (8.17)

since` � / � � 1. We know that the energy spectrum (see Eqs.5.10and5.13),

E (� ) / k� =� / v2
� =� / � � 5=3 ) v2

� / � � 2=3 (8.18)

in the inertial region. Inserting Eq.8.18into Eq. 8.17gives
�

@v
@x

�

�
/

�
� � 2=3

� 1=2
� / � � 1=3� / � 2=3 (8.19)
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Thus the viscous dissipation at wavenumber� can be estimated as (see the last term in
Eq.8.14)

" = �
@v0i
@xj

@v0i
@xj

) " (� ) /
�

@v
@x

� 2

�
/ � 4=3; (8.20)

i.e. " (� ) does indeed increase for increasing wavenumber.
The energy transferred from eddy-to-eddy per unit time in spectral space can also be

used for estimating the velocity gradient of an eddy. The cascade process assumes that
this energy transfer per unit time is the same for each eddy size, i.e." � = " = v3

� =`� =
`2

� =� 3
� = `2

0=� 3
0 , see Eq.5.14. We �nd from `2

� =� 3
� = `2

0=� 3
0 that for decreasing eddy

size (decreasing̀� ), the time scale,� � , also decreases, i.e.

� � =
�

` �

`0

� 2=3

� 0 (8.21)

where� 0 and`0 are constants (they are given by the �ow we're looking at, forexample
a boundary layer which has the large scales,� 0 and`0). Hence

�
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` �
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� / ` � 2=3
� / � 2=3; (8.22)

which is the same as Eq.8.19. Finally, we �nd that" � is indeed independent of� by
inserting the right part of Eq.8.18into " � / v3

� =`� (Eq.5.14)

" � /
v3

�

` �
/

� � 1

` �
/ � � 1� / const (8.23)

8.2.1 Expressing dissipation withsij ; non-isotropic dissipation

The Navier-Stokes for incompressible �ow (Eq.2.6) expressed insij reads
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+ 2 �
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(8.24)

The corresponding RANS equation (Eq.6.10) reads
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Thev0
i equation is obtained by subtracting Eq.8.25from Eq.8.24
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Multiplying by v0
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Re-write the viscous term as
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The last term (we use fact that the product of a symmetric and anti-symmetric tensor is
zero, i.e.s0

ij 
 0
ij = 0 , and Eq.1.11) can be written

2� s0
ij s0

ij = 2 � s0
ij (s0

ij + 
 0
ij ) = �

�
@v0i
@xj

+
@v0j
@xi

�
@v0i
@xj

This dissipation is sometimes called the non-isotropic dissipation [2]; the usual dissi-
pation," (term IV in Eq.8.14), is then the isotropic dissipation.

8.2.2 Spectral transfer dissipation" � vs. “true” viscous dissipation,"

As a �nal note to the discussion in the previous section, it may be useful to look at the
difference between the spectral transfer dissipation" � , and the “true” viscous dissipa-
tion, " ; the former is the energy transferred from eddy-to-eddy perunit time, and the
latter is the energy transformed per unit time to internal energy (i.e. increased temper-
ature) for the entire spectrum (occurring mainly at the small, dissipative scales), see
Fig. 5.2. Now consider Fig.8.2 which shows a zoom of the energy spectrum. We as-
sume that no mean �ow energy production occurs between� and� + d� , i.e. the region
may be in the� 5=3 region or in the dissipation region. Turbulent kinetic per unit time
energy enters at wavenumber� at a rate of" � and leaves at wavenumber� + d� a rate
of " � + d� . If � and� + d� are located in the inertial region (i.e. the� 5=3 region),
then the usual assumption is that" � ' " � + d� and that there is no viscous dissipation to
internal energy, i.e." (� ) ' 0. If there is viscous dissipation at wavenumber� (which
indeed is the case if the zoomed region is located in the dissipative region), then"(� )
is simply obtained through an energy balance per unit time, i.e.

" (� ) = " � + d� � " � (8.26)

8.3 The Exactk Equation: 2D Boundary Layers

In 2D boundary-layer �ow, for which@=@x2 � @=@x1 and �v2 � �v1, the exactk
equation reads
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@v0i
@xj

@v0i
@xj

(8.27)

Note that the dissipation includes all derivatives. This isbecause the dissipation term
is at its largest for small, isotropic scales for which all derivatives are of the same order
and hence the usual boundary-layer approximation@=@x1 � @=@x2 does not apply
for these scales.

Figure8.3presents the terms in Eq.8.27for fully developed channel �ow. The left
side is – since the �ow is fully developed – zero. In the outer region (Fig.8.3b) all terms
are negligible except the production term and the dissipation term which balance each
other. This is calledlocal equilibrium, see p.110. Closer to the wall (Fig.8.3a) the local equilib-

riumother terms do also play a role. Note that the production and the dissipation terms close
to the wall are two orders of magnitude larger than in the logarithmic region (Fig.8.3b).
At the wall the turbulent �uctuations are zero which means that the production term is
zero. Since the region near the wall is dominated by viscosity the turbulent diffusion
terms due to pressure and velocity are also small. The dissipation term and the viscous
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Figure 8.3: Channel �ow atRe� = 2000. Terms in thek equation scaled byu4
� =� . Re� =

2000. a) Zoom near the wall; b) Outer region. DNS (Direct Numerical Simulation) data [16,17].
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Figure 8.4: Channel �ow atRe� = 2000. DNS (Direct Numerical Simulation) data [16,17].

diffusion term attain their largest value at the wall and they much be equal to each other
since all other terms are zero or negligible.

The turbulence kinetic energy is produced by its main sourceterm, the production
term,P k = � v0

1v0
2@�v1=@x2. The velocity gradient is largest at the wall (see Fig.8.4a)

where the shear stress is zero (see Fig.8.4b)); the former decreases and the magnitude
of the latter increases with wall distance and their producttakes its maximum atx+

2 '
11. SinceP k is largest here so is alsok, see Fig.6.8. k is transported in thex2 direction
by viscous and turbulent diffusion and it is destroyed (i.e.dissipated) by" .

8.4 Spatial vs. spectral energy transfer

In Section5.3we discussedspectraltransfer of turbulent kinetic energy from large to
small eddies (which also applies to the transport of the Reynolds stresses). In Sec-
tion 8.2we derived the equation forspatialtransport of turbulent kinetic energy. How
are the spectral transfer and the spatial transport related? The reason that we in Sec-
tion 5.3 only talked about spectral transfer was that we assumed homogeneous tur-
bulence in which the spatial derivatives of the time-averaged turbulent quantities arehomogeneous

turbulencezero, for example@v02
1 =@xi = 0 , @k=@xi = 0 etc. (Note that the derivatives of the

instantaneousturbulent �uctuations are non-zero even in homogeneous turbulence, i.e.
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@v01=@xi 6= 0 ; the instantaneous �ow �eld in turbulent �ow is – as we mentioned at the
beginning of this section, p.77– alwaysthree-dimensional and unsteady). In homoge-
neous turbulence the spatial transport terms (i.e. the convective term, termI, and the
diffusion terms, termIII in Eq.8.14) are zero. Hence, in homogeneous turbulence there
is no time-averaged spatial transport. However, there isspectral transferof turbulent
kinetic energy which takes place in wavenumber space, from large to small eddies. The
production term (termII in Eq.8.14) corresponds to the process in which large energy-
containing eddies extract energy from the mean �ow. The dissipation term (termIV in
Eq.8.14) corresponds to transformation of the turbulent kinetic energy at the small ed-
dies to thermal energy. However, real �ows are hardly ever homogeneous. Some �ows
may have one or two homogeneous directions. Consider, for example, fully developed
channel turbulent �ow. If the channel walls are very long andwide compared to the
distance between the walls,2� , then the turbulence (and the �ow) is homogeneous in
the streamwise direction and the spanwise direction, i.e.@�v1=@x1 = 0 , @v02

i =@x1 = 0 ,
@v02

i =@x3 = 0 etc.
In non-homogeneous turbulence, the cascade process is not valid. Consider a large,

turbulent eddy at a positionxA
2 (see Fig.6.1) in fully developed channel �ow. The

instantaneous turbulent kinetic energy,k� = v0
�;i v0

�;i =2, of this eddy may either be
transferred in wavenumber space or transported in physical(spatial) space, or both. It
may �rst be transported in physical space towards the center, and there lose its kinetic
energy to smaller eddies. This should be kept in mind when thinking in terms of the
cascade process. Large eddies which extract their energy from the mean �ow may not
give their energy to the slightly smaller eddies as assumed in Figs.5.2and5.1, butk�

may �rst be transported in physical space and then transferred in spectral space (i.e. to
a smaller eddy).

In the inertial range (Region II), however, the cascade process is still a good ap-
proximation even in non-homogeneous turbulence. The reason is that the transfer of
turbulent kinetic energy,k� , from eddy-to-eddy, occurs at a much faster rate than the
spatial transport by convection and diffusion. In other words, the time scale of the cas-
cade process is much smaller than that of convection and diffusion which have no time
to transportk� in space before it is passed on to a smaller eddy by the cascadeprocess.
We say that the turbulence at these scales is inlocal equilibrium. The turbulence in local

equilibriumthe buffer layer and the logarithmic layer of a boundary layer (see Fig.6.2) is in local
equilibrium. In Townsend [23], this is (approximately) stated as:

the local rates of turbulent kinetic energy (i.e. production and dissipation)
are so large that aspects of the turbulent motion concerned with these pro-
cesses are independent of conditions elsewhere in the �ow.

This statement simply means that production is equal to dissipation, i.e.P k = " , see
Fig. 8.3.

In summary, care should be taken in non-homogeneous turbulence, regarding the
validity of the cascade process for the large scales (RegionI).

8.5 The overall effect of the transport terms

The overall effect (i.e. the net effect) of the production term is to increasek, i.e. if we
integrate the production term over the entire domain,V , we get

Z

V
P k dV > 0 (8.28)
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Similarly, the net effect of the dissipation term is a negative contribution, i.e.
Z

V
� "dV < 0 (8.29)

What about the overall effect of thetransport terms, i.e. convection and diffusion?
Integration of the convection term over the entire volume,V , gives, using Gauss diver-
gence law, Z

V

@�vj k
@xj

dV =
Z

S
�vj kn j dS (8.30)

whereS is the bounding surface ofV . This shows that the net effect of the convection
term occurs only at the boundaries. Inside the domain, the convection merely transports
k with out adding or subtracting anything to the integral ofk,

R
V kdV; the convection

acts as a source term in part of the domain, but in the remaining part of the domain it
acts as an equally large sink term. Similarly for the diffusion term, we get
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(8.31)

The only net contribution occurs at the boundaries. Hence, Eqs.8.30and8.31show
that the transport terms only – as the word implies –transportsk without giving any
net effect except at the boundaries. Mathematically these terms are calleddivergence
terms, i.e. they can both be written as the divergence of a vectorA j , divergence

terms
@Aj
@xj

(8.32)

whereA j for the convection and the diffusion term reads

A j =

8
<

:

�vj k convection term

�
�

1
2

v0
j v0

k v0
k +

1
�

p0v0
j � �

@k
@xj

�
diffusion term

(8.33)

8.6 The transport equation for �vi �vi =2

The equation forK = �vi �vi =2 is derived in the same way as that forv0
i v

0
i =2. Multiply

the time-averaged Navier-Stokes equations, Eq.6.10, by �vi so that

�vi
@�vi �vj

@xj
= �

1
�

�vi
@�p
@xi

+ � �vi
@2 �vi

@xj @xj
� �vi

@v0
i v

0
j

@xj
: (8.34)

Using the continuity equation andTrick 2 the term on the left side can be rewritten as

�vi
@�vi �vj

@xj
= �vj �vi

@�vi

@xj
= �vj

1
2 @�vi �vi

@xj
=

@�vj K
@xj

(8.35)

The viscous term in Eq.8.34is rewritten in the same way as the viscous term in Sec-
tion 8.2, see Eqs.8.12and8.13, i.e.

� �vi
@2 �vi

@xj @xj
= �

@2K
@xj @xj

� �
@�vi

@xj

@�vi

@xj
: (8.36)
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Figure 8.5: Channel �ow atRe� = 2000. Comparison of mean and �uctuating dissipation
terms, see Eqs.8.40 and8.41. Both terms are normalized byu4

� =� . DNS (Direct Numerical
Simulation) data [16,17]. : � (@�v1=@x2)2 ; : " .

Equations8.35and8.36inserted in Eq.8.34gives

@�vj K
@xj

= �
@2K

@xj @xj
�

�vi

�
@�p
@xi

� �
@�vi

@xj

@�vi

@xj
� �vi

@v0
i v

0
j

@xj
: (8.37)

The last term is rewritten usingTrick 1 as

� �vi
@v0

i v
0
j

@xj
= �

@�vi v0
i v

0
j

@xj
+ v0

i v
0
j

@�vi

@xj
: (8.38)

Note that the �rst term on the right side differs to the corresponding term in Eq.8.14
by a factor of two sinceTrick 2 cannot be used because�vi 6= v0

i . Inserted in Eq.8.37
gives (cf. Eq.8.14)

@�vj K
@xj

= v0
i v

0
j

@�vi

@xj
� P k ; sink

�
�vi

�
@�p
@xi

source

�
@

@xj

�
�vi v0

i v
0
j � �

@K
@xj

�
� �

@�vi

@xj

@�vi

@xj
" mean ; sink

(8.39)

On the left side we have the usual convective term. On the right side we �nd:

� loss of energy tok due to the production term

� work performed by the pressure gradient; in channel �ow, forexample, this term
gives a positive contribution toK (as expected) since� �v1@�p=@x1 > 0

� diffusion by velocity-stress interaction

� viscous diffusion.

� viscous dissipation,"mean . This corresponds to the dissipation term in Eq.2.23;
if you replacevi with �vi and use the continuity equation to get rid of the sec-
ond velocity gradient in�Sij you �nd that the dissipation term in Eq.2.23(see
Eq.2.26), is identical to"mean .

Note that the �rst term in Eq.8.39 is the same as the �rst term in Eq.8.14but with
opposite sign: here we clearly can see that the main source term in thek equation (the
production term) appears as a sink term in theK equation.
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In theK equation the dissipation term and the negative production term (represent-
ing loss of kinetic energy to thek �eld) read

� �
@�vi

@xj

@�vi

@xj
+ v0

i v
0
j

@�vi

@xj
; (8.40)

and in thek equation the production and the dissipation terms read

� v0
i v

0
j

@�vi

@xj
� �

@v0i
@xj

@v0i
@xj

(8.41)

The gradient of the time-averaged velocity �eld,�vi , is much smoother than the gradient
of the �uctuating velocity �eld,v0

i . Hence, the dissipation by the turbulent �uctuations,
" , in the turbulent region (logarithmic region and further out from walls), is much larger
than the dissipation by the mean �ow (left side of Eq.8.40). This is seen in Fig.8.5
(x+

2 & 15). The energy �ow from the mean �ow to internal energy is illustrated in
Fig. 8.6. The major part of the energy �ow goes fromK to k and then to dissipation.

In the viscous-dominated wall region (x+
2 . 5), the mean dissipation,� (@�v1=@x2)2,

is much larger than" , see Fig.8.5. At the wall, the mean dissipation takes the value
� = 1 =2000(normalized byu4

� =� ).
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9 Transport equations for Reynolds stresses

IN this section we will derive the transport equation for the Reynolds stress tensor.
This is an unknown quantity in the time-averaged Navier-Stokes equations, Eq.6.10,

which must be known before Eq.6.10can be solved. The most accurate way to �nd
v0

i v
0
j is, of course, to solve a transport equation for it. This is computationally expen-

sive since we then need to solve six additional transport equations (recall thatv0
i v

0
j is

symmetric, i.e.v0
1v0

2 = v0
2v0

1 etc). Often, some simpli�cations are introduced, in which
v0

i v
0
j is modeledby expressing it as the product of a turbulent viscosity and velocity

gradients. Two-equations models are commonly used in thesesimpli�ed models; no
transport equation forv0

i v
0
j is solved.

In Section8 we derived transport equations for kinetic turbulent energy, k, which
is the trace of the Reynolds stress tensorv0

i v
0
j divided by two, i.e.k = v0

i v
0
i =2. This

means thatk is equal to half the sum of the diagonal components ofv0
i v

0
j , i.e. k =

0:5(v02
1 + v02

2 + v02
3 ).

Now let us start to derive the transport equation forv0
i v

0
j . This approach is very

similar to that we used when deriving thek equation in Section8.2. Steady, incom-
pressible �ow with constant density and viscosity is assumed. Subtract Eq.6.10from
Eq.6.6and divide by density, multiply byv0

j and time average and we obtain

v0
j

@
@xk

[vi vk � �vi �vk ] =

�
1
�

v0
j

@
@xi

p0+ � v0
j

@2v0
i

@xk @xk
+

@v0
i v

0
k

@xk
v0

j

(9.1)

Equation6.10 is written with the indexi as free index, i.e.i = 1 ; 2 or 3 so that the
equation is an equation forv1, v2 or v3. Now write Eq.6.10as an equation forvj and
multiply this equation byv0

i . We get

v0
i

@
@xk

[vj vk � �vj �vk ] =

�
1
�

v0
i

@
@xj

p0+ � v0
i

@2v0
j

@xk @xk
+

@v0
j v0

k

@xk
v0

i

(9.2)

It may be noted that Eq.9.2is conveniently obtained from Eq.9.1by simply switching
indicesi andj . Adding Eqs.9.1and9.2together gives

v0
j

@
@xk

[vi vk � �vi �vk ] + v0
i

@
@xk

[vj vk � �vj �vk ] =

�
1
�

v0
i
@p0

@xj
�

1
�

v0
j

@p0

@xi

+ � v0
i

@2v0
j

@xk @xk
+ � v0

j
@2v0

i

@xk @xk

+
@v0

j v0
k

@xk
v0

i +
@v0

i v
0
k

@xk
v0

j

(9.3)

Note that each line in the equation issymmetric: if you switch indicesi andj in any
of the lines nothing changes. This is important: since the tensorv0

i v
0
j is symmetric, all
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terms in its transport equation must also be symmetric. Furthermore, you can check
that the equation is correct according to the tensor notation rules. Indicesi andj appear
once in each term (not more, not less) and indexk (the dummy index) appears exactly
twice in each term (implying summation). Note that it is permitted to use any other
index thank in some terms (but you must not usei andj ). You could, for example,
replacek with m in the �rst term and withq in the second term; however, usually we
use the same dummy index in every term.

Usingvi = �vi + v0
i , the �rst line can be rewritten as

v0
j

@
@xk

[�vi v0
k + v0

i �vk + v0
i v

0
k ] + v0

i
@

@xk

�
�vj v0

k + v0
j �vk + v0

j v0
k

�
(9.4)

Using the continuity equation the �rst terms in the two groups are rewritten as

v0
j v0

k
@�vi

@xk
+ v0

i v
0
k

@�vj

@xk
(9.5)

We merge the second terms in the two groups in Eq.9.4.

v0
j
@v0i �vk

@xk
+ v0

i

@v0j �vk

@xk
= �vk v0

j
@v0i
@xk

+ �vk v0
i

@v0j
@xk

= �vk
@v0

i v
0
j

@xk
=

@v0
i v

0
j �vk

@xk

(9.6)

The continuity equation was used twice (to get the right sideon the �rst line and to get
the �nal expression) and the product rule was used backwardsto get the second line.
Re-writing also the third terms in the two groups in Eq.9.4in the same way, the second
and the third terms in Eq.9.4can be written

@v0
i v

0
j �vk

@xk
+

@v0
i v

0
j v0

k

@xk
(9.7)

The second line in Eq.9.3 is also re-written usingTrick 1

�
1
�

@
@xj

v0
i p0 �

1
�
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@xi

v0
j p0+

1
�

p0@v0i
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+
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�

p0
@v0j
@xi

(9.8)

It will later turn out that it is convenient to express all derivatives as@=@xk . Therefore
we re-write the derivative in the two �rst terms as

@
@xj

= � jk
@

@xk
and

@
@xi

= � ik
@

@xk
(9.9)

so that

� � jk
1
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(9.10)

The third line in Eq.9.3is also re-written usingTrick 1

�
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The product rule is used backwards to merge the two �rst termsso that the third line in
Eq.9.3reads

�
@

@xk
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!
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(9.11)

The terms on the fourth line in Eq.9.3 are zero because�ab0 = �a�b0 = 0 . We can now
put everything together. Put the �rst term in Eq.9.7 on the left side and the second
term on the right side together with Eqs.9.5, 9.10and9.11so that
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@xk

" ij ;IV

(9.12)

Note that the manipulation in Eq.9.9allows the diffusion (term III) to be written on a
more compact form. After a derivation, it is always useful tocheck that the equation is
correct according to the tensor notation rules.

� Every term – or group of terms – should include the free indices i andj (only
once);

� Every term – or group of terms – should be symmetric ini andj ;

� A dummy index (in this case indexk) must appear exactly twice (=summation)
in every term

Equation9.12can also be written in a simpli�ed easy-to-read symbolic form as

Cij = Pij + D ij + � ij � " ij (9.13)

where� ij denotes the pressure-strain term

� ij =
p0

�

�
@v0i
@xj

+
@v0j
@xi

�
(9.14)

Equation9.12is the (exact) transport equation of the Reynolds stress,v0
i v

0
j . It is called

theReynolds stress equations. It is an equation for a second-order tensor which con-Reynolds
stress
equations

sists of nine equations, but since it is symmetric we only need to consider six of them.
Compare Eq.9.12with the equation for turbulent kinetic energy, Eq.8.14. An alter-
native – and maybe easier – way to derive Eq.8.14is to �rst derive Eq.9.12and then
take the trace (settingi = j ) and divide by two. In both thek and thev0

i v
0
j equations
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Figure 9.1: Channel �ow atRe� = 2000. Terms in thev02
1 equation scaled byu4

� =� . a) Zoom
near the wall; b) Outer region. DNS (Direct Numerical Simulation) data [16,17]. : P11 ;

: � " 11 ; : � 11 ; + : � @(v0
2v02

1 )=@x2 ; � : �@2v02
1 =@x22 .

there is a convection term (I), a production term (II), a diffusion term (III) and a dis-
sipation term (IV). In thev0

i v
0
j equation there is a �fth term (V), see Eq.9.14, which

is called the pressure strain term. The physical meaning of this term is to redistribute pressure
strainenergy between the normal stress components (if we transform Eq.9.12to the princi-

pal coordinates ofv0
i v

0
j there are no shear stresses, only normal stresses). The average

of the normal stresses isv02
av = v0

i v
0
i =3. For a normal stress that is larger thanv02

av , the
pressure-strain term is negative and vice-versa. It is often called theRobin Hoodterm Robin Hood
because it – as Robin Hood – “takes from the rich and gives to the poor”. Note that the
trace of the pressure-strain term is zero, i.e.

� ii =
1
�

p0

�
@v0i
@xi

+
@v0i
@xi

�
= 0 (9.15)

because of the continuity equation and this is the reason whythis term does not appear
in thek equation.

For 2D boundary layer �ow, Eq.9.12reads
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(9.16)

Now let us look at this equation for fully developed channel �ow for which

�v2 = �v3 = 0

@(�)
@x1

=
@(�)
@x3

= 0
(9.17)

Note that on the second line the streamwise (x1) and the spanwise (x3) derivatives
operate ontime-averagedquantities; those that operate on instantaneous quantities,
such as in" ij and� ij , are not zero.
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Figure 9.2: One-dimensional unsteady heat conduction. In the middle there is a heat source,Q.

9.1 Source terms

In order to analyze the Reynolds stress equation, Eq.9.16, we will now look at the
source terms. A positive source term in a transport equation, for example� , increases
the value of� . A simple example is the one-dimensional unsteady heat conduction
equation (Eq.2.18with vi � 0)

@T
@t

= �
@2T
@x21

+ Q (9.18)

whereQ is a heat source, see Fig.9.2. If Q is positive,T will increase and vice-versa.
Now we will look at an important source term in thev0

i v
0
j equation, namely the

production term. The production term in Eq.9.16reads

Pij = � v0
j v0

2
@�vi

@x2
� v0

i v
0
2

@�vj

@x2
(9.19)

In fully-developed channel �ow, we get for thev02
1 (i = j = 1 ), v02

2 (i = j = 2 ), v02
3

(i = j = 3 ) andv0
1v0

2 (i = 1 ; j = 2 ) equations

P11 = � 2v0
1v0

2
@�v1

@x2
(9.20a)

P22 = � 2v0
2v0

2
@�v2

@x2
= 0 (9.20b)

P33 = � 2v0
3v0

2
@�v3

@x2
= 0 (9.20c)

P12 = � v0
2v0

2
@�v1

@x2
� v0

1v0
2

@�v2

@x2
= � v02

2
@�v1

@x2
(9.20d)

using Eq.9.17.
Figure9.1 presents the terms in thev02

1 equation (Eq.9.16with i = j = 1 ). As
we saw for thek equation, the production term,P11, reaches its maximum atx2 ' 11
where alsov02

1 takes its maximum (Fig.6.8). The pressure-strain term,� 11, and the
dissipation term act as sink terms. In the outer region (Fig.9.1b) the production term
balances the pressure-strain term and the dissipation term.

The terms in the wall-normal stress equation,v02
2 , are shown in Fig.9.4. Here we

�nd – as expected – that the pressure-strain term,� 22, acts as the main source term.
As mentioned previously,� 22 – the “Robin Hood” term – takes from the “rich”v02

1

equation and gives to the “poor”v02
2 equation energy becausev02

1 is large andv02
2 is

small.
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Figure9.5presents the terms in thev02
3 equation. As for thev02

2 equation, the main
source term is the pressure-strain term, but it may be noted that here it is positive
near the wall; for thev02

2 equation it goes negative near the wall since the pressure-
strain term dampensv02

2 near the wall. Another difference is that the pressure diffusion
term,2@v0

3p0=@x2, is zero (as it is in thev02
1 equation), whereas it near the wall gives

an important contribution in thev02
2 equation (it balances the negative pressure-strain

term).
Figure9.6 presents the terms in thev0

1v0
2 equation. The production term – which

should be a source term – is here negative. Indeed it should be. Recall thatv0
1v0

2 is
here negative and hence its source must be negative; or, rather, the other way around:
v0

1v0
2 is negative because its production term,P12 = � v02

2 @�v1=@x2, is negative since
@�v1=@x2 > 0. Note that in the upper half of the channel@�v1=@x2 < 0 and henceP12

andv0
1v0

2 are positive. Furthermore, note that the dissipation,"12, is zero. This is be-
cause dissipation takes place at the smallest scales and they are isotropic. That implies
there is no correlation between two �uctuating velocity components, e.g.v0

1v0
2 = 0 (in

general, fori 6= j , the stressesv0
i v

0
j in isotropic turbulence are zero). Hence, also their

gradients are zero so that

"12 = 2 �
@v01
@xk

@v02
@xk

= 0 (9.21)

However, very close to the wall,x+
2 � 10, "12 6= 0 because here the wall affects

the dissipative scales making them non-isotropic;"12 is positive sincev0
1v0

2 < 0, see
Fig. 9.6. When looking at the energy spectrum, neither the production term nor the
dissipation of the mean kinetic energy enters the spectrum,see Fig.9.3

The main sink term in thev0
1v0

2 equation is the pressure-strain term,� 12, see Fig.9.6.
But sincev0

1v0
2 < 0 in the lower half of the channel, it means that it is positive.In order

to understand the sign of� 12, we can look at the pressure-strain term in the principal
coordinate directions and transform it to thex1 � x2 coordinate system, see Eq.11.52.

If you want to learn more how to derive transport equations ofturbulent quantities,
see [24] which can be downloadedhere
https://www.tfd.chalmers.se/˜lada/allpaper.html

9.2 Reynolds shear stress vs. the velocity gradient

In boundary-layer type of �ow, the Reynolds shear stress andthe velocity gradient
@�v1=@x2 have nearly always opposite signs. For channel �ow, for example, Eq.9.20
shows thatP12 is negative (and hence alsov0

1v0
2) in the lower half because@�v1=@x2 > 0

and it is positive in the upper half because@�v1=@x2 < 0. It can be summarized as:

� P12 = � v02
2

@�v1

@x2
is the source term inv0

1v0
2 equation and it is large

) P12 andv0
1v0

2 have the same sign. Compare Fig.9.2(temperature inoC and
T = 0 at the boundaries): a negative source,Q, gives negative temperature
and vice versa;

) v0
1v0

2 and
@�v1

@x2
have opposite sign;

) The production term in thek equation,P k = � v0
1v0

2
@�v1

@x2
> 0;

� P k is alwayspositive in fully-developed channel �ow;

https://www.tfd.chalmers.se/~lada/allpaper.html
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Figure 9.3: Energy spectrum. Transfer of kinetic energy. The cascade process assumes that the
term in red are negligible (see also Fig.8.2). The term in blue show the viscous dissipation of
the mean �ow.
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Figure 9.4: Channel �ow atRe� = 2000. Terms in thev02
2 equation scaled byu4
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Figure 9.7: Sign of the Reynolds shear stress� � v0
1v0

2 in a boundary layer.
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� In general �ows,P k is almost alwayspositive.

The fact thatv0
1v0

2 and @�v1=@x2 almost always have different signs can also be
shown by physical argumentation. Consider the �ow in a boundary layer, see Fig.9.7.
A �uid particle is moving downwards (particle drawn with solid line) from x2;B to
x2;A with (the turbulent �uctuating) velocityv0

2. At its new location thev1 velocity is
in average smaller than at its old, i.e.�v1(x2;A ) < �v1(x2;B ). This means that when the
particle atx2;B (which has streamwise velocityv1(x2;B )) comes down tox2;A (where
the streamwise velocity isv1(x2;A )) it has an excess of streamwise velocity compared
to its new environment atx2:A . Thus the streamwise �uctuation is positive, i.e.v0

1 > 0
and the correlation betweenv0

1 andv0
2 is in average negative (v0

1v0
2 < 0).

If we look at the other particle (dashed line in Fig.9.7) we reach the same con-
clusion. The particle is moving upwards (v0

2 > 0), and it is bringing a de�cit inv1

so thatv0
1 < 0. Thus, again,v0

1v0
2 < 0. If we study this �ow for a long time and

average over time we getv0
1v0

2 < 0. If we change the sign of the velocity gradient so
that@�v1=@x2 < 0 we will �nd that the sign ofv0

1v0
2 also changes.

In cases where the shear stress and the velocity gradient have the same sign (for
example, in a wall jet) the reason is that the other terms (usually the transport terms)
are more important than the production term.
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jxA
1 � xC

1 j

B11

Figure 10.1: Two-point correlation.

10 Correlations

10.1 Two-point correlations

TWO-point correlations are useful when describing some characteristics of the tur-
bulence. By “correlation”, we meanthe tendency for two values or variables to

change together, in either the same or opposite way. Pick two points along thex1 axis,
sayxA

1 andxC
1 , and sample the �uctuating velocity in, for example, thex1 direction.

We can then form the correlation ofv0
1 at these two points as

B11(xA
1 ; xC

1 ) = v0
1(xA

1 )v0
1(xC

1 ) (10.1)

Often, it is expressed as

B11(xA
1 ; x̂1) = v0

1(xA
1 )v0

1(xA
1 + x̂1) (10.2)

wherex̂1 = xC
1 � xA

1 is the separation distance between pointA andC.
It is obvious that if we move pointA andC closer to each other,B11 increases;

when the two points are moved so close that they merge, thenB11 = v02(xA
1 ), see

Fig. 10.1. If, on the other hand, we move pointC further and further away from point
A, thenB11 will go to zero. It is convenient to normalizeB11 so that it varies between
� 1 and+1 . The normalized two-point correlation reads

B norm
11 (xA

1 ; x̂1) =
1

v1;rms (xA
1 )v1;rms (xA

1 + x̂1)
v0

1(xA
1 )v0

1(xA
1 + x̂1) (10.3)

where subscriptrms denotes root-mean-square, which forv0
1, for example, is de�ned

as

v1;rms =
�

v02
1

� 1=2
(10.4)

RMS is the same asstandard deviation(Python commandnp.std and Matlab/Octave
commandstd ) which is the square-root of thevariance(Python commandnp.var
and Matlab/Octave commandvar ).

Consider a �ow where the largest eddies have a length scale ofL 0, see Fig.10.2.
We expect that the two-point correlation,B11, approaches zero for separation distance,
jxA

1 � xC
1 j > L 0 because for separation distances larger thanL 0 there is no correlation
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Figure 10.2: Schematic relation between the two-point correlation and largest eddies. The circle
with a thick line shows the largest lengthscales,L 0 .



10.2. Auto-correlation 125

betweenv0
1(xA

1 ) andv0
1(xC

1 ). Hence, �ows with large eddies will have a two-point
correlation function which decreases slowly with separation distance. For �ows with
small eddies, the two-point correlation,B11, decreases rapidly witĥx1.

If the �ow is homogeneous (see p.109) in thex1 direction, the two-point correlation
does not depend on the location ofxA

1 , but it is only dependent on the separation of the
two points,x̂1, i.e.

B norm
11 (x̂1) =

1
v2

1;rms
v0

1(x1)v0
1(x1 + x̂1) (10.5)

From the two-point correlation,B11, an integral length scale,L int , can be com- integral
length scaleputed which is de�ned as the integral ofB11 over the separation distance, i.e.

L int (x1) =
Z 1

0

B11(x1; x̂1)
vA

1;rms vC
1;rms

dx̂1 (10.6)

The integral length scale represents the length scale of thelarge energy-containing
eddies. If the �ow is homogeneous in thex1 direction thenL int does not depend on
x1, and the integral length scale is then computed as

L int =
Z 1

0
B norm

11 (x̂1)dx̂1 (10.7)

10.2 Auto-correlation

Auto-correlation is a “two-point correlation” in time, i.e. the correlation of a turbulent
�uctuation with a separation in time. If we again choose thev0

1 �uctuation, the auto
correlation reads

B11(tA ; t̂ ) = v0
1(tA )v0

1(tA + t̂ ) (10.8)

wheret̂ = tC � tA , is the time separation distance between timeA andC. If the mean
�ow is steady, the “time direction” is homogeneous andB11 is independent ontA ; in
this case the auto-correlation depends only on time separation, t̂ , i.e.

B11(t̂ ) = v0
1(t)v0

1(t + t̂ ) (10.9)

where the right side is time-averaged overt.
The normalized auto-correlation reads

B norm
11 (t̂ ) =

1
v2

1;rms
v0

1(t)v0
1(t + t̂ ) (10.10)

In analogy to the integral length scale,L int , theintegral time scale, Tint , is de�ned integral
time scaleas (assuming steady �ow)

Tint =
Z 1

0
B norm

11 (t̂)dt̂ (10.11)

The integral time scale represents the time scale of the large energy-containing eddies.
It is used an Assignment (see SectionR.3) for �nding time samples that areindependent
(i.e. the time between the samples is at least one integral timescale).
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Figure 10.3: Two-point correlation and frozen turbulence.

10.3 Taylor's hypothesis of frozen turbulence

The auto-correlation,B norm
11 (t̂), is much easier to measure than the two-point cor-

relation, B norm
11 (x̂1). Let us try to obtain the two-point correlation from the auto-

correlation.
Consider the velocity �uctuation at pointA (i.e. v0A

1 (t)) andB (i.e. v0B
1 (t)), see

Fig. 10.3. Assume that the turbulent �uctuation at pointA is transported by the mean
velocity, �v1, in a frozen state to pointB . This is called Taylor's hypothesis of frozen
turbulence. This assumption is better the smaller the turbulence intensity,v1;rms =�v1. It
takesx̂1=�v1 seconds for the �uid particle at point A to reach point B. Based on Taylor's
hypothesis we can estimatev0

1 at pointA by measuringv0
1 at pointB x̂1=�v1 seconds

later. This gives

B norm
11 (x̂1) =

1
v2

1;rms
v0A

1 (t)v0B
1 (t) '

1
v2

1;rms
v0B

1 (t + x̂1=�v1)v0B
1 (t)

Based on Taylor's hypohesis, the integral length scale can in Fig. 10.3be estimated
from the integral time scale as

L int = �v1Tint (10.12)
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11 Reynolds stress models and two-equation models

11.1 Mean �ow equations

11.1.1 Flow equations

For incompressible turbulent �ow, all variables are divided into a mean part (time av-
eraged) and �uctuating part. For the velocity vector this means thatvi is divided into
a mean part�vi and a �uctuating partv0

i so thatvi = �vi + v0
i . Time average and we get

(see Eq.6.9at. p.88):

@�vi

@xi
= 0 (11.1)

@�0 �vi

@t
+

@
@xj

(� 0 �vi �vj ) = �
@�p
@xi

+ �
@2 �vi

@xj @xj
�

@�ij
@xj

� �� 0( �� � � 0)gi (11.2)

(note that� denotes temperature) where� 0 is a constant reference density, the volume
force f i = � � ( �� � � 0)gi and the turbulent stress tensor (also calledReynolds stress Reynolds

stress
tensor

tensor) is written as:
� ij = � 0v0

i v
0
j (11.3)

The pressure,�p, denotes the hydrodynamic pressure, see Eq.3.22, which means that
when the �ow is still (i.e. �vi � 0), then the pressure is zero (i.e.�p � 0). We have
assumed that the temperature variations are small (typically smaller than10 oC) so
that the density variations can be neglected (using� 0) in all terms except the gravity
term. This is called theBoussinesq approximation. Boussinesq

approximationThe body forcef i – which was omitted for convenience in Eq.6.9– has here been
re-introduced. The body force in Eq.11.2is due to buoyancy, i.e. density differences.
The basic form of the buoyancy force isf i = gi wheregi denotes gravitational acceler-
ation. Since the pressure,�p, is de�ned as the hydrodynamic pressure we have re-written
the buoyancy source as

� 0f i ! (� � � 0)gi (11.4)

so that�p � 0 when �vi � 0 (note that the true pressure decreases upwards as�g � h
where� h denotes change in height). To understand than�vi = 0 is solution when
�p = 0 , set@�p=@xi = 0 in Eq. 11.2. We see that�vi = 0 is a solution.@�p=@xi = 0
means that the�p = const in the entire domain. Then we set�p = 0 in one point which
so that�p = 0 in the entire domain. Now we let density in Eq.11.4depend on pressure
and temperature, and differentiation gives

d� =
�

@�
@�

�

p
d� +

�
@�
@p

�

�
dp (11.5)

Our �ow is incompressible, which means that the density doesnot depend on pressure,
i.e. @�=@p= 0 ; it may, however, depend on temperature and mixture composition.
Hence the last term in Eq.11.5is zero and we introduce the volumetric thermal expan-
sion,� , so that

� = �
1
� 0

�
@�
@�

�

p
)

d� = � � 0�d� ) � � � 0 = � �� 0(� � � 0)

(11.6)
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where� is a physical property which is tabulated in physical handbooks. For a perfect
gas it is simply� = � � 1 (with � in degrees Kelvin). Now we can re-write the buoyancy
term as

(� � � 0)gi = � � 0� ( �� � � 0)gi (11.7)

which is the last term in Eq.11.2. Consider the case wherex3 is vertically upwards.
Thengi = (0 ; 0; � g) and a large temperature in Eq.11.7results in a force vertically
upwards, which agrees well with our intuition.

11.1.2 Temperature equation

The instantaneous temperature,� , is also decomposed into a mean and a �uctuating
component as� = �� + � 0. The transport equation for� reads (see Eq.2.18 where
temperature was denoted byT)

@�
@t

+
@vi �
@xi

= �
@2�

@xi @xi
(11.8)

where� = k=(�c p), see Eq.2.18on p.33. Introducing� = �� + � 0 we get

@��
@t

+
@�vi

��
@xi

= �
@2 ��

@xi @xi
�

@v0
i � 0

@xi
(11.9)

The last term on the right side is an additional term whose physical meaning is turbulent
heat �ux vector. This is similar to the Reynolds stress tensor on the right side of the
time-averaged momentum equation, Eq.11.2. The total heat �ux vector – viscous plus
turbulent – in Eq.11.9reads (cf. Eq.2.14)

�
qi;tot

�c p
= �

qi

�c p
�

qi;turb

�c p
= �

@��
@xi

� v0
i �

0 (11.10)

11.2 The exactv0
i v

0
j equation

Now we want to solve the time-averaged continuity equation (Eq. 11.1) and the three
momentum equations (Eq.11.2). Unfortunately there are ten unknowns; the four usual
ones (�vi , �p) plus six turbulent stresses,v0

i v
0
j . We mustclosethis equation system; it is

called theclosure problem. We must �nd some new equations for the turbulent stresses.closure
problemWe need a turbulence model.

The most comprehensive turbulence model is to derive exact transport equations
for the turbulent stresses. An exact equation for the Reynolds stresses can be derived
from the Navies-Stokes equation. It is emphasized that thisequation is exact; or, rather,
as exact as the Navier-Stokes equations. The derivation follows the steps below.

� Set up the momentum equation for the instantaneous velocityvi = �vi + v0
i !

Eq. (A)

� Time average! equation for�vi , Eq. (B)

� Subtract Eq. (B) from Eq. (A)! equation forv0
i , Eq. (C)

� Do the same procedure forvj ! equation forv0
j , Eq. (D)

� Multiply Eq. (C) withv0
j and Eq. (D) withv0

i , time average and add them together
! equation forv0

i v
0
j
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In Section9 at p.114these steps are given in some detail. More details can also be
found in [24] (set the SGS tensor to zero, i.e.� a

ij = 0 ).
The �nal v0

i v
0
j -equation (Reynolds Stress equation) reads (see Eq.9.12)

@v0
i v

0
j

@t
+ �vk

@v0
i v

0
j

@xk
Cij

= � v0
i v

0
k

@�vj

@xk
� v0

j v0
k

@�vi

@xk
Pij

+
p0

�

�
@v0i
@xj

+
@v0j
@xi

�

� ij

�
@

@xk

"

v0
i v

0
j v0

k +
p0v0

j

�
� ik +

p0v0
i

�
� jk

#

D ij;t

+ �
@2v0

i v
0
j

@xk @xk
D ij;�

� gi � v0
j � 0 � gj � v0

i � 0

G ij

� 2�
@v0i
@xk

@v0j
@xk

" ij

(11.11)

whereD ij;t andD ij;� denote turbulent and viscous diffusion, respectively. Thetotal
diffusion readsD ij = D ij;t + D ij;� . This is analogous to the momentum equation
where we have gradients of viscous and turbulent stresses which correspond to viscous
and turbulent diffusion. Equation11.11can symbolically be written

Cij = Pij + � ij + D ij + Gij � " ij

where

Cij Convection

Pij Production

� ij Pressure-strain

D ij Diffusion

Gij Buoyancy production

" ij Dissipation

Which terms in Eq.11.11are known and which are unknown? First, let's think
about which physical quantities we solve for.

�vi is obtained from the momentum equation, Eq.11.2

v0
i v

0
j is obtained from the modeledv0

i v
0
j equation, Eq.11.101

Hence the following terms in Eq.11.11are known (i.e. they do not need to be modeled)

� The left side

� The production term,Pij

� The viscous part of the diffusion term,D ij , i.e. D �
ij

� The buoyancy term,Gij (provided that a transport equation is solved forv0
i �

0,
Eq.11.22; if not, v0

i � 0 is obtained from the Boussinesq assumption, Eq.11.35)
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11.3 The exactv0
i � 0 equation

If temperature variations occur we must solve for the mean temperature �eld, see
Eq.11.9. Then we need the unknown turbulent heat �uxes,v0

i � 0. To derive its transport
equation, start with the equation for the �uctuating temperature. Subtract Eq.11.9from
Eq.11.8

@�0

@t
+

@
@xk

(v0
k

�� + �vk � 0+ v0
k � 0) = �

@2� 0

@xk @xk
�

@v0
k � 0

@xk
(11.12)

To get the equation for the �uctuating velocity,v0
i , subtract the equation for the mean

velocity �vi (Eq.11.2) from the equation for the instantaneous velocity,vi (Eq.6.6) so
that

@v0i
@t

+
@

@xk
(v0

k �vi + �vk v0
i + v0

k v0
i ) = �

1
�

@p0

@xi
+ �

@2v0
i

@xk @xk
+

@v0
i v

0
k

@xk
� gi �� 0 (11.13)

Multiply Eq. 11.12with v0
i and multiply Eq.11.13with � 0, add them together and

time average

@v0
i � 0

@t
+ v0

i
@

@xk
(v0

k
�� + �vk � 0+ v0

k � 0) + � 0 @
@xk

(�vi v0
k + �vk v0

i + v0
i v

0
k )

= �
� 0

�
@p0

@xi
+ � v0

i
@2� 0

@xk @xk
+ � � 0 @2v0

i

@xk @xk
� gi � � 0� 0

(11.14)

The Reynolds stress term in Eq.11.13multiplied by� 0 and time averaged is zero, i.e.

@v0
i v

0
j

@xk
� 0 =

@v0
i v

0
j

@xk
� 0 = 0

If you have forgotten the rules for time-averaging, see Section 8.1.
The �rst term in the two parentheses on line 1 in Eq.11.14are combined into two

production terms (using the continuity equation,@v0k =@xk = 0 )

v0
i v

0
k

@��
@xk

+ v0
k � 0 @�v

@xk
(11.15)

The second term in the two parenthesis on the �rst line of Eq.11.14are re-written using
the continuity equation

v0
i
@�vk � 0

@xk
+ � 0@�vk v0

i

@xk
= �vk

 

v0
i

@�0

@xk
+ � 0 @v0i

@xk

!

(11.16)

Now the two terms can be merged (product rule backwards, Trick 1)

�vk

 

v0
i

@�0

@xk
+ � 0 @v0i

@xk

!

= �vk
@v0

i � 0

@xk
=

@�vk v0
i � 0

@xk
(11.17)

where we used the continuity equation to obtain the right side. The last two terms
on the �rst line in Eq.11.14are re-cast into turbulent diffusion terms using the same
procedure as in Eqs.11.16and11.17

v0
i

@
@xk

(v0
k � 0) + � 0 @

@xk
(v0

i v
0
k ) =

@v0
i v

0
k � 0

@xk
(11.18)
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The viscous diffusion terms on the right side are re-writtenusing the product rule back-
wards (Trick 1, see p.101)

� v0
i

@2� 0

@xk @xk
= � v0

i
@

@xk

�
@�0

@xk

�
= �

@
@xk

�
v0

i
@�0

@xk

�
� �

@�0

@xk

@v0k
@xk

� � 0 @2v0
i

@xk @xk
= � � 0 @

@xk

�
@v0i
@xk

�
= �

@
@xk

 

� 0 @v0i
@xk

!

� �
@�0

@xk

@v0k
@xk

(11.19)

Inserting Eqs.11.15, 11.17, 11.18and 11.19 into Eq. 11.14gives the transport
equation for the heat �ux vectorv0

i � 0

@v0
i � 0

@t
+

@
@xk

�vk v0
i � 0 = � v0

i v
0
k

@��
@xk

� v0
k � 0 @�vi
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�
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� i�
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k v0
i � 0
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@xk

�
v0

i
@�0

@xk

�
+ �

@
@xk

�
� 0 @v0i

@xk

�
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� (� + � )
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" i�

� gi � � 02

G i�

(11.20)

wherePi� , � i� andD i�;t denote the production, scramble and turbulent diffusion term,
respectively. The production term includes one term with the mean velocity gradient
and one with the mean temperature gradient. On the last line,D i�;� , " i� andGi� denote
viscous diffusion, dissipation and buoyancy term, respectively. The unknown terms –
� i� , D i� , " i� , Gi� – have to be modeled as usual; this is out of the scope of the present
course but the interested reader is referred to [25].

It can be noted that there is no usual viscous diffusion term in Eq. 11.20. The
reason is that the viscous diffusion coef�cients are different in thevi equation and
the � equation (� in the former case and� in the latter). However, if� ' � (which
corresponds to a Prandtl number of unity, i.e.P r = �=� ' 1, see Eq.2.19), the
diffusion term in Eq.11.20assumes the familiar form

�
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(11.21)

whereD i�;� cancels the corresponding term in Eq.11.20if � = � . Often the viscous
diffusion is simpli�ed in this way. Hence, if� ' � the transport equation forv0

i � 0 can
be simpli�ed as

@v0
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The same question arises as for thev0
i v

0
j equation: which terms need to be modeled

in Eq.11.22? The following quantities are known:

�vi is obtained from the momentum equation, Eq.11.2

�� is obtained from the temperature equation, Eq.11.9

v0
i v

0
j is obtained from the modeledv0

i v
0
j equation, Eq.11.101

v0
i � 0 is obtained from the modeledv0

i � 0 equation

Hence the following terms in Eq.11.22are known (i.e. they do not need to be modeled)

� The left side

� The production term,Pi�

� The viscous diffusion term,D i�;�

� The buoyancy term,Gi� (provided that a transport equation is solved for� 02; if
not, � 02 is usually modeled via a relation tok)

11.4 Thek equation

The turbulent kinetic energy is the sum of all normal Reynolds stresses, i.e.

k =
1
2

�
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1 + v02
2 + v02

3

�
�

1
2

v0
i v

0
i

By taking the trace (setting indicesi = j ) of the equation forv0
i v

0
j and dividing by two

we get the equation for the turbulent kinetic energy:
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(11.23)

where – as in thev0
i v

0
j equation –D k

t andD k
� denotes turbulent and viscous diffusion,

respectively. The total diffusion readsD k = D k
t + D k

� . Equation11.23can symboli-
cally be written:

Ck = P k + D k + Gk � " (11.24)

The known quantities in Eq.11.23are:

�vi is obtained from the momentum equation, Eq.11.2

k is obtained from the modeledk equation, Eq.11.97

Hence the following terms in Eq.11.23are known (i.e. they do not need to be modeled)

� The left side

� The viscous diffusion term,D k
i;�

� The buoyancy term,Gij (provided that a transport equation is solved forv0
i � 0,

Eq.11.22; if not, v0
i � 0 is obtained from the Boussinesq assumption, Eq.11.35)
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11.5 The" equation

Two quantities are usually used in eddy-viscosity model to express the turbulent vis-
cosity. In thek � " model,k and" are used. The turbulent viscosity is estimated –
using dimensional analysis – as the product of a turbulent velocity, U, and length scale,
L ,

� t / UL (11.25)

The velocity scale is taken ask1=2 and the length scale ask3=2=" which gives

� t = C�
k2

"

whereC� = 0 :09. An exact equation for the transport equation for the dissipation

" = �
@v0i
@xj

@v0i
@xj

can be derived (see, e.g., [26]), but it is very complicated and in the end many terms
are found negligible. It is much easier to look at thek equation, Eq.11.24, and to setup
a similar equation for" . The transport equation should include a convective term,C" ,
a diffusion term,D " , a production term,P " , a production term due to buoyancy,G" ,
and a destruction term,	 " , i.e.

C" = P " + D " + G" � 	 " (11.26)

The production and destruction terms,P k and" , in the k equation are used to for-
mulate the corresponding terms in the" equation. The terms in thek equation have
the dimension[m2=s3] (look at the unsteady term,@k=@t) whereas the terms in the"
equation have the dimension[m2=s4] (cf. @"=@t). Hence, we must multiplyP k and"
by a quantity which has the dimension[1=s]. One quantity with this dimension is the
mean velocity gradient which might be relevant for the production term, but not for the
destruction. A better choice should be"=k = [1 =s]. Hence, we get

P " + G" � 	 " =
"
k

�
c" 1P k + c" 1Gk � c" 2"

�
(11.27)

where we have added new unknown coef�cients in front of each term. The turbulent
diffusion term is expressed in the same way as that in thek equation (see Eq.11.40)
but with its own turbulent Prandtl number,� " (see Eq.11.37), i.e.

D " =
@

@xj

��
� +

� t

� "

�
@"
@xj

�
(11.28)

The �nal form of the" transport equation reads

@"
@t

+ �vj
@"
@xj

=
"
k

(c" 1P k + c" 1Gk � c" 2" ) +
@

@xj

��
� +

� t

� "

�
@"
@xj

�
(11.29)

Note that this is amodeledequation since we have modeled the production, destruction
and turbulent diffusion terms.

For details on how to derive the constants, see [27].
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11.6 The Boussinesq assumption

In the Boussinesq assumption an eddy (i.e. aturbulent) viscosity is introduced to model
the unknown Reynolds stresses in Eq.11.2. Consider the diffusion terms in the incom-
pressible momentum equation in the case of non-constant viscosity (see Eq.2.6)

@
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�
@�vi

@xj
+
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�
� v0

i v
0
j

�
(11.30)

Now we want to replace the Reynolds stress tensor,v0
i v

0
j , by a turbulent viscosity,� t ,

so that the diffusion terms can be written
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(11.31)

Note that� t is not constant. Identi�cation of Eqs.11.30and11.31gives

� v0
i v

0
j = � t

�
@�vi

@xj
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@�vj

@xi

�
(11.32)

This is identical to the assumption for the Newtonian, viscous stress for incompressible
�ow, see Eq.2.4. Equation11.32is not valid upon contraction3 (the right side will be
zero due to continuity, but not the left side). Hence we add the trace of the left side to
the right side so that

v0
i v

0
j = � � t

�
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@xj
+

@�vj

@xi

�
+

1
3

� ij v0
k v0

k = � 2� t �sij +
2
3

� ij k (11.33)

Now the equation is valid also when it is contracted (i.e taking the trace); after contrac-
tion both left and right side are equal (as they must be) tov0

i v
0
i = 2 k. When Eq.11.33

is included in Eq.11.2we replace six turbulent stresses with one new unknown (the
turbulent viscosity,� t ). This is of course a drastic simpli�cation. With the Boussinesq
assumption the momentum equation reads (see Eq.11.2and11.33)
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��
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(11.34)

where the turbulent kinetic energy (last term in Eq.11.33) has been incorporated in the
pressure, i.e.�pB = �p+2 k=3. There is a fundamental difference between� and� t : � is
different for each �uid (water, air, methane, . . . ) and depends mainly on temperature;
� t depends on the �ow, i.e. it is function of the location (� t = � t (x i )).

If the mean temperature equation, Eq.11.9, is solved for, we need an equation for
the heat �ux vector,v0

i �
0. One option is to solve its transport equation, Eq.11.22.

However, it is more common to used an eddy-viscosity model for the heat �ux vector.
The Boussinesq assumption reads

v0
i � 0 = � � t

@��
@xi

(11.35)

3contraction means thati is set toj
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where� t denotes the turbulent thermal diffusivity. Note that this is the same assump-
tion as Fourier's law for a Newtonian �ux, see Eq.2.14. The turbulent thermal diffu-
sivity, � t , is usually obtained from the turbulent viscosity as

� t =
� t

� �
(11.36)

where� � is the turbulent Prandtl number; it is an empirical constantwhich is usually
set to0:7 � � � � 0:9. The physical meaning of the turbulent Prandtl number,� � ,
is analogous to the physical meaning of the usual Prandtl number, see Eq.2.19; it
de�nes how ef�cient the turbulence transports (by diffusion) momentum compared to
how ef�cient it transports thermal energy, i.e.

� � =
� t

� t
(11.37)

It is important to recognize that the viscosity (� ), the Prandtl number (P r), the
thermal diffusivity (� ) arephysicalparameters which depend on the �uid (e.g. water
or air) and its conditions (e.g. temperature). However, theturbulent viscosity (� t ), the
turbulent thermal diffusivity (� t ) and the turbulent Prandtl number (� � ) depend on the
�ow (e.g. mean �ow gradients and turbulence).

11.7 Modeling assumptions

Now we will compare the modeling assumptions for the unknownterms in thev0
i v

0
j ,

v0
i � 0, k and" equations and formulate modeling assumptions for the remaining terms in

the Reynolds stress equation. This will give us the Reynolds Stress Model [RSM] (also
called the Reynolds Stress Transport Model [RSTM]) where a (modeled) transport
equation is solved for each stress. Later on, we will introduce a simpli�ed algebraic
model, which is called the Algebraic Stress Model [ASM] (this model is also called
Algebraic Reynolds Stress Model, ARSM)

Summary of physical meaning:

Pij , Pi� andP k are production terms ofv0
i v

0
j , v0

i � 0 andk

Gij , Gi� andGk are production terms ofv0
i v

0
j , v0

i � 0 andk due to buoyancy

D ij;t , D i�;t , D k
t are the turbulent diffusion terms ofv0

i v
0
j , v0

i �
0 andk

� i� is the pressure-scramble terms ofv0
i � 0

� ij is the pressure-strain correlation term, which promotes isotropy of the tur-
bulence

" ij , " i� and" are dissipation ofv0
i v

0
j , v0

i � 0 andk, respectively. The dissipation
takes place at the small-scale turbulence.

11.7.1 Production terms

In RSM and ASM the production terms are computed exactly
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(11.38)



11.7. Modeling assumptions 136

k is usually not solved for in RSM but a length-scale equation (i.e. " or ! ) is always
part of an RSM and that equation includesP k .

In the k � " model, the Reynolds stresses in the production term are computed
using the Boussinesq assumption, which gives
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(11.39)

where on the third line we used the fact that�sij 
 ij = 0 because the product between a
symmetric tensor (�sij ) and an asymmetric tensor (
 ij ) is zero. The incompressibility
condition,@�vi =@xi = 0 , was used to obtain the third line.

11.7.2 Diffusion terms

The diffusion terms in thek and"-equations in thek � " model are modeled using the
standard gradient hypothesis which reads

D k =
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� (11.40)

The gradient hypothesis simply assumes that turbulent diffusion acts as to even out
all inhomogeneities. In other words, it assumes that the turbulent diffusion term,D k

t ,
transportsk from regions wherek is large to regions wherek is small. The turbulent
diffusion �ux of k is expressed as

dk
j;t =

1
2

v0
j v0

i v
0
i = �

� t

� k

@k
@xj

(11.41)

Note that this is the same assumption as Fourier's law for a Newtonian �ux, see
Eq. 2.14. Only the triple correlations are included since the pressure diffusion usu-
ally is negligible (see Fig.8.3at p.109). Taking the divergence of Eq.11.41(including
the minus sign in Eq.11.23) gives the turbulent diffusion term in Eq.11.40.

Solving the equations for the Reynolds stresses,v0
i v

0
j , opens possibilities for a more

advanced model of the turbulent diffusion terms. Equation11.41assumes that if the
gradient is zero inx j direction, then there is no diffusion �ux in that direction.A more
general gradient hypothesis can be formulated without thislimitation, e.g.

dk
j;t;G / v0

j v0
k

@k
@xk

(11.42)

which is called the general gradient diffusion hypothesis (GGDH). It was derived in
[28] from the transport equation of the triple correlationv0

j v0
i v

0
i . In GGDH the turbulent
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�ux dk
1;t;G , for example, is computed as
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(11.43)

Hence, even if@k=@x1 = 0 the diffusion �ux dk
1;t;G may be non-zero. A quantity of

dimension[s] must be added to get the correct dimension, and as in Eq.11.27we take
k=" so that

dk
j;t;G = ck

k
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j v0

k
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@xk

(11.44)

The diffusion term,D k
t , in thek equation is obtained by taking the divergence of this

equation
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This diffusion model may be used when thek equation is solved in an RSM or an ASM.
The corresponding diffusion terms for the" andv0

i v
0
j equations read
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Equation11.46often causes numerical problems. A more stable alternativeis to model
the diffusion terms as in11.40which forv0

i v
0
j reads
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(11.47)

11.7.3 Dissipation term," ij

The dissipation term" ij (see Eq.11.11) is active for the small-scale turbulence. Be-
cause of the cascade process and vortex stretching (see Figs. 5.2 and5.3) the small-
scale turbulence is isotropic. This means that the velocity�uctuations of the small-
scale turbulence have no preferred direction, see p.82. This gives:

1. v02
1 = v02

2 = v02
3 .

2. All shear stresses are zero, i.e.

v0
i v

0
j = 0 if i 6= j

because the �uctuations in two different coordinate directions are not correlated.

What applies for the small-scale �uctuations (Items 1 and 2,above) must also apply
for the gradients of the �uctuations, i.e.
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(11.48)
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Figure 11.1: Physical illustration of the pressure-strain term.

The relations in Eq.11.48are conveniently expressed in tensor notation as

" ij =
2
3

"� ij (11.49)

where the factor2=3 is included so that" = 1
2 " ii is satis�ed, see Eqs.11.11and11.23.

11.7.4 Slow pressure-strain term

The pressure-strain term,� ij , makes a large contribution to thev0
i v

0
j equation. In

Section9 it was shown that for channel �ow it is negative for the streamwise equation,
v02

1 , and positive for the wall-normal,v02
2 , and spanwise,v02

3 , equations. Furthermore,
it acts as a sink term for the shear stress equation. In summary, it was shown that the
term acts as to make the turbulence moreisotropic, i.e. decreasing the large normal
stresses and the magnitude of the shear stress and increasing the small normal stresses.
The pressure-strain term is often called theRobin Hoodterms, because it “takes from
the rich and gives to the poor”.

The role of the pressure strain can be described in physical terms as follows. As-
sume that two �uid particles with �uctuating velocitiesv0

1 bounce into each other atO
so that@v01=@x1 < 0, see Fig.11.1. As a result the �uctuating pressurep0 increases at
O so that

p0@v01
@x1

< 0

The �uid in the x1 direction is performing work, moving �uid particles against the
pressure gradient. The kinetic energy lost in thex1 direction is transferred to thex2

andx3 directions and we assume that the collision makes �uid particles move in the
other two directions, i.e.

@v02
@x2

> 0;
@v03
@x3

> 0 (11.50)

Indeed, if@v01=@x1 < 0, the continuity equation gives@v02=@x2 + @v03=@x3 > 0.
However, in Eq.11.50we assume that not only their sum is positive but also that they
both are positive. If this is to happen the kinetic energy in the x1 direction must be
larger than that in thex2 andx3 direction, i.e.v02

1 > v02
2 andv02

1 > v02
3 . If v02

3 ' v02
1 ,

the pressure strain re-distributes kinetic energy from both v02
1 andv02

3 to v02
2 .

Now let's assume thatv02
1 > v02

2 andv02
1 > v02

3 . The amount of kinetic energy
transferred from thex1 direction to thex2 andx3 directions, should be proportional to
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the difference of their energies, i.e.
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(11.51)

wheret denotes a turbulent timescale. The expression in Eq.11.51applies only to
the normal stresses, i.e. the principal axis ofv0

i v
0
j . Let us show that by transform-

ing the �uctuations to a coordinate system which is rotated an angle� = �= 4 then
p0(@v01=@x2 + @v02=@x1) / � v0

1v0
2 (� = �= 4 corresponds to the special case when the

normal stresses are equal). We express Eq.11.51in principal coordinates,(x1� ; x2� ),
and then transform the equation to(x1; x2) by rotating it angle� = �= 4, see Appendix
Z.1. Replacingu12 in Eq.Z.6bby v0

1v0
2 we get

v0
1v0
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�
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(11.52)

sincev0
1� v0

2� = v0
2� v0

1� . Now we have transformed the right side of Eq.11.51(the
right side on the �rst line). Next step is to transform the left side, i.e. the velocity
gradients. We use Eqs.Z.6bandZ.6c: replacingu12 andu21 by@v01=@x2 and@v02=@x1,
respectively, and adding them gives
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the pressure-strain term in Eqs.11.11and11.51can be written
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Now we apply Eq.11.51in thex1� and� x2� directions (looking at the right side of
Eq.11.54) so that
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Inserting Eqs.11.52and11.54into Eq.11.55gives �nally
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This shows that the pressure-strain term acts as a sink term in the shear stress equation.
Thus, Eqs.11.51and11.56lead as to write
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(11.57)

where� denotes themodeledpressure-strain term and subscript1 means the slow part;
the concept “slow” and “rapid” is discussed at p.141. We have introduced the turbulent
time scalet = k=" and a constantc1. This pressure-strain model for the slow part was
proposed by Rotta in 1951 [29].
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a)

�v1

x1

x2

b) x3
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Figure 11.2: Decaying grid turbulence. The circles (a) and the thin rectangles (b) illustrates part
of the grid which consists of a mesh of circular cylinders.

Let us investigate how Eq.11.57behaves for decaying grid turbulence, see Fig.11.2.
Flow from left with velocity �v1 passes through a grid. The grid creates velocity gra-
dients behind the grid which generates turbulence. Furtherdownstream the velocity
gradients are smoothed out and the mean �ow becomes constant. From this point and
further downstream the �ow represents anisotropic turbulence (homogeneous in thex2

andx3 directions) which is slowly approaching isotropic turbulence; furthermore the
turbulence is slowly dying (i.e. decaying) due to dissipation. The exactv0

i v
0
j equation

for this �ow reads (no production or diffusion because of homogeneity)

�v1
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=
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�
� " ij (11.58)

Rotta's pressure-strain model is supposed to reduce anisotropy. Thus it should be in-
teresting to re-write Eq.11.58expressed in the normalized anisotropy Reynolds stress
tensor which is de�ned as

aij =
v0
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0
j

k
�

2
3

� ij (11.59)

Note that when the turbulence is isotropic, thenaij = 0 . We introduceaij (Eq.11.59),
Rotta's model (Eq.11.57) and the model for the dissipation tensor (11.49) into Eq.11.58
so that
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2
3

dk
dx1

�
= � c1"a ij �

2
3

� ij " (11.60)

Analogously to Eq,11.58, thek equation in decaying grid turbulence reads

�v1
dk
dx1

= � " (11.61)
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Inserting Eq.11.61in Eq.11.60, the left side reads
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Dividing by k and inserting into Eq.Eq.11.60we get
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Provided thatc1 > 1 Rotta's model does indeed reduce non-isotropy as it should.
The model of the slow pressure-strain term in Eq.11.57can be extended by in-

cluding terms which are non-linear inv0
i v

0
j . To make it general it is enough to include

terms which are quadratic inv0
i v

0
j , since according to the Cayley-Hamilton theorem, a

second-order tensor satis�es its own characteristic equation (see Section 1.20 in [30]);

this means that terms that are cubic inv0
i v

0
j (i.e. v0

i v
0
j

3
= v0

i v
0
k v0

k v0
m v0

m v0
j ) can be

expressed in terms that are linear and quadratic inv0
i v

0
j . The most general form of� ij; 1

can be formulated as [31]

� ij; 1 = � c1�
�
"a ij + c0

1

�
aik akj �

1
3

� ij ak` a`k

��

aij =
v0

i v
0
j

k
�

2
3

� ij

(11.63)

aij is an anisotropy tensor whose trace is zero. In isotropic �owall its components are
zero. Note that the right side is trace-less (i.e. the trace is zero). This should be so
since the exact form of� ij is trace-less, i.e.� ii = 2p0@v0i =@xi = 0 .

11.7.5 Rapid pressure-strain term

Above a model for the slow part of the pressure-strain term was developed using phys-
ical arguments. Here we will carry out a mathematical derivation of a model for the
rapid part of the pressure-strain term.

The notation “rapid” comes from a classical problem in turbulence called the rapid
distortion problem, where a very strong velocity gradient@�vi =@xj is imposed so that
initially the second term (the slow term) can be neglected, see Eq.11.65. It is assumed
that the effect of the mean gradients is much larger than the effect of the turbulence,
i.e. �

�
�
�
@�vi

@xj

�
�
�
�

�
("=k) ! 1 (11.64)

Thus in this case it is the �rst term in Eq.11.65which gives the most “rapid”
response inp0. The second “slow” term becomes important �rst at a later stage when
turbulence has been generated.

Now we want to derive an exact equation for the pressure-strain term, � ij . Since
it includes the �uctuating pressure,p0, we start by deriving an exact equation forp0

starting from Navier-Stokes equations.

1. Take the divergence of the incompressible Navier-Stokesequation assuming con-

stant viscosity (see Eq.6.6) i.e.
@

@xi

�
vj

@vi
@xj

�
= : : : ) EquationA.
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x1; y1

x2; y2

V

x

y

Figure 11.3: The exact solution to Eq.11.66. The integral is carried out for all points,y , in
volumeV .

2. Take the divergence of the incompressible time-averagedNavier-Stokes equation

assuming constant viscosity (see Eq.6.10) i.e.
@

@xi

�
�vj

@�vi

@xj

�
= : : : ) Equation

B.

Subtraction of EquationB from EquationA gives a Poisson equation for the �uc-
tuating pressurep0

1
�

@2p0

@xj @xj
= � 2

@�vi

@xj

@v0j
@xi

rapid term

�
@2

@xi @xj

�
v0

i v
0
j � v0

i v
0
j

�

slow term

(11.65)

The factor two in the rapid term appears because when taking the divergence of the
convective term there are two identical terms, see right-side of Eq.8.6. For a Poisson
equation

@2'
@xj @xj

= f (11.66)

there exists an exact analytical solution given by Green's formula, see AppendixAA
(it is derived from Gauss divergence law)

' (x) = �
1

4�

Z

V

f (y )dy1dy2dy3

jy � x j
(11.67)

where the integrals at the boundaries vanish because it is assumed thatf ! 0 at the
boundaries, see Fig.11.3. Applying Eq.11.67on Eq.11.65gives

p0(x) =
�

4�

Z

V

2

6
6
42

@�vi (y )
@yj

@v0j (y )

@yi
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+
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i (y )v0
j (y ) � v0

i (y )v0
j (y )

�

slow term

3

7
7
5

dy3

jy � x j

(11.68)

wheredy3 = dy1dy2dy3. Now make two assumptions in Eq.11.68:
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i) the turbulence is homogeneous (i.e. the spatial derivative of all time-averaged
�uctuating quantities is zero). This means that the last term in square brackets
is zero. This requirement is not as drastic as it may sound (although very few
turbulent �ows are homogeneous). This term is indeed very small compared to
the second derivative of the instantaneous �uctuations,v0

i (y )v0
j (y ).

ii) the variation of@�vi =@xj in space is small. The same argument can be used as
above: the mean gradient@�vi =@xj varies indeed much more slowly than the
instantaneous velocity gradient,@v0j (y )=@yi

Assumptioni) means that the last term in the integral in Eq.11.68is zero, i.e.

@2v0
i v

0
j

@yi @yj
= 0

Assumptionii) means that the mean velocity gradient can be taken outside the integral.
Now multiply Eq.11.68with @v0i =@xj + @v0j =@xi . Since this term is not a function of
y it can be moved in under the integral. We obtain after time averaging

1
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k (y )v0
` (y ))
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jy � x j
A ij

(11.69)

Note that the mean velocity gradient,@�v=@x̀, is taken at pointx because it has been
moved out of the integral. In order to understand this better, consider the integral

f (x) =
Z L

0

g(� )d�
jx � � j

(11.70)

Note thatx and� are coordinates along the same axis (think of them as two different
points along thex axis). If the two points,x and� , are far from each other, then the
denominator is large and the contribution to the integral issmall. Hence, we only need
to consider� points which are close tox. If we assume thatg(� ) varies slowly with� ,
g(� ) can be moved out of the integral and sincex is close to� , Eq.11.70can be written
as

f (x) = g(x)
Z L

0

d�
jx � � j

(11.71)

Going from Eq.11.70to Eq.11.71corresponds to moving the mean velocity gradient
out of the integral. Equation11.69can be written on shorter form as

p0

�

�
@v0i
@xj

+
@v0j
@xi

�
= A ij + M ijk`

@�vk

@x̀
= � ij; 1 + � ij; 2 (11.72)

where the �rst term represents the slow term,� ij; 1 (see Eq.11.57), and second term is
the rapid term,� ij; 2 (index2 denotes the rapid part).
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Now we will take a closer look at the rapid part (i.e. the second term) ofM ijk` .
The second term ofM ijk` in the integral in Eq.11.69can be rewritten as
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j (x)

@v0` (y )
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@yk @xi
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v0

` (y )v0
j (x)

�

(11.73)

@2v0
j (x)=@yk @xi on line 1 is zero becausev0

j (x) is not a function ofy . For the same
reason the last term on line 2 is zero.

Note that the terms above as well as in Eq.11.69are two-point correlations, the
two points beingx andy. Introduce the distance vector between the two points

r i = yi � x i (11.74)

Differentiating Eq.11.74gives

@
@ri

=
@

@yi
�

@
@xi

(11.75)

Equation11.74is a coordinate transformation where we replacex i andyi with

I. x i andr i , or

II. yi andr i .

Assumptioni) at p.142gives that@=@xi = 0 (Item I) or@=@yi = 0 (Item II). In other
words, the two-point correlations are independent of wherein space the two points are
located; they are only dependent on the distance between thetwo points (i.e.r i ). Hence
we can replace the spatial derivative by the distance derivative, i.e.

@
@xi

= �
@

@ri
@

@yi
=

@
@ri

(11.76)

We can now writeM ijk` in Eq.11.69, using Eqs.11.73and11.76, as

M ijk` = �
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@rk @ri

�
v0

` v
0
j

�
+

@2

@rk @rj

�
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` v
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� �
dr 3

jr j

= aijk` + ajik`

(11.77)

It can be shown thataijk` is symmetric with respect to indexj and` (recall thatv0
` and

v0
j are not at the same point but separated byr i ), i.e.

aijk` = ai`kj (11.78)

see AppendixL on p.467. Furthermore, Eq.11.77is independent of in which order
the two derivatives are taken, so thataijk` is symmetric with respect toi andk, i.e.

aijk` = akji` (11.79)
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Now let us formulate a general expression ofaijk` which is linear inv0
i v

0
j and

symmetric in(j; ` ) and(i; k ). We get

aijk` = c1� ik v0
j v0

`

+ c2� j` v0
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0
k

+ c3(� ij v0
k v0
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0
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k v0
j + � k` v0

i v
0
j )

+ c4� j` � ik k

+ c5(� ij � k` + � jk � i` )k

(11.80)

Each line is symmetric in(j; ` ) and(i; k ). For example, on line 3, term 1 & term 3 and
term 2 & term 4 are symmetric with respect toj and` and term 1 & term 2 and term 3
& term 4 are symmetric with respect toi andk.

Consider Eq.11.69. Here it is seen that ifi = j then M ijk` = 0 due to the
continuity equation; looking at Eq.11.77we get

aiik` = 0 (11.81)

Applying this condition to Eq.11.80gives
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(11.82)

Green's third formula reads (see AppendixL on p.467)

aiji` = 2 v0
j v0

` (11.83)

Using Eq.11.83in Eq.11.80gives
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(11.84)

Equations11.82and11.84give four equations

c1 + c2 + 5 c3 = 0 ; c4 + 2 c3 + 4 c5 = 0

3c1 + 4 c3 � 2 = 0; 2c2 + 3 c4 + 2 c5 = 0
(11.85)

for the �ve unknown constants. Let us express all constants in c2 which gives

c1 =
4c2 + 10

11
; c3 = �

3c2 + 2
11

; c4 = �
50c2 + 4

55
; c5 =

20c2 + 6
55

(11.86)
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Inserting Eq.11.86into Eq.11.80and11.72gives
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(11.87)

We �nd that thec1 term and the second and third part of thec3 term can be merged.
Furthermore, thec2 term and the third and fourth part of thec3 term can be merged as
well as thec4 andc5 terms; using Eq.11.85we get
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11
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11
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11
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(11.88)

Finally we re-write this equation so that it is expressed in trace-less tensors

� ij; 2 = � �
c2 + 8

11

�
Pij �

2
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� ij P k
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� �
8c2 � 2

11

�
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� ij P k
�

�
60c2 � 4

55
�k �sij

(11.89)

wherec2 = 0 :4. Note that� ii = 0 as we required in Eq.11.81. This pressure-strain
model is called the LRR model and it was proposed in [32].

All three terms in Eq.11.89satisfy continuity and symmetry conditions. It might
be possible to use a simpler pressure-strain model using oneor any two terms. Since
the �rst term is the most important one, a simpler model has been proposed [32,33]

� ij; 2 = � c2�
�

Pij �
2
3

� ij P k
�

(11.90)

It can be noted that there is a close similarity between the Rotta model and Eq.11.90:
both models represent “return-to-isotropy”, the �rst expressed inv0

i v
0
j and the second

in Pij . The model in Eq.11.90is commonly called the IP model (IP=Isotropization
by Production) . Since two terms are omitted we should expect that the best value of

 should be different than(c2 + 8) =11; a value of
 = 0 :6 (c2 = � 1:4) was found to
give good agreement with experimental data. Since Eq.11.90is a truncated form of
Eq. 11.89it does not satisfy all requirements that Eq.11.89do. Equation11.90does
satisfy symmetry condition and continuity but it does not satisfy the integral condition
in Eq. 11.83. Although Eq.11.90is a simpler, truncated version of Eq.11.89, it is
often found to give more accurate results [34]. Since the IP model is both simpler and
seems to be more accurate than Eq.11.89, it is one of the most popular models of the
rapid pressure-strain term. The coef�cients for the slow and rapid terms in the LRR
and LRR-IP models are summarized in Table11.1
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LRR model LRR-IP model
c1 (Eq.11.57 1:5 1:5
c2 (Eq.11.89) 0:4 �
c2 (Eq.11.90) � 0:6

Table 11.1:Constants in the LRR and LRR-IP pressure-strain models.

x1

x2

Figure 11.4: Modeling of wall correction in pressure-strain terms.

11.7.6 Wall model of the pressure-strain term

When we derived the rapid pressure-strain model using Green's function in Eq.11.68
we neglected the in�uence of any boundaries. In wall-bounded domains it turns out
that the effect of the walls must be taken into account. Both the rapid term in the LRR
model and the IP model must be modi�ed to include wall modeling.

The effect of the wall is to dampen turbulence. There are two main effects whose
underlying physics are entirely different.

1. Viscosity. Close to the wall the viscous processes (viscous diffusionand dissi-
pation) dominate over the turbulent ones (production and turbulent diffusion).

2. Pressure. When a �uid particle approaches a wall, the presence of the wall is felt
by the �uid particle over a long distance. This is true for a �uid particle carried
by the wind approaching a building as well as for a �uid particle carried by a
�uctuating velocity approaching the wall in a turbulent boundary layer. In both
cases it is the pressure that informs the �uid particle of thepresence of the wall.

Since the pressure-strain term includes the �uctuating pressure, it is obviously the
second of these two processes that we want to include in the wall model. Up to now
we have introduced two terms for modeling the pressure-strain term, the slow and the
fast term. It is suitable to include a slow and a fastwall model term, i.e.

� ij = � ij; 1 + � ij; 2 + � ij; 1w + � ij; 2w (11.91)

where subscriptw denotes wall modeling.
Consider a wall, see Fig.11.4. The pressure �uctuations dampens the wall-normal

�uctuations. Furthermore, the damping effect of the wall should decrease for increasing
wall distance. We need to scale the wall-normal distance with a relevant quantity and
the turbulent length scale,k3=2=", seems to be a good candidate. For the wall-normal
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�uctuations, the IP wall model reads [35]

� 22;1w = � 2c1w
"
k

v02
2 f

f = min

(
k

3
2

2:55jni;w (x i � x i;w )j"
; 1:0

)
(11.92)

whereni;w (x i � x i;w ) denotes the distance to the wall.f may exceed one near the wall
and that's why we put an upper limit on it. As explained above,this damping is inviscid
(due to pressure) and affects the turbulent �uctuations well into the log-region. It has
nothing to do with viscous damping. Away from the wall, in thefully turbulent region,
the damping function goes to zero since the distance to the wall, jni;w (x i � x i;w )j,
increases faster than the turbulence length scale,k3=2=". Moreover, functionf should
not exceed one.

The IP wall model for the wall-parallel �uctuations reads

� 11;1w = � 33;1w = c1w
"
k

v02
2 f (11.93)

The requirement that the sum of the pressure strain term should be zero. i.e.� ii; 1w =
0, is now satis�ed since� 11;1w + � 22;1w + � 33;1w = 0 .

The wall model for the shear stress is set as

� 12;1w = �
3
2

c1w
"
k

v0
1v0

2f (11.94)

The factor3=2 is needed to ensure that� ii; 1w = 0 is satis�ed when the coordinate sys-
tem is rotated. You can prove this by rotating the matrix[� 11;1w ; � 12;1w ; � 21;1w ; � 22;1w ]
and taking the trace of� in the principal coordinates system (i.e. taking the sum of the
eigenvalues).

The general formula for a wall that is not aligned with a Cartesian coordinate axis
reads [35]

� ij; 1w = c1w
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k
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k v0
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3
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�
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(11.95)
An analogous wall model is used for the rapid part which reads

� ij; 2w = c2w

�
� km; 2nk;w nm;w � ij �

3
2

� ki; 2nk;w nj;w �
3
2

� kj; 2ni;w nk;w

�
f

(11.96)
In SectionAG, you �nd some detail on how to compute one of the terms,v0

k v0
m nk;w nm;w .

11.8 Thek � " model

The exactk equation is given by Eq.11.23. By inserting the model assumptions for
the turbulent diffusion (Eq.11.40), the production (Eq.11.39) and the buoyancy term
(Eqs.11.35and11.36) we get themodeledequation fork
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� (11.97)
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In the same way, the modeled" equation is obtained from Eq.11.29
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� (11.98)

The turbulent viscosity is computed as

� t = c�
k2

"
(11.99)

The standard values for the coef�cients read

(c� ; c" 1; c" 2; � k ; � " ) = (0 :09; 1:44; 1:92; 1; 1:3) (11.100)

For details on how to obtain these constants are obtained, see Section11.14.2and
Section 3 inIntroduction to turbulence models. In that report, details on wall-functions
and low-Reynolds number models can be found in Sections 3 and4, respectively.

https://www.tfd.chalmers.se/~lada/postscript_files/kompendium_turb.pdf
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11.9 The modeledv0
i v

0
j equation with IP model

With the models for diffusion, pressure-strain and dissipation we get the Reynolds
Stress Model [RSM]
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(11.101)

11.10 Algebraic Reynolds Stress Model (ASM)

The Algebraic Reynolds Stress Model is a simpli�ed Reynolds Stress Model. The
RSM andk � " models are written in symbolic form (see p.129& 132) as:

RSM : Cij � D ij = Pij + � ij � " ij

k � " : Ck � D k = P k � "
(11.102)

In ASM we assume that the transport (convective and diffusive) of v0
i v

0
j is related to

that ofk, i.e.

Cij � D ij =
v0

i v
0
j

k

�
Ck � D k �



11.11. Explicit ASM (EASM or EARSM) 151

Inserting Eq.11.102into the equation above gives

Pij + � ij � " ij =
v0

i v
0
j

k

�
P k � "

�
(11.103)

Thus the transport equation (PDE) forv0
i v

0
j has been transformed into analgebraic

equation based on the assumption in Eq.11.102.
Now we want to re-write this equation as an equation forv0

i v
0
j . Insert the IP models

for � ij; 1 (Eq.11.57) and� ij; 2 (Eq.11.90) and the isotropic model for" ij (Eq.11.49)
in Eq.11.103and multiply byk=" so that

k
"

Pij � c1

�
v0

i v
0
j �

2
3

� ij k
�

� c2
k
"

�
Pij �

2
3

� ij P k
�

�
2
3

� ij k

+
k
"

(� ij; 1w + � ij; 2w ) =
v0

i v
0
j

"

�
P k � "

�

Collect allv0
i v

0
j terms so that

v0
i v

0
j

�
P k

"
� 1 + c1

�
=

k
"

�
Pij � c2

�
Pij �

2
3

� ij P k
�

+ � ij; 1w + � ij; 2w

�
+

2
3

� ij k(� 1 + c1)

=
k
"

"

Pij � � ij
2
3

P k � c2

�
Pij �

2
3

� ij P k
�

+ � ij; 1w + � ij; 2w

#

+
2
3

� ij k(P k =" � 1 + c1)

where(2=3)� ij P k k=" was added and subtracted at the last line (shown in boxes). Di-
viding both sides byP k =" � 1 + c1 gives �nally

v0
i v

0
j =

2
3

� ij k +
k
"

(1 � c2)
�
Pij � 2

3 � ij P k
�

+ � ij; 1w + � ij; 2w

c1 + P k =" � 1
(11.104)

In boundary layer �ow Eq.11.104reads (without any wall terms, i.e.� ij; 1w =
� ij; 2w = 0 )

� v0
1v0

2 =
2
3

(1 � c2)
c1 � 1 + c2P k ="
(c1 � 1 + P k =")

c�

k2

"
@�v1

@y

As can be seen, this model can be seen as an extension of an eddy-viscosity model
where thec� constant is made a function of the ratioP k =".

11.11 Explicit ASM (EASM or EARSM)

Equation11.104is animplicit equation forv0
i v

0
j , i.e. the Reynolds stresses appear both

on the left and the right side of the equation. It would of course be advantageous to
be able to get anexplicit expression for the Reynolds stresses. Pope [36] managed
to derive an explicitexpression for ASM in two dimensions. He assumed that the
Reynolds stress tensor can be expressed in the strain-rate tensor,�sij , and the vorticity
tensor,
 ij . Furthermore, he showed that the coef�cients,G(n ) , in that expression can
be a function of not more than the following �ve invariants

(k2="2)�sij �sji ; (k2="2) �
 ij �
 ji ; (k3="3)�sij �sjk �ski

(k3="3) �
 ij �
 jk �ski ; (k4="4) �
 ij �
 jk �skm �smi
(11.105)
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In two dimension the expression reads

v0
i v

0
j =

2
3

k� ij + G(1) k2

"
�sij + G(2) k3

"2 (�sik �
 kj � �
 ik �skj ) (11.106)

In general three-dimensional �ow, the Reynolds stress tensor depends on 10 ten-
sors,T n

ij [36], i.e.

v0
i v

0
j �

2
3

k� ij =
10X

n =1

G(n ) T n
ij

T 1
ij = �sij ; T 2

ij = �sik �
 kj � �sjk �
 ki ; T 3
ij = �sik �skj �

1
3

� ij �smk �skm

T 4
ij = �
 ik �
 kj �

1
3

� ij �
 ik �
 ki ; T 5
ij = �
 ik �skm �smj � �sim �smk �
 kj

T 6
ij = �
 im �
 mk �skj + �sik �
 km �
 mj �

2
3

� ij �
 pm �
 mk �skp

T 7
ij = �
 im �smk �
 kn �
 nj � �
 im �
 mk �skn �
 nj ; T 8

ij = �sim �
 mk �skn �snj � �sim �smk �
 kn �snj

T 9
ij = �
 im �
 mk �skn �snj � �sim �smk �
 kn �
 nj �

2
3

� ij �
 pm �
 mk �skn �snp

T 10
ij = �
 im �smk �skn �
 np �
 pj � �
 im �
 mk �skn �snp �
 pj

(11.107)

whereG(n ) may depend on the �ve invariants in Eq.11.105. Equation11.107is a
general form of a non-linear eddy-viscosity model. Any ASM may be written on the
form of Eq.11.107.

It may be noted that Eq.11.107includes only linear and quadratic terms of�sij

and �
 ij . That is because of Cayley-Hamilton theorem which states that a second-
order tensor satis�es its own characteristic equation (seeSectionAF.1and Section 1.20
in [30]); hence cubic terms or higher can recursively be expressedin linear (�sij ) and
quadratic tensors (�sik �skj ). Furthermore, note that all terms in Eq.11.107are symmetric
and traceless as required by the left side,v0

i v
0
j � 2� ij k=3.

11.12 Derivation of the Explicit Algebraic Reynolds StressModel
(EARSM)

The algebraic stress model (ASM) is given by Eq.11.104. This equation isimplicit,
since the Reynolds stresses appear on the right side (in the production and the rapid
pressure-strain terms). In this section we will derive anexplicit algebraic Reynolds
stress model (EARSM). The derivation presented here is based on [37]. Whereas the
ASM employs the IP model (Eq.11.90) for the rapid pressure-strain term, the EARSM
is based on the LRR model (Eq.11.89). Thus we start with Eq.11.103using the Rotta
model for the slow part (Eq.11.57) and the LRR model (Eq.11.89) for the rapid part.

(aij +
2
3

� ij )(P k � " ) = Pij � c1"a ij �
c2 + 8

11

�
Pij �

2
3

� ij P k
�

�
8c2 � 2

11

�
D ij �

2
3

� ij P k
�

�
60c2 � 4

55
k�sij �

2
3

� ij "

(11.108)



11.12. Derivation of the Explicit Algebraic Reynolds Stress Model (EARSM) 153

where the anisotropy tensor,aij , in Eq.11.59is used on the left side. The wall correc-
tion terms are neglected (as they usually are in the LRR model). Equation11.108is
re-arranged as

aij (P k + c1" � " ) = Pij �
2
3

� ij P k �
c2 + 8

11

�
Pij �

2
3

� ij P k
�

�
8c2 � 2

11

�
D ij �

2
3

� ij P k
�

�
60c2 � 4

55
k�sij

(11.109)

Now we introduce the anisotropy tensor,aij , also on the right side. Start by ex-
pressing the production term,Pij (see Eq.11.11) in aij , �sij and �
 ij (see Eq.9.12)

Pij = � k(aik +
2
3

� ik )(�sjk + �
 jk ) � k(ajk +
2
3

� jk )(�sik + �
 ik )

= �
4
3

k�sij � kaik (�sjk + �
 jk ) � kajk (�sik + �
 ik )

= �
4
3

k�sij � k(�sjk aik + ajk �ski ) + k(aik �
 kj � �
 ik akj )

(11.110)

The production term,P k , is equal to0:5Pii , and Eq.11.110gives

P k = � k�sik aik (11.111)

so that we can express theP k terms on the right side in Eq.11.109as

2
3

� ij P k
�

� 1 +
c2 + 8

11
+

8c2 � 2
11

�
= �

2
3

� ij k�sik aik
9c2 � 5

11
(11.112)

D ij is the same thing asPij except that the indices on the velocity gradients (i.e.
the tensorsa and �
 in Eq. 11.110are switched), see Eq.11.88. Hence we get (cf.
Eq.11.110)

D ij = �
4
3

k�sij � k(�sjk aki + ajk �ski ) � k(aik �
 kj � �
 ik akj ) (11.113)

Collect all terms includingPij , �sij andD ij in Eq.11.109

Pij

�
1 �

c2 + 8
11

�
�

8c2 � 2
11

D ij �
60c2 � 4

55
k�sij �

2
3

� ij k�smn anm
9c2 � 5

11

Inserting Eqs.11.110and11.113gives

k
�

1 �
c2 + 8

11

� �
�

4
3

�sij � (�sjk aik + ajk �ski ) + ( aik �
 kj � �
 ik akj )
�

� k
8c2 � 2

11

�
�

4
3

�sij � (�sjk aki + ajk �ski ) � (aik �
 kj � �
 ik akj )
�

�
2
3

� ij k�smn anm
9c2 � 5

11
�

60c2 � 4
55

k�sij

(11.114)

Gathering all terms including�sij gives

�
4
3

k�sij

�
1 �

c2 + 8
11

+
8c2 � 2

11
�

3
4

60c2 � 4
55

�
= �

8
15

k�sij (11.115)
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The terms including the product of the tensorsa ands in Eq.11.114read

� k
�

1 �
c2 + 8

11

�
(�sjk aik + ajk �ski ) +

8c2 � 2
11

k(�sjk aki + ajk �ski ) =

k
11

(�sjk aki + ajk �ski )(9c2 � 5)

(11.116)

and the product of the tensorsa and �
 in Eq.11.114read

k
�

1 �
c2 + 8

11

�
�
aik �
 kj � �
 ik akj

�
+ k

8c2 � 2
11

(aik �
 kj � �
 ik akj ) =

k
11

(aik �
 kj � �
 ik akj )(1 + 7 c2)

(11.117)

Using Eqs.11.115, 11.116, 11.117and the underlined term in Eq.11.114, Eq.11.114
can now be written

� k
8
15

�sij + k
1 + 7c2

11
(aik �
 kj � �
 ik akj )

+ k
9c2 � 5

11

�
�sjk aki + ajk �ski �

2
3

� ij k�smn anm

� (11.118)

Equation11.118is the right side of Eq.11.109. Insert Eq.11.118into Eq.11.109and
divide by"

aij

�
P k

"
+ c1 � 1

�
= �

k
"

8
15

�sij +
k
"

1 + 7c2

11
(aik �
 kj � �
 ik akj )

+
k
"

9c2 � 5
11

�
�sjk aki + ajk �ski �

2
3

� ij k�smn anm

� (11.119)

The coef�cient,c2, in the LRR model is usually set toc2 = 0 :4, see Table11.1.
In [38–40], they noted that the relation in Eq.11.119is substantially simpli�ed ifc2 =
5=9. This assumption is made in EARSM [37], which gives

aij

�
P k

"
+ c1 � 1

�
= �

8
15

�s�
ij +

4
9

(aik �
 �
kj � �
 �

ik akj ) (11.120)

where the strain-rate and vorticity tensors are made non-dimensional

�s�
ij =

k
"

�sij ; �
 �
ij =

k
"


 ij (11.121)

Equation11.120can now be written as

Na ij = �
6
5

�s�
ij + ( aik �
 �

kj � �
 �
ik akj ) (11.122)

N =
9P k

4"
+ c0

1; c0
1 =

9
4

(c1 � 1) (11.123)

The most general form ofaij is given by Eq.11.107. In two-dimensional �ow, it is
suf�cient to include only the two �rst terms (see Eq.AF.2), i.e.

aij = � 1 �s�
ij + � 4(�s�

im
�
 �

mj � �
 �
im �s�

mj ) (11.124)
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where we now denote the coef�cients by� 1 and � 4 as in [37]. In order to solve
Eq.11.122, insert Eq.11.124which gives

N (� 1 �s�
ij + � 4(�s�

ik
�
 �

kj � �
 �
ik �s�

kj )) = �
6
5

�s�
ij + ( � 1 �s�

ik + � 4(�s�
im

�
 �
mk � �
 �

im �s�
mk )) �
 �

kj

� �
 �
ik

�
� 1 �s�

kj + � 4(�s�
km

�
 �
mj � �
 �

km �s�
mj )

�

= �
6
5

�s�
ij + � 1(�s�

ik
�
 �

kj � �
 �
ik �s�

kj ) + � 4(�s�
im

�
 �
mk

�
 �
kj � 2�
 �

im �s�
mk

�
 �
kj + �
 �

ik
�
 �

km �s�
mj )

(11.125)

The last term including� 4 can be considerably simpli�ed. Recall that�
 �
11 = �
 �

22 = 0
and �
 �

12 = � �
 �
21, see Eq.1.11. We get for the 11 component of Eq.11.125

�s�
1m

�
 �
mk

�
 �
k1 � 2�
 �

1m �s�
mk

�
 �
k1 + �
 �

1k
�
 �

km �s�
m 1

= �s�
11

�
 �
12

�
 �
21 � 2�
 �

12 �s�
22

�
 �
21 + �
 �

12
�
 �

21 �s�
11 = 4�s�

11
�
 �

12
�
 �

21
(11.126)

since�s�
11 = � �s�

22 ( �s�
ii = 0 due to continuity). In the same way we get4�s�

22
�
 �

12
�
 �

21 for
the 22 component. The 12 component (and the 21 component) read

�s�
1m

�
 �
mk

�
 �
k2 � 2�
 �

1m �s�
mk

�
 �
k2 + �
 �

1k
�
 �

km �s�
m 2

= �s�
12

�
 �
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�
 �
12 � 2�
 �

12 �s�
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�
 �
12 + �
 �

12
�
 �

21 �s�
12

= �s�
12

�
 �
21

�
 �
12 + 2 �
 �

12 �s�
21

�
 �
21 + �
 �

12
�
 �

21 �s�
12 = 4 �
 �

12
�
 �

21 �s�
12

(11.127)

We �nd that the last term including� 4 in Eq.11.125can be written as2II 
 �s�
ij where

II 
 = �
 �
km

�
 �
mk = �
 �

12
�
 �

21 + �
 �
21

�
 �
12 = 2 �
 �

12
�
 �

21. Equation11.125can now be
re-written as

N (� 1 �s�
ij + � 4(�s�

ik
�
 �

kj � �
 �
ik �s�

kj )) = �
6
5

�s�
ij + � 1(�s�

ik
�
 �

kj � �
 �
ik �s�

kj ) + 2 � 4II 
 �s�
ij

(11.128)

Separating�s�
ij and(�s�

ik
�
 �

kj � �
 �
ik �s�

kj ) we get two equations for� 1 and� 4

N� 1 = �
6
5

+ 2 � 4II 


N� 4 = � 1

(11.129)

so that

� 4 = �
6
5

1
N 2 � 2II 


� 1 = �
6
5

N
N 2 � 2II 


(11.130)

In order to get the �nal equation forN , multiply Eq.11.124by �s�
jk and then take the

trace (which is equal to the productionP k =" = aij �s�
ji , see Eq.11.111), i.e.

P k

"
� � aij �s�

ji = � � 1II S + � 4(�s�
im

�
 �
mj � �
 �

im �s�
mj )�s�

ji (11.131)

whereII S = �s�
ij �s�

ji . The� 4 term reads

(�s�
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�
 �
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 �

12 �s�
21)�s�

11

+(�s�
11

�
 �
12 � �
 �

12 �s�
22)�s�

21

+(�s�
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�
 �
21 � �
 �

21 �s�
11)�s�

12

+(�s�
21

�
 �
12 � �
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21 �s�
12)�s�

22 = 0

(11.132)
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since line 2 and 3 are zero and line 1 and 4 cancel each other (�
 �
12 = � �
 �

21, �s�
12 = �s�

21
and�s�

11 = � �s�
22). � 1 is now obtained from Eq.11.131as

� 1 = �
P k

II S "
(11.133)

Inserting� 1 in Eq.11.130gives

P k

"
=

6
5

N
N 2 � 2II 


II S (11.134)

Equations11.123and11.134gives �nally an equation forN

N =
9
4

6
5

N
N 2 � 2II 


II S + c0
1 (11.135)

which is re-written as

N (N 2 � 2II 
 ) �
27
10

II S N � c0
1(N 2 � 2II 
 ) = 0

so that

N 3 � c0
1N 2 �

�
27
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II S + 2 II 


�
N + 2 c0

1II 
 = 0 :

The analytical solution for the positive root reads [37]
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(11.136)

where0 � � � � in arccos(� ) and

P1 =
�

1
27

c02
1 +

9
20

II S �
2
3

II 


�
c0

1

P2 = P2
1 �

�
1
9

c02
1 +

9
10

II S +
2
3

II 


� 3 (11.137)

Equation11.137is valid for two-dimensional �ow. For three-dimensional �ow,
Eq.11.124includes more (six) of the terms in11.107. This derivation is given in [37].
It results in a6th -order equation forN which must be solved numerically.

In the original LRR model,c1 = 1 :5 andc2 = 0 :4 (see Table11.1). In the EARSM,
c1 = 1 :8 andc2 = 5 =9; recall that this choice ofc2 simpli�es the rapid pressure-strain
model (cf. Eqs.11.119and11.120).

11.13 Boundary layer �ow

In order to better understand the Reynolds stress equation,Eq. 11.101, it is useful to
look at its source terms which to a large degree govern the magnitude of v0

i v
0
j . A

large source term in the equation for thev02
1 equation, for example, will increasev02

1
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Figure 11.5: Boundary layer �ow.

and vice versa, see Section9.1. Let us study boundary layer �ow (Fig.11.5) where
�v2 ' 0; @�v1=@x2 � @�v1=@x1. The productionPij has the form:

Pij = � v0
i v

0
k

@�vj

@xk
� v0

j v0
k

@�vi

@xk

In this special case we get:

P11 = � 2v0
1v0

2
@�v1

@x2

P12 = � v02
2

@�v1

@x2

P22 = 0

Is v02
2 zero because its production termP22 is zero? No! The sympathetic term� ij ,

which takes from the rich (i.e.v02
1 ) and gives to the poor (i.e.v02

2 ), saves the unfair
situation! The IP model for� ij; 1 and� ij; 2 (Eq.11.57) and� ij; 2 (Eq.11.90) gives

� 22;1 = c1
"
k

�
2
3

k � v02
2

�
> 0

� 22;2 = c2
1
3

P11 = � c2
2
3

v0
1v0

2
@�v1

@x2
> 0

Note also that the dissipation term for thev0
1v0

2 is zero, but it takes the value23 " for

the v02
1 and v02

2 equations (see p.138). Since the modeledv0
1v0

2 does not have any
dissipation term, the question arises: what is the main sinkterm in thev0

1v0
2 equation?

The answer is, again, the pressure strain term� 12;1 and� 12;2.

11.14 Wall boundary conditions

There are two options for treating the wall boundary conditions.

� Use a coarse mesh near the walls and assume that the logarithmic law applies.
This is calledwall functions

� Use a �ne mesh near the walls and modify the turbulence modelsto account for
the viscous effects. This is calledLow-Reynolds number models
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11.14.1 Wall Functions

The natural way to treat wall boundaries is to make the grid suf�ciently �ne so that
the sharp gradients prevailing there are resolved. Often, when computing complex
three-dimensional �ow, that requires too much computer resources. An alternative is to
assumethat the �ow near the wall behaves like a turbulent boundary layer (see Fig.6.2)
and prescribe boundary conditions employing wall functions. The assumption that the
�ow near the wall has the characteristics of a that in a boundary layer if often not true
at all. However, given a maximum number of nodes that we can afford to use in a
computation, it is often preferable to use wall functions which allows us to use �ne
grid in other regions where the gradients of the �ow variables are large.

The log-law we use can be written as

�v1

u�
=

1
�

ln
�

Eu � x2

�

�

E = 9 :0
(11.138)

Comparing this with the standard form of the log-law (see Eq.6.33)

�v1

u�
=

1
�

ln
� u� x2

�

�
+ B: (11.139)

We �nd that
B =

1
�

ln E:

We compute the friction velocity from Equation11.138as

u� =
� �v1;P

ln(Eu � �x 2=� )
(11.140)
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Figure 11.8: Turbulent kinetic energy in a boundary layer predicted by Large Eddy Simulations
at Re� = 8 200 [42].

where�v1;P is the velocity in the wall-adjacent cell and�x 2 is the distance from the cell
center,P, to the wall, see Fig.11.7. Equation11.140is solved by iterating (the newest
value ofu� is inserted at the right-hand side at every iteration). The equation converges
very quickly. The wall shear stress,� w = �u 2

� (see Eq.6.16) is then used as a force
wall boundary condition for the�v1 equation.

For the wall-normal velocity,�v2, it is much easier. The convective velocity is zero
at the wall and hence�v2 = 0 . It is the diffusion term in the�v1 equation which causes
the problems: then we must estimate the gradient,@�v1=@x2 at the wall, and that's why
we need to use the log law.

In a turbulent boundary layer the production term and the dissipation term in the
log-law region (30 < x +

2 < 400) are much larger than the other terms, see Figs.8.3
and11.6. Hence, we can approximate the modelledk equation (see Eq.11.97) as

0 = P k � �" = � t

�
@�v1

@x2

� 2

� �": (11.141)

where we have assumed that the buoyancy term is zero. In the log-law region the shear
stress� � v0

1v0
2 is equal to the wall shear stress� w , see Eq.6.26 and Fig.6.3. The

Boussinesq assumption for the shear stress reads (see Eqs.6.29and11.33)

� w = � � v0
1v0

2 = � t
@�v1

@x2
(11.142)

Inserting Eq.11.142into Eq.11.141gives

0 =
v0

1v0
2

2

� t
� " =

u4
�

� t
� " (11.143)

which with Eq.11.99gives

C� =
�

u2
�

k

� 2

(11.144)

From experiments and DNS we have that in the log-law region ofa boundary layer
u2

� =k ' 0:3 so thatC� = 0 :09, see Figs.6.8 and 11.8 (it may be noted that the C � constant
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DNS/LES data give a slightly larger values ofk=u2
� than1=0:3).

When we are using wall functionsk and" are not solved at the nodes adjacent to
the walls. Instead they are �xed according to the theory presented above. The turbulentb.c. for k
kinetic energy is set from Eq.11.144, i.e.

kP = C � 1=2
� u2

� (11.145)

where the friction velocityu� is obtained, iteratively, from the log-law (Eq.11.138).
IndexP denotes the �rst interior node (adjacent to the wall).

The dissipation" is obtained from Eq.11.141. The dissipation can thus be written
as b.c. for "

"P = P k =
u3

�

��x 2
(11.146)

where the velocity gradient in the production termP k = � v0
1v0

2@�v1=@x2 ' u2
� @�v1=@x2

is computed from the log-law (see Eqs.6.28and11.138), i.e.

@�v1

@x2
=

u�

��x 2
: (11.147)

For the velocity component parallel to the wall the wall shear stress is used as ab.c. for veloc-
ityforce boundary condition (cf. prescribing heat �ux in the temperature equation). When

the wall is not parallel to any velocity component, it is moreconvenient to prescribe
the turbulent viscosity [27].

The log-law is valid for30 < x +
2 < 400. If x+

2 for some wall-adjacent cells is
small, the friction velocity,u� , is obtained from the linear law (see Eq.6.22), i.e.

u� =
�

�
�v1;P

�x 2

� 1=2

(11.148)

The point at which we switch from the log-law to the linear lawis taken atx+
2 = 11

which is the intersection point of the two laws. Forx+
2 < 11, �v1 is set to zero at the

wall andk and" are set from Eqs.11.145and11.146takingu� from Eq.11.148. For
11 < x +

2 < 30, a combination of the linear law and the log-law is sometimesused. In
many commercial codes they interpolate between the linear law and the log-law for the
velocity,k and" . In STAR-CCM+ this is calledAll y+ Wall Treatment.

11.14.2 Low-Re Number Turbulence Models

In the previous section we discussed wall functions which are used in order to reduce
the number of cells. However, we must be aware that this is an approximation which, if
the �ow near the boundary is important, can be rather crude. In many internal �ows –
where all boundaries are either walls, symmetry planes, inlet or outlets – the boundary
layer may not be that important, as the �ow �eld is often pressure-determined. For
external �ows (for example �ow around cars, ships, aeroplanes etc.), however, the �ow
conditions in the boundaries are almost invariably important. When we are predicting
heat transfer it is in general no good idea to use wall functions, because the heat transfer
at the walls are very important for the temperature �eld in the whole domain.

When we chose not to use wall functions we thus insert suf�ciently many grid lines
near solid boundaries so that the boundary layer can be adequately resolved. How-
ever, when the wall is approached the viscous effects becomemore important and for
x+

2 < 5 the �ow is viscous dominating, i.e. the viscous diffusion ismuch larger that



11.14. Wall boundary conditions 161

0 5 10 15 20 25 30

-0.2

-0.1

0

0.1

0.2

0.3

Lo
ss

G
ai

n

x+
2

P k

"

D �

D T + D p

Figure 11.9: Direct numerical simulations [43]. Re = �v1;C �=� = 7890 (subscriptC denotes
the center of the channel).u� =�v1;C = 0 :050. Energy balance ink equation. ProductionP k ,
dissipation" , turbulent diffusion (by velocity triple correlations andpressure)D T + D p , and
viscous diffusionD � . All terms have been scaled withu4

� =� .

the turbulent one (see Fig.11.9). Thus, the turbulence models presented so far may
not be correct since fully turbulent conditions have been assumed; this type of models
are often referred to as high-Re number models. In this section we will discuss mod-
i�cations of high-Re number models so that they can be used all the way down to the
wall. These modi�ed models are calledlow Reynolds number models. Note that “high
Reynolds number” and “low Reynolds number” donot refer to the global Reynolds
number (for exampleReL , Rex , Rex etc.) but here we are talking about the local tur-
bulent Reynolds numberRe` = U`=� formed by a turbulent �uctuation and turbulent
length scale, see Eq.5.16. This Reynolds number varies throughout the computational
domain and is proportional to the ratio of the turbulent and physical viscosity� t =� , i.e.
Re` / � t =� . This ratio is of the order of 100 or larger in fully turbulent�ow and it
goes to zero when a wall is approached.

We start by studying how various quantities behave close to the wall whenx2 ! 0.
Taylor expansion of the �uctuating velocitiesv0

i (also valid for the mean velocities�vi )
gives

v0
1 = a0 + a1x2 + a2x2

2 + : : :

v0
2 = b0 + b1x2 + b2x2

2 + : : :

v0
3 = c0 + c1x2 + c2x2

2 + : : :

(11.149)

wherea0 : : : c2 are functions ofx1, x3 andt. At the wall we have no-slip conditions,
i.e. v0

1 = v0
2 = v0

3 = 0 which givesa0 = b0 = c0. Furthermore, at the wall@v01=@x1 =
@v03=@x3 = 0 so that the continuity equation gives@v02=@x2 = 0 . This means that
b1 = 0 . Equation11.149can now be written

v0
1 = a1x2 + a2x2

2 + : : :
v0

2 = b2x2
2 + : : :

v0
3 = c1x2 + c2x2

2 + : : :
(11.150)
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From Eq.11.150we immediately get

v02
1 = a2

1x2
2 + : : : = O(x2

2)
v02

2 = b2
2x4

2 + : : : = O(x4
2)

v02
3 = c2

1x2
2 + : : : = O(x2

2)
v0

1v0
2 = a1b2x3

2 + : : : = O(x3
2)

k = 1
2 (a2

1 + c2
1)x2

2 + : : : = O(x2
2)

@�v1=@x2 = a1 + : : : = O(x0
2)

@v01=@x2 = a1 + : : : = O(x0
2)

@v02=@x2 = 2 b2x2 + : : : = O(x1
2)

@v03=@x2 = c1 + : : : = O(x0
2)

(11.151)

In Fig. 11.10DNS data of velocity �uctuations for the fully developed �owin a
channel are presented.

11.14.3 Low-Rek � " Models

There exist a number of Low-Re numberk � " models [44–48]. When deriving low-
Re models it is common to study the behavior of the terms whenx2 ! 0 in the exact
equations and require that the corresponding terms in the modelled equations behave
in the same way. Let us study the exactk equation near the wall (see Eq.8.27).

� �v1
@k
@x1

+ � �v2
@k
@x2

= � � v0
1v0

2
@�v1

@x2| {z }
O(x3

2)

�
@p0v0

2

@x2
�

@
@x2

�
1
2

�v 0
2v0

i v
0
i

�

| {z }
O(x3

2)

+ �
@2k
@x22

� �
@v0i
@xj

@v0i
@xj| {z }

O(x0
2)

(11.152)

The dissipation term includes all velocity gradients but most of them go to zero close
to the wall, see Eq.11.151. The only velocity gradients that do not go to zero are
@v01=@x2 and@v03=@x2 and hence" / O (x0

2). The pressure diffusion@p0v0
2=@x2 term
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Figure 11.11: Flow between two parallel plates. Direct numerical simulations [43]. Re =
�v1;C �=� = 7890. u� =�v1;C = 0 :050. Energy balance ink equation. Turbulent diffusion by
velocity triple correlationsD T , Turbulent diffusion by pressureD p , and viscous diffusionD � .
All terms have been scaled withu4
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is usually neglected, partly because it is not measurable, and partly because close to
the wall it is not important, see Fig.11.11(see also [49]). The modelled equation reads
(see Eq.11.97)

� �v1
@k
@x1

+ � �v2
@k
@x2

= � t

�
@�v1

@x2

� 2

| {z }
O(x4

2)

+
@

@x2

�
� t

� k

@k
@x2

�

| {z }
O(x4

2)

+ �
@2k
@x22

� �"
|{z}

O(x0
2)

(11.153)

When arriving at that the production term isO(x4
2) we have used

� t = C�
k2

"
=

O(x4
2)

O(x0
2)

= O(x4
2) (11.154)

Comparing Eqs.11.152and11.153we �nd that the dissipation term in the modelled
equation behaves in the same way as in the exact equation whenx2 ! 0. However,
both the modelled production and the diffusion term are ofO(x4

2) whereas the exact
terms are ofO(x3

2). This inconsistency of the modelled terms can be removed by
replacing theC� constant byC� f � wheref � is a damping functionf � so that

f � = O(x � 1
2 ) (11.155)

whenx2 ! 0 andf � ! 1 whenx+
2 � 50. Now we get� t = O(x3

2). Please note that
the term “damping term” in this case is not correct sincef � actually is increasing� t

whenx2 ! 0 rather than damping it. However, it is common to call all low-Re number
functions for “damping functions”.

Instead of introducing a damping functionf � , we can choose to solve for a modi�ed
dissipation which is denoted~" , see Refs. [27,50]

It is possible to compare the exact and the modeled" equation when deriving damp-
ing functions for the" equation [51]. An alternative way is to study the modelled
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" equation near the wall and keep only the terms which do not tend to zero. From
Eq.11.29we get (note that@"=@x2 = O(x0

2), @"=@x1 = O(x0
2))

� �v1
@"
@x1| {z }

O(x1
2)

+ � �v2
@"
@x2| {z }

O(x2
2)

= C" 1
"
k

P k

| {z }
O(x1

2)

+
@

@x2

�
� t

� "

@"
@x2

�

| {z }
O(x2

2)

+ �
@2"
@x22| {z }

O(x0
2)

� C" 2�
"2

k| {z }
O(x � 2

2 )

(11.156)

The left-side has been written on non-conservative form (see Section2.4) which makes
it easier to see that the term goes to zero at the wall. Furthermore, it has been assumed
that the turbulent viscosity has been suitable modi�ed so that � t = O(x3

2). We �nd that
the only terms which do not vanish at the wall are the viscous diffusion term and the
dissipation term so that close to the wall the dissipation equation reads

0 = �
@2"
@x22

� C" 2�
"2

k
: (11.157)

This equation needs to be modi�ed since the diffusion term cannot balance the destruc-
tion term whenx2 ! 0. We multiply the destruction term byf 2 / O (x2

2) For more
details, see [27].

11.14.4 Wall boundary Condition for k

The wall boundary condition ofk is simple. Since the �rst cell is in the viscous sublayer
(x+

2 ' 1) and the turbulent �uctuations are zero at the wall we set

k = 0 (11.158)

11.14.5 Different ways of prescribing" at or near the wall

When setting wall boundary condition for" we look at thek equation. The largest term
in the k equation (see Eq.11.152) close to the wall, are the dissipation term and the
viscous diffusion term which both are ofO(x0

2) so that

0 = �
@2k
@x22

� �": (11.159)

From this equation we get immediately a boundary condition for " as

"wall = �
@2k
@x22

: (11.160)

From Eq.11.159we can derive alternative boundary conditions. The exact form of
the dissipation term close to the wall reads (see Eq.8.27)

" = �

( �
@v01
@x2

� 2

+
�

@v03
@x2

� 2
)

(11.161)
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where@=@x2 � @=@x1 ' @=@x3 and@v01=@x2 ' @v03=@x2 � @v02=@x2 have been
assumed. Using Taylor expansion gives (see Eq.11.150)

" = �
�

a2
1 + c2

1

�
+ : : : (11.162)

In the same way we get an expression for the turbulent kineticenergy (see Eq.11.150)

k =
1
2

�
a2

1 + c2
1

�
x2

2 + : : : (11.163)

so that  
@

p
k

@x2

! 2

=
1
2

�
a2

1 + c2
1

�
+ : : : (11.164)

Comparing Eqs.11.162and11.164we �nd

"wall = 2 �

 
@

p
k

@x2

! 2

: (11.165)

In manyk � " models the following form is used

"P = 2 �
k
x2

2
(11.166)

where subscriptP denotes wall-adjacent cells, see Fig.11.7. This is not really a bound-
ary condition; instead we prescribe" at the wall-adjacent cells. This is obtained by
assuminga1 = c1 in Eqs.11.162and11.163so that

" = 2 � a2
1

k = a2
1x2

2

(11.167)

which gives Eq.11.166.
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Figure 12.1: Stable strati�cation due to positive temperature gradient@��=@x3 > 0.

12 Reynolds stress models vs. eddy-viscosity models

In this section we present three fundamental physical processes which Reynolds stress
models are able to handle whereas eddy-viscosity models fail. The reason for the
superiority of the former model is in all cases that the production term is treated exactly,
whereas in eddy-viscosity models it is modeled.

12.1 Stable and unstable strati�cation

In �ows where buoyancy is dominating, the temperature has a large effect on the tur-
bulence through the buoyancy termGij , see Eq.11.11. If the temperature increases
upwards (i.e.@��=@x3 > 0), then the �ow isstably strati�ed . This is illustrated in
Fig. 12.1. Consider@��=@x3 > 0. This means that the density decreases with increas-
ing vertical height, i.e.@�=@x3 < 0. If a �uid particle is displaced from its equilibrium
level 0 up to level2, see Fig.12.1, it is heavier then the surrounding at this new level
(� 0 > � 2). Hence, the buoyancy forces the particle back to its original position0. In
this way the vertical turbulent �uctuations are dampened. Similarly if a particle origi-
nating at level0, is moved down to level1. Here it is lighter than its new environment,
and buoyancy takes it back to its original level0.

For the case ofunstable strati�cation , the situation is reversed. Cold �uid is
located on top of hot �uid, i.e.@��=@x3 < 0 and@�=@x3 > 0. In Fig. 12.1we would
then have� 2 > � 0. If a �uid particle at level0 is displaced upwards to level2, it is
at this location lighter than its new environment; hence it continues to move upwards.
If it is moved down to level1 it is heavier than its new environments and it will then
continue downwards. Hence, turbulent �uctuations are enhanced. This �ow situation
is calledunstable strati�cation .

Now we will investigate how the Reynolds stress model behaves in stable con-
ditions, i.e. when@��=@x3 > 0. The production term due to buoyancy reads (see
Eq.11.11)

G33 = 2 g� v0
3� 0 (12.1)

sincegi = (0 ; 0; � g). From the equation for the turbulent heat �ux,v0
3� 0 (i.e. Eq.11.22
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with i = 3 ), we �nd the production term forv0
3� 0

P3� = � v0
3v0

k
@��
@xk

� v0
k � 0@�v3

@xk
(12.2)

In the case illustrated in Fig.12.1, the production term due to temperature gradient
readsP3� = � v02

3 @��=@x3 < 0 (recall that we assume that buoyancy dominates so that
the �rst term in Eq.12.2is much larger than the second one). Since the main source
term in thev0

3� 0 equation,P3� , is negative, it makesv0
3� 0 < 0 so thatG33 < 0 (see

Eq.12.1). Thus, for the case illustrated in Fig.12.1, we �nd that the production term,
G33, due to buoyancy yields a damping of the vertical �uctuations as it should. Note
that the horizontal turbulent �uctuations are not affectedby the buoyancy term,Gij ,
sinceG11 = G22 = 0 because the gravity is in thex3 direction (i.e.g1 = g2 = 0 ).

If the situation in Fig.12.1is reversed so that@��=@x3 < 0 the vertical �uctuations
are instead augmented. This is calledunstably strati�ed conditions.

When eddy-viscosity models are used, transport equations are usually not solved
for v0

i �
0. Instead the heat �ux tensor is modeled with an eddy-viscosity assumption

using the Boussinesq assumption, see Eq.11.35. The buoyancy term,Gk , in the k
equation reads, see Eq.11.11(take the trace ofGij and divide by two)

Gk = 0 :5Gii = � gi � v0
i � 0 (12.3)

Forgi = (0 ; 0; � g), it readsGk = g� v0
3� 0 which with Eq.11.35gives

Gk = � g�
� t

� �

@��
@x3

(12.4)

Hence it is seen that in stably strati�ed conditions,Gk < 0 as required. The differ-
ence between an eddy-viscosity model and a Reynolds stress model, is that the former
reducesk whereas the latter reduces only the vertical �uctuations.

12.2 Curvature effects

When the streamlines in boundary layer �ow have a convex curvature, the turbulence
is stabilized. This dampens the turbulence [52, 53], especially the shear stress and
the Reynolds stress normal to the wall. Concave curvature destabilizes the turbu-
lence. The ratio of boundary layer thickness� to curvature radiusR is a common
parameter for quantifying the curvature effects on the turbulence. The work reviewed
by Bradshaw [52] demonstrates that even such small amounts of convex curvature as
�=R = 0 :01can have a signi�cant effect on the turbulence. In [54] they carried out an
experimental investigation on a con�guration simulating the �ow near a trailing edge
of an airfoil, where they measured�=R ' 0:03. They reported a 50 percent decrease
of � v02

2 (Reynolds stress in the normal direction to the wall) owing to curvature. The
reduction of� v02

1 and� � v0
1v0

2 was also substantial. In addition they reported signi�cant
damping of the turbulence in the shear layer in the outer partof the separation region.

An illustrative model case is curved boundary layer �ow, seeFig. 12.2. A polar
coordinate systemr � � with �̂ locally aligned with the streamline is introduced. As
v� = v� (r ) (with @v� =@r > 0 andvr = 0 ), the radial inviscid momentum equation
(i.e. the terms including viscosity are omitted) degenerates to

�v 2
�

r
�

@p
@r

= 0 (12.5)
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Figure 12.3: Streamline curvature occurring when the �ow approaches, for example, a separa-
tion region or an obstacle.

Here the variables are instantaneous or laminar. The centrifugal force exerts a force in
the normal direction (outward) on a �uid following the streamline, which is balanced
by the pressure gradient. Since we have assumed that@v� =@r >0, Eq.12.5shows that
the pressure gradient increases withr . If the �uid by some disturbance (e.g. turbulent
�uctuation) is displaced outwards to level A, it encountersa pressure gradient larger
than that to which it was accustomed atr = r0, since(v� )A > (v� )0, which from
Eq. 12.5 gives (@p=@r)A > (@p=@r)0. Hence the �uid is forced back tor = r0.
Similarly, if the �uid is displaced inwards to level B, the pressure gradient is smaller
here than atr = r0 and cannot keep the �uid at level B. Instead the centrifugal force
drives it back to its original level.

It is clear from the model problem above that convex curvature, when@v� =@r >0,
has a stabilizing effect on (turbulent) �uctuations, at least in the radial direction. It is
discussed below how the Reynolds stress model responds to streamline curvature.

Assume that there is a �at-plate boundary layer �ow, see Fig.12.3. The ratio of
the normal stresses� v02

1 to � v02
2 is typically 5 (or more). At onex1 station, the �ow

is de�ected upwards. How will this affect turbulence? Let usstudy the effect of con-
cave streamline curvature. The production termsPij owing to rotational strains (i.e.
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@V � =@r > 0 @V � =@r < 0

convex curvature stabilizing destabilizing
concave curvature destabilizing stabilizing

Table 12.1:Effect of streamline curvature on turbulence.
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Figure 12.4: The velocity pro�le for a wall jet.

@�v1=@x2; @�v2=@x1) can be written as (see Eq.11.11):

RSM; v02
1 � eq: : P11 = � 2v0

1v0
2

@�v1

@x2
(12.6a)

RSM; v0
1v0

2 � eq: : P12 = � v02
1

@�v2

@x1
� v02

2
@�v1

@x2
(12.6b)

RSM; v02
2 � eq: : P22 = � 2v0

1v0
2

@�v2

@x1
(12.6c)

k � " P k = � t

 
@�v1

@x2
+

@�v2

@x1

! 2

(12.6d)

The terms in boxes appear because of the streamline curvature.
As long as the streamlines are parallel to the wall, all production is a result of

@�v1=@x2. However as soon as the streamlines are de�ected, there are more terms
resulting from@�v2=@x1. Even if @�v2=@x1 is much smaller than@�v1=@x2 it will still
contribute non-negligibly toP12 as� v02

1 is much larger than� v02
2 . Thus the magnitude

of P12 will increase (P12 is negative) as@�v2=@x1 > 0. An increase in the magnitude of
P12 will increase� v0

1v0
2, which in turn will increaseP11 andP22. This means that� v02

1

and� v02
2 will be larger and the magnitude ofP12 will be further increased, and so on.

It is seen that there is a positive feedback, which continuously increases the Reynolds
stresses. The turbulence isdestabilizedowing to concave curvature of the streamlines.
Note that eddy-viscosity models such ask � " andk � ! models cannot account for
streamline curvature since the two rotational strains,@�v1=@x2 and @�v2=@x1, in the
production term are multiplied by the same coef�cient (the turbulent viscosity).

Above, we have assumed concave curvature and positive velocity gradient. There
are two other options.

1. If the �ow (concave curvature) is a wall jet �ow where@�v1=@x2 < 0 in the
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Figure 12.5: The �ow pattern of stagnation �ow.

outer part (see Fig.12.4) the situation will be reversed: the turbulence will be
stabilized.

2. If the streamline (and the wall) is de�ected downwards, the situation will be as
follows: the turbulence is stabilizing when@�v1=@x2 > 0, and destabilizing for
@�v1=@x2 < 0.

The stabilizing or destabilizing effect of streamline curvature depends on the type
of curvature (convex or concave), and whether there is an increase or decrease in tan-
gential momentum with radial distance from its origin (i.e.the sign of@V� =@r). For
convenience, these cases are summarized in Table12.1. It should be noted that con-
cave or convex depends on from which point the streamline is viewed. The streamline
in Fig. 12.3, for example, is concave when viewed from the wall but convexwhen
viewed from the origin of the circle with radiusr .

12.3 Stagnation �ow

The k � " model does in this type of �ow not model the normal stresses properly,
whereas ASM/RSM do. The production term in thek equations for RSM/ASM and
k � " model in stagnation �ow (see Fig.12.5) due to@�v1=@x1 and@�v2=@x2 (which
are the dominant strains) is:

RSM=ASM : 0:5 (P11 + P22) = � v02
1

@�v1

@x1
� v02

2
@�v2

@x2
= �

@�v1

@x1
(v02

1 � v02
2 ) (12.7)

k � " : P k = 2 � t

( �
@�v1

@x1

� 2

+
�

@�v2

@x2

� 2
)

(12.8)

where continuity@�v1=@x1 = � @�v2=@x2 has been employed. In RSM, the two terms
are added with sign. In thek � " model, however, the production will be large because
the difference in sign of the two terms is not taken into account because it includes the
square of the velocity gradients.
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12.4 RSM/ASM versusk � " models

� Advantages withk � " models (or eddy viscosity models):

i) simple due to the use of an isotropic eddy (turbulent) viscosity

ii) stable via stability-promoting second-order gradients inthe mean-�ow equa-
tions

iii) work reasonably well for a large number of engineering �ows

� Disadvantages:

i) isotropic, and thus not good in predicting normal stresses (v02
1 ; v02

2 ; v02
3 )

ii) as a consequence ofi) it is unable to account for curvature effects

iii) as a consequence ofi) it is unable to account for irrotational strains (stag-
nation �ow)

iv) in boundary layers approaching separation, the productiondue to normal
stresses is of the same magnitude as that due to shear stresses [55].

� Advantages with ASM/RSM:

i) the production terms do not need to be modeled

ii) thanks toi) it can selectively augment or damp the stresses due to cur-
vature effects (RSM is better than ASM because the convective terms are
accounted for) and it is more accurate for boundary layers approaching
separation, buoyancy etc.

� Disadvantages with RSM:

i) RSM is complex and dif�cult to implement, especially implicit ASM

ii) numerically unstable because small stabilizing second-order derivatives in
the momentum equations (only viscousdiffusion)

iii) CPU time consuming
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13 Realizability

There are a number of realizability constraints. The usual two ones are that all normal
stresses should stay positive and that the correlation coef�cient for the shear stress
should not exceed one, i.e.

v02
i � 0 for all i

jv0
i v

0
j j

�
v02

i v02
j

� 1=2
� 1 no summation overi andj; i 6= j (13.1)

These criteria are seldom used in RSMs. However, satisfyingthe �rst criteria is actually
of importance for eddy-viscosity models in stagnation �ow [56]. Assume that the �ow
is in thex1 direction and that it approaches the wall (see Fig.12.5). The Boussinesq
assumption for the normal stressv02

1 reads (cf. Eq.12.7)

v02
1 =

2
3

k � 2� t
@�v1

@x1
=

2
3

k � 2� t �s11 (13.2)

It is seen that if�s11 gets too large thenv02
1 < 0 which is nonphysical, i.e. non-realizable.

Let's now brie�y repeat the concept “invariants”. This means something that is
independent of the coordinate system. Here we mean independent of rotation of the
coordinate system. If a tensor is symmetric, then we know that it has real eigenvalues
which means that we can rotate the coordinate system so that the off-diagonal compo-
nents vanish (see, e.g., [30]). This corresponds to the principal coordinate directions.
For the strain tensor it means that the off-diagonal components of �sij vanish and this
is the coordinate system where the diagonal components become largest (e.g.�s11 in
Eq.13.2). This is thus the coordinate system in which the danger of negativev02

1 from
Eq. 13.2 is largest. The equation for �nding the eigenvalues of a tensor Cij is (see
e.g. [30] or [57])

jCij � � ij � j = 0 (13.3)

which gives, in 2D, �
�
�
�

C11 � � C 12

C21 C22 � �

�
�
�
� = 0 (13.4)

The resulting equation is

� 2 � I 2D
1 � + I 2D

2 = 0

I 2D
1 = Cii

I 2D
2 =

1
2

(Cii Cjj � Cij Cij ) = det(Cij )

(13.5)

Since Eq.13.5is the same irrespectively of the orientation of the original coordinate
system, it follows that its coef�cientsI 2D

1 andI 2D
2 are invariants.

In 3D, Eq.13.3gives
�
�
�
�
�
�

C11 � � C 12 C13

C21 C22 � � C 23

C31 C32 C33 � �

�
�
�
�
�
�

= 0 (13.6)
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which gives

� 3 � I 3D
1 � 2 + I 3D

2 � � I 3D
3 = 0

I 3D
1 = Cii

I 3D
2 =

1
2

(Cii Cjj � Cij Cij )

I 3D
3 =

1
6

(2Cij Cjk Cki � 3Cij Cji Ckk + Cii Cjj Ckk ) = det(Cij )

(13.7)

The invariants areI 3D
1 , I 3D

2 andI 3D
2 .

Let's go back to Eq.13.2and assume incompressible 2D �ow. The �rst invariant
reads (cf. Eq.13.5)

I 2D
1 = �sii = �s11 + �s22 = � 1 + � 2 = 0 (13.8)

It is zero due to the continuity equation. The second invariant of �sij reads

I 2D
2 = � �sij �sij =2; (13.9)

(see Eq.13.5) which is independent of the orientation of the coordinate system (hence
the name ”invariant”). The solution to Eq.13.5, using Eq.13.8, is

� 1;2 = �
�
� I 2D

2

� 1=2
= �

� �sij �sij

2

� 1=2
(13.10)

The eigenvalues of�sij correspond to the strains in the principal axis. As discussed
above, we apply Eq.13.2in the principal coordinate directions of�sij . Hence,�s11 in
Eq.13.2is replaced by the largest eigenvalue so that

v02
1 =

2
3

k � 2� t � 1 (13.11)

The requirementv02
1 � 0 gives now together with Eq.13.11

� t �
k

3j� 1j
=

k
3

�
2

�sij �sij

� 1=2

(13.12)

In 3D, Eq.13.7instead of Eq.13.5is used, and Eq.13.10is replaced by [56]

j� k j =
�

2�sij �sij

3

� 1=2

(13.13)

This is a simple modi�cation of an eddy-viscosity model, andit ensures that the normal
stresses stay positive.

13.1 Two-component limit

Another realizability constraint is to require that whenv02
i approaches zero near walls,

it should do so smoothly. One way to ensure this is to require that the derivative ofv02
i

should go to zero whenv02
i goes to zero, i.e.

v02
i ! 0 )

dv02
i

dt
! 0 (13.14)
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whered=dt denotes the material derivative (think of Eq.13.14in Lagrangian coordi-
nates, i.e. we follow a �uid particle as it approaches the wall). Equation13.14requires
that whenv02

i approaches zero, the left side (and thus also the right side)of the transport
equation ofv02

i should also do so. Since we are here concerned about the pressure-strain
term, we'll take a look at how it behaves near walls whenv02

i ! 0. This is of some rel-
evance in near-wall turbulence where the wall-normal stress goes to zero faster than the
wall-parallel ones: this state of turbulence is called the two-component limit [58]. The
wall-normal component goes to zero asv02

2 = O(x4
2) whereasv02

1 andv02
3 go to zero as

O(x2
2), see Section 4 inIntroduction to turbulence models. Neither the form of� ij; 2

in Eq.11.90nor Eq.11.89satisfy the requirement that� 22;2 = 0 whenv02
2 = 0 [31].

In Eq.11.90, for example,

� 22;2 ! c2
2
3

� ij P k 6= 0 (13.15)

even ifv02
2 = 0 . Very complex forms of� ij; 2 have been proposed [59] [CL96] which

include terms cubic inv0
i v

0
j . The CL96 model does satisfy the two-component limit.

Another advantage of the CL96 model is that it does not need any wall distances, which
is valuable in complex geometries.

The models of the slow pressure-strain in Eq.11.57(linear model) and Eq.11.63
(non-linear model) do also not satisfy the two-component limit. The Rotta model
(Eq.11.57), for example, gives

� 22;1 ! c1�
2"
3

6= 0 (13.16)

whenv02
2 ! 0. The only way to ensure that� 22;1 ! 0 is to makec1 ! 0 when

the wall is approached. A convenient parameter proposed in [58] is A which is an
expression ofA2 andA3 (the second and third invariant ofaij , respectively), i.e.

A2 = aij aji ; A3 = aij ajk aki ; A = 1 �
9
8

(A2 � A3) (13.17)

The parameterA = 0 in the two-component limit andA = 1 in isotropic turbulence.
ThusA is a suitable parameter to use when damping the constantc1 as the wall is
approached.

https://www.tfd.chalmers.se/~lada/postscript_files/kompendium_turb.pdf
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14 Non-linear Eddy-viscosity Models

In traditional eddy-viscosity models the turbulent stressv0
i v

0
j is formulated from the

Boussinesq assumption, i.e.

aij = � 2� t
�sij

k

�sij =
1
2

�
@�vi

@xj
+

@�vj

@xi

� (14.1)

where the anisotropy tensor is de�ned as (see Eq.11.59)

aij �
v0

i v
0
j

k
�

2
3

� ij (14.2)

The relation between the stressv0
i v

0
j and the velocity gradient in Eq.14.1 is, as can

be seen, linear. One way to make eddy-viscosity models more general is to include
non-linear terms of the strain-rate (i.e. the velocity gradient) [36]. A subset of the most
general form (given by11.107) reads [60]

aij = � 2c� � �sij

+ c1� 2
�

�sik �skj �
1
3

�s`k �s`k � ij

�
+ c2� 2 � �
 ik �skj � �sik �
 kj

�

+ c3� 2
�

�
 ik �
 jk �
1
3

�
 `k �
 `k � ij

�
+ c4� 3 �

�sik �sk` �
 `j � �
 i` �s`k �skj
�

+ c5� 3
�

�
 i` �
 `m �smj + �si` �
 `m �
 mj �
2
3

�
 mn �
 n` �s`m � ij

�

+ c6� 3 �sk` �sk` �sij + c7� 3 �
 k` �
 k` �sij

�
 ij =
1
2

�
@�vi

@xj
�

@�vj

@xi

�

(14.3)

where� is a turbulent time scale; for a non-lineark � " model� = k=", and for a non-
lineark � ! model� = 1 =! . The tensor groups correspond to a subset of Eq.11.107:

Line 1: T 1
ij ,

Line 2: T 3
ij andT 2

ij

Line 3: T 4
ij andT 5

ij

Line 4: T 6
ij

Line 5: T 1
ij multiplied by the invariants�sk` �sk` and �
 k` �
 k`

The expression in Eq.14.3 is cubic in @�vi =@xj . However, note that it is only
quadratic in�sij and �
 ij . This is due to Cayley-Hamilton theorem which states that a
tensor is only linearly independent up to quadratic terms, see p.141; this means that,
for example,�s3

ij = �sik �sk` �s`j can be expressed as a linear combination of�s2
ij = �sik �skj

and�sij .
aij is symmetric and its trace is zero; it is easily veri�ed that the right side of

Eq.14.3also has these properties (see Exam 2017-05-30, Answers, Question T3a).



14. Non-linear Eddy-viscosity Models 176

Examples of non-linear models (sometimes also calledexplicit algebraic Reynolds
stress models, EARSM) in the literature are the models presented in [37,60–62]. EARSMs
are very popular — especially the model in [37] — in the aeronautical community
where explicit time-marching solvers are used. They are computationally cheap, more
accurate than linear eddy-viscosity models and they do not give rise to any numerical
instabilities as in implicit solvers (like SIMPLE). In implicit solvers a large turbulent
viscosity in the diffusion term of the momentum equations isneeded to stabilize the
solution procedure.

Let's take a closer look on Eq.14.3 in fully developed channel �ow (�v2 = �v3 =
@=@x1 = @=@x3 � 0); we obtain

a11 =
1
12

� 2
�

@�v1

@x2

� 2

(c1 + 6 c2 + c3)

a22 =
1
12

� 2
�

@�v1

@x2

� 2

(c1 � 6c2 + c3)

a33 = �
1
6

� 2
�

@�v1

@x2

� 2

(c1 + c3)

a12 = � c� �
@�v1

@x2
+

1
4

� 3
�

@�v1

@x2

� 3

(� c5 + c6 + c7)

(14.4)

Using values on the constants as in [60], i.e c1 = � 0:05, c2 = 0 :11, c3 = 0 :21,
c4 = � 0:8 c5 = 0 , c6 = � 0:5 andc7 = 0 :5 we get

a11 =
0:82
12

� 2
�

@�v1

@x2

� 2

) v02
1 =

2
3

k +
0:82
12

k� 2
�

@�v1

@x2

� 2

a22 =
� 0:5
12

� 2
�

@�v1

@x2

� 2

) v02
2 =

2
3

k �
0:5
12

k� 2
�

@�v1

@x2

� 2

a33 =
� 0:16

12
� 2

�
@�v1

@x2

� 2

) v02
3 =

2
3

k �
0:16
12

k� 2
�

@�v1

@x2

� 2

a12 = � c�
k
"

@�v1

@x2

(14.5)

We �nd that indeed the non-linear model gives anisotropic normal Reynolds stresses.
In Eqs.14.4 and14.5 we have assumed that the only strain is@�v1=@x2. When

we discussed streamline curvature effects at p.170 we found that it is important to
investigate the effect of secondary strains such as@�v2=@x1. Let's write down Eq.14.3
for the strain@�v2=@x1

a11 =
1
12

� 2
�

@�v2

@x1

� 2

(c1 � 6c2 + c3)

a22 =
1
12

� 2
�

@�v2

@x1

� 2

(c1 + 6 c2 + c3)

a33 = �
1
6

� 2
�

@�v2

@x1

� 2

(c1 + c3)

a12 = �
1
4

� 3
�

@�v2

@x1

� 3

(c5 + c6 + c7)

(14.6)
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Inserting the constants from [60] (see above) we obtain

a11 = �
0:5
12

� 2
�

@�v2

@x1

� 2

a22 =
0:82
12

� 2
�

@�v2

@x1

� 2

a33 = �
0:16
12

� 2
�

@�v2

@x1

� 2

; a12 = 0

(14.7)

As can be seen the coef�cient fora22 is larger than that in Eq.14.5, and hence the model
is slightly more sensitive to the secondary strain,@�v2=@x1, than to the primary one,
@�v1=@x2. Thus, the non-linear models are able to account for streamline curvature, but
due to the choice of constantsc5 + c6 + c7 = 0 this effect is weak.
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15 The V2F Model

In the V2F model of [56, 63, 64] two additional equations, apart from thek and "-
equations, are solved: the wall-normal stressv02

2 and a functionf . This is a model
which aims at improving modeling of wall effects on the turbulence.

Walls affect the �uctuations in the wall-normal direction,v02
2 , in two ways. The wall

damping ofv02
2 is felt by the turbulence fairly far from the wall (x+

2 . 200) through the
pressure �eld (i.e. the pressure-strain term) whereas the viscous damping takes place
within the viscous and buffer layer (x+

2 . 10). In usual eddy-viscosity models both
these effects are accounted for through damping functions.The damping ofv02

2 is in
the RSM accounted for through the modeled pressure-strain terms� 22;1w and� 22;2w

(see Eqs.11.95and Eq.11.96). They go to zero far away from the wall (x+
2 & 400).

In the V2F model the problem of accounting for the wall damping of v02
2 is simply

resolved by solving its transport equation. Thev02
2 equation in boundary-layer form

reads (see Eq.9.16at p.117)

@��v1v02
2

@x1
+

@��v2v02
2

@x2
=

@
@x2

"

(� + � t )
@v02

2

@x2

#

� 2v0
2

@p0

@x2
� �" 22 (15.1)

in which the diffusion term has been modeled with an eddy-viscosity assumption, see
Eq.11.47at p.137. Note that the production termP22 = 0 because in boundary-layer
approximation�v2 � �v1 and@=@x1 � @=@x2. The model for the dissipation term,
"22, is taken as

"model
22 =

v02
2

k
"

This is a more elaborate model than in RSM (see Eq.11.49). Add and subtract"model
22

on the right side of Eq.15.1yields

@��v1v02
2

@x1
+

@��v2v02
2

@x2
=

@
@x2

"

(� + � t )
@v02

2

@x2

#

� 2v0
2

@p0

@x2
� �" 22 + �

v02
2

k
" � �

v02
2

k
"

(15.2)

In the V2F modelP is now de�ned as

P = �
2
�

v0
2

@p0

@x2
� "22 +

v02
2

k
" (15.3)

so that Eq.15.2can be written as

@��v1v02
2

@x1
+

@��v2v02
2

@x2
=

@
@x2

"

(� + � t )
@v02

2

@x2

#

+ � P � �
v02

2

k
" (15.4)

P is the source term in thev02
2 -equation above, and it includes the velocity-pressure

gradient term and the difference between the exact and the modeled dissipation. Note
that this term is commonly split into a diffusion term and thepressure-strain term as

v0
2

@p0

@x2
=

@v0
2p0

@x2
� p0@v02

@x2
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Physically, the main agent for generating wall-normal stress is indeed the pressure-
strain term via re-distribution, see example in Section11.13.

A new variablef = P=k is de�ned and a relaxation equation is formulated forf
as

L 2 @2f
@x22

� f = �
� 22

�k
�

1
T

 
v02

2

k
�

2
3

!

T = max
�

k
"

; CT

� �
"

� 1=2
�

� 22

�k
=

C1

T

 
2
3

�
v02

2

k

!

+ C2
� t

k

�
@�v1

@x2

� 2

L = CL max

(
k3=2

"
; C�

�
� 3

"

� 1=4
)

(15.5)

where� 22 is the IP model of the pressure-strain term, see Eqs.11.57and11.90, the
�rst term being the slow term, and the second the rapid term. The constants are given
the following values:c� = 0 :23; CT = 6 ; c" 1 = 1 :44; c" 2 = 1 :9; � k = 0 :9; � " =
1:3; C1 = 1 :3; C2 = 0 :3; CL = 0 :2; C� = 90.

The boundary condition forf is obtained from thev02
2 equation. Near the wall, the

v02
2 equation reads

0 = �
@2v02

2

@x22
+ fk �

v02
2

k
" (15.6)

The �rst and the last term behave asO(x2
2) asx2 ! 0 because Taylor analysis gives

v02
2 = O(x4

2), " = O(x0
2) andk = O(x2

2), see Section11.14.2. Furthermore," =
2�k=x 2

2 (see Eq.11.166); using this expression to replacek in Eq.15.6gives

0 =
@2v02

2

@x22
+

f"x 2
2

2� 2 �
2v02

2

x2
2

(15.7)

Assuming thatf and" are constant very close to the wall, this equation turns intoan
ordinary second-order differential equation with the solution

v02
2 = Ax 2

2 +
B
x2

� "f
x4

2

20� 2

Sincev02
2 = O(x4

2) asx2 ! 0, both constants must be zero, i.e.A = B = 0 , so we get

f = �
20� 2

"
v02

2

x4
2

(15.8)

For more details, see [65].
Above we have derived thev02

2 equation in boundary layer form assuming thatx2

is the wall-normal coordinate. In general, three-dimensional �ow it reads

@��vj v2

@xj
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�
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@v2
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2
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�
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�
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P k

k

(15.9)
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Figure 15.1: Illustration of Eq.15.12

As mention above, the source term�fk is the modeled pressure-strain term� 22;1 +
� 22;2, see Eqs.11.57, 11.90and11.91. Note that it does not include the wall terms,
� 22;1w +� 22;2w which dampen the wall-normal stress in a Reynolds stress model. The
damping of the wall-normal stress is in Eq.15.9achieved byf which is reduced near
the wall, see Fig.15.1.

In the V2F model a transport equation for the normal stress normal to walls is
solved for. If the wall lies in thex1 � x3 plane, thenv2 = v02

2 . However, if a wall
lies in thex2 � x3 plane, for example, this means that the transport equation for v02

2 is
turned into an equation forv02

1 , i.e. v2 = v02
1 . This is done automatically since in the

general formulation in Eq.15.9, @�v1=@x2 in the expression for� 22 is replaced byP k .
If the wall lies in thex2 � x3 plane the largest velocity gradient will be@�v2=@x1 or
@�v3=@x1.

Why does the right side of Eq.15.5 has the form it has? Far from the wall,
the source term in thev02

2 -equation simpli�es to� 22 plus isotropic dissipation (see
Eq.15.1). This is what happens, because far from the wall when@2f=@x22 ' 0, so that
Eq.15.5can be written (T = k=")

kf � P ! � 22 + "(v02
2 =k � 2=3) (15.10)

When this expression is inserted in Eq.15.4we get

@��v1v02
2

@x1
+

@��v2v02
2

@x2
=

@
@x2

"

(� + � t )
@v02

2

@x2

#

+ � � 22 �
2
3

�" (15.11)

which is the usual form of the modeledv02
2 -equation with isotropic dissipation. Near

the wall, the diffusion term@2f=@x22 makesf go from the value of its source term to
its (negative) wall value (see Eq.15.8) over the lengthscaleL . This is how the in�uence
of the source termP in Eq.15.4is reduced as the wall is approached. The behavior of
the equation forf (Eq.15.5) is illustrated in Fig.15.1where the equation

L 2 @2f
@x22

� f + S = 0 (15.12)

has been solved withf = 0 at the wall and with differentL andS.
As can be seen,f is, as required, reduced as the wall is approached. Furthermore,

f approaches the value of the source term asx2 > L . The in�uence of the lengthscale
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L is nicely illustrated: the largerL , the further away from the wall doesf go to its
far-�eld value.

In the V2F model the turbulent viscosity is computed from

� t = C� v02
2 T (15.13)

The k and"-equations are also solved (without damping functions). For conve-
nience, the boundary conditions are given again

k = 0 ; v02
2 = 0

" = 2 �k=x 2
2

f = �
20� 2v02

2

"x 4
2

(15.14)

The boundary condition forf makes the equation system numerically unstable.
One way to get around that problem is to solve both thek, " and v02

2 , f equations
coupled [65]. An alternative is to use the� � f model [66] which is more stable. In
this model they solve for the ratiov02

2 =k instead of forv02
2 which gives a simpler wall

boundary condition forf , namelyf = 0 .

15.1 Modi�ed V2F model

In [67] they proposed a modi�cation of the V2F model allowing the simple explicit
boundary conditionf = 0 at walls. They introduced a new variable

f � = f � 5"v 2=k2

and they neglected the term

� 5L 2 @2

@xj @xj

�
"v 2

k2

�

The resultingv02
2 andf � -equation read [67]

@�vj v2

@xj
=

@
@xj

�
(� + � t )

@v2

@xj

�
+ kf � � 6

v2

k
" (15.15)

� L 2 @2f �

@xj @xj
+ f � = �

1
T

�
(C1 � 6)

v2

k
�

2
3

(C1 � 1)
�

+ C2
P k

k

P k = � t

�
@�vi

@xj
+

@�vj

@xi

�
@�vi

@xj

T = max
�

k
"

; 6
� �

"

� 1=2
�

L = CL max

(
k3=2

"
; C�

�
� 3

"

� 1=4
)

(15.16)

Boundary conditions at the walls are

k = 0 ; v2 = 0

" = 2 �k=x 2
2

f � = 0

This modi�ed model is numerically much more stable. Note that the modi�ed model
is identical to the original model far from the wall.
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15.2 Realizable V2F model

The realizable condition for stagnation �ow (see p.172) is used also for the V2F model,
and they read [67]

T = min

"
k
"

;
0:6k

p
6C� v2 (�sij �sij )1=2

#

L = min

"
k3=2

"
;

k3=2

p
6C� v2 (2�sij �sij )1=2

# (15.17)

These realizable conditions have been further investigated by Sveningsson [65,68–71],
and it was found that the limitation onT is indeed important, whereas that forL is
not. Furthermore, it was found that it is important to imposethe limitation onT in
a consistent manner. For instance, if the limit is used in thef equation, it must for
consistency also be used for"=k in Eq.15.15.

15.3 To ensure thatv2 � 2k=3

In the V2F model,v2 denotes the generic wall-normal stress. Thus it should be the
smallest one. This is not ensured in the V2F models presentedabove. Below the
simple modi�cation proposed by [72] is presented.

The source termkf in thev2-equation (Eq.15.15) includes the modeled velocity-
pressure gradient term which is dampened near walls asf goes to zero. Sincev2

represents the wall-normal stress, it should be the smallest normal stress, i.e.v02
2 � v02

1

andv02
2 � v02

3 , and thusv02
2 should be smaller than or equal to2

3 k. In the homoge-
neous region far away from the wall, the Laplace term is assumed to be negligible i.e.
@2f=@xj @xj ! 0. Then Eq.15.16reduces tof equals to the source term on the right
side.

It turns out that in the region far away from the wall, the Laplace term is not negli-
gible, and as a consequencev2 gets too large so thatv2 > 2

3 k. A simple modi�cation
is to use the right side of Eq.15.16as an upper bound on the source termkf in the
v2-equation, i.e.

v2
source = min

�
kf; �

"
k

�
(C1 � 6)v2 �

2k
3

(C1 � 1)
�

+ C2P k
�

(15.18)

This modi�cation ensures thatv2 � 2k=3. For more details, see [72].
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Figure 16.1: Flow around an airfoil. Pressure contours. Red: high pressure; blue: low pressure

16 The SST Model

The SST (Shear Stress Transport) model of [73] is an eddy-viscosity model which
includes two main novelties:

1. It is combination of ak � ! model (in the inner boundary layer) andk � " model
(in the outer region of the boundary layer as well as outside of it);

2. A limitation of the shear stress in adverse pressure gradient regions.

The k � " model has two main weaknesses: it over-predicts the shear stress in
adverse pressure gradient �ows because of too large length scale (due to too low dissi-
pation) and it requires near-wall modi�cation (i.e. low-Renumber damping function-
s/terms). Variousk � ! models are presented in Section 4Introduction to turbulence

One example of adverse pressure gradient is the �ow along thesurface of an airfoil,
see Fig.16.1. Consider the upper surface (suction side). Starting from the leading edge,
the pressure decreases because the velocity increases. At the crest (atx=c ' 0:15)
the pressure reaches its minimum and increases further downstream as the velocity
decreases. This region is called theadverse pressure gradient(APG) region.

The k � ! model is better than thek � " model at predicting adverse pressure
gradient �ow and the standardk � ! model of [74] (see also [27]) does not use any
damping functions. However, the disadvantage of the standard k � ! model is that it is
dependent on the free-stream value of! [75,76].

In order to improve both thek � " and thek � ! model, it was suggested in [73]
to combine the two models. Before doing this, it is convenient to transform thek � "
model into ak � ! model using the relation! = "=(� � k), where� � = c� . The left-
hand side of the! equation will consist of the convection term,d!=dt , which denotes
the material derivative, assuming steady �ow, see Eq.2.27. Let us express the left-
hand side of the! equation as a combination of the left-hand sides of the" and thek
equations by using the chain rule, i.e.

d!
dt

=
d
dt

�
"

� � k

�
=

1
� � k

d"
dt

+
"

� �

d(1=k)
dt

=
1

� � k
d"
dt

�
"

� � k2

dk
dt

=
1

� � k
d"
dt

�
!
k

dk
dt

(16.1)

https://www.tfd.chalmers.se/~lada/postscript_files/kompendium_turb.pdf
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Now we have transformed the left side of the! equation. The right side should be
transformed in the same manner. For example, the productionof the ! equation will
consist of two terms, one term from the" equation

1
� � k

P" (the �rst term at the right side in Eq.16.1) (16.2)

and one from thek equation

�
!
k

P k (the second term at the right side in Eq.16.1) (16.3)

In the same way we transform the entire right side inserting the modeled equations for
k and" so that

D!
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Viscous diffusion; D �
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(16.4)

� Production term
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(16.5)

� Destruction term
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� Viscous diffusion term
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(16.7)

The turbulent diffusion term is obtained as (the derivationis found in [77] which
can be downloaded fromhttps://www.tfd.chalmers.se/˜lada)
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@xj
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https://www.tfd.chalmers.se/~lada
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In the standardk � " model we have� k = 1 and� " = 1 :3. If we assume that� k = � "

in the second and third term of the right-hand side, we can considerably simplify the
turbulence diffusion so that

D T
! =

2� t

� " k
@k
@xj

@!
@xj

+
@

@xj

�
� t

� "

@!
@xj

�
(16.9)

We can now �nally write the" equation formulated as an equation for!

@
@xj

(�vj ! ) =
@

@xj

��
� +

� t

� "

�
@!
@xj

�
+ �

!
k

P k � �! 2

+
2
k

�
� +

� t

� "

�
@k
@xi

@!
@xi

� = C" 1 � 1 = 0:44; � = ( C" 2 � 1)� � = 0 :0828

(16.10)

Since thek � " model will be used for the outer part of the boundary layer, the vis-
cous part of the cross-diffusion term (second line) is usually neglected (the viscous
terms are negligible in the outer region). The turbulent viscosity is computed as (using
dimensional analysis)

� t =
k
!

(16.11)

In the SST model the coef�cients are smoothly switched fromk � ! values in the
inner region of the boundary layer tok � " values in the outer region. Functions of the
form

F1 = tanh( � 4); � = min

"

max

( p
k

� � !y
;

500�
y2!

)

;
4� ! 2k
CD ! y2

#

(16.12)

are used.F1 = 1 in the near-wall region andF1 = 0 in the outer region. The� -
coef�cient, for example, is computed as

� SST = F1� k � ! + (1 � F1)� k � " (16.13)

where� k � ! = 0 :075 and � k � " = 0 :0828. Since the standardk � ! model does
not include any cross-diffusion term, the last term in the! equation (second line in
Eq.16.10) should only be active in thek � " region; hence it is multiplied by(1 � F1).
The constants are given in Section20.2.

At p. 183 it was mentioned that thek � ! model is better than thek � " model
in predicting adverse pressure-gradient �ows because it predicts a smaller shear stress.
Still, the predicted shear stress is too large. This brings us to the second modi�cation
(see p.183). When introducing this second modi�cation, the author in [73] noted that
a model (the Johnson - King model [JK]) which is based on a transport equation of
the main shear stressv0

1v0
2, predicts adverse pressure gradient �ows much better than

thek � ! model. In the JK model, thev0
1v0

2 transport equation is built on Bradshaw's
assumption [78]

� v0
1v0

2 = a1k (16.14)

wherea1 = c1=2
� = � � 1=2. In boundary layer �ow, the Boussinesq assumption can be

written as
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� 2
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(16.15)
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It is found from experiments that in boundary layers of adverse pressure gradient �ows,
the production is much larger than the dissipation (P k � " ) and that� v0

1v0
2 ' c1=2

� k.
When the Boussinesq assumption is used in thek � ! model for adverse pressure
gradient �ows,P k � " , and hence (see Eq.16.15)

�
v0

1v0
2

c1=2
� k

� 1 (16.16)

which explains why the Boussinesq assumption over-predicts the shear stress and works
poorly in this type of �ow (recall that according to experiments� v0

1v0
2 ' c1=2

� k). To
reducejv0

1v0
2j in Eq.16.15in adverse pressure gradient �ow, [73] proposed to re-de�ne

the turbulent eddy viscosity including the expression in Eq. 16.14. We have two ex-
pressions for the turbulent viscosity (expressing a Johnson-King-turbulent viscosity
with the Boussinesq assumption)

� t =
� v0

1v0
2

�

=

c1=2
� k
�


Johnson-King (16.17a)

� t =
k
!

=
c1=2

� k

c1=2
� !

k � ! model (16.17b)

where �
 is the absolute vorticity (in boundary layer �ow�
 = @�v1=@x2); in (a) the
Boussinesq assumption together with Eq.16.14were used and (b) is taken from the
k � ! model. We want (a) to apply only in the boundary layer and hence we multiply
it with a functionF2

F2 = tanh( � 2); � = max

(
2
p

k
� � !y

;
500�
y2!

)

; (16.18)

Then we take the minimum of (a) and (b) so that

� t =
c1=2

� k

max(c1=2
� !; F 2 �
)

(16.19)

When the production is large (i.e. when�
 is large), Eq.16.19reduces� t according to
the Johnson - King model, i.e. Eq.16.17a. It is important to ensure that this limitation
is not active in usual boundary layer �ows whereP k ' " . It can be seen that� t is
reduced only in regions whereP k > " , because ifP k < " then �
 < c 1=2

� ! since

�
 2 =
1
� t

� t �
 2 =
!
k

P k <
!
k

" = c� ! 2 (16.20)

Hence, in regions whereP k < " , Eq.16.19returns to� t = k=! as it should.
To summarize the SST modi�cation:

� the second part,c1=2
� k=
 in Eq.16.19(which mimics the Johnson-King model),

is active in APG �ow

� the �rst part, k=! in Eq. 16.19 (which corresponds to the usual Boussinesq
model), should be active in the remaining part of the �ow. Equation16.20shows
that (it is likely that) the second part is active only in APG regions and not else-
where.
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Today, the SST model has been slightly further developed. Two modi�cations have
been introduced [79]. The �rst modi�cation is that the absolute vorticity�
 in Eq.16.19
has been replaced byj�sj = (2�sij �sij )1=2 which comes from the production term using
the Boussinesq assumption (see Eq.11.39), i.e.

j �sj2 =
�

@�vi

@xj
+

@�vj

@xi

�
@�vi

@xj
= 2�sij (�sij + �
 ij ) = 2�sij �sij

�
 ij =
1
2

�
@�vi

@xj
�

@�vj

@xi

� (16.21)

where�sij �
 ij = 0 because�sij is symmetric and�
 ij is anti-symmetric. Equation16.19
with j �sj limits � t in stagnation regions similar to Eq.13.12. The second modi�cation
in the SST model is that the production term in the new SST model is limited by 10" ,
i.e.

Pk;new = min
�
P k ; 10"

�
(16.22)

The �nal form of the SST model is given in Eq.20.5at p.220.
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17 Overview of RANS models

This section presents a short overview of the presented RANSmodels. First the models
can be classi�ed as models based on eddy viscosity (i.e. turbulent viscosity) or models
in which equations are solved (algebraic or differential) to obtain the Reynolds stress
tensor,v0

i v
0
j . Eddy-viscosity models, which are based on the Boussinesq assumption, Eddy-

viscosity
models

see Eq.11.33, are

� standardk � " (see Section11.8) andk � ! models

� combination ofk � " andk � ! models such as the SST model, see Section16.

There are more elaborate eddy-viscosity models such as
non-linear
models� non-linear models, see Section14

Modelsnot based on the eddy-viscosity are the Reynolds stress models such as

� the Reynolds stress transport model (RSM or RSTM), in whichtransportequa- RSM
tions are solved forv0

i v
0
j , see Eq.11.101.

� the Algebraic Reynolds stress model, ASM, in whichalgebraicequations are ASM
solved forv0

i v
0
j , see Eq.11.104.

explicit ASM
� explicit Algebraic Reynolds stress models, in whichexplicit algebraic equations

are solved forv0
i v

0
j , see Section11.11.

Finally, there is a class of models which are somewhere in between two-equation eddy-
viscosity models and Reynolds stress models, and that is

V2F
� V2F models, see Section15

The V2F model is an eddy-viscosity model and the model is based on four transport
equations.
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Figure 18.1: Filtering the velocity.

18 Large Eddy Simulations

18.1 Time averaging and �ltering

IN CFD we time average our equations to get the equations in steady form. This is
called Reynolds time averaging:

h� i =
1

2T

Z T

� T
�( t)dt; � = h� i + � 0 (18.1)

(note that we use the notationh:i for time averaging). In LES we �lter(volume average)
the equations. In 1D we get (see Fig.18.1)

��( x; t ) =
1

� x

Z x +0 :5� x

x � 0:5� x
�( �; t )d�

� = �� + � 00

Since in LES we do not average in time, the �ltered variables are functions of space
andtime. The equations for the �ltered variables have the same form as Navier-Stokes,
i.e.

@�vi

@t
+

@
@xj

(�vi �vj ) = �
1
�

@�p
@xi

+ �
@2 �vi

@xj @xj
�

@�ij
@xj

@�vi

@xi
= 0

(18.2)

where the subgrid stresses are given by

� ij = vi vj � �vi �vj (18.3)

It should be noted that it is formally incorrect to denote� ij as a stress since the density
is omitted (see, e.g., the text below Eq.6.10and Eq.11.3). Contrary to Reynolds time
averaging wherehv0

i i = 0 , we have here

v00
i 6= 0

�vi 6= �vi
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This is true for box �lters. Note that for the spectral cut-off �lter �vi = �vi , see
p. 192. However, in �nite volume methods, box �lters are always used. In this course
we use box �lters, if not otherwise stated.

Let's look at the �ltering of Eq.18.2in more detail. The pressure gradient term, for
example, reads

@p
@xi

=
1
V

Z

V

@p
@xi

dV (18.4)

Now we want to move the derivative out of the integral. When isthat allowed? The
answer is “if the integration region is not a function ofx i ”, i.e. if V is constant. In �nite
volume methods, the �ltering volume,V , is (almost always) identical to the control
volume. In general, the size of the control volume varies in space. Fortunately, it can
be shown that ifV is a function ofx i , the error we do when moving the derivative out
of the integral is proportional to(� x)2 [80], i.e. it is an error of second order. Since
this is the order of accuracy of our �nite volume method anyway, we can accept this
error. Now let's move the derivative out of the integral, i.e.

@p
@xi

=
@

@xi

�
1
V

Z

V
pdV

�
+ O

�
(� x)2 �

=
@�p
@xi

+ O
�
(� x)2�

(18.5)

All linear terms are treated in the same way.
Now we take a look at the non-linear term in Eq.18.2, i.e. the convective term.

First we �lter the term and move the derivative out of the integral, i.e.

@vi vj

@xj
=

@
@xj

�
1
V

Z

V
vi vj dV

�
+ O

�
(� x)2 �

=
@

@xj
(vi vj ) + O

�
(� x)2 �

There is still a problem with the formulation of this term: itincludes an integral of a
product, i.e.vi vj ; we want it to appear like a product of integrals, i.e.�vi �vj . To achieve
this we simple add the term we want (�vi �vj ) and subtract the one we don't want (vi vj )
on both the right and left side. This is how we end up with the convective term and the
SGS term in Eq.18.2.

The �ltering in Eq. 18.2 is usually achieved through the �nite-volume discretiza-
tion. This means that no additional �ltering is done. This iscalledimplicit �ltering.
Hence, the discretized momentum equations in RANS and LES (Eqs. 6.6 and18.2)
are identical. The only difference is the magnitude of the modeled Reynolds stresses,
which are much larger in RANS than in LES.

18.2 Differences between time-averaging (RANS) and space �lter-
ing (LES)

In RANS, if a variable is time averaged twice (hhvii ), it is the same as time averaging
once (hvi ). This is becausehvi is not dependent on time. From Eq.18.1we get

hhvii =
1

2T

Z T

� T
hvi dt =

1
2T

hvi 2T = hvi

This is obvious if the �ow is steady, i.e.@hvi =@t= 0 . If the �ow is unsteady, we must
assume a separation in time scales so that the variation ofhvi during the time interval
T is negligible, i.e.@=@t� 1=T. In practice this requirement is rarely satis�ed.

In LES, �v 6= �v (and sincev = �v + v00we getv006= 0 ).
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I I + 1I � 1
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� x

Figure 18.2: Box �lter illustrated for a control volume.

Let's �lter �vI once more (�lter size� x, see Fig.18.2. For simplicity we do it in
1D. (Note that subscriptI denotes node number.)

�vI =
1

� x

Z � x= 2

� � x= 2
�v(� )d� =

1
� x

 Z 0

� � x= 2
�v(� )d� +

Z � x= 2

0
�v(� )d�

!

=

=
1

� x

�
� x
2

�vA +
� x
2

�vB

�
:

(18.6)

The trapezoidal rule, which is second-order accurate, was used to estimate the integrals.
�v at locationsA andB (see Fig.18.2) is estimated by linear interpolation, which gives

�vI =
1
2

��
1
4

�vI � 1 +
3
4

�vI

�
+

�
3
4

�vI +
1
4

�vI +1

��

=
1
8

(�vI � 1 + 6�vI + �vI +1 ) 6= �vI

(18.7)

18.3 Resolved & SGS scales

The basic idea in LES is to resolve (large) grid scales (GS), and to model (small)
subgrid-scales (SGS). Even if LES is always made unsteady, we are usually inter-
ested in the time-averaged results. This means that we time-average all quantities for
post-processing, e.g.h�vi i where the brackets denote time-averaging. From the LES
equations, Eq.18.2, we get the resolved (GS) velocities,�vi . Then we can compute the
resolved �uctuations as�v0

i = �vi � h �vi i .
The limit (cut-off) between GS and SGS is supposed to take place in the inertial

subrange (II), see Fig.18.3.
I: large, energy-containing scales
II: inertial subrange (Kolmogorov� 5=3-range)
III: dissipation subrange



18.4. The box-�lter and the cut-off �lter 192

�

E

� c

cut-off

I

II

III

resolved
scales

SGS

" sgs

Figure 18.3: Spectrum of velocity.

18.4 The box-�lter and the cut-off �lter

The box �ltering is formally de�ned as (1D)

�v(x) =
Z 1

�1
GB (r )v(x � r )dr

GB (r ) =
�

1=� ; if r � � =2
0; if r > � =2

Z 1

�1
GB (r )dr = 1

(18.8)

However, it is often convenient to study the �ltering process in the spectral space.
The �lter in spectral space is particular simple: we simply set the contribution from
wavenumbers larger than cut-off to zero. Hence the cut-off �lter �lters out all scales
with wavenumber larger than the cut-off wavenumber� c = �= � . It is de�ned as

ĜC (� ) =
�

1 if � � � c

0 otherwise
(18.9)

We now look at what happens when we �lter twice in spectral space. It appears that
the calculations for this gets much easier if we �rst introduce the Fourier transform.
The Fourier transform is de�ned as (cf. Eq.G.28)

v̂(� ) =
Z 1

0
v(r ) exp(� 2�{�r )dr (18.10)

and its inverse

v(r ) =
Z 1

0
v̂(� ) exp(2�{�r )d� (18.11)
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where� denotes the wavenumber and{ =
p

� 1. A slightly different de�nition has
been chosen here compared to Eq.G.28. It is chosen since no factor2� appears in
front of the integral in Eq.18.11(the Fourier par issymmetric); as a consequence it is
also absent in Eq.18.12.

Note that it is physically meaningful to use Fourier transforms only in a homoge-
neous coordinate direction; in non-homogeneous directions the Fourier coef�cients –
which are not a function of space – have no meaning. Using the convolution theorem
(saying that the integrated product of two functions is equal to the product of their
Fourier transforms), we can �lter̂v using Eqs.18.10and 18.8

v̂(� ) = b�v(� ) =
Z 1

0
�v(� ) exp(� 2�{�� )d�

=
Z 1

0

Z 1

0
exp(� 2�{�� )G(� )v(� � � )d�d�

=
Z 1

0

Z 1

0
exp(� 2�{�� ) exp(� 2�{� (� � � ))G(� )v(� � � )d�d�

=
Z 1

0

Z 1

0
exp(� 2�{�� ) exp(� 2�{�� )G(� )v(� )d�d� = Ĝ(� )v̂(� )

(18.12)

(in the last line we used� = � � � ). If we use the cut-off �lter and �lter twice we get

v̂ = ĜC ĜC v̂ = ĜC v̂ (18.13)

sinceĜ2
C = ĜC , see Eq18.9. Since��̂v = �̂v for the Fourier transform̂v, we know that

– when using the cuf-off �lter –��v = �̂v. Thus, contrary to the box-�lter (see Eq.18.7),
nothing happens when we �lter twice in spectral space. The box �lter is sharp in
physical space but not in wavenumber space; for the cut-off �lter it is vice versa.

In �nite volume methods box �ltering is always used. Furthermoreimplicit �ltering
is employed. This means that the �ltering is the same as the discretization (=integration
over the control volume is equal to the �lter volume, see Eq.18.17).

18.5 Highest resolved wavenumbers

Any function can be expressed as a Fourier series such as Eq.18.11(see Section5.3,
Eq.G.28and SectionH) provided that the coordinate direction is homogeneous. Let's
choose the �uctuating velocity in thex1 direction, i.e.v0

1, and let it be a function ofx1.
We require it to be homogeneous, i.e. its RMS,v1;rms , does not vary withx1. Now we
ask the question: on a given grid, what is the highest wavenumber that is resolved? Or,
in other words, what is the cut-off wavenumber?

Consider Fig.18.4(cf. SectionH). We assume thatv0
2 is periodic which makes it

convenient to use Fourier transform. We constructv0
2 as a sum of four Fourier compo-

nents

v0
2(x2) = b1 cos

�
2�

L=1
x2

�
+ b2 cos

�
2�

L=2
x2

�
+ b3 cos

�
2�

L=3
x2

�
+ b4 cos

�
2�

L=4
x2

�

The thick line in Fig.18.4shows howv0
2 varies withx2. The blue circles show the

Fourier component with the highest wave number,m = 4 . How many grid point does
it take to resolve this Fourier component?

Figure18.5shows an example how to resolve the highest Fourier component on
two different grids. The wave shown in Fig.18.5a reads

v0
1 = 0 :25 [1 + 0:8 sin(� 1x1)] (18.14)
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Figure 18.4: v0

2 vs. x2=L. : term 1 (m = 1 ); : term 2 (m = 2 ); : term 3
(m = 3 ); � : term 4 (m = 4 ); : v0

2 . Python/Matlab/Octave code is given in SectionH.3.
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(a) One sinus period covering two cells
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(b) One sinus period covering four cells

Figure 18.5: Physical and wavenumber space. Sinus curves with differentwavenumbers illus-
trated in physical space.

and it covers two cells (� x1=L = 0 :5). If we de�ne this as the cut-off wavenumber
we get� 1;cL = � 1;c2� x1 = 2 � (i.e. sin(� 1;c2� x1) = sin(2 � ); recall that2� is one
period) so that

� 1;c = 2 �= (2� x1) = �= � x1 (18.15)

It is of course questionable ifv0
1 in Fig. 18.5a really is resolved since the sinus wave

covers only two cells. However this is the usual de�nition ofthe cut-off wavenumber.
If we require that the highest resolved wavenumber should becovered by four cells

(� x1=L = 0 :25), as in Fig.18.5b, then the cut-off wavenumber is given by� 1;c =
2�= (4� x1) = �= (2� x1).

18.6 Subgrid model

We need a subgrid model to model the turbulent scales which cannot be resolved by
the grid and the discretization scheme.

The simplest model is the Smagorinsky model [81]:

� ij �
1
3

� ij � kk = � � sgs

�
@�vi

@xj
+

@�vj

@xi

�
= � 2� sgs �sij

� sgs = ( CS �) 2 p
2�sij �sij � (CS �) 2 j �sj

(18.16)

and the �lter-width is taken as the local grid size

� = (� VIJK )1=3 (18.17)
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The scalarj �sj is the norm (i.e. the “length”) of@�vi =@xj + @�vj =@xi in the Boussinesq
assumption, see Eq.16.21. The Smagorinsky model is derived as follows. The turbu-
lent viscosity may – as in RANS – be obtained through dimensional analysis as (see
Eq.11.25)

� sgs = UL: (18.18)

The turbulent velocity scale,U, is obtained as the �rst term in Taylor expansion,
L@�v=@x, and the length scale ,L , is taken asCS � which gives

� sgs = ( CS �) 2j �sj (18.19)

where the one-dimensional velocity gradient,@�v=@xwas replaced by the general three-
dimensional gradient,j �sj. Near the wall, the SGS viscosity becomes quite large since
the velocity gradient is very large at the wall. However, because the SGS turbulent
�uctuations near a wall go to zero, so must the SGS viscosity.A damping functionf �

is added to ensure this
f � = 1 � exp(� x+

2 =26) (18.20)

A more convenient way to dampen the SGS viscosity near the wall is simply to use
the RANS length scale as an upper limit, i.e.

� = min f `smag ; �n g (18.21)

where`smag = CS (� Vijk )1=3 is the LES length scale andn is the distance to the
nearest wall.

Disadvantage of Smagorinsky model: the “constant”CS is not constant, but it is
�ow-dependent. It is found to vary in the range fromCS = 0 :065 [82] to CS =
0:25 [83].

18.7 Smagorinsky model vs. mixing-length model

The eddy viscosity according to the mixing length theory reads in boundary-layer
�ow [ 2,84]

� t = `2

�
�
�
�
@�v1

@x2

�
�
�
� :

Generalized to three dimensions, we have

� t = `2
��

@�vi

@xj
+

@�vj

@xi

�
@�vi

@xj

� 1=2

= `2 (2�sij �sij )1=2 � `2j �sj:

In the Smagorinsky model the SGS turbulent length scale corresponds tò = CS � so
that

� sgs = ( CS �) 2j �sj

which is the same as Eq.18.16

18.8 Energy path

The path of kinetic energy is illustrated in Fig.18.6. At cut-off, SGS kinetic energy is
dissipated

" sgs = � � ij �sij = 2 � sgs �sij �sij (18.22)
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Figure 18.6: Energy spectrum.

from the resolved turbulence. This energy is transferred tothe SGS scales and act as
production term (Pksgs ) in the ksgs equation. The SGS kinetic energy is then trans-
ferred to higher wave-numbers via the cascade effect and thekinetic energy is �nally
dissipated ("=physical dissipation) in the dissipation range. It shouldbe mentioned that
this process is an idealized one. We assume that ALL dissipation takes place in the dis-
sipation range. This is a good approximation, but in realitydissipation (i.e. transfer of
energy from kinetic energy to internal energy which corresponds to an increase in tem-
perature) takes place at all wave numbers, and the dissipation increases for increasing
wave number, see Eq.8.20.

18.9 SGS kinetic energy

The SGS kinetic energyksgs can be estimated from the Kolmogorov� 5=3 law. The
total turbulent kinetic energy is obtained from the energy spectrum as

k =
Z 1

0
E(� )d�

Changing the lower integration limit to wavenumbers largerthan cut-off (i.e.� c) gives
the SGS kinetic energy

ksgs =
Z 1

� c

E(� )d� (18.23)
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A de�nition of all turbulent kinetic energies are given here:

vi = hvi i + v0
i ; vi = �vi + v00

i = h�vi i + �v0
i + v00

i

k �
1
2

hv0
i v

0
i i =

Z 1

0
E(� )d�; k sgs �

1
2

hv00
i v00

i i =
Z 1

� c

E(� )d�

�k �
1
2

h�v0
i �v

0
i i =

Z � c

0
E(� )d�; �K �

1
2

h�vi ih�vi i ; K �
1
2

hvi ihvi i

Derivation of exact transport equations can be found in [24].
The Kolmogorov� 5=3 law is used to express Eq.18.23

ksgs =
Z 1

� c

CK � � 5=3"2=3d�

whereCK = 1 :5 (Note that for these high wavenumbers, the Kolmogorov spectrum
ought to be replaced by the Kolmogorov-Pau spectrum in whichan exponential decay-
ing function is added for high wavenumbers [2, Chapter 3]). Carrying out the integra-
tion and replacing� c with �= � we get

ksgs =
3
2

CK

�
� "
�

� 2=3

(18.24)

In the same way asksgs can be computed from Eq.18.23, the resolved turbulent kinetic
energy,kres , is obtained from

kres =
Z � c

0
E(� )d�

18.10 LES vs. RANS

LES can handle many �ows which RANS (Reynolds Averaged Navier Stokes) cannot;
the reason is that in LES large, turbulent scales are resolved. Examples are:

o Flows with large separation

o Bluff-body �ows (e.g. �ow around a car); the wake often includes large, un-
steady, turbulent structures

o Transition

� In RANS all turbulent scales are modeled) inaccurate

� In LES only small, isotropic turbulent scales are modeled) accurate

� LES isverymuch more expensive than RANS.

18.11 The dynamic model

In this model of [85] the constantC is not arbitrarily chosen (or optimized), but it is
computed.
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Figure 18.7: Energy spectrum with grid and test �lter.

First, we apply two �lters to Navier-Stokes [grid �lter and asecond, coarser �lter

(test �lter, denoted byz{: )] where
z{
� = 2� which gives

@
z{
�v i

@t
+

@
@xj

� z{
�v i

z{
�v j

�
= �

1
�

@
z{
�p

@xi
+ �

@2
z{
�v i

@xj @xj
�

@Tij
@xj

(18.25)

where the subgrid stresses on the test level now are given by

Tij =
z {
vi vj �

z{
�v i

z{
�v j (18.26)

Second, we start with the �ltered Navier-Stokes equations,Eq. 18.2 (i.e. the LES
equations). We apply the test �lter which gives

@
z{
�v i

@t
+

@
@xj

� z{
�v i

z{
�v j

�
= �

1
�

@
z{
�p

@xi
+ �

@2
z{
�v i

@xj @xj
�

@
z{
� ij

@xj

�
@

@xj

� z {
�vi �vj �

z{
�v i

z{
�v j

� (18.27)

Identi�cation of Eqs.18.25and18.27gives

z {
�vi �vj �

z{
�v i

z{
�v j +

z{
� ij = Tij (18.28)

ThedynamicLeonard stresses are now de�ned as

L ij �
z {
�vi �vj �

z{
�v i

z{
�v j = Tij �

z{
� ij (18.29)

The trace of this relation reads

L ii � Tii �
z{
� ii
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Figure 18.8: Control volume for grid and test �lter.

With this expression we can re-formulate Eq.18.29as

L ij �
1
3

� ij L kk = Tij �
1
3

� ij Tkk �
�

z{
� ij �

1
3

� ij
z{
� kk

�
(18.30)

In the energy spectrum, the test �lter is located at lower wave number than the grid
�lter, see Fig.18.7.

18.12 The test �lter

The test �lter is twice the size of the grid �lter, i.e.
z{
� = 2� .

The test-�ltered variables are computed by integration over the test �lter. For ex-

ample, the 1D example in Fig.18.8
z{
�v is computed as (

z {
� x = 2� x)

z {
�vP =

1
2� x

Z E

W
�vdx =

1
2� x

 Z P

W
�vdx +

Z E

P
�vdx

!

=
1

2� x
(�vw � x + �ve� x) =

1
2

�
�vW + �vP

2
+

�vP + �vE

2

�

=
1
4

(�vW + 2�vP + �vE )

(18.31)

18.12.1 2D �ltering

In 2D, we do as in 1D: �rst compute the value at the center of thefour squares (or
rectangles) surrounding the node(I; J; K ), marked byx, see Fig.18.9. For the lower-
left square, for example, we get

�vf
I � 1=2;J � 1=2;K =

1
4

(�vI � 1;J � 1;K + �vI � 1;J;K + �vI;J � 1;K + �vI;J;K ) (18.32)

Next, the test �ltered variable is computed as

z{
�v I;J;K =

1
4

(�vf
I � 1=2;J � 1=2;K + �vf

I � 1=2;J +1 =2;K + �vf
I +1 =2;J � 1=2;K + �vf

I +1 =2;J +1 =2;K )

(18.33)
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Figure 18.9: A 2D test �lter control volume.

18.12.2 3D �ltering

In 3D we have eight cubes. Filtering at the test level is carried out in the same way
by integrating over the test cell assuming linear variationof the variables [86]. For the
bottom-lower-left cube, for example, we get

�vf
I � 1=2;J � 1=2;K � 1=2 =

1
8

(�vI � 1;J � 1;K + �vI � 1;J;K + �vI;J � 1;K + �vI;J;K

+�vI � 1;J � 1;K � 1 + �vI � 1;J;K � 1 + �vI;J � 1;K � 1 + �vI;J;K � 1)
(18.34)

Next, the test �ltered variable is computed as

z{
�v I;J;K =

1
8

(�vf
I � 1=2;J � 1=2;K � 1=2 + �vf

I +1 =2;J � 1=2;K � 1=2

+�vf
I � 1=2;J +1 =2;K � 1=2 + �vf

I +1 =2;J +1 =2;K � 1=2

+�vf
I � 1=2;J � 1=2;K +1 =2 + �vf

I +1 =2;J � 1=2;K +1 =2

+�vf
I � 1=2;J +1 =2;K +1 =2 + �vf

I +1 =2;J +1 =2;K +1 =2)

(18.35)
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18.13 Stresses on grid, test and intermediate level

The stresses on the grid level, test level and intermediate level (dynamic Leonard
stresses) have the form

� ij = vi vj � �vi �vj stresses with ` < �

Tij =
z {
vi vj �

z{
�v i

z{
�v j stresses with ` <

z{
�

L ij = Tij �
z{
� ij stresses with � < ` <

z{
�

Thus the dynamic Leonard stresses represent the stresses with lengthscale,̀, in the

range between� and
z{
� .

Assume now that the same functional form for the subgrid stresses that is used at the
grid level (� ij ) also can be used at the test �lter level (Tij ). If we use the Smagorinsky
model we get

� ij �
1
3

� ij � kk = � 2C� 2j �sj �sij (18.36)

Tij �
1
3

� ij Tkk = � 2C
z{
�

2

j
z{
�s j

z{
�s ij (18.37)

where
z{
�s ij =

1
2

0

@@
z{
�v i

@xj
+

@
z{
�v j

@xi

1

A ; j
z{
�s j =

�
2
z{
�s ij

z{
�s ij

� 1=2

Note thatC in Eq. 18.36is not squared (cf. the Smagorinsky model, Eq.18.16at
p.194). Hence,C should be compared withC2

S . Applying the test �lter to Eq.18.36
(assuming thatC varies slowly), substituting this equation and Eq.18.37into Eq.18.30
gives

L ij �
1
3

� ij L kk = � 2C

 
z{
�

2

j
z{
�s j

z{
�s ij �

z {
� 2j �sj �sij

!

(18.38)

where we used the relation

1
3

� ij L kk =
1
3

� ij Tkk �
1
3

� ij
z{
� kk

obtained from Eq.18.29. In Eq. 18.38we have made the assumption
z {
C� 2 j �sj �sij '

C
z {
� 2 j �sj �sij .
Note that the “constant”C in Eq.18.38really is a function of both space and time,

i.e. C = C(x i ; t).
Equation18.38is a tensor equation, and we have �ve (�sij is symmetric and trace-

less) equations forC. Lilly [ 87] suggested to satisfy Eq.18.38in a least-square sense.
Let us de�ne the error as the difference between the left-hand side and the right-hand
side of Eq.18.38raised to the power of two, i.e.

Q =
�

L ij �
1
3

� ij L kk + 2 CM ij

� 2

(18.39a)

M ij =

 
z{
�

2

j
z{
�s j

z{
�s ij � � 2

z {
j �sj �sij

!

(18.39b)
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Figure 18.10: Numerical dissipation.

The error,Q, has a minimum (or maximum) when@Q=@C= 0 . Carrying out the
derivation of18.39a gives

@Q
@C

= 4 M ij (L ij + 2 CM ij ) = 0 (18.40)

Note that1
3 � ij L kk M ij = 1

3 L kk M ii = 0 since
z{
�s ii = �sii = 0 thanks to continuity.

Since@2Q=@C2 = 8 M ij M ij > 0 we �nd that Eq.18.40represents indeed a minimum.
Equation18.40�nally gives

C = �
L ij M ij

2M ij M ij
(18.41)

It turns out that the dynamic coef�cientC �uctuates wildly both in space and time.
This causes numerical problems, and it has been found necessary to averageC in homo-
geneous direction(s). Furthermore,C must be clipped to ensure that the total viscosity
stays positive (� + � sgs � 0).

In real 3D �ows, there is no homogeneous direction. Usually local averaging and
clipping (i.e. requiring thatC stays within pre-de�ned limits) of the dynamic coef�-
cient is used.

Use of one-equation models solve these numerical problems (see p.209).

18.14 Numerical dissipation

The main function of an SGS model is to dissipate (i.e. to dampen) resolved turbulent
�uctuations. The SGS model is – hopefully – designed to give aproper amount of dis-
sipation. This is the reason why in LES we should use a centraldifferencing scheme,
because this class of schemes does not give anynumericaldissipation. All upwind
schemes give numerical dissipation in addition to the modeled SGS dissipation. In-
deed, there are LES-methods in which upwind schemes are usedto create dissipation
and where no SGS model is used at all (e.g. MILES [88]). However, in this course we
focus on ensuring proper dissipation through an SGS model rather than via upwind dif-
ferencing. It can be shown using Neumann stability analysisthat all upwind schemes
are dissipative (seeFurther readingat
https://www.tfd.chalmers.se/˜lada/comp turb model/ ). Below it
is shown that �rst-order upwind schemes are dissipative.

The �rst-derivative in the convective term is estimated by �rst-order upwind differ-
encing as (�nite difference, see Fig.18.10)

�v
�

@�v
@x

�

exact
= �vI

�
�vI � �vI � 1

� x
+ O (� x)

�
(18.42)

where we have assumed�vI > 0. Taylor expansion gives

�vI � 1 = �vI � � x
@�v
@x

+
1
2

(� x)2 @2 �v
@x2

+ O
�
(� x)3 �
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so that
�vI � �vI � 1

� x
=

@�v
@x

�
1
2

� x
@2 �v
@x2

+ O
�
(� x)2 �

Insert this into Eq.18.42

�v
�

@�v
@x

�

exact
= �v

@�v
@x

�
1
2

� x�v
@2 �v
@x2

O (� x )

+�vO
�
(� x)2�

(18.43)

where the second term on the right side corresponds to the error term in Eq.18.42.
When this expression is inserted into the LES momentum equations, the second term
on the right-hand side will act as an additional (numerical)diffusion term. The total
diffusion term will have the form

di�usion term =
@

@x

�
(� + � sgs + � num )

@�v
@x

�
(18.44)

where the additional numerical viscosity,� num = 0 :5j �vj� x, see Eq.18.43. This means
that the total dissipation due to SGS viscosity and numerical viscosity is (cf. Eq.18.22)

" sgs+ num = 2( � sgs + � num )�sij �sij

For more details on derivation of equations transport equations of turbulent kinetic
energies, see [24].

18.15 Scale-similarity Models

In the models presented in the previous sections (the Smagorinsky and the dynamic
models) the total SGS stress� ij = vi vj � �vi �vj was modeled with an eddy-viscosity
hypothesis. In scale-similarity models the total stress issplit up as

� ij = vi vj � �vi �vj = (�vi + v00
i )(�vj + v00

j ) � �vi �vj

= �vi �vj + �vi v00
j + �vj v00

i + v00
i v00

j � �vi �vj

= ( �vi �vj � �vi �vj ) +
h
�vi v00

j + �vj v00
i

i
+ v00

i v00
j

where the term in brackets is denoted the Leonard stresses, the term in square brackets
is denoted cross terms, and the last term is denoted the Reynolds SGS stress. Thus

� ij = L ij + Cij + Rij

L ij = �vi �vj � �vi �vj

Cij = �vi v00
j + �vj v00

i

Rij = v00
i v00

j :

(18.45)

Note that the Leonard stresses,L ij , arecomputable, i.e. they are exact and don't need
to be modeled.

In scale-similarity models the main idea is that the turbulent scales just above cut-
off wavenumber,� c, (scales smaller than� ) are similar to the ones just below� c

(scales larger than� ); hence the word ”scale-similar”. Looking at Eq.18.45it seems
natural to assume that the cross term is responsible for the interaction between resolved
scales (�vi ) and modeled scales (v00

i ), sinceCij includes both scales.
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18.16 The Bardina Model

In the Bardina model the Leonard stressesL ij are computed explicitly, and the sum of
the cross termCij and the Reynolds term is modeled as [89,90]

CM
ij = cr (�vi �vj � �vi �vj ) (18.46)

andRM
ij = 0 (superscriptM denotes Modeled). It was found that this model was not

suf�ciently dissipative, and thus a Smagorinsky model was added

CM
ij = cr (�vi �vj � �vi �vj )

RM
ij = � 2C2

S � 2j �sj �sij
(18.47)

18.17 Rede�ned terms in the Bardina Model

In [90] it was found that the Leonard termL ij and the cross termCij are not Galilean
invariant by themselves, but only the sumL ij + Cij is (see AppendixM). As a con-
sequence, if the cross term is neglected, the Leonard stresses must not be computed
explicitly, because then the modeled momentum equations donot satisfy Galilean in-
variance.

The stresses in the Bardina model can be rede�ned to make themGalilean invariant
for any valuecr A modi�ed Leonard stress tensorL m

ij is de�ned as [91]

� m
ij = � ij = Cm

ij + L m
ij + Rm

ij

L m
ij = cr ( �vi �vj � �vi �vj )

Cm
ij = 0

Rm
ij = Rij = v00

i v00
j

(18.48)

Note that the modi�ed Leonard stresses is the same as the “unmodi�ed” one plus
the modeled cross termCij in the Bardina model withcr = 1 (right-hand side of
Eq.18.46), i.e.

L m
ij = L ij + CM

ij

In order to make the model suf�ciently dissipative a Smagorinsky model is added,
and the total SGS stress� ij is modeled as

� ij = �vi �vj � �vi �vj � 2(CS �) 2 j �sj �sij (18.49)

Below we verify that the modi�ed Leonard stress is Galilean invariant.

1
cr

L m �
ij = �v�

i �v�
j � �v�

i �v�
j = (�vi + Vi )(�vj + Vj ) � (�vi + Vi ) (�vj + Vj )

= �vi �vj + �vi Vj + �vj Vi � �vi �vj � �vi Vj � Vi �vj

= �vi �vj � �vi �vj =
1
cr

L m
ij

(18.50)

18.18 A dissipative scale-similarity model.

Above it was mentioned that when the �rst scale-similarity model was proposed it
was found that it is not suf�ciently dissipative [89]. An eddy-viscosity model has to
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Figure 18.11: Dissipation terms and production term from DNS data.963 mesh data �ltered
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be added to make the model suf�ciently dissipative; these models are calledmixed
models. Ref. [92] presents and evaluates a dissipative scale-similarity model.

The �ltered Navier-Stokes read

d�vi

dt
+

1
�

@�p
@xi

= �
@2 �vi

@xk @xk
�

@�ik
@xk

(18.51)

whered=dt and� ik denote the material derivative and the SGS stress tensor, respec-
tively. The SGS stress tensor is given by

� ik = vi vk � �vi �vk : (18.52)

When it is modeled with the standard scale-similarity model, it is not suf�ciently dis-
sipative. Let us take a closer look at the equation for the resolved, turbulent kinetic
energy,k = hv0

i v
0
i i =2, which reads

dk
dt

+ h�v0
k �v0

i i
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(18.53)

The �rst term on the last line is the viscous diffusion term and the second term," , is
the viscous dissipation term which is always positive. The last term,"SGS , is a source
term arising from the SGS stress tensor, which can be positive or negative. When it is
positive, forward scattering takes place (i.e. it acts as a dissipation term); when it is
negative, back scattering occurs.

Figure18.11presents SGS dissipation,"SGS in Eq.18.53, computed from �ltered
DNS data. The forward scatter,"+

SGS , and back scatter," �
SGS , SGS dissipation are

de�ned as the sum of all instants when"SGS is positive and negative, respectively. As
can be seen, the scale-similarity model is slightly dissipative (i.e. "SGS > 0) , but the
forward and back scatter dissipation are both much larger than"SGS .

One way to make the SGS stress tensor strictly dissipative isto set the back scatter
to zero, i.e.max("SGS ; 0). This could be achieved by setting@�ik =@xk = 0 when its
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sign is different from that of�v0
i (see the last term in Eq.18.53). This would work if we

were solving fork. Usually we do not, and the equations that we do solve (the �ltered
Navier-Stokes equations) are not directly affected by the dissipation term,"SGS .

Instead we have to modify the SGS stress tensor as it appears in the �ltered Navier-
Stokes equations, Eq.18.51. The second derivative on the right side is usually called a
diffusionterm because it acts like a diffusion transport term. When analyzing the sta-
bility properties of discretized equations to an imposed disturbance,�v0, using Neumann
analysis (see, for example, Chapter 8 in [93]), this term is referred to as adissipation
term. In stability analysis the concern is to dampen numerical oscillations; in con-
nection with SGS models, the aim is to dampen turbulent resolved �uctuations. It is
shown in Neumann analysis that the diffusion term in the Navier-Stokes equations is
dissipative, i.e. it dampens numerical oscillations. However, since it is the resolved
turbulent �uctuations, i.e. k in Eq.18.53, that we want to dissipate, we must consider
the �ltered Navier-Stokes equations for the �uctuating velocity, �v0

i . The viscous diffu-
sion term in the momentum equations appears in the �rst term on the right side (�rst
line) in Eq.18.53. To ensure that"SGS > 0, we set� @�ik =@xk to zero when its sign
is different from that of the viscous diffusion term (cf. thetwo last terms on the second
line in Eq.18.53). This is achieved by de�ning a sign function; for details, see [92].

18.19 Forcing

An alternative way to modify the scale-similarity model is to omit theforward scatter,
i.e. to include instants when the subgrid stresses act ascounter-gradientdiffusion. In
hybrid LES-RANS, the stresses can then be used as forcing at the interface between
URANS and LES. This new approach is the focus of [94].

18.20 Numerical method

A numerical method based on an implicit, �nite volume methodwith collocated grid
arrangement, central differencing in space, and Crank-Nicolson (� = 0 :5) in time is
brie�y described below. The discretized momentum equations read

�vn +1 =2
i = �vn

i + � tH
�

�vn ; �vn +1 =2
i

�

� � � t
@�pn +1 =2

@xi
� (1 � � )� t

@�pn

@xi

(18.54)

whereH includes convective, viscous and SGS terms. In SIMPLE notation this equa-
tion reads

aP �vn +1 =2
i =

X

nb

anb �vn +1 =2 + SU � � � t
@�pn +1 =2

@xi
� V

whereSU includes all source terms except the implicit pressure. Theface velocities
�vn +1 =2

f;i = 0 :5(�vn +1 =2
i;j + �vn +1 =2

i;j � 1 ) (note thatj denotes node number andi is a tensor
index) do not satisfy continuity. Create an intermediate velocity �eld by subtracting
the implicit pressure gradient from Eq.18.54, i.e.

�v�
i = �vn

i + � tH
�

�vn ; �vn +1 =2
i

�
� (1 � � )� t

@�pn

@xi
(18.55a)

) �v�
i = �vn +1 =2

i + � � t
@�pn +1 =2

@xi
(18.55b)
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RANS LES
Domain 2D or 3D always 3D
Time domain steady or unsteady always unsteady
Space discretization 2nd order upwind central differencing
Time discretization 1st order 2nd order (e.g. C-N)
Turbulence model at least two equations zero- or one-equation

Table 18.1:Differences between a �nite volume RANS and LES code.

Take the divergence of Eq.18.55b and require that@�vn +1 =2
f;i =@xi = 0 so that

@2 �pn +1

@xi @xi
=

1
� t�

@�v�
f;i

@xi
(18.56)

The Poisson equation for�pn +1 is solved with an ef�cient multigrid method [95]. In the
3D MG we use a plane-by-plane 2D MG. The face velocities are corrected as

�vn +1
f;i = �v�

f;i � � � t
@�pn +1

@xi
(18.57)

A few iterations (typically two) solving the momentum equations and the Poisson pres-
sure equation are required each time step to obtain convergence. More details can be
found [96].

1. Solve the discretized �ltered Navier-Stokes equation, Eq. 18.55a, for �v1, �v2 and
�v3.

2. Create an intermediate velocity �eld�v�
i from Eq.18.55b.

3. Use linear interpolation to obtain the intermediate velocity �eld, �vf;i , at the face

4. The Poisson equation (Eq.18.56) is solved with an ef�cient multigrid method [95].

5. Compute the face velocities (which satisfy continuity) from the pressure and the
intermediate face velocity from Eq.18.57

6. Step 1 to 4 is performed till convergence (normally two or three iterations) is
reached.

7. The turbulent viscosity is computed.

8. Next time step.

Since the Poisson solver in [95] is a nested MG solver, it is dif�cult to parallelize
with MPI (Message Passing Interface) on large Linux clusters. Hence, when we do
large simulations (> 20M cells) we use a traditional SIMPLE method.

18.20.1 RANS vs. LES

Above a numerical procedure suitable for LES was described.However, in general,
any numerical procedure for RANS can also be used for LES; forexample pressure-
correction methods such as SIMPLE [97, 98] are often used for LES. What are the
speci�c requirements to carry out LES with a �nite volume code? If you have a RANS
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Figure 18.12: Time averaging in LES.

�nite volume code, it is very simple to transform that into anLES code. An LES code
is actually simpler than a RANS code. Both the discretization scheme and and the
turbulence model are simpler in LES than in RANS, see Table18.1.

It is important to use a non-dissipative discretization scheme which does not intro-
duce any additional numerical dissipation, see Section18.14; hence a second-order (or
higher) central differencing scheme should be employed.

The time discretization should also be non-dissipative. The Crank-Nicolson scheme
is suitable.

As mentioned above, turbulence models in LES are simple. There are two reasons:
�rst, only the small-scale turbulence is modeled and, second, no equation for the tur-
bulent length scale is required since the turbulent length scale can be taken as the �lter
width, � .

In LES we are doing unsteady simulations. The question then arises, when can we
start to time average and for how long? This is exactly the same question we must ask
ourselves whenever doing an experiment in, for example, a windtunnel. We start the
windtunnel: when has the �ow (and the turbulence) reached fully developed conditions
so that we can start to measure the �ow? Next question: for howlong should we carry
out the measurements?

Both in LES and the windtunnel, the recorded time history of the �v1 velocity at a
point may look like in Fig.18.12. Time averaging can start at timet1 when the �ow
seems to have reached fully developed conditions. It is dif�cult to judge for how long
one should carry out time averaging. Usually it is a good ideato form a characteristic
time scale from a velocity,V (free-stream or bulk velocity), and a length scale,L
(width of a wake or a body, length of a recirculation region),and use this to estimate
the required averaging time;100time units, i.e.100L=V , may be a suitable averaging
time for the �ow around a bluff body; a value of10 may be suf�cient if L is the
length of a recirculation region. The theoretical statistical error varies with number of
independent samples,N , asN � 1=2, see Eq.R.2on p.492.
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18.21 One-equationksgs model

A one-equation model can be used to model the SGS turbulent kinetic energy. The
equation can be written on the same form as the RANSk-equation, i.e.

@ksgs

@t
+

@
@xj

(�vj ksgs ) =
@

@xj

�
(� + � sgs )

@ksgs

@xj

�
+ Pksgs � "

� sgs = ck � k1=2
sgs ; Pksgs = 2 � sgs �sij �sij ; " = C"

k3=2
sgs

�

(18.58)

Note that the production term,Pksgs , is equivalent to the SGS dissipation in the equa-
tion for the resolved turbulent kinetic energy (look at the �ow of kinetic energy dis-
cussed at the end of [99]).

18.22 Smagorinsky model derived from theksgs equation

We can use the one-equation model to derive the Smagorinsky model, Eq.18.16. The
length scale in the Smagorinsky model is the �lter width,� / � � 1

II , see Fig.18.13. The
cut-off takes place in the inertial subrange where diffusion and convection in theksgs

equation are negligible (their time scales are too large so they have no time to adapt
to rapid changes in the velocity gradients,�sij ). Hence, production and dissipation in
Eq.18.58are in balance so that

Pksgs = 2 � sgs �sij �sij = " (18.59)

Let us replace" by SGS viscosity and� . We can write the SGS viscosity as

� sgs = "a(CS �) b (18.60)

Dimensional analysis yieldsa = 1 =3; b= 4 =3 so that

� sgs = ( CS �) 4=3"1=3: (18.61)

Eq.18.59substituted into Eq.18.61gives

� 3
sgs = ( CS �) 4" = ( CS �) 4� sgs (2�sij �sij )

) � sgs = ( CS �) 2j �sj

j �sj = (2�sij �sij )1=2

(18.62)

which is the Smagorinsky model.

18.23 A dynamic one-equation model

One of the drawbacks of the dynamic model of [85] (see p.197) is the numerical
instability associated with the negative values and large variation of theC coef�cient.
Usually this problem is �xed by averaging the coef�cient in some homogeneous �ow
direction. In real applications ad-hoc local smoothing andclipping is used. Below
a dynamic one-equation model is presented. The main object when developing this
model was that it should be applicable to real industrial �ows. Furthermore, being a
dynamic model, it has the great advantage that the coef�cients arecomputedrather than
being prescribed.



18.23. A dynamic one-equation model 210

I

II

III

�

E (� )

Figure 18.13: Spectrum fork. I: Range for the large, energy containing eddies; II: the inertial
subrange for isotropic scales, independent of the large scales (̀ ) and the dissipative scales (� );
III: Range for small, isotropic, dissipative scales.

The equation for the subgrid kinetic energy reads [100,101] (see also [102,103])

@ksgs

@t
+

@
@xj

(�vj ksgs ) = Pksgs +
@

@xj

�
� ef f

@ksgs

@xj

�
� C�

k3=2
sgs

�

Pksgs = � � a
ij �vi;j ; � a

ij = � 2C� k
1
2
sgs �sij

(18.63)

with � ef f = � + 2 Chom � k
1
2
sgs . The C in the production termPksgs is computed

dynamically (cf. Eq.18.41). To ensure numerical stability, aconstantvalue (in space)
of C (Chom ) is used in the diffusion term in Eq.18.63and in the momentum equations.
Chom is computed by requiring thatChom should yield the same total production of
ksgs asC, i.e.

h2C� k
1
2
sgs �sij �sij i xyz = 2 Chom h� k

1
2
sgs �sij �sij i xyz

The dissipation term" ksgs is estimated as:

" ksgs � � Tf (vi;j ; vi;j ) = C�
k3=2

sgs

�
: (18.64)

Now we want to �nd a dynamic equation forC� . The equations forksgs andK read in
symbolic form

T(ksgs ) � Cksgs � D ksgs = Pksgs � C�
k3=2

sgs

�

T (K ) � CK � DK = PK � C�
K 3=2

z{
�

(18.65)

Since the turbulence on both the grid level and the test levelshould be in local equilib-
rium (in the inertial� 5=3 region), the left-hand side of the two equations in Eq.18.65
should be close to zero. An even better approximation shouldbe to assumeT(ksgs) =
T(K ), i.e.

z{
P ksgs �

1
�

z {
C� ksgs

3=2

= PK � C�
K 3=2

z{
�

;

so that

Cn +1
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1
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z {
Cn

� k3=2
sgs

! z{
�

K
3
2

: (18.66)
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The idea is to put the local dynamic coef�cients in the sourceterms, i.e. in the produc-
tion and the dissipation terms of theksgs equation (Eq.18.63). In this way the dynamic
coef�cientsC andC� don't need to be clipped or averaged in any way. This is a big
advantage compared to the standard dynamic model of Germano(see discussion on
p. 202).

18.24 A Mixed Model Based on a One-Eq. Model

Recently a new dynamic scale-similarity model was presented by [104]. In this model
a dynamic one-equation SGS model is solved, and the scale-similarity part is estimated
in a similar way as in Eq.18.49.

18.25 Applied LES

At the Department we used LES for applied �ows such as �ow around a cube [105,
106], the �ow and heat transfer in a square rotating duct [107, 108], the �ow around
a simpli�ed bus [106, 109], a simpli�ed car [110–112] and the �ow around an air-
foil [ 113,114], detailed SUV [115], trains and buses subjected to sidewinds and wind
gusts [116–118]. We have also done some work on buoyancy-affected �ows [119–125].

18.26 Resolution requirements

The near-wall grid spacing should be about one wall unit in the wall-normal direction.
This is similar to the requirement in RANS (Reynolds-Averaged Navier-Stokes) using
low-Re number models. The resolution requirements in wall-parallel planes for a well-
resolved LES in the near-wall region expressed in wall unitsare approximately

x+
1 . 100(streamwise) andx+

3 . 30(spanwise) (18.67)

and, of course,x+
2 < 1. This enables resolution of the near-wall turbulent structures

in the viscous sub-layer and the buffer layer consisting of high-speed in-rushes and
low-speed ejections [126], often called the streak process. At low to medium Reynolds
numbers the streak process is responsible for the major partof the turbulence produc-
tion. These structures must be resolved in an LES in order to achieve accurate results.
Then the spectra of the resolved turbulence will exhibit� 5=3 range, see �gure on p.80.

In applied LES, this kind of resolution can hardly ever be afforded. In outer scaling
(i.e. comparing the resolution to the boundary layer thickness,� ), we can afford

�= � x1 < 10and�= � x3 < 20 (18.68)

(preferably twice that number, i.e.20 and40, respectively) and, of course,x+
2 < 1.

This resolution requirement is relevant in the log-region.You can investigate if this
requirement is satis�ed for the �ow over a hump in an Assignment in SectionU.7.

The spectra in the log region will look something like that shown in Fig.18.14[127].
Energy spectra are actually not very reliable to judge if a LES simulation is well re-
solved or not. In [127,128] different ways to estimate the resolution of an LES were
investigated. The suggestion in these works is to use the ratio of integral lengthscale
to cell size (if the ratio is larger than, say,16, the resolution is suf�cient). The integral
lengthscale is computed from two-point correlations is thebest way to estimate if an
LES is suf�ciently resolved or not. Two-point correlationsto estimate resolution are
evaluated in an Assignment, see SectionU.7.2.
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Even if the turbulence in boundary layer seldom can be resolved, the �ow in re-
circulation regions and shear layer can. In [129] the �ow ( Re ' 106) over a bump
was computed. The geometry is shown in Fig.18.15. The turbulence in the bound-
ary layer on the bump was very poorly resolved:� x1=� in = 0 :33, � x3=� in = 0 :44,
� x+

1 = 1300 and� x+
3 = 1800. Nevertheless, the turbulence in the recirculation re-

gion and in the shear layer downstream the bump turned out to be well resolved, see
Fig. 18.16.

For wall-bounded �ows at high Reynolds numbers of engineering interest, the
computational resource requirement of accurate LES is prohibitively large. Indeed,
the requirement of near-wall grid resolution is the main reason why LES is too ex-
pensive for engineering �ows, which was one of the lessons learned in the LESFOIL
project [130,131].
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Figure 18.16: Energy spectraE33 (� 3) in the recirculation region and the shear layer down-
stream the bump (x1=H = 1 :2). Thick dashed line shows� 5=3 slope. : x2=H = 0 :0035
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19 URANS: Unsteady RANS

TO perform an accurate LES, a very �ne mesh must be used. This causes problems,
for example, near walls. LES is very good for wake �ow, where the �ow is gov-

erned by large, turbulent structures, which can be capturedby a fairly coarse mesh.
However, if attached boundary layers are important, LES will probably give poor pre-
dictions in these regions, unless �ne grids are used.

An alternative to LES for industrial �ows can beunsteady RANS (Reynolds-
Averaged Navier-Stokes), often denotedURANS (Unsteady RANS). In URANS the
usual Reynolds decomposition is employed, i.e.

�v(t) =
1

2T

Z t + T

t � T
v(t)dt; v = �v + v00 (19.1)

The URANS equations are the usual RANS equations, but with the transient (unsteady)
term retained; on incompressible form they read
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Note that the dependent variables are now not only function of the space coordinates,
but also function of time, i.e.�vi = �vi (x1; x2; x3; t), �p = �p(x1; x2; x3; t) and v00

i v00
j =

v00
i v00

j (x1; x2; x3; t).
Even if the results from URANS are unsteady, one is often interested only in the

time-averaged �ow. We denote here the time-averaged velocity ash�vi , which means
that we can decompose the results from an URANS as a time-averaged part,h�vi , a
resolved �uctuation,�v0, and the modeled, turbulent �uctuation,v00, i.e.

v = �v + v00= h�vi + �v0+ v00 (19.3)
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see Fig.19.1. The modeled turbulent �uctuation,v00, is not shown in the �gure; when
this is added toh�vi + �v0 we obtainv.

What type of turbulence model should be used in URANS? That depends on type
of �ow. If the �ow has strong vortex shedding, the standard high-Re numberk � "
model can be used, i.e.
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With an eddy-viscosity, the URANS equations read
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Usually the standardk � " model is not a good URANS model because it gives too
much modeled dissipation (i.e. too large turbulent viscosity), which dampens the re-
solved �uctuations too much. The V2F and non-linear eddy-viscosity models are bet-
ter.

So we are doing unsteady simulations, but still we time average the equations. How
is this possible? The theoretical answer is that the time,T , in Eq.19.1should be much
smaller than the resolved time scale, i.e. the modeled turbulent �uctuations,v00, should
have a much smaller time scale than the resolved ones,�v0. This is calledscale separa-
tion. In practice this requirement is often not satis�ed [96]. On the other hand, how do
the momentum equation, Eq.19.7, know how they were time averaged? Or if they were
volume �ltered? The answer is that they don't. The URANS momentum equation and
the LES momentum equation are exactly the same, except that we denote the turbulent
viscosity in the former case by� t and in the latter case by� sgs . In URANS, much
more of the turbulence is modeled than in LES, and, hence, theturbulent viscosity,� t ,
is much larger than the SGS viscosity,� sgs .

The common de�nition of URANS is that the turbulent length scale is not deter-
mined by the grid, whereas in LES it is. In URANS we do usually not care about scale
separation. What we care about is that the turbulence model and the discretization

v, �v; h�vi

t

h�vi

Figure 19.1: Decomposition of velocities in URANS. : �v; : v; h�vi .
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Figure 19.2: The domain for the �ow past a triangular �ameholder. Flow from left to right

Figure 19.3: 2D URANSk � " simulations [132]. One cycle of the�v2 velocity in a cell near
the upper-right corner of the �ameholder.

scheme should not be too dissipative, i.e. they should not kill the resolved �uctuations,
�v0.

The standardk � " model (Eq.19.4and19.5) was used in [132] for two-dimensional
URANS simulations computing the �ow around a triangular �ame-holder in a channel,
see Fig.19.2. This �ow has a very regular vortex shedding. and the �ow actually has a
scale separation. In Fig.19.3the�v2 velocity in a point above the �ame-holder is shown
and it can be seen that the velocity varies with time in a sinusoidal manner.

When we're doing URANS, the question arises how the results should be time
averaged, i.e. when should we start to average and for how long. This issue is the same
when doing LES, and this was discussed in connection to Fig.18.12.
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Figure 19.4: 2D URANSk � " simulations compared with experiment [132]. Solid lines: total
turbulent kinetic energy; dashed lines: resolved turbulent kinetic energy:� : experimental data.
Left �gure: x = 0 :43H ; right �gure: x = 1 :1H (x = 0 at the downstream vertical plane of the
�ame-holder).

19.1 Turbulence Modeling

In URANS, part of the turbulence is modeled (v00) and part of the turbulence is resolved
(�v0). If we want to compare computed turbulence with experimental turbulence, we
must add these two parts together. Pro�les downstream the �ameholder are shown in
Fig. 19.4. It can be seen that here the resolved and the modeled turbulence are of the
same magnitude.

If the turbulence model in URANS generates ”too much” eddy viscosity, the �ow
may not become unsteady at all, because the unsteadiness is dampened out; the reason
for this is that the turbulence model is too dissipative. It was found in [1,133] when
using URANS for the �ow around a surface-mounted cube and around a car, that the
standardk � " model was too dissipative. Non-linear models like that of [134] was
found to be less dissipative, and was successfully applied in URANS-simulations for
these two �ows.

19.2 Discretization

In LES it is well-known that non-dissipative discretization schemes should be used.
The reason is that we don't want to dampen out resolved, turbulent �uctuations. This is
to some extent true also for URANS. In the predictions on the �ame-holder presented
above, the hybrid discretization scheme for the convectiveterms was used together
with fully implicit �rst-order discretization in time; this gives �rst-order accuracy in
both space and time. The turbulence model that was used was the standardk � "
model. Thus, both the discretization and the turbulence model have high dissipation.
The reason why the unsteadiness in these computations was not dampened out is that
the vortex shedding in this �ow is very strong.

In general, a discretization scheme which has little numerical dissipation should be
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Figure 19.5: Domain of URANS simulations of the �ow around a surface-mounted cube.

used. How dissipative a scheme needs to be in order to be stable is �ow dependent; for
some simple �ows, it may work with no dissipation at all (i.e.central differencing),
whereas for industrially complex �ows maybe a bounded second-order scheme must
be used. For time discretization, the second-order accurate Crank-Nicolson works in
most cases.

In [1] LES and URANS simulations were carried out of the �ow arounda surface-
mounted cube (Fig.19.5) with a coarse mesh using wall-functions. Two different dis-
cretization schemes were used: the central scheme and the Mars scheme (a blend be-
tween central differencing and a bounded upwind scheme of second-order accuracy).
In Fig. 19.6 the time-averaged velocity pro�le upstream of the cube (x1 = � 0:6H )
using URANS and LES with central differencing are shown together with URANS and
the Mars scheme. It is seen that with LES and central differencing nonphysical oscilla-
tions are present (this was also found in [105]). However, LES with the Mars scheme
(in which some numerical dissipation is present) and URANS with the central scheme
(where the modeling dissipation is larger than in LES) no such nonphysical oscillations
are present. The main reason to the nonphysical oscillations is that the predicted �ow
in this region does not have any resolved �uctuations. If turbulent unsteady inlet �uc-
tuations are used, the nonphysical oscillations do usuallynot appear, even if a central
differencing scheme is used. In this case the turbulent, resolved �uctuations dominate
over any numerical oscillations.
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Figure 19.6: URANS simulations: pro�les upstream the cube [1].

20 DES: Detached-Eddy-Simulations

DES (Detached Eddy Simulation) is a mix of LES and URANS. The aim is to treat
the boundary layer with RANS and capture the outer detached eddies with LES.

Since the �ow in the boundary layer will be strongly in�uenced by the unsteady LES
in the outer region, the �ow in the boundary layer will also beunsteady. Hence the
boundary layer is treated with unsteady RANS (URANS). The DES was originally
developed for wings at very high angles of attack.

The RANS model that was originally used was the one-equationmodel proposed
in [135]. It can be written [130,135, Sect. 4.6]
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The production termP and the destruction term	 have the form
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d in the RANS SA model is equal to the distance to the nearest wall.
In DES [136], ~d is taken as the minimum of the RANS turbulent length scaled and

the cell length� = max(� x � ; � x � ; � x � ), i.e.

~d = min( d; Cdes �) : (20.3)

� x � , � x � and� x � denote the cell length in the three grid directions� , � and� . The
constantCdes is usually set to0:65. This model is called the S-A DES model.
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In the boundary layerd < C des � and thus the model operates in RANS mode.
Outside the turbulent boundary layerd > C des � so that the model operates in LES
mode. The modeled length scale is reduced and the consequence is that the destruction
term	 increases, which gives a reduction in the turbulent viscosity ~� t . A reduced~� t

gives a smaller production termP so that the turbulent viscosity is further reduced.
At �rst sight it may seem that as the model switches from RANS mode to LES

mode thus reducingd, this would give rise to an increased production termP through
the second term (see Eq.20.2). However, this second term is a viscous term and is
active only close to the wall. This term is sometimes neglected [137].

20.1 DES based on two-equation models

The model described above is a one-equation model. In RANS mode it takes its length
scale from the wall distance, which in many situations is nota relevant turbulent length
scale. Recently, DES models based on two-equation models were proposed [138–140].
In these models the turbulent length scale is either obtained from the two turbulent
quantities (e.g.k3=2=" or k1=2=! ) or the �lter width � . A model based on thek � "
model can read
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The turbulent length scale,` t , and the turbulent dissipation,"T , are computed as [140,
141]
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In other models [79,138] only the dissipation term,"T is modi�ed. When the grid
is suf�ciently �ne, the length scale is taken as� . The result is that the dissipation
in the k equation increases so thatk decreases which gives a reduced� t . In regions
where the turbulent length scales are taken from� (LES mode) the" -equation is still
solved and it is used used for computing the turbulent viscosity, i.e. � t = C� k2=". A
third alternative is to modify only the turbulent length scale appearing in the turbulent
viscosity [141].

A rather new approach is to reduce the destruction term in the" equation as in
PANS [142,143] (Partially Averaged Navier-Stokes, see Section23) and PITM [144]
(Partially Integrated Transport Modeling, see Section24). In these models" increases
because of its reduced destruction term which decreases bothk and� t . A low-Reynolds
number PANS was recently proposed [143] in which the near-wall modi�cations were
taken from the AKN model [47]. In [145] different ways of treating the interface
between the URANS and LES regions were evaluated.

In the RANS mode the major part of the turbulence is modeled. When the model
switches to LES mode, the turbulence is supposed to be represented by resolved tur-
bulence. This poses a major problem with this type of models.If the switch occurs at
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locationx1, say, it will take some distanceL before the momentum equations start to
resolve any turbulence. This is exactly what happens at an inlet in an LES simulation
if no real turbulence is given as inlet boundary conditions.One way to get around this
is to impose turbulence �uctuations as forcing conditions [99,146–149] at the location
where the model switches from RANS mode to LES mode. The forcing is added in the
form of a source term (per unit volume) in the momentum equations.

20.2 DES based on thek � ! SST model

The standardk � ! model SST reads [73,79]
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whered is the distance to the closest wall node. The SST model behaves as ak � !
model near the wall whereF1 = 1 and ak � " model far from walls (F1 = 0 ). All
coef�cients are blended between thek � ! and thek � " model using the functionF1,
for � , for example,

� = F1� k � ! + (1 � F1)� k � " (20.6)

The constants take the following values:

� � = 0 :09; a1 = 0 :3

� k � ! = 5 =9; � k � ! = 3 =40; � k;k � ! = 0 :85; � !;k � ! = 0 :5

� k � " = 0 :44; � k � " = 0 :0828; � k;k � " = 1 ; � !;k � " = 0 :856:

(20.7)

In DES the dissipation term in thek equation is modi�ed as [79]
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Figure 20.1: Grid (in blue) and a velocity pro�le (in red). RANS-LES interface is shown by the
dashed-green line.

whereCDES = 0 :61.
Again, the DES modi�cation is meant to switch the turbulent length scale from a

RANS length scale (/ k1=2=! ) to a LES length scale (/ � ) when the grid is suf-
�ciently �ne. When FDES is larger than one, the dissipation term in thek equation
increases which in turn decreasesk and thereby also the turbulent viscosity. With a
smaller turbulent viscosity in the momentum equations, themodeled dissipation (i.e
the damping) is reduced and the �ow is induced to go unsteady.The result is, hope-
fully, that a large part of the turbulence is resolved ratherthan being modeled.

Equation20.8shows that it is the grid that determines the location where the model
switches between RANS and LES. Hence it is crucial to generate an appropriate grid.
The larger the maximum cell size (usually� x or � z) is made, the further out from the
wall does the switch take place.

20.3 DDES

In some �ows it may occur that theFDES term switches to LES in the boundary layer
because� x or � z (� x1 or � x3) are too small (smaller than the boundary layer thick-
ness,� ). This means that the �ow in the boundary layer is treated in LES mode with too
a coarse mesh. This results in a poorly resolved LES and henceinaccurate predictions.

To explain the need for DDES, consider the S-A-DES model, seeEq. 20.3. Two
grids are shown in Fig.20.1. The grid on the left is a good DES mesh. Here� =
CDES � x1 (assuming� x3 < � x1) is proportional to the boundary layer thickness,
� . The result is that the entire boundary layer is treated by RANS (as it should). The
grid on the right is re�ned in thex1 direction. The result is that� < � and hence
the outer part of the boundary layer is in LES mode. If the resolution in the spanwise
and streamwise direction does not satisfy the requirementsfor LES resolution (see
Eq.18.68), the predictions will be inaccurate due to a poorly resolved LES region. The
DDES model �xes this problem. It makes sure that the DES modelstays in LES mode
in the boundary layer. DDESprotectsthe boundary layer from the LES mode.

Different proposals have been made to modify DES. The S-A DESmodel is modi-
�ed by replacing ~d (see Eq.20.3) with ~dDDES which reads [150]

~dDDES = d � f d max(0; d � CDES �) : (20.9)
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f d is a blending function which is one in the boundary layer expressed as [151]

f d = 1 � tanh
h
(8rd)3

i

rd =
� t + �

� 2d2 max f S1; 10� 10g
; S1 =

�
@�vi

@xj

@�vi

@xj

� 1=2 (20.10)

In thek � ! SST DDES model, the blending function in Eq.20.8is replaced by [152,
153]

FDDES = max
�

L t

CDES �
(1 � FS ); 1

�
: (20.11)

FS is taken asF1 or F2 (see Eqs.16.12and16.18) of the SST model. In [79] F = F2.
This is called DDES (Delayed DES).
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21 Hybrid LES-RANS

WHEN simulating bluff body �ows, LES (Large Eddy Simulation) is the ideal
method. Bluff body �ows are dominated by large turbulent scales that can be

resolved by LES without too �ne a resolution and accurate results can thus be obtained
at an affordable cost. On the other hand, it is a challenging task to make accurate pre-
dictions of wall-bounded �ows with LES. The near-wall grid spacing should be about
one wall unit in the wall-normal direction. This is similar to the requirement in RANS
using low-Re number models. The resolution requirements inwall-parallel planes for
a well-resolved LES in the near-wall region expressed in wall units are approximately
100 (streamwise) and30 (spanwise). This enables resolution of the near-wall turbu-
lent structures in the viscous sub-layer and the buffer layer consisting of high-speed
in-rushes and low-speed ejections [126], often called the streak process.

An event of a high-speed in-rush is illustrated in Fig.21.1. In the lower part of
the �gure the spanwise vortex line is shown. Initially it is astraight line, but due to a
disturbance – e.g. a turbulent �uctuation – the mid-part of the vortex line is somewhat
lifted up away from the wall. The mid-part of the vortex line experiences now a higher
�v1 velocity (denoted byU in the �gure) than the remaining part of the vortex line.
As a result the mid-part is lifted up even more and a tip of a hairpin vortex is formed.
The vorticity of the legs of the hairpin lift each other through self-induction which helps
lifting the tip even more. In thex1 � x2 plane (upper part of Fig.21.1) the instantaneous
and mean velocity pro�les (denoted byU and �U in the �gure, respectively) are shown
as the hairpin vortex is created. It can be seen that an in�ection point is created in the
instantaneous velocity pro�le,U, and the momentum de�cit in the inner layer increases
for increasingx1. Eventually the momentum de�cit becomes too large and the high-
speed �uid rushes in compensating for the momentum de�cit. The in-rush event is also
called asweep. There are also events which occurs in the other direction, i.e. low-
speed �uid is ejected away from the wall. These events are called burstsor ejections.
The spanwise separation between sweeps and bursts is very small (approximately100
viscous units, see Fig.21.1). This is the main reason why the grid must be very �ne
in the spanwise direction. The streamwise distance betweenthe events is related to
the boundary layer thickness (4� , see Fig.21.1). The process by which the events are
formed is similar to the later stage in the transition process from laminar to turbulent
�ow. Figure 21.2presents the instantaneous �eld of the streamwise velocity�uctuation,
v0

1 in the viscous wall region. As can be seen, the turbulent structures very elongated
in the streamwise direction.

At low to medium Reynolds numbers the streak process is responsible for the major
part of the turbulence production. These structures must beresolved in an LES in order
to achieve accurate results. Thus, for wall-bounded �ows athigh Reynolds numbers
of engineering interest, the computational resource requirement of accurate LES is
prohibitively large. Indeed, the requirement of near-wallgrid resolution is the main
reason why LES is too expensive for engineering �ows, which was one of the lessons
learned in the LESFOIL project [130,131].

The object of hybrid LES-RANS (and of DES) is to eliminate therequirement of
high near-wall resolution in wall-parallel planes. In the near-wall region (the URANS
region), a low-Re number RANS turbulence model (usually an eddy-viscosity model)
is used. In the outer region (the LES region), the usual LES isused, see Fig.21.3.
The idea is that the effect of the near-wall turbulent structures should be modeled by
the RANS turbulence model rather than being resolved. In theLES region, coarser
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Figure 21.1: Illustration of near-wall turbulence (taken from [2]).

x1

x3

Figure 21.2: Fluctuating streamwise velocity in a wall-parallel plane at x+
2 = 5 . DNS of

channel �ow [99].
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Figure 21.3: The LES and URANS region.

grid spacing in wall-parallel planes can be used. The grid resolution in this region is
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URANS region LES region

` �c � 3=4
� n[1 � exp(� 0:2k1=2n=� )] ` = �

� T �c 1=4
� k1=2n[1 � exp(� 0:014k1=2n=� )] 0:07k1=2`

C" 1:0 1:05

Table 21.1: Turbulent viscosity and turbulent length scales in the URANS and LES regions.n
and� denote the distance to the nearest wall and von Kármán constant (= 0 :41), respectively.
� = ( �V )1=3

.

presumably dictated by the requirement of resolving the largest turbulent scales in the
�ow (which are related to the outer length scales, e.g. the boundary layer thickness)
rather than the near-wall turbulent processes. The unsteady momentum equations are
solved throughout the computational domain. The turbulentRANS viscosity is used in
the URANS region, and the turbulent SGS viscosity is used in the LES region.

Hybrid LES-RANS is similar to DES (Detached Eddy Simulations) [136,153,154].
The main difference is that the original DES aims at coveringthe whole attached
boundary layer with URANS, whereas hybrid LES-RANS aims at covering only the
inner part of the boundary layer with URANS. In later work DEShas been used as a
wall model [147,155] – called wall-modelled LES – and, in this form, DES is similar
hybrid LES-RANS.

21.1 Momentum equations in hybrid LES-RANS

The incompressible Navier-Stokes equations with an added turbulent/SGS viscosity
read

@�vi

@t
+

@
@xj

(�vi �vj ) = �
1
�

@�p
@xi

+
@

@xj

�
(� + � T )

@�vi

@xj

�
(21.1)

where� T = � t (� t denotes the turbulent RANS viscosity) forx2 � x2;ml (the URANS
region, see Fig.21.3) and, forx2 > x 2;ml (the LES region),� T = � sgs .

21.2 The one-equation hybrid LES-RANS model

When a one-equation model is employed in both the URANS region and the LES
region, it reads

@kT
@t

+
@

@xj
(�vj kT ) =

@
@xj

�
(� + � T )

@kT
@xj

�
+ PkT � C"

k3=2
T

`

PkT = � � ij �sij ; � ij = � 2� T �sij

(21.2)

In the inner region (x2 � x2;ml ) kT corresponds to the RANS turbulent kinetic energy,
k; in the outer region (x2 > x 2;ml ) it corresponds to the subgrid-scale kinetic turbulent
energy (ksgs ). No special treatment is used in the equations at the matching plane ex-
cept that the form of the turbulent viscosity and the turbulent length scale are different
in the two regions, see Table21.1. At the walls,kT = 0 .

When prescribing the location of the RANS-LES interface, the velocity pro�le may
show unphysical behaviour near the interface because of therapid variation of the tur-
bulence viscosity. Much work on forcing have been presentedin order to alleviate this
problem [99,127,147,148].
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Figure 22.1: Velocity pro�les from a DNS of channel �ow. Solid line: time-averaged velocity
with length scaleL x;steady , Eq. 22.1 ; dashed line: instantaneous velocity with length scale
L vK;inst , Eq.22.3.
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Figure 22.2: Velocity pro�les from Eqs.22.4and22.5.

22 The SAS model

22.1 Resolved motions in unsteady

WHEN doing URANS or DES, the momentum equations are triggered through in-
stabilities to go unsteady in regions where the grid is �ne enough. In URANS

or in DES operating in RANS mode, high turbulent viscosity often dampens out these
instabilities. In many cases this is an undesired feature, because if the �ow wants to go
unsteady, it is usually a bad idea to force the equations to stay steady. One reason is that
there may not be any steady solution. Hence, the equations will not converge. Another
reason is that if the numerical solution wants to go unsteady, the large turbulent scales
— i.e. part of the turbulent spectrum — will be resolved instead of being modeled.
This leads to a more accurate prediction of the �ow.

One way to improve a RANS model's ability to resolve large-scale motions is to
use the SAS (Scale- Adaptive Simulation) model
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22.2 The von Ḱarmán length scale

The von Kármán length scale

L vK;steady = �

�
�
�
�

@h�v1i =@x2
@2h�v1 i =@x22

�
�
�
� (22.1)

which includes the second velocity gradient is a suitable length scale for detecting
unsteadiness. The von Kármán constant (same as in the log-law, see Eq.6.33) is � =
0:41. The von Kármán length scale is smaller for an instantaneous velocity pro�le
than for a time averaged velocity, see Fig.22.1. This is interesting because, as noted
in [156], the von Kármán length scale decreases when the momentumequations resolve
(part of) the turbulence spectrum.

The �rst and second derivatives in Eq.22.1are given in boundary layer form. We
want to extend this expression to a general one, applicable in three dimensions. In the
same way as in, for example, the Smagorinsky model, we take the �rst derivative as
j�sj = (2�sij �sij )1=2. The second derivative can be generalized in a number of ways. In
the SAS model it is taken as

U00=
�

@2 �vi

@xj @xj

@2 �vi

@xk @xk

� 0:5

(22.2)

Hence, the general three-dimensional expression for the von Kármán length scale
reads

L vK;inst = �
j �sj

jU00j
(22.3)

Note than in a CFD code, Eqs.22.3and22.2are always used, but when the �ow is
steady it is equal to the time-averaged version, i.e. Eqs.U.8 andU.9.

In order to get a better understanding of the difference between the von Kármán
length scales in steady and turbulence-resolving mode, letus look at two analytical
velocity pro�les. A steady velocity pro�le

h�v1 i = sin(0 :5�x 2) (22.4)

and a turbulence-resolving velocity

�v1 = sin(0 :5�x 2) + 0 :1 sin(20�x 2) (22.5)

see Fig.22.2. Taking the �rst and second derivatives of Eqs.22.4and22.5gives
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= � 0:25� 2 sin(0:5�x 2) � 40� 2 sin(20�x 2)
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Using Eqs.22.1and22.3, we get

L vK;steady = �
0:5� cos(0:5�x 2)

0:25� 2 sin(0:5�x 2)
=

2�
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cot(0:5�x 2)
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0:5� cos(0:5�x 2) + 2 � cos(20�x 2)

0:25� 2 sin(0:5�x 2) + 40 � 2 sin(20�x 2)
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2� cos(20�x 2)
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=
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cot(20�x 2)

(22.6)

We �nd, as expected, that the length scale of the instantaneous velocity pro�le is much
smaller (a factor of approximately40) than that of the steady velocity pro�le.

In [157] they derived a one-equation� t turbulence model where the von Kármán
length scale was used. The model was called the SAS model. Later, based on the
k � k1=2L model of Rotta [158], Menter & Egorov [156] derived a newk � kL model
using the von Kármán length scale. Finally, in [159–161] they modi�ed thek � ! -SST
model to include the SAS features; they called this model theSST-SAS model. This
model is described in more detail below.

22.3 The SST-SAS model

The k � ! SST model is given in Eq.20.5at p.220 (see also the section starting at
p. 183) Now, Menter & Egorov [159–161] introduced a SAS-term in the! equation.
The object of this term is to decrease the turbulent viscosity when unsteadiness is de-
tected, i.e. when the von Kármán length scale becomes small. The production term in
the! equation in thek � ! -SST model readsP! = �P k =� t / j �sj2. To decrease the
turbulent viscosity we should increase! . Thus it seems reasonable to add a new pro-
duction term proportional toP! L t =LvK;inst whereL t denotes a RANS length scale.
The additional term reads

~� 2� j �sj2
L t

L vK;inst
; L t =

k1=2

!c �
(22.7)

When unsteadiness occurs — i.e. when the momentum equationsattempt to resolve
part of the turbulence spectrum — this term reacts as follows:

� Local unsteadiness will create velocity gradients which decrease von Kármán
length scale,L vK;inst (see Fig.22.1)

� As a consequence the additional source, Eq.22.7, in the! equation increases

� This gives an increase in! and hence a decrease in� t

� The decreased turbulent viscosity will allow the unsteadiness to stay alive and,
perhaps, grow.

The last item in the list above is the main object of the SAS model. The reaction
to local unsteadiness in a eddy-viscosity model without theSAS feature is as follows:
the increased local velocity gradients will create additional production of turbulent ki-
netic energy and give an increased turbulent viscosity which will dampen/kill the local
unsteadiness. As mentioned in the introduction to this chapter, this is an undesirable
feature.
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When incorporating the additional production term (Eq.22.7) in the k � ! -SST
model, the last term in the! equation is replaced by (for further details, see [159–161])

PSAS = FSAS max (T1 � T2; 0)
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(22.8)

where~� 2 ' 1:5 andFSAS ' 1.
Note that the termT1 is the “real” additional SAS term;T2 is included to make sure

that the model in steady �ow works as ak � ! SST model.

22.4 The second derivative of the velocity

To computeU00in Eq.22.2, we need to compute the second velocity gradients. In �nite
volume methods there are two main options for computing second derivatives.

Option I: compute the �rst derivatives at the faces
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In [162], Option I was used unless otherwise stated.

22.5 Evaluation of the von Ḱarmán length scale in channel �ow

In Fig. 22.3the turbulent length scale,hL vK;inst i , is evaluated using DNS data of fully
developed channel �ow. When using DNS data only viscous dissipation of resolved tur-
bulence affects the equations. This implies that the smallest scales that can be resolved
are related to the grid scale. The von Kármán length scale based on instantaneous ve-
locities,hL vK;inst i , is presented in Fig.22.3. For x2 > 0:2, its magnitude is close to
� x2 which con�rms that the von Kármán length scale is related to the smallest resolv-
able scales. Closer to the wall,hL vK;inst i increases slightly whereas� x2 continues to
decrease.

The von Kármán length scale,L vK;steady , based on the averaged velocity pro�le
h�v1 i = h�v1i (x2) is also included in Fig.22.3, and as can be seen it is much larger
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Figure 22.3: Turbulent length scales in fully developed channel �ow. Left: global view; right:
zoom. DNS.963 mesh.Re� = 500. � x1=� = 0 :065, � x3=� = 0 :016, x2-stretching of 9%.
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Figure 22.4: Turbulent length scales in fully developed channel �ow. Hybrid LES-RANS. Left:
global view; right: zoom.32 � 64 � 32 mesh.Re� = 2000. � x1=� = 0 :39, � x3=� = 0 :19,
x2-stretching of 17%. : hL vK;inst i ; : L vK;steady ; : (� x1 � x2 � x3)1=3 ; � :
� x2 ; + : `k � ! = k0:5=(c1=4

� ! ).

thanhL vK; 3D i . Near the wallL vK;steady increases because the time-average second
derivative,@2h�v1 i =@x22, goes to zero as the wall is approached. No such behavior is
seen for the three-dimensional formulation,hL vK;inst i .

In Fig. 22.4, data from hybrid LES-RANS are used (taken from [99]). When using
hybrid LES-RANS, part of the turbulence is resolved and partof the turbulence is
modeled. The resolved turbulence is dissipated by a modeleddissipation,� 2h� T �sij �sij i
(� T denotes SGS or RANS turbulent viscosity), and� T � � . As a result, the length
scale of the smallest resolved turbulence is larger in hybrid LES-RANS than in DNS.
Close to the wall in the URANS region (x2 < 0:031� ), the resolved turbulence is
dampened by the high turbulent viscosity, and as a resultshL vK;inst i follows closely
L vK;steady .

The RANS turbulent length scale,`k � ! , from a 1D RANS simulation atRe� =
2000with the k � ! SST model is also included in Fig.22.4. In the inner region
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(x2 < 0:5� ), its behavior is close to that of the von Kármán length scale, L vK;steady .
In the center region the RANS turbulent length scale continues to increase which is
physically correct. However, the von Kármán length scale, L vK;steady , goes to zero
because the velocity derivative goes to zero.

Two �lter scales are included in Figs.22.3 and 22.4. In the DNS-simulations,
� x2 < (� x1� x2� x3)1=3 near the wall, whereas far from the wall� x2 > (� x1� x2� x3)1=3

because of the stretching in thex2 direction and because of small� x1 and� x3. In the
hybrid simulations, it can be noted that the three-dimensional �lter width is more that
twice as large as the three-dimensional formulation of the von Kármán length scale,
i.e. (� x1� x3� x3)1=3 > 2hL vK;inst i .

In [162], the SST-SAS model has been evaluated in channel �ow, �ow inan asym-
metric diffusor and �ow over an axi-symmetric hill.
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23 The PANS Model

THE PANS method uses the so-called “partial averaging”concept, which corresponds
to a �ltering operation for a portion of the �uctuating scales [163].
To close the system of the partially-averaged Navier-Stokes equations, as in RANS

(see Eq.11.2) and LES (see Eq.18.2), a model is needed for� ij . In [163] they proposed
using the conventional eddy viscosity concept so that� ij = � 2� t �sij , where�sij is the
strain-rate tensor of the computed �ow and� t is the PANS eddy viscosity.

In order to formulate the PANS eddy viscosity, they de�ned in[163] another two
quantities, the partially-averaged turbulent kinetic energy, k and its dissipation rate" ,
so that� t = C� k2=". In the derivation of the transport equations fork and" , two
parameters,f k andf " , have been introduced, relating the unresolved to the resolved
�uctuating scales. Parameterf k de�nes the ratio of unresolved (partially-averaged)
turbulent kinetic energy (k) to the total kinetic energy (ktot ), andf " is the ratio between
the unresolved (" ) and the total (" tot ) dissipation rates. These give

ktot =
k
f k

and " tot =
"
f "

(23.1)

The extent of the resolved part is now determined byf k andf " . Usuallyf " = 1 ; f " < 1
implies that dissipative scales are resolved. In [163,164] they employed the standard
k � " model as the base model.

Thektot equation is derived by multiplying the RANSktot equation (Eq.11.97) in
thek � " model byf k , i.e. (for simplicity we omit the buoyancy term)
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whereVi denotes the RANS velocity. Note than thetot index is here equivalent to
RANS . The left side can be re-written
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Note that we have assumed thatf k is constant (non-constantf k is accounted for in
Section23.1.1). The convective term must be expressed in�vj (the PANS averaged
velocity) rather than in�Vj (the RANS averaged velocity), because it is�vj that transports
k because�vj represents the PANS resolved part ofvj . Anyway, the last term on the
right side in Eq.23.3is usually neglected.

The diffusion term is re-written using Eq.23.1
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where

� ku = � k
f 2
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(23.5)

and
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(23.6)
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The source terms in Eq.23.2are replaced byP k and" , i.e.

f k
�
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�
= P k � " (23.7)

This relation implies
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Using Eqs.23.3, 23.4and23.7the �nal transport equation fork can now be written as
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where the production term,P k , is expressed in terms of the PANS eddy viscosity,� t ,
and the strain rate of PANS-resolved �ow �eld, i.e.
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The" equation is derived by multiplying the RANS" tot equation byf " , i.e.
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wheref " is assumed to be constant. As in thek equation, the additional term( �Vj �
�vj )@"=@xj is neglected. The diffusion term is re-written using Eq.23.1
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where
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(23.13)

In the same way, the production and destruction terms are re-formulated as (using
Eqs.23.1and23.8)
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The" equation in the PANS model now takes the following form
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The PANS equation fork, Eq.23.9, was derived by multiplying the RANS equation
for ktot by f k which was assumed to be constant in space and in time. By referring to
Eqs.23.4, 23.6and23.5, the turbulent diffusion term was obtained as
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The expression on the right-hand side of Eq.23.17(a) suggests that the turbulent trans-
port for the PANS-modeled turbulent kinetic energy,k, is actually formulated in terms
of the RANS turbulent viscosity from the base model. This is different from the turbu-
lent diffusion in subgrid scale (SGS) modeling of LES with a one-equationksgs model,
which reads
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(23.18)

In Eq. 23.18theSGSturbulent viscosity is invoked for the transport ofksgs , whereas
on the right-hand side of Eq.23.17(a) thetotal (i.e. the RANS) turbulent viscosity has
been used fork. Equation23.17(a) suggests that, when used as an SGS model, the
modeled turbulent diffusion in the PANS formulation is a factor of � k =� ku = f " =f 2

k
larger than in Eq.23.18, see Eqs.23.9and23.17(b). With f " = 1 andf k = 0 :4, for
example, this factor is larger than six. The modi�cation of the diffusion coef�cient,
� ku , is a unique property of the PANS model. In other models, suchas DES [165],
X-LES [140] and PITM [144], the sink term in thek, " or ! equation is modi�ed, but
not the diffusion term. The only difference between PANS andPITM is that in the
former model the diffusion coef�cients in thek and" are modi�ed.

A Low Reynolds number PANS model was presented in [143,166] which reads
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The modi�cations introduced by the PANS modeling as compared to its parent
RANS model are highlighted by boxes. The model constants take the same values as
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in the LRN model [47], i.e.

C" 1 = 1 :5; C" 2 = 1 :9; � k = 1 :4; � " = 1 :4; C� = 0 :09 (23.20)

23.1 PANS as a hybrid LES-RANS model

A new approach to use the partially averaged Navier-Stokes (PANS) model as a hybrid
RANS-LES model was presented by Davidson [167]. It was evaluated in fully devel-
oped channel �ow and embedded LES in a hump �ow. For the channel �ow, the two
RANS-LES interfaces are parallel to the walls. In the URANS region,f k is set to one.
In the LES region,f k is set to a constant value (the baseline value isf k = 0 :4) or it
is computed. It is found that the new model gives good resultsfor channel �ow for a
large span of Reynolds numbers (4 000 � Re� � 32 000). In the channel �ow sim-
ulations, three different grids are used in the wall-parallel planes,322, 642 and1282,
and the model yields virtually grid-independent �ow �elds and turbulent viscosities.
Embedded LES is used for the hump �ow which is well predicted.The RANS-LES
interface is normal to the �ow from the inlet. RANS is used upstream of the interface.
Downstream this interface, RANS is used near the wall and LESis used away from the
wall.

23.1.1 The interface conditions at the RANS-LES interface

The interface plane separates the URANS region near the walland the LES region in
the outer region. In the former region, the turbulent viscosity, � t , should be a RANS

x

y

kint ; " int

wall

yint

LES, f k < 1

URANS, f k = 1 :0

Figure 23.1: The URANS and the LES regions.
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Figure 23.2: Control volume,P , in the LES region adjacent to the interface.
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viscosity and in the latter region it should be an SGS viscosity. Hence� t must decrease
rapidly when going from the URANS region to the LES region. This is achieved by
setting the usual convection and diffusion �uxes ofk 4 at the interface to zero. New
�uxes are introduced in which the interface condition is setto kint = f k kRANS , where
kRANS is thek value in the cell located in the URANS region adjacent to the interface.
Unless otherwise stated, no modi�cation is made for the convection and diffusion of"
across the interface. The implementation is presented in some detail below. We write
the discretized equation in they direction (see Figs.23.1and23.2) as [98]

aP kP = aN kN + aSkS + SU ; aP = aS + aN � SP

whereaS andaN are related to the convection and diffusion through the south and
north face, respectively, andSU andSP kP include the production and the dissipation
term, respectively. For a cell in the LES region adjacent to the interface (cellP), aS

is set to zero, setting the usual convection and diffusion �uxes to zero. New �uxes,
includingf k , are incorporated in additional source terms as

SU = ( Cs + D s)f k kS ; SP = � (Cs + D s)

Cs = max (�vsAs ; 0) ; D s =
� tot As

� y

(23.21)

whereCs andD s denote convection (�rst-order upwind) and diffusion, respectively,
through the south face, andAs is the south area of the cell. As can be seen, thekS

is multiplied byf k and hence the new convective �ux is a factorf k smaller than the
original one. Also the diffusion �ux is smaller; it isD s(f k kS � kP ) compared with the
original �ux D s(kS � kP ).

The interface is de�ned along gridlines. The approach presented above is also
applicable when the location is automatically computed where the extent of the RANS
region varies along the wall. The convective and diffusive �uxes are modi�ed in exactly
the same way.

The method of adding a new �ux in thek equation is similar to the method proposed
in [168]. In that work they take into account the spatial variation of f k . A decrease of
f k in space – as occurs at the interface in Fig.23.1– means that the turbulent kinetic
energy should be transferred from modeled to resolved. Thisis done by introducing
a sink term in thek equation which decreases the turbulent viscosity. [168] also add
a turbulent diffusion term in the momentum equation which appears as a source term
in the equation for turbulent resolved kinetic energy. No source term is used in the
momentum equations in this method. A further difference is that this method modi�es
the equations only in the LES region (in whichk is reduced), not in the RANS region.
The reason is that this effect is believed to be the most critical; it is important that the
resolved turbulence on the LES side of the interface is activated as soon as possible
(i.e. as close as possible to the interface). The total turbulent kinetic energy across the
interface is not conserved, but as shown below, the total turbulent kinetic energy that is
lost across the interface is not large. For more details and results, see Davidson [167].

23.2 Zonal PANS: different treatments of the RANS-LES interface

In [168], a method was proposed to include the effect of the gradientof f k in PANS.
This approach was used at RANS-LES interfaces by Davidson [145]. Four different

4from here on, the modelled turbulent kinetic energy and its viscous dissipation, LES or RANS mode,
are denoted bykand"
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interface models are evaluated in fully developed channel �ow and embedded LES of
channel �ow; in both cases, PANS is used as a zonal model withf k = 1 in the URANS
region andf k = 0 :4 in the LES region. In fully developed channel �ow, the RANS-
LES interface is parallel to the wall (horizontal) and in embedded LES it is parallel to
the inlet (vertical).

The importance of the location of the horizontal interface in fully developed chan-
nel �ow is also investigated. It is found that the location – and the choice of the treat-
ment at the interface – may be critical at low Reynolds numberor if the interface is
placed too close to the wall. The reason is that the modeled turbulent shear stress at
the interface is large and hence the relative strength of theresolved turbulence is small.
In RANS, the turbulent viscosity – and consequently also themodeled Reynolds shear
stress – is only weakly dependent on Reynolds number. It is found that that also applies
in the URANS region.

23.2.1 The Interface Condition

The commutation error in PANS was recently addressed in [168]. In PANS, the equa-
tion for the modeled turbulent kinetic energy,k, is derived by multiplying thektot

equation (ktot = kres + k) by f k wherekres denotes the resolved turbulent kinetic
energy. The convective term in thek equation with constantf k is then obtained as (see
Eq.23.3)

f k
dktot

dt
=

d(f k ktot )
dt

=
dk
dt

(23.22)

where

f k =
k

ktot
: (23.23)

Now, if f k varies in space, we get instead

f k
dktot

dt
=

d(f k ktot )
dt

� ktot
df k

dt
=

dk
dt

� ktot
df k

dt
(23.24)

Sincef k here is constant in time,df k =dt = �vi @fk =@xi . The second term on the right
side of Eq.23.24is the commutation term; it represents (excluding the minussign)
energy transfer from resolved to modeled turbulence. It canbe written (on the right
side of thek equation)

ktot
df k

dt
= ( k + kres )

df k

dt
= k

df k

dt
+

h�v0
i �v

0
i i

2
df k

dt
(23.25)

The commutation term in thekres equation is the same but with opposite sign, i.e.

� k
df k

dt
�

h�v0
i �v

0
i i

2
df k

dt
(23.26)

The question is now which term should be added to the momentumequations to get
the commutation term in thekres equation. We start by the second term in Eq.23.26.
This term can be represented by the source term

S1
i = �

1
2

�v0
i
df k

dt
(23.27)

in the momentum equation. To show that this term correspondsto the commutation
term in Eq.23.26, consider the momentum equation for the �uctuating velocity, �v0

i .
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Figure 23.3: The URANS and the LES regions near a wall.
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Figure 23.4: Embedded LES. Vertical thick line shows the interface atx I = 0 :95. f k varies
linearly in the gray area (widthx tr ) from 1 to 0:4. � = 1 .

Multiplying S1
i by �v0

i = �vi � h �vi i and time-averaging gives the source term in thekres

equation as

�
�

(�vi � h �vi i )
1
2

�v0
i
df k

dt

�
= �

�
1
2

�v0
i �v

0
i
df k

dt

�
= �

1
2

h�v0
i �v

0
i i

df k

dt
(23.28)

Equation23.28is equal to the time average of the second term in Eq.23.26as it should.
A term corresponding to the �rst term in Eq.23.26can be added as a source term

in the momentum equation as

S2
i = �

hki �v0
i

h�v0
m �v0

m i
df k

dt
(23.29)

Multiplying S2
i by �v0

i and time averaging gives

�
hhki �v0

i �v
0
i i

h�v0
m �v0

m i
df k

dt
' �h ki

df k

dt
(23.30)

Equation23.30is equal to the time average of the �rst term in Eq.23.26as it should.
In [168], the second term on the right side of Eq.23.24is represented by introducing

an additional turbulent viscosity,� tr , in a diffusion term in the momentum equation as

@
@xj

(� tr �sij ) ; �sij =
1
2

�
@�vi

@xj
+

@�vj

@xi

�
(23.31)
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where

� tr =
Pk tr

j �sj2
: (23.32)

The term,Pk tr , is computed as

Pk tr = ktot
df k

dt
(23.33)

Pk tr is an additional production term in thek equation, see Eq.23.19. In [168], Pk tr is
re-written using Eq.23.23as

Pk tr =
k
f k

df k

dt
(23.34)

23.2.2 Modeling the Interface

The gradient off k across a RANS-LES interface gives rise to an additional termin
the momentum equations and thek equation. These terms are included only when the
�ow goes from a RANS region to an LES region. The effect of these terms will reduce
k and act as a forcing term in the momentum equations. Four different models are
investigated.

23.2.2.1 Interface Model 1

This is based on the approach suggested in [168]. The additional turbulent viscosity,
� tr , gives an additional production term,Pk tr , in thek equation, see Eq.23.34. Since
we are interested in stimulating resolved turbulence in theLES region adjacent to the
RANS region, only negative values of� tr are included. A negative� tr means physi-
cally transfer of kinetic energy from modeled to resolved. It is found that the magnitude
of the positive values of� tr is actually larger than the magnitude of the negative ones,
which means thath� tr i > 0. The negative values correspond todf k =dt < 0 (see
Eqs.23.32, 23.33and23.34), i.e. when a �uid particle in a RANS region passes the
interface into an adjacent LES region. However,� tr takes such large (negative) values
that � t + � tr < 0. To stabilize the simulations, it was found necessary to introduce a
limit � t + � tr > 0 in the diffusion term in the momentum equation. No such limitis
used in thek equation, and hencePk + Pk tr is allowed to go negative.

23.2.2.2 Interface Model 2

This model is identical to Model 1 except that Eq.23.33is used instead of Eq.23.34.
ktot in Eq.23.33is de�ned as

ktot = k +
1
2

h�v0
i �v

0
i i r:a (23.35)

where subscriptr:a: denotes running average. Is is averaged in all homogeneous direc-
tions including time (note that time is not a homogeneous direction in decaying grid
turbulence). Sincektot is mostly larger thank=f k [167], this approach will give a
larger magnitude of the (negative) production than Model 1.It is found in [145] that
this modi�cation is of utmost importance.
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23.2.2.3 Interface Model 3

The right side of Eq.23.25is added to thek equation, but only when the �ow goes
from a RANS region to an LES region (i.e.df k =dt < 0), i.e.

Pk tr = ktot min
�

df k

dt
; 0

�
(23.36)

wherektot is computed as in Eq.23.35. The production termPk tr < 0 which means
that it reducesk as it should. The sum of theS1

i andS2
i terms (see Eqs.23.27and

23.29) in the momentum equations read

Si = � min
�

df k

dt
; 0

� �
0:5 +

k
h�v0

m �v0
m i r:a:

�
�v0

i (23.37)

Sincedf k =dt < 0, the sourceSi has the same sign as�v0
i ; this means that the source

enhances the resolved turbulence as it should.
It may be noted thatdf k =dt in Eq. 23.36assumes the correct (i.e. negative) sign

irrespectively of the orientation of the RANS-LES interface. Consider, for example,
the RANS-LES interfaces at the lower and upper wall in fully-developed channel �ow
(Fig. 23.3). For these interfaces, the gradient off k in Eq.23.36reads�v@fk =@y. When
a �uid particles at the lower interface goes from the RANS region to the LES region,
�v > 0 and@fk =@y <0 so that�v@fk =@y <0 as intended. Also for the upper interface
we get �v@fk =@y <0 since �v < 0 and @fk =@y >0. For non-cartesian grids the
material derivative,df k =dt < 0, has to be formulated in local grid coordinates.

It is however found that the forcing often becomes too strongwhenSi is added
to the momentum equation. The effect of adding or neglectingSi in the momentum
equations is evaluated, see [145].

The differences between Model 3 and 2 are that

� WhenSi = 0 , no explicit modi�cation is made in the momentum equation in
Model 3 (recall that� � < � tr < 0 is used in the momentum equation in Models
1 and 2).

� Model 2 (and Model 1) may need regularization in casej�sj ! 0 in the denomi-
nator of� t tr in Eq.23.33. No such regularization, however, is used here. It can
be argued that the commutation term in Model 3 is introduced in a more physical
way compared to Models 1 and 2 where arti�cially negative viscosities are used.

23.2.2.4 Interface Model 4

This interface model was developed in [167] for horizontal interfaces. The modeled
turbulent kinetic energy in the LES region adjacent to the interface is reduced by setting
the usual convection and diffusion �uxes ofk at the interface to zero. New �uxes are
introduced in which the interface condition is set tokint = f k kRANS (f k = 0 :4),
wherekRANS is thek value in the cell located in the URANS region adjacent to the
interface. No modi�cation is made for the convection and diffusion of " across the
interface. The implementation is presented in Section23.1.1. It is described in the next
section.
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23.3 A new formulation of f k for the PANS model

It is natural to linkf k to the mesh resolution and in that aim several proposals have
been made on how to computef k . Girimaji and Abdol-Hamid [164] proposed one way
to computef k :

f k = C � 1=2
�

�
�
L t

� 2=3

; L t =
k3=2

tot

"
(23.38)

using� = � min , the smallest grid cell size. Basaraet al. also usedf k prescribed
from Eq.23.38, however taking the geometric average� = (� V )1=3. [169] they have
made a slightly different proposal which reads

f k =
�
L t

(23.39)

More recently, in [170] they derived an expression from the Kolmogorov energy spec-
trum which reads

f k = 1 �
�

(� =�) 2=3

0:23 + (� =�) 2=3

� 9=2

(23.40)

Recently, Davidson and Friess [171] proposed a new formulation forf k . It is based
on theH -equivalence introduced by Friesset al. (2015). In this formulation the ex-
pression off k is derived to mimic DES. This new formulation behaves very much like
“classic DES”, even though the two formulations use different mechanisms to separate
modeled and resolved scales. They show very similar performance in separated �ows
as well as in attached boundary layers. Moreover, the new formulation exhibits similar
robustness features as DES.

23.3.1 f k derived from the equivalence criterion

In [172] a relation betweenf k and the grid step is derived, through the establishment of
a statistical equivalence between DES and PITM. To that aim,they performed pertur-
bation analyses about the equilibrium states, representing small variation of the energy
partition. They did the analysis with and without considering inhomogeneity. That
derivation is summarized here in a homogeneous framework, as a �rst step. Let us
�rst consider the PANS/PITM equations. For equilibrium turbulenced�=dt = 0 where
� = k=", Eq.23.19gives

d�
dt

=
1
"

dk
dt

�
k
"2

d"
dt

=
1
"

�
P k + D k � "

�

�
k
"2

�
C" 1

"
k

P k + D " � C �
" 2

"2

k

�
= 0

(23.41)

whereD k andD " denote the diffusion term fork and" , respectively. For local homo-
geneous turbulence (i.e.D k = D " = 0 ), it can be written


 (C" 1 � 1)Sk = ( C �
" 2 � 1)"


 =
P k

Sk
; S = (2�sij �sij )1=2

(23.42)

The quantities that are affected by the partition between modeled and resolved turbu-
lence (i.e. f k ) in Eq. 23.42are 
 , S, k andC �

" 2.5 Differentiation of Eq.23.42, by

5" is independent off k provided that no dissipation is resolved, which corresponds tof " = 1
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considering in�nitesimal perturbations�
 , �S , �k and�C �
" 2 of the variables, yields:

�
Sk + �S
k + �k
S =
�C �

" 2"
C" 1 � 1

(23.43)

so that
�




+
�S
S

+
�k
k

=
�C �

" 2"
(C" 1 � 1)
Sk

=
�C �

" 2

C �
" 2 � 1

(23.44)

Equation23.44was derived for the PANS/PITM equations. Now we repeat the deriva-
tion for the DES equations. The differences between DES and PITM/PANS are that in
DES (i)C �

" 2 = C" 2 is constant and (ii) the dissipation term in the equation formodeled
energyk is replaced with " , i.e.

dk
dt

=
@

@xj

��
� +

� t

� k

�
@k
@xj

�
+ Pk �  " (23.45)

 = max
�

1;
k3=2="

CDES � max

�
; � max = max(� x1; � x2; � x3) (23.46)

d"
dt

=
@

@xj

��
� +

� t

� "

�
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@xj

�
+ C" 1Pk

"
k

� C" 2
"2

k

Assumingd�=dt = 0 and local homogeneous turbulence gives


 (C" 1 � 1)Sk = ( C" 2 �  )" (23.47)

We differentiate so that

�




+
�S
S

+
�k
k

= �
d "

(C" 1 � 1)Sk

= �

d 
C" 2 �  

(23.48)

Equations23.43and23.48describe howC �
" 2 and depend on variations in
 , S and

k. The parametersC �
" 2 and vary fromC" 2 and1 (RANS values), respectively, toC �

" 2
and (�) (LES values). Combining Eqs.23.43and23.48and integrating from RANS
to LES conditions (C �

" 2 and )

Z C �
" 2

C " 2

dC�
" 2

C �
" 2 � 1

=
Z  

1
�

d 
C" 2 �  

)

ln
�

C �
" 2 � 1

C" 2 � 1

�
= ln

�
C" 2 �  
C" 2 � 1

� (23.49)

By using the expression forC �
" 2 in Eq. 23.19(with f 2 = f " = 1 ), and ensuring that

0 < f k � 1 we �nally get

f k = max
�
0; min

�
1; 1 �

 � 1
C" 2 � C" 1

��
(23.50)

where is given by Eq.23.46. This model is evaluated in [171]. It gives much better
results than the old PANS model and very similar results to the DES model. What is
the advantage of the new PANS model vs. the DES model? The PANSmodel is based
on a rigorous derivation whereas DES is based on an ad-hoc modi�cation of RANS
models.
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23.4 The IDD-PANS model

He we present an improved formulation forf k based on theH -equivalence introduced
by Friesset al. [172]. In this formulation the expression off k is derived to mimic Im-
proved Delayed Detached Eddy Simulation (IDDES). This new formulation behaves
in a very similar way as IDDES, even though the two formulations use different mech-
anisms to separate modeled and resolved scales. The new model is call IDD-PANS.`

Thek and" in the PANS model based on AKN model are given in Eq.23.19. In
DES based on the AKN model, the dissipation is multiplied with  , see Eq.23.45. In
IDDES and DES, is the control parameter for the resolution, whileC" 2 is set to its
RANS value. The function may be more or less sophisticated. In all cases, we write
 as

 =
L t

L ref
(23.51)

whereL ref is reference length scale. The key difference between DES and IDDES lies
in the prescription ofL ref entering Eq.23.51. In original DES, the reference length
scaleL ref simply reads

L ref = min ( L t ; lc); lc = CDES � (23.52)

wherelc is the usual LES lengthscale, see Eq.20.4.
In IDDES, it is more sophisticated. The lengthscale� is also chosen in a more

complex way. These differences are discussed below.

23.4.1 LES length scale

The� length scale is de�ned as

� = min f max [Cw dw ; Cw hmax ; hwn ] ; hmax g

where

� Cw = 0 :15 is a constant, presumably independent of the turbulent closure,

� dw is the distance to the closest wall,

� hwn is the grid step in the wall normal direction.

� hmax is the largest cell side.

23.4.2 The IDDES model

In contrast with its formulation given by Eq.23.52in DES, the reference length scale
L ref is in IDDES a blending betweenL t andlc. It reads

L ref = ~f d (1 + f e) L t +
�

1 � ~f d

�
lc (23.53)

whereL t is de�ned by20.4andlc by 23.52(recall thatL ref is used for computing in
Eq.23.51which is used in the dissipation term in Eq.23.45). The blending functions
~f d andf e read

~f d = max f (1 � f dt ) ; f B g (23.54)

f e = max f (f e1 � 1) ; 0gf e2 (23.55)
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where the functionsf dt andf B entering Eq.23.54are given by

f dt = 1 � tanh
h
(8rdt )

3
i

(23.56)

f B = min
�

2 exp
�
� 9� 2�

; 1
	

(23.57)

with
� = 0 :25� dw =hmax :

The functionsf e1 andf e2 in Eq.23.55read

f e1 =

(
2 exp

�
� 11:09� 2

�
if � � 0

2 exp
�
� 9� 2

�
if � < 0

and
f e2 = 1 � max f f t ; f l g

where the functionsf t andf l are given by

f t = tanh
h�

c2
t rdt

� 3
i

f l = tanh
h�

c2
l rdl

� 10
i

:

The constantsct andcl above, depend on the background RANS model. They were
originally tuned in [165] for the SA model, and later in [173] for thek � ! SST model.
The chosen values arect = 1 :87andcl = 5 .

The quantitiesrdt (also entering Eq.23.56) andrdl , are de�ned as follows

rdt =
� t

� 2d2
w maxfj �sj; 10� 10g

rdl =
�

� 2d2
w maxfj �sj; 10� 10g

(23.58)

where� = 0 :41. In what follows, we derive a relationship between the cutoff control
functions of IDDES andf k (or equivalently,C �

" 2) of PANS.

23.4.3 Equivalence between PANS and DES/IDDES

Friesset al.[172] made a �rst attempt in bridging DES and PITM. They derived equiv-
alence criteria in three major cases:

� homogeneous equilibrium layers,

� inhomogeneous �ows,

� allowing �lter-induced modi�cations of the unresolved dissipation rate (while
the two previous cases assume that it is not affected by the energy partition).

In that aim, they considered in�nitesimal perturbations inthe equilibrium of the ensemble-
averagedk � " system, when introducing� for DES and�C �

" 2 for PITM, given that
in RANS mode, = f k = 1 andC �

" 2 = C" 2. Then, integrating the result between
RANS and an arbitrary state, yields a relationship evaluating for a givenf k .

More recently, Davidson & Friess [171] (see also Section23.3) used the aforemen-
tioned relationship in a reverse way, in order to obtain somenew way to de�ne thef k
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factor for PANS, being given by DES (see Eqs.20.4and23.52). However, their
work was a �rst attempt, as (i) they just considered the homogeneous equilibrium layer
case in their derivation and (ii) they restricted their study to DES. In [174], they showed
that this method works pretty much like DES.

Now, we consider inhomogeneous �ows, which are more relevant in engineering.
Let us de�ne the modeled ensemble-averagedk and"

kM = hki

"M = h" i

Along mean streamlines,kM and"M are assumed to be in equilibrium, which yields,
when describing both PANS and IDDES

dkM

dt
= P k + D k �  " M = 0 (23.59)

d"M

dt
= C" 1

"M

kM
P k + D " � C �

" 2
"2

M

kM
= 0 (23.60)

whereP k denotes the production ofkM andD k andD " the diffusion terms ofkM and
"M respectively, and is taken from Eq.23.46.

Now we will perform perturbation analysis. We introduce a perturbation,�k M ,
which slightly moves the cut-off between resolved and modeled scales. Some assump-
tions are needed. We assume thatf " = 1 , and hence" does not change (see footnote
on p.241), i.e

�" M = 0 (23.61)

Following [172], we assume that�k M =kM does not vary in space, i.e.

@(�k M =kM )
@xj

= 0 )
1

kM

@(�k M )
@xj

�
�k M

k2
M

@kM
@xj

= 0 (23.62)

which gives

@(�k M )
@xj

=
�k M

kM

@kM
@xj

;
@2(�k M )

@2x j
=

�k M

kM

@2kM

@2x j
(23.63)

Using these expression we can write

@(kM + �k M )
@xj

=
@kM
@xj

+
@(�k M )

@xj
=

�
1 +

�k M

kM

�
@kM
@xj

(23.64)

and

@2 (kM + �k M )
@xj @xj

=
�

1 +
�k M

kM

�
@2kM

@xj @xj
(23.65)

Furthermore, by de�nition,
f k = kM =ktot (23.66)

wherektot is the total (resolved + modeled) turbulent kinetic energy.
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23.4.3.1 PANS equations

For the PANS method ( =1), the equations for in�nitesimal perturbations of Eqs23.59-
23.60are (recall that" is constant, see Eq.23.61)

�P k + �D k = 0 (23.67)

C" 1
" M
kM

P k
�

�P k

P k � �k M
kM

�
� C �

" 2
" 2

M
kM

�
�C �

" 2
C �

" 2
� �k M

kM

�
+ �D " = 0 (23.68)

(compare with Eq.23.43). At high Reynolds number, the viscous diffusion terms are
negligible, i.e.

D k =
@

@xj

�
C�

� k f 2
k

k2
M

"M

@kM
@xj

�
(23.69)

D " =
@

@xj

�
C�

� " f 2
k

k2
M

"M

@"M
@xj

�
(23.70)

We obtain (see Eq.P.5)

�D k

D k =
�k M

kM

and (see Eq.P.6)

�D "

D " = 0

The following relation is obtained (see Eq.P.7)

�C �
" 2 = ( C �

" 2 � C" 1)
�k M

kM
(23.71)

23.4.3.2 IDDES equations

The same procedure is done with the IDDES system (C �
" 2 = C" 2). The equations for

in�nitesimal perturbations of Eqs.23.59-23.60are

�P k + �D k � "M � = 0 (23.72)

C" 1
" M
kM

P k
�

�P k

P k � �k M
kM

�
+ C" 2

" 2
M

kM

�
�k M
kM

�
+ �D " = 0 (23.73)

At suf�ciently high Reynolds number, the diffusion termsD k andD " can be written

D k =
@

@xj

�
C�

� k

k2
M

"M

@kM
@xj

�
(23.74)

D " =
@

@xj

�
C�

� "

k2
M

"M

@"M
@xj

�
(23.75)

Note that, contrary to PANS,f k does not appear in the diffusion terms. Like for PANS
above, we use Eqs.23.61-23.66to differentiate Eqs.23.74and23.75. As a result, it
can be shown that (see Eqs.P.2andP.3)

�D k

D k = 3
�k M

kM

�D "

D " = 2
�k M

kM
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As a result, the following relation is obtained (see Eq.P.4)

� =
3 (C" 1 � C" 2)

C" 1

�k M

kM
(23.76)

23.4.3.3 PITM equations

Instead of PANS we will here derive expressions off k for PITM (see Section24.
The equations for in�nitesimal perturbations are given by of Eqs23.67and23.68. At
high Reynolds number the diffusion terms are given by Eqs.23.74and23.75(the only
difference compared to PANS is thatf k does not appear). We get an expression for
�C �

" 2 as (see Eq.P.10)

�C �
" 2 =

3�k M

kM
(C �

" 2 � C" 1) (23.77)

23.4.4 Deriving an expression forf k for PANS

Now, equalizing�k M =kM in Eqs.23.71and23.76and integrating the obtained relation
between RANS (C �

" 2 = C" 2 and = 1 ) and an arbitrary state, yields (cf. Eq.23.49)

Z C �
" 2

C " 2

dx
x � C" 1

=
Z  

1

C" 1dy
3(C" 1y � C" 2)

=
1
3

Z  

1
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y � C" 2=C" 1

(23.78)

We carry out the integration

ln
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" 2 � C" 1

C" 2 � C" 1

�
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1
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1 � C" 2=C" 1

�
=

1
3
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Next, we get rid of the logarithmic

�
C �

" 2 � C" 1

C" 2 � C" 1

�
=

�
C" 2 � C" 1 
C" 2 � C" 1

� 1=3

Inserting the expression ofC �
" 2, Eq.23.19(with f 2 = f " = 1 ), we get

�
C" 1 + f k (C" 2 � C" 1) � C" 1

C" 2 � C" 1

�
=

�
C" 2 � C" 1 
C" 2 � C" 1

� 1=3

which gives

f k =
�

C" 2 � C" 1 
C" 2 � C" 1

� 1=3

We put limits onf k so that is stays between0 and1, i.e.

f k = min

(

1; max

" �
C" 2 � C" 1 
C" 2 � C" 1

� 1=3

; 0

#)

(23.79)

This form off k is used in the IDD-PANS model [175].
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23.4.5 Deriving an expression forf k for PITM

Equalizing�k M =kM in Eqs. 23.77and23.76in the same way as in Section23.4.4
gives

Z C �
" 2

C " 2

dx
3(x � C" 1)

=
Z  

1

C" 1dy
3(C" 1y � C" 2)

The only difference compared with Eq.23.78is the factor1=3. Hence, the �nal form
of f k is (cf. Eq.23.79)

f k = min
�

1; max
�

C" 2 � C" 1 
C" 2 � C" 1

; 0
��

(23.80)

23.4.6 Turbulence with convection

Here we will do perturbation analysis neglecting the diffusion but retaining the convec-
tion. The time-averaged equations forkM and"M for both PANS and IDDES read

Ck � P k +  " M = 0 (23.81)

C" � C" 1
"M

kM
P k + C �

" 2
"2

M

kM
= 0 (23.82)

where

Ck = �vj
@kM
@xj

; C" = �vj
@"M
@xj

23.4.6.1 PANS/PITM equations

We introduce a perturbation,�k M , which slightly moves the cut-off between resolved
and modeled scales. As above, we assume thatf " = 1 (see Eq.23.61). For the
PANS/PITM method ( =1), the equations for in�nitesimal perturbations of Eqs23.81-
23.82are (using Eq.23.61)

�C k � �P k = 0 (23.83)

�C " � C" 1
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kM
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�
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" 2
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�
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" 2
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" 2

�
�k M

kM

�
= 0 (23.84)

We formulate the convective term using the averaged modelled turbulent kinetic
energy,kM , and a perturbation,�k M

Ck + �C k = �vj
@(kM + �k M )

@xj
(23.85)

Using Eq.23.63expression we can write

@(kM + �k M )
@xj

=
@kM
@xj

+
@(�k M )

@xj
=
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1 +

�k M

kM

�
@kM
@xj

(23.86)

Hence the perturbation term in Eqs.23.83and23.85) reads

�C k = �vj
@(�k M )

@xj
=

�k M

kM

�
�vj

@kM
@xj

�
(23.87)
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where the term in curly parenthesis is the mean convective term, Ck , so that

�C k

Ck =
�k M

kM
(23.88)

For the" equation the �uctuating part of the convective terms reads

�C " = �vj
@(�" M )

@xj
= �vj

@(�" M )
@"M

@"M
@xj

= 0 (23.89)

since�" M = 0 , see Eq.23.61.
Now, insert Eq.23.83in Eq.23.84
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Insert Eqs.23.88and23.89
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�
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�
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TakeCk from Eq. 23.81(with  = 1 since we are dealing with PANS/PITM) and
collect all terms including�k M =kM gives

�k M

kM

�
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" 2"M
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+ �C �
" 2"M =

�k M

kM
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We get
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(23.91)

or, expressed inf k

�k M

kM
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�f k (C" 2 � C" 1)
f k (C" 2 � C" 1)

=
�f k

f k
(23.92)

23.4.6.2 DES equations

The same procedure is done with the DES system (C �
" 2 = C" 2). The equations for

in�nitesimal perturbations of Eqs.23.81-23.82are

�C k � �P k + "M � = 0 (23.93)
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kM
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�
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= 0 (23.94)

Get�P k from Eq.23.93and insert�C k from Eq.23.88

�P k = Ck �k M

kM
+ "M � 
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ReplaceCk using Eq.23.81

�P k =
�
P k �  " M

� �k M

kM
+ "M � (23.95)

Insert Eqs.23.89and23.95into Eq.23.94
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We get
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Collecting all�k M =kM gives
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so that
�k M

kM
=

C" 1� 
C" 1 � C" 2

(23.97)

Consider a negative�k M which represents a small decrease in the cut-off wavenumber.
This is achieved by a small positive� i.e. an increase in� , see Eq.23.46. Hence
�k M and� should have opposite signs. This is satis�ed by the relationin Eq.23.97
only for  < C " 2=C" 1. For larger , the relation breaks down.

Using Eqs.23.91and23.97we get

C" 1� 
C" 1 � C" 2

=
�f k

f k
(23.98)

Integrating from RANS mode (f k = 1 and = 1 ) to LES mode (f k < 1 and > 1)
gives
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�
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We get

ln
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�
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�
C" 1 � C" 2

C" 1 � C" 2

�
= ln f k

Getting rid of the logarithm gives

C" 1 � C" 2

C" 1 � C" 2
= f k (23.99)

This is the same relation as between DES and PITM, see Eq.23.80, when including
diffusion and neglecting convection. We �nd, again, that the relation is valid only for
 < C " 2=C" 1.
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24 The PITM model

PITM is an acronym for Partially Integrated Transport Model [144,176].

24.1 RANS mode

Consider homogeneous turbulence, e.g. decay of grid generated turbulence, see Section
3.4 in [27] and Fig.11.2. Thek and" equations can for this �ow is simpli�ed as

dk
dt

= P k � " (24.1)

d"
dt

=
"
k

(C" 1P k � C" 2" ) (24.2)

whered=dt = �v1d=dx1. The dissipation can be estimated as

" = c
k3=2

L t
(24.3)

Differentiation of Eq.24.3gives
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L 2
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(24.4)

Inserting Eq.24.1into Eq.24.4

d"
dt

= c
3
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L t
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L 2
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and using Eq.24.3gives
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L t
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k
(24.5)

whereT = k=". Comparing Eqs.24.5and24.2we �nd that

C" 1 = 1 :5 and C" 2 = C" 1 +
T
L t

dL t

dt
(24.6)

24.2 LES mode

Now let's transform the RANSk � " model above to an SGSk � " model. In the
RANS model,k represents all turbulence. In an SGS model, the modeled turbulent
kinetic energy,ksgs , represents scales with wavelength larger that the cut-off, � c, see
Fig. 18.6. The viscous dissipation is the same in RANS and LES. The production
P k is replaced byPksgs = " sgs (see Fig.18.6). The time scale,T , is replaced by
Tsgs = ksgs =" since the time scale of the small scales is different (it is smaller) than
that of the large scales. Now, Eqs.24.2and24.5can be written as

d"
dt

= C" 1;sgs
"" sgs

ksgs
� C" 2;sgs

"2

ksgs

C" 2;sgs =
3
2

+
Tsgs

L t

dL t

dt
=

3
2

+
T
L t

dL t

dt
ksgs

ktot

(24.7)
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Figure 24.1: Spectral energy balance in PITM. Homogeneous turbulence.

wherektot denotes the total turbulence (i.e. resolved and SGS). Note that L is not
replaced byL sgs , because Eq.24.3is still a valid estimate" .

Now we introduce a new dissipation length scale of wavenumber � d which is much
larger than� c

� d � � c = �
"

k3=2
sgs

(24.8)

The constant is very large since� c � � d; thus we can write

� d ' �
"

k3=2
sgs

(24.9)

Consider spectral balance ofksgs in homogeneous turbulence, see Fig.24.1. When the
cut-off does not move we get simply

F c = " (24.10)

whereF c = F (� c) denotes the spectral transfer from wavenumber range[0; � �
c ] into

[� +
c ; 1 ]; note that� d ' 1 . Recall thatksgs is the area belowE in Fig. 24.1. see

Eq.18.23. When the cut-off does not move in time (which in homogeneousturbulence
implies thatdksgs=dt), then

F c = " sgs = Pksgs (24.11)

When� c is time dependent as, for example, in decaying homogeneous grid turbulence,
see Eq.24.1, we can set-up the balance ofksgs when� c movesd� c during time interval
dt, i.e.

dksgs = F cdt � Ecd� c � "dt (24.12)

whereEcd� denotes the spectral energy in the sliced� c. Taking the time derivative of
Eq.24.12we get

dksgs

dt
= F c � Ec

d� c

dt
� " (24.13)

Comparing Eq.24.13with Eq. 24.10and24.11, we �nd the spectral energy transfer,
" sgs , at the cut-off,� c, is

" sgs = F c � Ec
d� c

dt
(24.14)
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We can write a similar equation as Eq.24.14at wavenumber� d, i.e.

" = Fd � Ed
d� d

dt
(24.15)

where" is the energy transfer rate across� d. Now derivate Eq.24.9with respect to
time and insert Eq.24.15

d
dt

 

�
"

k3=2
sgs

!

=
Fd � "

Ed
(24.16)

It may be noted that both the nominator and denominator of theright side go to zero as
� d ! 1 . The left side is re-written as

�
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d"
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�
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(24.17)

With Eq.24.13we get

�
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d"
dt

�
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(24.18)

Replacing the left side of Eq.24.16with Eq.24.18gives

�
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dt

�
3
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�
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Ed
(24.19)

We get (using �rst Eq.24.14and then Eq.24.9)

d"
dt

= k3=2
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Fd � "
�E d

+
3
2

"
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Fd � "
� dEd
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3
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This equation can now be written

d"
dt

=
3
2|{z}

C " 1 ;sgs
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ksgs
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3
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�
ksgs

� dEd

�
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��

| {z }
C " 2 ;sgs

(24.21)

When� c ! 0 (RANS), thenksgs ! ktot so that

C" 1;sgs ! C" 1 (24.22)

C" 2;sgs ! C" 2 =
3
2

�
ktot

� dEd

�
Fd

"
� 1

�
(24.23)

It may be noted that both the term in the parenthesis andEd go to zero as� d ! 1 .
Inserting Eq.24.23in the expression forC" 2;sgs in Eq.24.21gives

C" 2;sgs =
3
2

+
ksgs

ktot

ktot

� dEd

�
Fd

"
� 1

�
=

3
2

+
ksgs

ktot

�
C" 2 �

3
2

�

= C" 1 +
ksgs

ktot
(C" 2 � C" 1)

(24.24)

Whenksgs=ktot ! 0 (only a small part of the turbulent kinetic energy is modeled),
the PITM model is in LES mode, i.e.C" 2;sgs ! C" 1. ThenC" 2;sgs is reduced which
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increases" and reduces the modeled turbulent kinetic energy and the turbulent viscos-
ity. On the other hand, whenksgs =ktot ! 1 (everything is modeled), then the PITM
model is in RANS mode (i.e. a usual RANSk � " model).

It should be noted that this model is very similar to the PANS model. Indeed,
Eq.24.24is identical to the expression forC �

" 2, see Eq.23.15(provided that no dissi-
pative scales are resolved so thatf " = 1 ), i.e.

C" 2;sgs = C" 1 + f k (C" 2 � C" 1) (24.25)

In both models theC" 2 coef�cients are modi�ed. The only difference between the
PANS and PITM models is that the diffusion coef�cients in thek and" are modi�ed in
the former model, see Eq.23.19.

In [144] they do not useksgs=ktot to computeC" 2;sgs . Instead they compute it
using the ratio of the integral to the modeled lengthscales as

C" 2 = C" 1 +
0:42

1 + 
 (L t =�) 2=3

whereL t = k3=2
tot =" and
 = 0 :42.
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25 Hybrid LES/RANS for Dummies

25.1 Introduction

FLUID �ow problems are governed by the Navier-Stokes equations

@vi
@t

+
@vi vj

@xj
= �

1
�

@p
@xi

+ �
@2vi

@xj @xj
(25.1)

wherevi denotes the velocity vector,p is the pressure and� and� are the viscosity and
density of the �uid, respectively. In turbulent �ow, the velocity and pressure are un-
steady andvi andp include all turbulent motions, often called eddies. The spatial scale
of these eddies vary widely in magnitude where the largest eddies are proportional to
the size of the largest physical length (for example the boundary layer thickness,� , in
case of a boundary layer). The smallest scales are related tothe eddies where dissipa-
tion takes place, i.e. where the kinetic energy of the eddiesis transformed into internal
energy causing increased temperature. The ratio of the largest to the smallest eddies
increases with Reynolds number,Re = jvi j�=� . This has the unfortunate consequence
– unless one is a fan of huge computer centers – that it is computationally extremely
expensive to solve the Navier-Stokes equations for large Reynolds numbers.

25.1.1 Reynolds-Averaging Navier-Stokes equations: RANS

In order to be able to solve the Navier-Stokes equations witha reasonable computa-
tional cost, the velocity vector and the pressure are split into a time-averaged part (hvi i
andhpi ) and a �uctuating part (v0

i andp0), i.e. vi = hvi i + v0
i , p = hpi + p0. The

resulting equation is called the RANS (Reynolds-AveragingNavier-Stokes) equations
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@xj

� (25.2)

The last term on the �rst line is called the Reynolds stress and it is unknown and must
be modeled. All turbulent �uctuation are modeled with a turbulence model and the
results when solving Eq.25.2are highly dependent on the accuracy of the turbulence
model. On the right side of Eq.25.2the unknown Reynolds stresses are expressed by
a turbulence model in which a new unknown variable is introduced which is called the
turbulent viscosity,� t . The ratio of� t to � may be of the order of1000or larger. In in-
dustry today, CFD (Computationally Fluid Dynamics) based on �nite volume methods
is used extensively to solve the RANS equations, Eq.25.2.

25.1.2 Large Eddy Simulations: LES

A method more accurate than RANS is LES (Large Eddy Simulations) in which only
the small eddies (�uctuations whose eddies are smaller thanthe computational cell) are
modeled with a turbulence model. The LES equations read
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Note that the time dependence term (the �rst term on the left side of the �rst line) has
been retained, because the large, time dependent turbulent(i.e. the resolved) �uctua-
tions are part of�vi and�p and are not modeled with the turbulence model. The last term
on the �rst line includes the Reynolds stresses of the small eddies, which are called
SGS (sub-grid stresses). This term must also – as in Eq.25.2– be modeled, and at the
second line it has been modeled with a SGS turbulent viscosity, � sgs . The difference
of � sgs compared to� t in Eq.25.2is that it includes only the effect of thesmalleddies.
The ratio of� sgs to � is of the order of1 to 100. However, the ratio of the resolved
to the modeled turbulence,j �v0

i �v
0
j j=j� ij j (see Eqs.25.2 and25.3) is much larger than

one. Hence, LES is much more accurate than RANS because only asmall part of the
turbulence is modeled with the turbulence SGS model whereasin RANS all turbulence
is modeled. The disadvantage of LES is that it ismuchmore expensive than RANS
because a �ner mesh must be used and because the equations aresolved in four dimen-
sions (time and three spatial directions) whereas RANS can be solved in steady state
(no time dependence).

When the �ow near walls is of importance, is turns out that LESis prohibitively
expensive because very �ne cells must be used there. The reason is entirely due to
physics: near the walls, the spatial scales of the “large” turbulent eddies which should
be resolved by LES are in reality rather small. Furthermore,their spatial scales get
smaller for increasing Reynolds number. Much research has the last ten years been
carried out to circumvent this problem. All proposed methods combines RANS and
LES where RANS is used near walls and LES is used some distanceaway from the
walls, see Fig.25.1. These methods are called Detached Eddy Simulation (DES), hy-
brid LES/RANS or zonal LES/RANS. The focus here is zonal LES/RANS.

25.1.3 Zonal LES/RANS

Equations25.2and25.3can be written in a same form as

@�vi

@t
+

@�vi �vj

@xj
= �

1
�

@�p
@xi

+
@

@xj

�
(� + � T )

@�vi

@xj

�
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Near the walls, a RANS turbulence model is used for the turbulent viscosity, i.e.� T =
� t and away from the walls an LES turbulence model is employed, i.e. � T = � sgs .
Note that the time dependence term is now retained also in theRANS region: near the
wall we are using anunsteady RANS, i.e. URANS.

Above, we have describe how to use the zonal LES/RANS method for �ows near
walls. Another form of zonal LES/RANS isembeddedLES, in which an LES region is
embedded in a RANS region. One example is prediction of aeroacoustic noise created
by the turbulence around an external mirror on a vehicle [115]. The �ow around the ve-
hicle can be computed with RANS, but in order to predict the noise in the region of the
external mirror we must predict the large turbulence �uctuations and hence LES must
be used in this region. In Section25.4we will present simulations using embedded
LES in a simpli�ed con�guration represented by the �ow in a channel in which RANS
is used upstream of the interface and LES is used downstream of it, see Fig.25.4.

25.2 The PANSk � " turbulence model

The PANSk � " model can be used to simulate wall-bounded �ow at high Reynolds
number as well as embedded LES. The turbulence model reads [142,143], see Eq.23.19
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Figure 25.1: The LES and URANS regions. Fully developed channel �ow. Periodic boundary
conditions are applied at the left and right boundaries.

(here in a slightly simpli�ed form to enhance readability)
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C �
" 2 = C" 1 + f k (C" 2 � C" 1); C" 1 = 1 :5; C" 2 = 1 :9 (25.7)

� T = C�
k2

"
; C� = 0 :09 (25.8)

Note thatk and" are always positive. The key elements in the present use of the PANS
k � " model are highlighted in red. Whenf k in Eq. 25.7 is equal to one, the model
acts as a standardk � " RANS model giving a large turbulent viscosity. Whenf k is
decreased (to0:4 in the present study),C �

" 2 in Eq.25.7decreases. As a result

� " increases because the destruction term (last term in Eq.25.6which is the main
sink term) in the" equation decreases,

� k decreases because" (last term in Eq.25.5) is the main sink term in thek
equation increases, and

� � T in Eq.25.8decreases becausek decreases and" increases.

Hence, the turbulence model in Eqs.25.5–25.8acts as a RANS turbulence model
(large turbulent viscosity) whenf k = 1 and it acts as an LES SGS turbulence model
(small turbulent viscosity) whenf k = 0 :4.

25.3 Zonal LES/RANS: wall modeling

25.3.1 The interface conditions

The interface plane (see Fig.25.1) separates the URANS regions near the walls and the
LES region in the core region. In the LES regionf k = 0 :4 and in the URANS region
f k = 1 . In the former region, the turbulent viscosity� T should be an SGS viscosity and
in the latter region it should be an RANS viscosity. Hence� T must decrease rapidly
when going from the URANS region to the LES region. This is achieved by setting
the usual convection and diffusion �uxes ofk at the interface to zero. New �uxes are
introduced using smaller SGS values [167].
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Figure 25.2: Velocities and resolved shear stresses.(Nx � Nz ) = (64 � 64) : Re� =
4 000; : Re� = 8 000; : Re� = 16 000; ////: Re� = 32 000.

25.3.2 Results

Fully developed channel �ow is computed for Reynolds numbers Re� = u� �=� =
4 000, 8 000, 16 000and32 000. The baseline mesh has64� 64cells in the streamwise
(x1) and spanwise (x3) directions. The size of the domain isx1;max = 3 :2, x2;max = 2
andx3;max = 1 :6 (� = u� = 1 ). The grid in thex2 direction varies between80 and
128 cells depending on Reynolds number. The interface is set tox+

2 ' 500 for all
grids.

The velocity pro�les and the resolved shear stresses are presented in Fig.25.2. As
can be seen, the predicted velocity pro�les are in good agreement with the log-law
which represents experiments. Figure25.2b presents the resolved shear stresses. The
interface is shown by thick dashed lines and it moves towardsthe wall for increasing
Reynolds number since it is located atx+

2 ' 500for all Reynolds numbers.
The turbulent viscosity pro�les are shown in Fig.25.3for three different resolutions

in thex1 � x3 plane. It is interesting to note that the turbulent viscosity is not affected
by the grid resolution. Hence, the model yieldsgrid independentresults contrary to
other LES/RANS models.

The turbulent viscosity (Fig.25.3) is sharply reduced when going across the in-
terface from the URANS region to the LES region and the resolved �uctuations (the
Reynolds shear stress in Fig.25.2b) increase. This shows that the model is switch-
ing from RANS mode to LES mode as it should. More detailed results can be found
in [167].

25.4 Zonal LES/RANS: embedded LES

25.4.1 The interface conditions

The interface plane is now vertical, see Fig.25.4. The interface conditions fork and
" are treated in the same way as in Section25.3.1. The difference is now that “inlet”
turbulent �uctuations must be added to the LES�vi equations (Eq.25.3) to trigger the
�ow into turbulence-resolving mode. Anisotropic synthetic turbulent �uctuations are
used [177,178].



25.4. Zonal LES/RANS: embedded LES 259

0 0.05 0.1 0.15 0.2 0.25 0.3
0

0.005

0.01

0.015

x2

� T
=(

u
�
�)

(a) Re� = 4000 . : (N x � N z ) = (64 �
64); : (N x � N z ) = (32 � 32); :
(N x � N z ) = (128 � 128)

0 0.2 0.4 0.6 0.8 1
0

0.005

0.01

0.015

x2

� T
=(

u
�
�)

(b) (N x � N z ) = (64 � 64). : Re� =
4 000; : Re� = 8 000 ; : Re� =
16 000; ////: Re� = 32 000.

Figure 25.3: Turbulent viscosity.

x1

x2

2

1 2:2

LES,f k = 0 :4RANS, f k = 1 :0

Interface

Figure 25.4: The LES and RANS regions. The left boundary is an inlet and theright boundary
is an outlet.

10
0

10
1

10
2

0

5

10

15

20

25

30

x+
2

U
+

(a) Velocities. x1 = 0 :19; x1 =
1:25; x1 = 3 . The log-law is plotted in
symbols.

0 0.5 1 1.5 2 2.5 3 3.5
0

2

4

0 0.5 1 1.5 2 2.5 3 3.5
0

50

100

x1

(m
ax

x
2
hu

0 1
u

0 1
i)

1=
2

h�
T

=
�i

m
ax

(b) : Turbulent viscosity (rightx2 axis);
: maximum streamwise �uctuations (leftx2

axis)

Figure 25.5: Channel �ow with inlet and outlet. (a) Velocities; (b) maximum resolved stream-
wise turbulent �uctuations and turbulent viscosity versusx1 .



25.4. Zonal LES/RANS: embedded LES 260

25.4.2 Results

The Reynolds number for the channel �ow isRe� = 950. With a3:2� 2� 1:6domain,
a mesh with64 � 80 � 64 cells is used in the streamwise (x1), the wall-normal (x2)
and the spanwise (x3) direction, see Fig.25.4. Inlet conditions atx = 0 are created by
computing fully developed channel �ow with the PANSk � " model in RANS mode
(i.e. with f k = 1 ).

Figure25.5a presents the mean velocity and the resolved shear stressesat three
streamwise locations,x1 = 0 :19, 1:25 and 3 (recall that the interface is located at
x1 = 1 ). At x1 = 3 , the predicted velocity agrees very well with the experimental
log-law pro�le.

The resolved streamwise velocity �uctuations are zero in the RANS region, as they
should (Fig.25.5b), and the maximum resolved values increase sharply over the in-
terface thanks to the imposed synthetic turbulent “inlet” �uctuations. The turbulent
viscosity is reduced at the interface from its peak RANS value of approximately80
to a small LES value of approximately one (these values are both fairly low because
of the low Reynolds number). Hence, it is seen that the present model successfully
switches from RANS to LES across the interface. The results are presented in more
detail in [167].
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26 Commutation terms in thek and ! equations

In embedded LES, part of the �ow is treated by RANS and part by LES. Here we
are interested in a con�guration where the upstream region is treated by RANS and
the downstream by LES, and the interface is vertical, parallel to the inlet. We denote
the interface between the two regions as “the RANS-LES interface” located atxR� L ,
see Figs.25.4, 26.1and26.2. The transition region in which the predicted �ow is in
between RANS and LES is often called thegrey area, a problem described in [179].
When the �ow goes from a RANS region to an LES region through the RANS-LES
interface, it should – in order to minimize the grey area – switch as quickly as possible
from RANS mode to LES mode.

Hamda [180] showed that, when the �lter size (i.e. the grid) is non-uniform, a
commutation error appears in SGS models based on transport equations. He found by
analyzing DNS channel data that this commutation term is large at interfaces between
RANS and LES. Here we show how to apply the commutation term derived in [180] at
RANS-LES interfaces. We present a method in which commutations terms are added
in thek and! equations in order to quickly switch from RANS te LES.

The two-equation zonalk � ! hybrid RANS-LES model of [181] is employed. In
the LES region, the model reads
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wheredw denotes the distance to the nearest wall and� step is the grid step size in the
wall-normal direction. The damping functions read
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:

The turbulent Reynolds number is de�ned asRt = k=(�! ). The length scale,� dw ,
is taken from the IDDES model [165]. In the RANS regions,̀ t = k1=2=(Ck ! ). The
constants read� k = 0 :8, � w = 1 :35, Ck = 0 :09 C! 1 = 0 :42, C! 2 = 0 :075, C! =
0:75, CLES = 0 :7 andCdw = 0 :15.

The difference between Eqs.26.1and26.2in the RANS and LES regions can be
summarized as follows: in RANS regions, the RANS lengthscale, ` t = k1=2=(Ck ! ),
is used in the dissipation term in thek equation and, in LES regions, the �lter length
scale,� dw , is used.
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When the �lter size in LES varies in space, an additional termappears in the mo-
mentum equation because the spatial derivatives and the �ltering do not commute. For
the convective term in Navier-Stokes, for example, we get

@vi vj

@xj
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@xj

(vi vj ) + O
�
(� x)2�

:

Ghosal & Moin [80] show that the error is proportional to(� x)2 and, since this error is
of the same order as the discretization error of most �nite volume methods, it is usually
neglected.

However, in zonal6 hybrid RANS-LES, the length scale at the RANS-LES interface
changes abruptly from a RANS length scale to an LES length scale. Hamda [180]
estimated the commutation error at RANS-LES interfaces andfound that it is large.
The commutation term for the divergence of a �ux,qi , reads
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=
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The derivation of Eq.26.4is giben in [182] For thek equation, the commutation term

6by “zonal”, we imply that the interface is chosen at a location where the RANS and LES length scales
differ
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in Eq.26.4reads [180]
@ui k
@xi

=
@�vi k
@xi

�
@�
@xi

@�vi k
@�

(26.5)

Consider a �uid particle in a RANS region moving in thex1 direction and passing
across a RANS-LES interface. The �lter width decreases across the interface, i.e.
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which means that the last term on the right-hand side of Eq.26.5 gives a positive
contribution on the left side of thek equation, Eq.26.1; on the right side of Eq.26.1,
it gives a negative contribution. Hence, the additional term in Eq. 26.5at a RANS-
LES interface reducesk, as expected. To obtain the right hand of Eqs.26.6and26.7,
the derivatives on the left side of the equations have been estimated by simple �nite-
difference expressions, i.e.

df
dx

'
� f
� x

(26.8)

It may be noted that the idea of adding an additional source term in thek equation
due to a commutation error is similar to the proposal in [168]; they use a commutation
term based on the gradient off k in the PANS model. This idea was later used by the
present author at RANS-LES interfaces [145].

To �nd the corresponding term in the! equation, let us start by looking at the"
equation. What happens with" when a �uid particle moves from a RANS region into
an LES region? The answer is, nothing. The dissipation is thesame in a RANS region
as in an LES region. This is best seen by looking at theksgs equation
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The dissipation term," , in Eq.26.9is the same as the dissipation term in Eq.26.1unless
the resolution is very �ne (close to DNS). Then much of the dissipation is resolved,
reducing the production term,P ksgs . However, this kind of resolution is not realistic.

Now consider the! equation. It is derived by transformation of thek and" equa-
tions to an! equation as
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The right-hand side shows that the source terms in the! equation correspond to those in
the" equation multiplied by1=(Ck k) together with those in thek equation multiplied
by � !=k . Hence, the source term due to the commutation error in the! equation is
the commutation term in Eq.26.5multiplied by� !=k so that
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Assuming again a �ow in thex1 direction from a RANS region to an LES region,
we �nd that the second term on the right-hand side of Eq.26.11 is negative since
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@� =@x1 < 0 (see Eq.26.6) and@�v1k=@� > 0 (see Eq.26.7) so that the commutation
term in Eq.26.11is positive/negative on the right/left-side of the! equation (Eq.26.2).
This means that the commutation term in Eq.26.11will increase! when moving from
a RANS region to an LES region. Hence the source terms in thek and! equations both
contribute to reducing the turbulent viscosity, which is aneffect we are looking for at
RANS-LES interfaces: a reduced turbulent viscosity will promote growth of resolved
turbulence on the LES side of an interface.

The results using the commutation terms are presented in [183,184].
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27 Inlet boundary conditions

IN RANS it is suf�cient to supply pro�les of the mean quantitiessuch as velocity
and temperature plus the turbulent quantities (e.g.k and"). However, in unsteady

simulations (LES, URANS, DES . . . ) the time history of the velocity and temperature
need to be prescribed; the time history corresponds to turbulent, resolved �uctuations.
In some �ows it is critical to prescribe reasonable turbulent �uctuations, but in many
�ows it seems to be suf�cient to prescribe constant (in time)pro�les [129,185].

There are different ways to create turbulent inlet boundaryconditions. One way is
to use a pre-cursor DNS or well resolved LES of channel �ow. This method is limited
to fairly low Reynolds numbers and it is dif�cult (or impossible) to re-scale the DNS
�uctuations to higher Reynolds numbers.

Another method based partly on synthesized �uctuations is the vortex method [186].
It is based on a superposition of coherent eddies where each eddy is described by a
shape function that is localized in space. The eddies are generated randomly in the
in�ow plane and then convected through it. The method is ableto reproduce �rst and
second-order statistics as well as two-point correlations.

A third method is to take resolved �uctuations at a plane downstream of the inlet
plane, re-scale them and use them as inlet �uctuations.

Below we present a method of generating synthesized inlet �uctuations.

27.1 Synthesized turbulence

The method described below was developed in [99, 187, 188] for creating turbulence
for generating noise. It was later further developed for inlet boundary conditions [177,
189,190].

A turbulent �uctuating velocity �uctuating �eld (whose average is zero) can be
expressed using a Fourier series, see Section5.3 and Eq.G.17. Let us re-write this
formula as

an cos(nx) + bn sin(nx) =

cn cos(� n ) cos(nx) + cn sin(� n ) sin(nx) = cn cos(nx � � n )
(27.1)

wherean = cn cos(� ) , bn = cn sin(� n ). The new coef�cient,cn , and the phase angle,
� n , are related toan andbn as
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�
a2

n + b2
n

� 1=2
� n = arctan
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bn
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�
(27.2)

A general form for a turbulent velocity �eld can thus be written as

v0(x) = 2
NX

n =1

ûn cos(� n � x +  n )� n (27.3)

whereûn ,  n and� n
i are the amplitude, phase and direction of Fourier moden. The

synthesized turbulence at one time step is generated as follows.

27.2 Random angles

The angles' n and� n determine the direction of the wavenumber vector� , see Eq.27.3
and Eq.27.1; � n denotes the direction of the velocity vector,v0. For more details, see
AppendixN.
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27.3 Highest wave number

De�ne the highest wave number based on mesh resolution� max = 2 �= (2�) (see
Section18.5), where� is the grid spacing. Often the smallest grid spacing near the
wall is too small, and then a slightly larger values may be chosen. The �uctuations
are generated on a grid with equidistant spacing (or on a weakly stretched mesh),
� � = x2;max =N2, � x3 = x3;max =N3, where� denotes the wall-normal direction
andN2 andN3 denote the number of cells in thex2 andx3 direction, respectively. The
�uctuations are set to zero at the wall and are then interpolated to the inlet plane of the
CFD grid (thex2 � x3 plane).

27.4 Smallest wave number

De�ne the smallest wave number from� 1 = � e=p, where� e = � 9�= (55L t ), � =
1:453. The turbulent length scale,L t , may be estimated in the same way as in RANS
simulations, i.e.L t / � where� denotes the inlet boundary layer thickness. In [177,
189,190] it was found thatL t ' 0:1� in is suitable.

Factorp should be larger than one to make the largest scales larger than those
corresponding to� e. A valuep = 5 is suitable.

27.5 Divide the wave number range

Divide the wavenumber space,� max � � 1, into N modes, equally large, of size� � .
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27.6 von Kármán spectrum

A modi�ed von Kármán spectrum is chosen, see Eq.27.4and Fig.27.2. The amplitude
ûn of each mode in Eq.27.3is then obtained from

ûn = ( E(� )� � )1=2

E(� ) = cE
u2
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� e

(�=� e)4

[1 + ( �=� e)2]17=6
e[� 2( �=� � )2 ]

� = ( � i � i )1=2; � � = "1=4� � 3=4

(27.4)

The coef�cientcE is obtained by integrating the energy spectrum over all wavenumbers
to get the turbulent kinetic energy, i.e.

k =
Z 1

0
E(� )d� (27.5)

which gives [2]
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where

�( z) =
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0
e� z0

xz� 1dz0 (27.7)

27.7 Computing the �uctuations

Havingûn , � n
j , � n

i and n , allows the expression in Eq.27.3to be computed, i.e.

v0
1 = 2

NX

n =1

ûn cos(� n )� 1

v0
2 = 2

NX

n =1

ûn cos(� n )� 2

v0
3 = 2

NX

n =1

ûn cos(� n )� 3

� n = kn
1 x1 + kn

2 x2 + kn
3 x3 +  n

(27.8)

whereûn is computed from Eq.27.4.
In this way inlet �uctuating velocity �elds (v0

1; v0
2; v0

3) are created at the inletx2 � x3

plane.
The code for generating the isotropic �uctuations can be downloadedhere

https://www.tfd.chalmers.se/˜lada/projects/inlet-bo undary-conditions/proright.html

27.8 Introducing time correlation

A �uctuating velocity �eld is generated each time step as described above. They are
independent of each other and their time correlation will thus be zero. This is non-
physical. To create correlation in time, new �uctuating velocity �elds, V0

1, V0
2, V0

3, are

https://www.tfd.chalmers.se/~lada/projects/inlet-boundary-conditions/proright.html
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Figure 27.2: Modi�ed von Kármán spectrum

computed based on an asymmetric time �lter

(V0
1)m = a(V0

1)m � 1 + b(v0
1)m

(V0
2)m = a(V0

2)m � 1 + b(v0
2)m

(V0
3)m = a(V0

3)m � 1 + b(v0
3)m

(27.9)

wherem denotes the time step number and

a = exp( � � t=Tint ) (27.10)

where� t and Tint denote the computational time step and the integral time scale,
respectively. The second coef�cient is taken as

b = (1 � a2)0:5 (27.11)

which ensures thathV02
1 i = hv02

1 i (h�i denotes averaging). The time correlation of two
time instants will be equal to

exp(� t̂=Tint ) (27.12)

wheret̂ is the time separation and thus Eq.27.9is a convenient way to prescribe the
turbulent time scale of the �uctuations. For more detail, see Section27.8. The inlet
boundary conditions are prescribed as (we assume that the inlet is located atx1 = 0
and that the mean velocity is constant in the spanwise direction, x3)

�v1(0; x2; x3; t) = V1;in (x2) + v0
1;in (x2; x3; t)

�v2(0; x2; x3; t) = V2;in (x2) + v0
2;in (x2; x3; t)

�v3(0; x2; x3; t) = V3;in (x2) + v0
3;in (x2; x3; t)

(27.13)

wherev0
1;in = ( V0

1)m , v0
2;in = ( V0

2)m andv0
3;in = ( V0

3)m (see Eq.27.9). The mean
inlet pro�les, V1;in , V2;in , V3;in , are either taken from experimental data, a RANS
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1(t � � )i t (averaged over time,t). :
Eq.27.12; : computed from synthetic data,(V0

1)m , see Eq.27.9.

solution or from the law of the wall; for example, ifV2;in = V3;in = 0 we can estimate
V1;in as [191]

V +
1;in =

8
<

:

x+
2 x+

2 � 5
� 3:05 + 5 ln(x+

2 ) 5 < x +
2 < 30

1
� ln(x+

2 ) + B x +
2 � 30

(27.14)

where� = 0 :4 andB = 5 :2.
The method to prescribed �uctuating inlet boundary conditions have been used for

channel �ow [177], for diffusor �ow [ 185] as well as for the �ow over a bump and an
axisymmetric hill [192].

Equation27.9 introduces a time correlation with an integral time scaleTint . In
order to understand Eq.27.10, Equation27.9 is written for m = N : : : 1 whereN
denotes number of time steps

U0
N = aU0

N � 1 + bu0
N

U0
N � 1 = aU0

N � 2 + bu0
N � 1

U0
N � 2 = aU0

N � 3 + bu0
N � 2

...

U0
3 = aU0

2 + bu0
3

U0
2 = aU0

1 + bu0
2

U0
1 = aU0

0 + bu0
1

(27.15)
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With U0
0 = 0 we get

U0
1 = bu0

1

U0
2 = abu0

1 + bu0
2

U0
3 = a2bu0

1 + abu0
2 + bu0

3

U0
4 = a3bu0

1 + a2bu0
2 + abu0

3 + bu0
4

U0
5 = a4bu0

1 + a3bu0
2 + a2bu0

3 + abu0
4 + bu0

5

(27.16)

which can be written as

U0
m = b

mX

k=1

am � k u0
k (27.17)

Let's show thathU02 i = hu02i . Equation27.17gives

hU02 i =
1
m

mX

k=1

U0
k U0

k =
b2

m2

mX

k=1

am � k u0
k

mX

i =1

am � i u0
i (27.18)

Recall that the synthetic �eldsu0
k andu0

i are independent which means thathu0
k u0

i i = 0
for k 6= i . Hence

hU02 i =
b2

m

mX

k=1

a2(m � k) u0
k u0

k = hu02i (1 � a2)
mX

k=1

a2k (27.19)

replacinga with busing Eq.27.11. The requirement is thathU02 i = hu02i and hence

(1 � a2)
mX

k=1

a2k = (1 � a2)
mX

k=1

ck = 1 (27.20)

must be satis�ed. The sum
P m

k=1 ck has for largem the valueSm = 1 =(1 � c) =
1=(1 � a2) which shows that the requirement in Eq.27.20is satis�ed.

The time correlation between many time steps with time step separationm � n =
r � 0 reads

hU0U0i r =
b2

(m � r )n

nX

p=1

an � pu0
p

m � rX

k=1

am � k u0
k

=
b2

m � r

m � rX

k=1

a2(m � k) ar u02
k = hu0u0i ar

(27.21)

using Eqs.27.19and27.20. The factorar is given by the correlation betweenu0
k and

u0
k � r , see Eq.27.17. Inserting Eq.27.10into Eq.27.21we get the normalized auto-

correlation

B11(t̂)norm =
hU0U0i r

hu02i
= exp( � t̂=Tint ) (27.22)

wheret̂ = r � t. The integral time scale can be computed from the auto-correlation as
(see Eq.10.11)

Tint =
Z 1

0
B norm

11 (t̂)dt̂ =
Z 1

0
exp(� t̂=Tint )dt̂

=
�
� Tint exp(� t̂=Tint )

� 1

0
= � Tint (0 � 1) = Tint

(27.23)
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This shows that the one-sided �lter in Eq.27.9introduces an integral time scaleTint

as prescribed by the de�nition ofa in Eq.27.10. The integral time scale can be taken
asTint = L int =Ub using Taylor's hypothesis, whereUb andL int denote the inlet bulk
velocity and the integral length scale, respectively.

27.9 Anisotropic Synthetic Turbulent Fluctuations

Isotropic �uctuations are generated above. However, turbulence is generally anisotropic.
The method for generating anisotropic turbulence is presented in [99,178,187,193] and
below it is described in detail.

The method can be summarized by the following steps.

1. A Reynolds stress tensor,hv0
i v

0
j i , is taken from DNS data for turbulent channel

�ow. Since the generated turbulence is homogeneous, it is suf�cient to choose
one location of the DNS data. The Reynolds stresses aty+ ' 16 of the DNS
channel data atRe� = 590 [194] are used. Herehv0

1v0
1i – and hence the degree

of anisotropy – is largest. The stress tensor reads

hv0
i v

0
j i =

2

4
7:67 � 0:662 0

� 0:662 0:32 0
0 0 1:50

3

5 (27.24)

2. The principal directions (the eigenvectors, see Fig.27.4), ê �
i , are computed for

the hv0
i v

0
j i tensor, see Section27.9.1. The eigenvalues are normalized so that

their sum is equal to three. This ensures that the kinetic energy of the synthetic
�uctuations does not change during transformation.

3. Isotropic synthetic �uctuations,u0
i;iso , are generated in the principal directions

of hu0
i u

0
j i .

4. Now make the isotropic �uctuations non-isotropic according to hv0
i v

0
j i . This is

done by multiplying the isotropic synthetic �uctuations intheê �
i directions by

the square-root of the normalized eigenvalues,
p

� ( i )
norm . In Section27.9.2this

is done by multiplying the unit vector� � n
i by

p
� ( i )

norm , see Eq.27.28and
Fig. 27.5. This gives a new �eld of �uctuations

(u0
1)aniso =

q
� (1)

norm (u0
1) iso

(u0
2)aniso =

q
� (2)

norm (u0
2) iso

(u0
3)aniso =

q
� (3)

norm (u0
3) iso

(27.25)

The wavenumber vector,� j , is divided by
p

� ( i ) to ensure that the(u0
i )aniso

velocity �eld is divergence free, i.e.

� �
j � �

j =
q

� ( j )
norm � j

s
1

� ( j )
norm

� j = � j � j = 0 ; (27.26)

see Eq.N.3. Note that there is still no correlation between the(u0
i )aniso �uctua-

tions, which means that the shear stresses are zero (for example,h(u0
1u0

2)aniso i =
0).
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5. The(u0
i )aniso �uctuations are transformed to the computational coordinate sys-

tem,x i ; these anisotropic �uctuations are denoted(u0
i )synt . The transformation

reads
(u0

i )synt = Rij (u0
j )aniso (27.27)

whereRij is the transformation matrix which is de�ned be the eigenvectors, see
Section27.9.1. The (u0

i )synt �uctuations are now used in Eq.27.9 replacing
v0

i:in .

The Reynolds stress tensor of the synthetic anisotropic �uctuations is now iden-
tical to the DNS Reynolds stress tensor, i.e.h(u0

i u
0
j )synt i = hv0

i v
0
j i

6. Since theu0
i;synt are homogeneous, the Reynolds stresses,hu0

i;synt u0
j;synt i , have

constant values in the inlet plane. One can choose to scale the inlet �uctuations
by ak pro�le taken from DNS, experiments or a RANS simulation.

The Python/Matlab/Octave code for generating isotropic oranisotropic �uctuations
can be downloaded [195].

27.9.1 Eigenvalues and eigenvectors

The normalized eigenvalues and eigenvectors may conveniently be computed with
Python/Matlab/Octave as

stress=[7.6684 -6.6206e-01 0; ...
-6.6206e-01 3.1974e-01 0; ...
0 0 1.4997];
diag_sum=trace(stress)/3
stress=stress/diag_sum % ensures that the sum

% of the eigenvalues=3

[R,lambda] = eig(stress)

v_1_temp=[R(1,1);R(2,1); R(3,1)];
v_2_temp=[R(1,2);R(2,2); R(3,2)];
v_3_temp=[R(1,3);R(2,3); R(3,3)];

lambda_1_temp=lambda(1,1);
lambda_2_temp=lambda(2,2);
lambda_3_temp=lambda(3,3);

wherestress is taken from Eq.27.24. Python/Matlab/Octave de�nes the smallest
eigenvalue as the �rst one and the largest as the last. Here wede�ne the �rst eigen-
value (streamwise direction) as the largest and the second (wall-normal direction) as
the smallest, i.e.

v1=v3_temp;
v2=v1_temp;
v3=v2_temp;

lambda_1=lambda_3_temp;
lambda_2=lambda_1_temp;
lambda_3=lambda_2_temp;
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Figure 27.4: Eigenvectorŝe �
1 andê �

2 . x1 andx2 denote streamwise and wall-normal direction,
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Figure 27.5: Eigenvectors multiplied by the eigenvalues.x1 and x2 denote streamwise and
wall-normal direction, respectively.

p
� (1) and

p
� (2) de�ne RMS of (u0

1)aniso and(u0
2)aniso ,

respectively.

Make sure that Python/Matlab/Octave has de�ned the �rst eigenvector in the �rst
or the third quadrant, and the second eigenvector in the second or the fourth quadrant,
see Fig.27.4. If not, change sign on some of the eigenvector components.

% switch sign on 12 and 21 to fix the above requirements
v1_new(2)=-v1_new(2);
v2_new(1)=-v2_new(1);

27.9.2 Synthetic �uctuations in the principal coordinate system

The equation for generating the synthetic �uctuations in the principal coordinate sys-
tem,(u0

i )aniso , is similar to Eq.27.3. The difference is that we now do it in the trans-
formed coordinate system, and hence we have to involve the eigenvector matrix,Rij ,
and the eigenvalues,� ( i ) . The equation reads [187,193]

u0
aniso (x � ) = 2

NX

n =1

ûn cos(� � n � x � +  n )� � n

� � n = � � n
i =

r
1

� ( i )
Rji � n

j ; � � n = � � n
i =

p
� ( i ) Rji � n

j

(27.28)

The superscript� denotes the principal coordinates.
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28 Overview of LES, hybrid LES-RANS and URANS
models

DIRECT Numerical Simulation (DNS) is the most accurate method available. In DNS
DNS we solve the unsteady, 3D Navier-Stokes equations (see Eq.2.9) numerically

without any turbulence model. This gives the exact solutionof the �ow �eld in time
and space. We can afford to do DNS only for low Reynolds number. The higher the
Reynolds number gets, the �ner the grid must be because the smallest turbulent length
and time scales, which we must resolve in DNS, decrease withRe� 3=4 andRe� 1=2,
respectively, see Eq.5.16. Hence the cell size in each coordinate direction of our CFD
grid must decrease withRe� 3=4 and the time step must decrease withRe� 1=2. Let's
take an example. If the Reynolds number increases by a factorof two, the number of
cells increases by

� Re3=4

x-direction

� Re3=4

y-direction

� Re3=4

z-direction

� Re1=2

time

= � Re11=4 = 2 11=4 = 6 :7 (28.1)

Above we assume that the lengthscales are reduced when the Reynolds numbers
is increased. This implies that we assume that the Reynolds number is increased due
to an increase in velocity or a decrease in viscosity. We can,of course, also consider
the change of Reynolds number by changing the size of the object. For example, it is
affordable to compute the �ow around a small car such as thosewe played with as kids
(for this car of, say, length of5cm, the Reynolds number is very small). As we increase
the size of the car we must increase the number of cells (the smallest cells cannot be
enlarged, because the smallest turbulent scales will not increase). Also the time step
cannot be increased, but we must compute longer time (i.e. increase the number of
timesteps) in order to capture the largest time scales (assuming that the velocity of the
small and the large car is the same).

Having realized that DNS is not feasible, we turn to LES, see Section18. Here, LES
the smallest scales are modeled, and only the eddies that arelarger than the grid are
resolved by the (�ltered) Navier-Stokes. With LES, we can make the smallest grid cells
somewhat larger (the cell side, say,2 � 3 times larger).

However, it is found that LES needs very �ne resolution near walls, see Section21.
To �nd an approximate solution to this problem we use RANS near the walls and LES
away from the walls. The models which we have looked at are DES(Section20),
hybrid LES-RANS (Section21), SAS (Section22) and PANS (Section23); see also
Section25where PANS and Zonal PANS are discussed.

As stated above, the LES must at high Reynolds number be combined with a
URANS treatment of the near-wall �ow region. In the literature, there are different
methods for bridging this problem such as Detached Eddy Simulation (DES) [136,
154, 165] hybrid LES/RANS [196] and Scale-Adapted Simulations (SAS) [160, 161]
(for a review, see [197]). The two �rst classes of models take the SGS length scale
from the cell size whereas the last (SAS) involves the von Kármán lengthscale.

The DES, hybrid LES/RANS and the SAS models have one thing in common: in
the LES region, the turbulent viscosity is reduced. This is achieved in different ways. In
some models, the turbulent viscosity is reduced indirectlyby reducing the dissipation
term in thek equation, see Eq.20.8, as in two-equation DES [198]. In other models,
such as the two-equation XLES model [140] and in the one-equation hybrid LES-
RANS [99], it is accomplished by reducing the length scale in both theexpression for
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the turbulent viscosity as well as for the dissipation term in thek equation, see Eq.21.2
and Table21.1.

In the partially averaged Navier-Stokes (PANS) model [142] and the Partially In-
tegrated Transport Model (PITM) [144,176], the turbulent viscosity is reduced by de-
creasing the destruction term in the dissipation (" ) equation which increases" , see
Eq. 23.15. This decreases the turbulent viscosity in two ways: �rst, the turbulent vis-
cosity is reduced because of the enhancement of" (� t = c� k2=", see Eq.23.6), and,
second, the turbulent kinetic energy (k) decreases because of the increased dissipation
term," . In the SAS model based on thek � ! model, the turbulent viscosity is reduced
by an additional source term,PSAS , see Eq.22.8, in the! equation. The source term
is activated by resolved turbulence; in steady �ow it is inactive. When the momentum
equations are in turbulence-resolving mode,PSAS increases which increases! . This
decreases the turbulent viscosity in two ways: �rst, directly, because! appears in the
denominator in the expression for the turbulent viscosity,� t , and, second, becausek is
reduced due to the increased dissipation term� � k! .

The PANS model and the PITM models are very similar to each other although
their derivations are completely different. The only difference in the models is that
in the PANS model the turbulent diffusion coef�cients in thek and" equations are
modi�ed. These two models do not use the �lter width, and can hence be classi�ed as
URANS models. On the other hand, a large part of the turbulence spectrum is usually
resolved which is in contrast to standard URANS models. PANSand PITM models
have in [197] been classi�ed as second-generation URANS models, or 2G-URANS
models.

A short description of the models are given here.

DES. A RANS models is used near the walls and LES is used away from the walls.
The interface is usually de�ned automatic. In the original DES the entire bound-
ary layer is covered by RANS. However, when the grid is re�nedin streamwise
and spanwise directions, the interface moves closer to the wall. When a large part
of the boundary layer is covered by LES, it is called WM-LES (Wall-Modeled WM-LES
LES). The LES lengthscale is the �lterwidth.

Hybrid LES-RANS. The difference between DES and hybrid LES-RANS is that the
original DES covers the entire boundary layer by RANS whereas hybrid LES-
RANS treats most of the boundary layer in LES mode. Hybrid LES-RANS and
WM-LES can be considered to be the same thing. The LES lengthscale is the
�lterwidth.

PANS, PITM. These models are able to operate both in LES and RANS mode. In
LES mode the models do not use the �lterwidth as a lengthscale. Hence they are
usually de�ned as an URANS model (de�ned below). Since the models usually
aim at resolving a substantial part of the turbulence spectrum, they can be de�ned
as a second-generation URANS model (a 2G-URANS model [197]).

SAS. This is also a model that can operate both in LES and RANS mode.In unsteady
mode the model does not use the �lterwidth as a lengthscale. In unsteady mode
this model usually resolved less turbulence than the other models mentioned
above; hence it can be classi�ed as an URANS model (�rst generation).

URANS. A RANS model is used in unsteady mode. In unsteady mode the model does
not use the �lterwidth as a lengthscale. Unless the �ow is prone to go unsteady,
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the results will be steady (i.e. same as RANS). Usually a RANSmodel developed
for steady �ow is used. Only a small part of the turbulence is resolved.

The models listed above can be ranked in terms of accuracy andCPU cost:

1. Hybrid LES-RANS, PANS, PITM, WM-LES. Highest accuracy and CPU cost

2. DES.

3. SAS.

4. URANS. Lowest accuracy and CPU cost
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29 Best practice guidelines (BPG)

In the early days of CFD, different CFD codes used to give different results. Even
if the same grid and the same turbulence model were used, there could be substantial
differences between the results. The reasons to these differences could be that the
turbulence model was not implemented in exactly the same wayin the two codes, or
that the discretization scheme in one code was more diffusive than in the other. There
could be small differences in the implementation of the boundary conditions in the two
codes.

Today the situation is much improved. Two different CFD codes usually give the
same results on the same grid. The main reason for this improved situation is because
of workshops and EU projects where academics, engineers from industry and CFD
software vendors regularly meet and discuss different aspects of CFD. Test cases with
mandatory grids, boundary conditions, turbulence models etc are de�ned and the par-
ticipants in the workshops and EU projects carry out CFD simulations for these test
cases. Then they compare and discuss their results.

29.1 EU projects

Four EU projects in which the author has taken part can be mentioned

LESFOIL: Large Eddy Simulation of Flow Around Airfoils
https://www.tfd.chalmers.se/˜lada/projects/lesfoil/proright.html

FLOMANIA: Flow Physics Modelling: An Integrated Approach
http://cfd.mace.manchester.ac.uk/�omania/

DESIDER: Detached Eddy Simulation for Industrial Aerodynamics
http://cfd.mace.manchester.ac.uk/desider

ATAAC: Advanced Turbulence Simulation for Aerodynamic Application Challenges
http://cfd.mace.manchester.ac.uk/ATAAC/WebHome

29.2 Ercoftac workshops

Workshops are organized by Ercoftac (EuropeanResearchCommunityOnFlow, Turbulence
And Combustion). The Special Interest Group Sig15 is focused on evaluating turbu-
lence models. The outcome from all workshop are presented

here
http://www.ercoftac.org/�leadmin/userupload/big�les/sig15/database/index.html

Ercoftac also organizes workshops and courses on Best Practice Guidelines. The
publicationIndustrial Computational Fluid Dynamics of Single-Phase Flows can be
ordered on

Ercoftac www page
http://www.ercoftac.org/publications/ercoftacbestpracticeguidelines/single-phase�ows spf/

https://www.tfd.chalmers.se/~lada/projects/lesfoil/proright.html
http://cfd.mace.manchester.ac.uk/flomania/
http://cfd.mace.manchester.ac.uk/desider//
http://cfd.mace.manchester.ac.uk/ATAAC/WebHome
http://www.ercoftac.org/fileadmin/user_upload/bigfiles/sig15/database/index.html
http://www.ercoftac.org/publications/ercoftac_best_practice_guidelines/single-phase_flows_spf/
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29.3 Ercoftac Classical Database

A Classical Database, which includes some 100 experimental investigations, canbe
found at

Ercoftac's www page
http://www.ercoftac.org/productsandservices/classiccollectiondatabase

29.4 ERCOFTAC QNET Knowledge Base Wiki

The QNET is also the responsibility of Ercoftac. Here you �nddescriptions of how
CFD simulations of more than 60 different �ows were carried out. The �ows are di-
vided into

Application Areas. These are sector disciplines such as Built Environment, Chemical
and Process Engineering, External Aerodynamics, Turbomachinery, Combustion
and Heat Transfer etc. Each Application Area is comprised ofApplication Chal-
lenges. These are realistic industrial test cases which canbe used to judge the
competency and limitations of CFD for a given Application Area.

Underlying Flow Regimes. These are generic, well-studied test cases capturing im-
portant elements of the key �ow physics encountered across the Application Ar-
eas.

For more information, visit

ERCOFTAC QNET Knowledge Base Wiki
http://www.ercoftac.org/productsandservices/wiki/

http://www.ercoftac.org/products_and_services/classic_collection_database//
http://www.ercoftac.org/products_and_services/wiki/
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A TME226 Lecture Notes

A.1 Lecture 1

{ See Section1.1, Eulerian, Lagrangian, material derivative

Lagrangian-Eulerian

I Lagrangian approach

� The (�uid) particle is described by its initial position,X i , and time,
t

� In other words we “label” a particle withX i and then follow it.

� The variation ofT is expressed asdT=dt.

I Eulerian approach

� We look a point,x i , and see what happens.

� HenceT depends on bothx i andt

� The chain rule gives
dT
dt

=
@T
@t

+
dxi

dt
@T
@xi

=
@T
@t

+ vi
@T
@xi

I
dT
dt

material change

=
@T
@t

+
dxj

dt
@T
@xj

=
@T
@t

local change

+ vj
@T
@xj

convective change

{ See Section1.2, What is the difference between
dv2

dt
and

@v2
@t

?

Difference between
dv2

dt
and

@v2
@t

?

0 1 2
0

1

2 5

4

x1

x2
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Flow pathx2 = 1 =x1 . The �lled circle shows the point(x1 ; x2) = (1 ; 1). 5 : start (t =
ln(0:5)); 4 : end (t = ln(2) ).

x1 = exp(t); x2 = exp( � t) (A.1)

and hencex2 = 1=x1. The �ow is steady (in Eulerian coordinates).

I EquationA.1 gives the velocities

vL
1 =

dx1

dt
= exp( t); vL

2 =
dx2

dt
= � exp(� t) (A.2)

Eqs.A.1 andA.2 give

vE
1 = x1; vE

2 = � x2

Note thatvL
i = vE

i butvL
i = vL

i (t) andvE
i = vE

i (x1; x2).

I Time derivatives of thev2 velocity:

dvL
2

dt
= exp( � t)

dvE
2

dt
=

@vE2
@t

+ vE
1

@vE2
@x1

+ vE
2

@vE2
@x2

= 0 + x1 � 0 � x2 � (� 1) = x2

Of course
dv2

dt
=

dvE
2

dt
=

dvL
2

dt
= x2 = exp( � t).

I Consider the point(x1; x2) = (1 ; 1). The velocity at this point does

not change in time; hence
@vE2
@t

= 0.

I If we however travel with the particle then thev2 velocity changes

with time, i.e.
dvL

2

dt
=

dv2

dt
= 1 (it increases, i.e. it gets less negative

with time).

{ See SectionB, Introduction to tensor notation

I a: A tensor of zeroth rank (scalar)

I ai : A tensor of �rst rank (vector)
ai = (2 ; 1; 0)

I aij : A tensor of second rank (tensor)
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� ij =

0

@
� 11 � 12 � 13

� 21 � 22 � 23

� 31 � 32 � 33

1

A

� ij = � j i .

What is a tensor?

I A tensor is aphysicalquantity. It is independent of the coordinate
system. The tensor of rank one (vector)bi below

is physically the same expressed in the coordinate system (x1; x2)

x1

x2

wherebi = (1 =
p

2; 1=
p

2; 0)T and in the coordinate system (x10; x20)

x10
x20

wherebi 0 = (1 ; 0; 0)T . The tensor is the same even if itscomponentsare
different.

{ See Section1.3, Viscous stress, pressure
I The momentum balance equation derived in the continuum me-

chanics lectures reads

� _vi � � j i;j � �f i = 0

We write it as

�
dvi

dt
=

@�j i
@xj

+ �f i (A.3)
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x1

x2

� 11

� 12

� 13

t (ê 1 )
i

Stress components and stress vector on a
surface.

x1

x2
f i

Volume force (per unit volume),f i =
(0; � g;0), acting in the middle of the �uid
element.

Stress tensor, volume (gravitation) force and stress vector, t (ê 1 )
i .

� � ij denotes the stress tensor. Stress is force per unit area. The
surface stress vector is computed as

t (n̂ )
i = � j i nj

wheren̂ = nj is the normal vector of the surface.

� volume forces,f i

I The stress tensor,� ij , is split into one part which includes pressure,P,
and one which includes viscous stresses (friction)

� ij = � P � ij + � ij

whereP = �
1
3

� kk .

A constitutive relation can be derived for the stress tensorwhich reads

� ij = � P � ij + 2�S ij �
2
3

�S kk � ij

� ij = 2�S ij �
2
3

�S kk � ij

Sij =
1
2

�
@vi
@xj

+
@vj
@xi

�
(A.4)

I This expression includes the velocity gradients. Before weinsert

Eq. A.4 into Eq.A.3, we will look at the velocity gradient tensor,
@vi
@xj

,

in some detail.

{ See Section1.4, Strain rate tensor, vorticity
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@vi
@xj

=
1
2

0

B
B
@

@vi
@xj

+
@vi
@xj

2@vi =@xj

+
@vj
@xi

�
@vj
@xi

=0

1

C
C
A

=
1
2

�
@vi
@xj

+
@vj
@xi

�
+

1
2

�
@vi
@xj

�
@vj
@xi

�
= Sij + 
 ij

I The vorticity reads

! = r � v

! i = � ijk
@vk
@xj

I The vorticity represents rotation of a �uid particle. Inserting the ex-
pression forSij and
 ij gives

! i = � ijk (Skj + 
 kj ) = � ijk 
 kj (A.5)

where we used the fact that the product of a symmetric,Skj , and an
antisymmetric tensor,� ijk , is zero.

I Now let's invert Eq.A.5. We start by multiplying it with" i`m so that

" i`m ! i = " i`m � ijk 
 kj (A.6)

� � ijk is the permutation tensor.

– It is one if ijk is equal to123or any cyclic permutation, i.e.
"123 = "312 = "231 = 1.

– Switch two indices and it is equal to minus one, i.e,"132 =
"213 = "312 = � 1.

– If two indices are equal, then� ijk is zero.

� � ij is the unit or identity tensor. It is one ifijk are equal and zero
otherwise, i.e.

– � 11 = � 22 = � 33 = 1
– � 12 = � 13 = � 21 = � 23 = � 31 = � 32 = 0

Using the"-� -identity (see SectionC) on the right side of Eq.A.6 gives

" i`m � ijk 
 kj = ( � `j � mk � � `k � mj )
 kj = 
 m` � 
 `m = 2
 m`

Inserted in Eq.A.6 we get


 m` =
1
2

" i`m ! i =
1
2

" `mi ! i = �
1
2

"m`i ! i
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where we �rst used cyclic permutation of" i`m , then used the fact that
" i`m is anti-symmetric.

I Actually, it is easier to invert Eq.A.5 component-by-component. For
! 3 we get

! 3 = � 3jk
@vk
@xj

= � 321
@v1
@x2

+ � 312
@v2
@x1

= �
@v1
@x2

+
@v2
@x1

=
�

@v2
@x1

�
@v1
@x2

�
= � 2
 12

{ See Section1.5, Product of a symmetric and antisymmetric tensor
I The product of a symmetric,aj i , and antisymmetric tensor,bj i , is zero

aij bij = aj i bij = � aj i bj i ;

where we used

2nd expressionaij = aj i (symmetric)

last expressionbij = � bj i (antisymmetric)

Indicesi andj are dummy indices)

aij bij = � aij bij

This expression says thatA = � A which can be only true ifA = 0 and
henceaij bij = 0.

{ See Section1.6, Deformation, rotation
I Rotation of a �uid particle (! 3 > 0, 
 12 < 0) during time� t

�

� x2

� x1

�

@v2
@x1

� x1� t = � � � x1

@v1
@x2

� x2� t = � � � x2

x1

x2
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� angle rotation per unit time:� �
� t ' d�=dt = � @v1=@x2 = @v2=@x1

� if �uid element does not rotate as a solid body, we take the average
d�=dt = ( @v2=@x1 � @v1=@x2)=2.

� Hence, the vorticity! 3 = @v2=@x1 � @v1=@x2 can be interpreted as
twice the average rotation of the horizontal edge and vertical edge

I Deformation of a �uid particle by shear during time� t. Here
@v1=@x2 = @v2=@x1 so that S12 = ( @v1=@x2 + @v2=@x1)=2 =
@v1=@x2 > 0.

�

� x2

� x1

�

@v2
@x1

� x1� t = � � � x1

@v1
@x2

� x2� t = � � � x2

x1

x2

I Deformation of a �uid particle by elongation during time� t. Here
S11 = @v1=@x1 > 0
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� x2

� x1

@v1
@x1

� x1� t

x1

x2

{ See Section1.7, Irrotational and rotational �ow
I Flows are often classi�ed based on rotation: they arerotational (! i 6=
0) or irrotational (! i = 0)
{ See Section1.7.1, Ideal vortex line
I Consider the ideal vortex line

� =
� �
2�

; vk =
@�
@xk

; v� =
�

2�r
; vr = 0

x1

x2

r

�

�

v�

Transformv� into Cartesian compo-
nents.

v1 = �
� x2

2� (x2
1 + x2

2)
; v2 =

� x1

2� (x2
1 + x2

2)
:

@v1
@x2

= �
�
2�

x2
1 � x2

2

(x2
1 + x2

2)2 ;
@v2
@x1

=
�
2�

x2
2 � x2

1

(x2
1 + x2

2)2

) ! 3 =
@v2
@x1

�
@v2
@x1

= 0
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-1.5 -1 -0.5 0 0.5 1 1.5

-1

-0.5

0

0.5

1

1.5

x1

x 2

The �uid particle (i.e. its diagonal)
does not rotate. The locations of the
�uid particle is indicated by black,
�lled squares. The diagonals are
shown as black dashed lines. The
�uid particle is shown at� = 0, �= 4,
3�= 4, � , 5�= 4, 3�= 2 and� �= 6.

{ See Section1.7.2, Shear �ow
I Consider shear �ow withv1 = cx2

2, v2 = 0, see �gure below. The
vorticity is computed as

! 1 = ! 2 = 0; ! 3 =
@v2
@x1

�
@v1
@x2

= � 2cx2

Hence the �ow isrotational

a b c

v1

�
x1

x2

The vertical edges of the �uid particles rotate according tothe �gure
above (rotating in negative direction).

{ See Section1.8, Eigenvalues and eigenvectors: physical interpretation
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I Eigenvalues and and eigenvectors: physical interpretation

� 11

� 12

� 21

� 22

x1

x2
x10x20

�

v̂ 1
v̂ 2

� 1

� 2

� A two-dimensional �uid element.

– Left: in original state;

– right: rotated to principal coordinate directions.

– � 1 = � 1010 and� 2 = � 2020 denote eigenvalues;

– v̂ 1 andv̂ 2 denote unit eigenvectors.
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A.2 Lecture 2

{ See Section2.1.1, The continuity equation
I The continuity equation

d�
dt

+ �
@vi
@xi

= 0 incompressible �ow gives
@vi
@xi

= 0

{ See Section2.1.2, The momentum equation
I The momentum equation

� ij = � P � ij + 2�S ij �
2
3

�S kk � ij

�
dvi

dt
=

@�j i
@xj

+ �f i = �
@P
@xi

+
@

@xj

�
2�S ij �

2
3

�
@vk
@xk

� ij

�
+ �f i

= �
@P
@xi

+
@

@xj
(2�S ij ) �

2
3

@
@xi

�
�

@vk
@xk

�
+ �f i

Note that the stress tensor,� ij , depends only onSij (deformation), not
on 
 ij (rotation).

I Incompressible �ow gives

�
dvi

dt
=

@�j i
@xj

+ �f i = �
@P
@xi

+
@

@xj
(2�S ij ) + �f i

I Incompressible and constant� give

�
dvi

dt
= �

@P
@xi

+ �
@2vi

@xj @xj
+ �f i

{ See Section2.2, The energy equation
I The energy equation

�
du
dt

energy change

= � j i
@vi
@xj

exchange of work

�
@qi
@xi

exchange of heat

(A.7)

qi = � k
@T
@xi

� ij = � P � ij + 2�S ij �
2
3

�S kk � ij

I We have

@vi
@xj

= Sij + 
 ij ; Sij =
1
2

�
@vi
@xj

+
@vj
@xi

�
; 
 ij =

1
2

�
@vi
@xj

�
@vj
@xi

�

� ij
@vi
@xj

= � ij (Sij + 
 ij ) = � ij Sij
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This gives (See Eq.2.15)

� ij
@vi
@xj

=
�

� P � ij + 2�S ij �
2
3

�
@vk
@xk

� ij

�
@vi
@xj

=
�

� P � ij + 2�S ij �
2
3

�
@vk
@xk

� ij

�
(Sij + 
 ij ) = � P

@vi
@xi

+ 2�S ij Sij �
2
3

�S kk Sii

Insert into Eq.A.7 gives

�
du
dt

� U

= � P
@vi
@xi

Rev

+ 2�S ij Sij �
2
3

�S kkSii

�

+
@

@xi

�
k

@T
@xi

�

Q

I During time,dt, the following happens:

� U: Change of inner energy of the �uid

Rev: Reversiblework done by the �uid (compression or expansion)

� : Irreversiblework (dissipation) done by the �uid

Q: Exchange of heat to the �uid

I Incompressible �ow (low speed,jvi j <
1
3

speed of sound)

du = cpdT; �cp
dT
dt

= � +
@

@xi

�
k

@T
@xi

�

� important for lubricant oils
I For gases and “usual” liquids (i.e. not lubricant oils) we get (k is con-
stant), see Eq.2.18

dT
dt

= �
@2T

@xi @xi
; � =

k
�c p

; P r =
�
�

{ See Section2.3, Transformation of energy
I k equation (multiply the momentum eq. withvi )

�v i
dvi

dt
� vi

@�j i
@xj

� vi �f i = 0

The �rst term on the left side can be re-written (Trick 2, see Eq. 8.4)

�v i
dvi

dt
=

1
2

�
d(vi vi )

dt
= �

dk
dt
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(vi vi =2 = v2=2 = k) so that

�
dk
dt

= vi
@�j i
@xj

+ �v i f i

Re-write the stress-velocity term so that (see Eq.2.23)

�
dk
dt

=
@vi � j i

@xj
� � j i

@vi
@xj

+ �v i f i

I Compare with the equation for inner energy

�
du
dt

= � j i
@vi
@xj

�
@qi
@xi

{ See Section2.4, Left side of the transport equations
I Left-hand side (	 = vi ; u; T : : :)

�
d	
dt

= �
@	
@t

+ �v j
@	
@xj

= �
@	
@t

+ �v j
@	
@xj

+ 	
�

d�
dt

+ �
@vj
@xj

�

=0

= �
@	
@t

+ �v j
@	
@xj

+	

 
@�
@t

+ vj
@�
@xj

+ �
@vj
@xj

!

=
@�	
@t

+
@�vj 	

@xj

{ See Section3.1, The Rayleigh problem
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I The Rayleigh problem

V0x1

x2
The plate moves to the right
with speedV0 for t > 0.

0 0.2 0.4 0.6 0.8 1

t1
t2

t3

v1=V0

x2
I The v1 velocity at three different
times.t3 > t 2 > t 1.

Simpli�catons: @v1=@x1 = @v3=@x3 = 0 ) @v2=@x2 = 0 ) v2 � 0.

@v1
@t

= �
@2v1

@x22

I Similarity solution: the number of independent variables is reduced by
one, from two (x2 andt) to one (� ).

� =
x2

2
p

�t
;

@v1
@t

=
dv1

d�
@�
@t

= �
x2t � 3=2

4
p

�
dv1

d�
= �

1
2

�
t

dv1

d�
@v1
@x2

=
dv1

d�
@�
@x2

=
1

2
p

�t

dv1

d�
@2v1

@x22
=

@
@x2

�
@v1
@x2

�
=

@
@x2

�
1

2
p

�t

dv1

d�

�
=

1

2
p

�t

@
@x2

�
dv1

d�

�
=

1
4�t

d2v1

d� 2

We get (see Eq.3.6)

f =
v1

V0
;

d2f
d� 2

+ 2�
df
d�

= 0

I Boundary conditions

v1(x2; t = 0) = 0 ) f (� ! 1 ) = 0
v1(x2 = 0; t) = V0 ) f (� = 0) = 1

v1(x2 ! 1 ; t) = 0 ) f (� ! 1 ) = 0
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The solution reads (see Eq.3.11)

f (� ) = 1 � erf(� ); � =
x2

2
p

�t
; f =

v1

V0
(A.8)

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

f

�

The velocity,f = v1=V0 , given by Eq.A.8.

I Boundary layer thickness de�ned byv1 = 0:01V0 (it would bev1 =
0:99V0 in an ordinary boundary layer). The �gure above gives (forf =
0:01) � = 1:8 so that

� = 1:8 =
�

2
p

�t
) � = 3:6

p
�t

� air = 10:8cm
� water = 2:8cm

{ See Section3.2.1, Curved plates
I The inlet part of a channel.P2 > P 1

x1

x2V

V

P1

P1

P2
h

{ See Section3.2.2, Flat plates
I Fully developed incompressible �ow in a channel. 2D and steady.
@v1
@x1

=
@v2
@x1

=
@v3
@x3

= v3 = 0.
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@vi
@xi

= 0 )
@v2
@x2

= 0 ) v2 = C1(x1) ) v2 � 0

I The Navier-Stokes forv1 (gi = (0 ; � g;0))

�
�

��7
0

@v1
@t

+ v1
�

�
��7

0
@v1
@x1

+ ��v2
@v1
@x2

= �
@P
@x1

+ �

0

B
@

�
�

� �7
0

@2v1

@x21
+

@2v1

@x22

1

C
A + � ��* 0�g 1 ) �

@2v1

@x22
=

@P
@x1

The Navier-Stokes forv2 gives

�
�

��7
0

@v2
@t

+ v1
�

�
��7

0
@v2
@x1

+ ��v2
@v2
@x2

= �
@P
@x2

+ �

0

B
@

�
�

� �7
0

@2v2

@x21
+

�
�

� �7
0

@2v2

@x22

1

C
A � �g

) 0 = �
@P
@x2

� �g ) P = � �gx 2 + C1(x1) = � �gx 2 + p(x1)

) �
@P
@x1

= �
@p
@x1

(p = p(x1) is pressure at lower wall)

I The Navier-Stokes forv1 (replacing@P=@x1 by @p=@x1, see Eq.3.24)

0 = �
@p
@x1

+ �
@2v1

@x22
) �

@2v1

@x22
f (x2 )

=
@p
@x1
f (x1 )

)
@2v1

@x22
=

@p
@x1

= const

Integrate twice givesv1 = �
h
2�

dp
dx1

x2

�
1 �

x2

h

�

{ See Section3.3, Two-dimensional boundary layer �ow over �at plate
I 2D boundary layer

v1
@v1
@x1

+ v2
@v1
@x2

= �
@2v1

@x22
;

@p
@x2

= 0;
@v1
@x1

+
@v2
@x2

= 0

(note that both terms on the left side are retained)
Streamfunction	

v1 =
@	
@x2

; v2 = �
@	
@x1

The continuity equation is automatically satis�ed

@v1
@x1

+
@v2
@x2

=
@2	

@x1@x2
�

@2	
@x2@x1

= 0
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Inserting the streamfunction into the streamwise momentumequation

@	
@x2

@2	
@x1@x2

�
@	
@x1

@2	
@x22

= �
@3	
@x32

Similarity solution:x1, x2 ! � ; 	 ! g(� ).

� =
�

V1;1

�x 1

� 1=2

x2; 	 = ( �V 1;1 x1)
1=2 g

First we need the derivatives@�=@x1 and@�=@x2

@�
@x1

= �
1
2

�
V1;1

�x 1

� 1=2 x2

x1
= �

�
2x1

;
@�
@x2

=
�

V1;1

�x 1

� 1=2

=
�
x2

@	
@x1

=
@

@x1

�
(�V 1;1 x1)1=2

�
g + ( �V 1;1 x1)1=2 g0 @�

@x1

=
1
2

�
�V 1;1

x1

� 1=2

g � (�V 1;1 x1)1=2 g0 �
2x1

: : : ) �
1
2

gg00+ g000= 0

This is Blasius solution (from his PhD thesis in 1907). The numerical
solution is given in Table3.1.
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A.3 Lecture 3

{ See Section4.1, Vorticity and rotation
I Vorticity

g

x1

x2

(x1; x2)

� 12(x1 � 0:5� x1)

� 12(x1 + 0:5� x1)

� 21(x2 � 0:5� x2)

� 21(x2 + 0:5� x2)

p(x1 � 0:5� x1) p(x1 + 0:5� x1)

Surface forces.@�12=@x1 = 0, @�21=@x2 > 0.

�
dvi

dt
= �

@P
@xi

+
@�j i
@xj

= �
@P
@xi

� �" inm
@!m
@xn

(A.9)

I change in vorticity, change in shear stresses

� irrotational �ow ,

� potential �ow ,

� no change in! i (often! i = 0)

I As a �rst step for deriving the! i transport eq., let's re-write the left-
side of N-S:

vj
@vi
@xj

= vj (Sij + 
 ij ) = vj

�
Sij �

1
2

" ijk ! k

�

InsertingSij = ( @vi =@xj + @vj =@xi )=2 and multiplying by two gives

2vj
@vi
@xj

= vj

�
@vi
@xj

+
@vj
@xi

�
� " ijk vj ! k (A.10)

The second term on the right side can be written as (Trick 2)

vj
@vj
@xi

=
1
2

@(vj vj )
@xi
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With Eq. A.10 Navier-Stokes can be written (see Eq.4.13)

@vi
@t

+
@1

2v2

@xi
no rotation

� " ijk vj ! k

rotation

= �
1
�

@P
@xi

+ �
@2vi

@xj @xj
+ f i (A.11)

I Now we will derive the transport eq. for! p = "pqi@vi =@xq. Multiply
the Navier-Stokes equation by"pqi@=@xq so that

"pqi
@2vi

@t@xq
+

� � � � � �* 0

"pqi
@2k

@xi @xq
� "pqi" ijk

@vj ! k

@xq

= �
� � � � � � �* 0

"pqi
1
�

@2P
@xi @xq

+ �" pqi
@3vi

@xj @xj @xq
+

�
�

�
��>

0

"pqi
@gi
@xq

(A.12)

� Term on line 1: zero because a-sym & sym tensor

� 1st term in line 2: zero because a-sym & sym tensor

� last term: zero becausegi is constant

Re-write unsteady and viscous terms in Eq.A.12:

"pqi
@2vi

@t@xq
=

@
@t

�
"pqi

@vi
@xq

�
=

@!p
@t

�" pqi
@3vi

@xj @xj @xq
= �

@2

@xj @xj

�
"pqi

@vi
@xq

�
= �

@2! p

@xj @xj

Inserted in Eq.A.12 gives

@!p
@t

� "pqi" ijk
@vj ! k

@xq
= �

@2! p

@xj @xj

I Transport equation for the vorticity (see Eq.4.21)

@!p
@t

+ vk
@!p
@xk

= ! k
@vp
@xk

+ �
@2! p

@xj @xj

Underlined term: vortex stretching/tilting term (a source/sink), see
Eq.4.22

! k
@vp
@xk

=

8
>>>>><

>>>>>:

! 1
@v1
@x1

+ ! 2
@v1
@x2

+ ! 3
@v1
@x3

; p = 1

! 1
@v2
@x1

+ ! 2
@v2
@x2

+ ! 3
@v2
@x3

; p = 2

! 1
@v3
@x1

+ ! 2
@v3
@x2

+ ! 3
@v3
@x3

; p = 3
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Vortex stretchingandvortex tilting
I Vortex stretching

@v1
@x1

> 0

v1 v1! 1

x1

x2

Assume
@v1
@x1

> 0: the term! 1
@v1
@x1

will increase! 1

I Vortex tilting/de�ection

! 2 v1(x2); @v1
@x2

> 0

x1

x2

Assume
@v1
@x2

> 0: the term! 2
@v1
@x2

will increase! 1

{ See Section4.3, The vorticity transport equation in two dimensions

I 2D �ow: vi = ( v1; v2; 0), ! i = (0 ; 0; ! 3) and
@

@x3
= 0

Now the vortex stretching/tilting term! k
@vp
@xk

= ! 3
@vp
@x3

= 0

The 2D! 3 equation reads (see Eq.4.23)

@!3
@t

+ vk
@!3
@xk

= �
@2! 3

@xj @xj
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I Consider fully developed channel �ow (see Eq.4.24)

heat conduction 0 = k
@2T
@x22

vorticity diffusion 0 = �
@2! 3

@x22

x2

x1

q2 = � k
@T
@x2


 2 = � �
@!3
@x2

Temperature:q2 = 0 ) no temperature (increase)
Vorticity: 
 2 = 0 ) no vorticity (increase). In the self-similar region
of a boundary layer this is true because@p=@x1 = 0; for channel �ow

 2 6= 0

{ See Section4.3.1, Boundary layer thickness from the Rayleigh problem
I Rayleigh problem:� (t) = 3 :6

p
�t was presented for the temperature

equation. It can also be used for the vorticity equation.

�����������������������������������������
�����������������������������������������
�����������������������������������������

�����������������������������������������
�����������������������������������������
�����������������������������������������
������������
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

������������������

�x1

x2

V0

L

Boundary layer thickness� /

r
L�
V

= L

r
�

V L
)

�
L

/

r
1

ReL
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A.4 Lecture 4

Potential �ow

{ See Section4.4, Potential �ow
I De�ne a potential

vi = @� =@xi (A.13)

Then the vorticity is zero

! i = � ijk
@vk
@xj

= � ijk
@2�

@xj @xk
= 0

The continuity eq. reads

0 =
@vi
@xi

=
@

@xi

�
@�
@xi

�
=

@2�
@xi @xi

(A.14)

I Derive the Bernoulli eq. The N-S reads (see Eqs.A.9 andA.11)

@vi
@t

+
@1

2v2

@xi
no rotation

� " ijk vj ! k

rotation

= �
1
�

@p
@xi

� �" inm
@!m
@xn

+ gi

In potential �ow, ! i = 0. Insert� (Eq.A.13) and a gravitation potential
(gi = � @X =@xi )

@
@xi

�
@�
@t

�
+

@1
2v2

@xi
+

1
�

@p
@xi

+
@X
@xi

= 0

Integration gives (see Eq.4.33)

@�
@t

+
1
2

v2 +
p
�

+ X = const

ReplacingX = � g3x3 = gh gives the Bernoulli eq.

{ See Section4.4.2, Complex variables for potential solutions of plane �ows
I Complex functions.
The derivative of a complex function,f , by a complex variable,z (f =
u + iv andz = x + iy ) is de�ned only if the derivatives in the real and
imaginary directions are the same, i.e.

df
dz

= lim
� z! 0

f (z0 + � z) � f (z0)
� z

= lim
� x ! 0

f (x0 + � x; iy 0) � f (x0; iy0)
� x

= lim
� y! 0

f (x0; iy0 + i � y) � f (x0; iy0)
i � y

:

(A.15)
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! 2 v1(x2); @v1
@x2

> 0

x1

x2

which means that
@f
@x

=
1
i

@f
@y

= � i
@f
@y

(A.16)

Insertingf = u + iv in Eq.A.16 gives

@u
@x

+ i
@v
@x

= � i
@u
@y

� i2 @v
@y

= � i
@u
@y

+
@v
@y

We get (see Eq.4.39)

@u
@x

=
@v
@y

;
@u
@y

= �
@v
@x

which are called theCauchy-Riemannequations.

I A complex function in polar coordinates:z = rei� = r (cos� + i sin� )

I Fluid dynamics: de�ne a complex potentialf = � + i 	 where	 is
the streamfunction (recall thev1 = @	

@y andv2 = � @	
@x, see Eq.3.44). We

want f to be differentiable: hence Eq.A.4 must hold (replaceu andv
with � and	 )

@�
@x

=
@	
@y

;
@�
@y

= �
@	
@x

; (A.17)

which is satis�ed (�rst relation= v1, second= v2).

� satis�es Laplace eq. (see Eq.A.14). Since! 3 = 0, this applies also
for 	

@2	
@x21

+
@2	
@x22

= �
@v2
@x1

+
@v1
@x2

= � ! 3 = 0
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Hence,f also satis�es Laplace eq.
We have now de�ned a complex function,f = � + i 	 which satis�es
Laplace eq and which has a physical meaning in �uid dynamics.

{ See Section4.4.3, f / zn

1. Now we “guess”/dream up a complex functionf = � + i 	

2. then we check if it satis�es the Laplace equation (i.e. thecontinuity
equation,4.29and that the �ow is inviscid,! 3 = 0, Eq.4.42)

3. then we �nd out iff corresponds to a meaningful �uid �ow situa-
tion

I We guessf = C1zn = C1r nein� = C1r n(cos(n� ) + i sin(n� ))

Check that it satis�es Laplace eq. (it does, see Eq.4.46) r 2f =
1
r

@
@r

�
r @f

@r

�
+ 1

r 2
@2 f
@�2

{ See Section4.4.3.1, Parallel �ow
I Parallel �ow, n = 1. f = C1z = V1 z = V1 (x + iy )
The streamfunction,	 , is the imaginary part off , i.e. 	 = V1 y =
V1 r sin(n� ) which gives

v1 =
@	
@y

= V1 ; v2 = �
@	
@x

= 0

x

y

V1

{ See Section4.4.4, Analytical solutions for a line source
I Line source

f =
_m

2�
ln z =

_m
2�

ln
�
rei�

�
=

_m
2�

�
ln r + ln

�
ei�

��
=

_m
2�

(ln r + i� )

(A.18)
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Check that it satis�es Laplace eq. (it does, see4.56)

vr =
1
r

@	
@�

=
_m

2�r

v� = �
@	
@r

= 0

x

y

�

{ See Section4.4.5, Analytical solutions for a vortex line
I Vortex line

f = � i
�
2�

ln z = � i
�
2�

ln
�
rei�

�
= � i

�
2�

�
ln r + ln

�
ei�

��
=

�
2�

(� i ln r + � )

Check if it satis�es Laplace eq. (it does, see4.56)

vr =
1
r

@	
@�

= 0; v� = �
@	
@r

=
�

2�r
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x

y

�

{ See Section4.4.6, Analytical solutions for �ow around a cylinder
I Doublet: take a line source (_m > 0) a line sink (_m < 0) with a sepa-
ration" : let " ! 0 which gives

f =
�
�z

=
V1 r 2

0

z

wherer 2
0 = �= (�V 1 ). Add parallel �ow (f = V1 z) gives cylinder �ow

f =
V1 r 2

0

z
+ V1 z =

V1 r 2
0

rei�
+ V1 rei� = V1

�
r 2

0

r
e� i� + rei�

�

= V1

�
r 2

0

r
(cos� � i sin� ) + r (cos� + i sin� )

�

The streamfunction reads (imaginary part)

	 = V1

�
r �

r 2
0

r

�
sin�

and we get the velocity components

vr =
1
r

@	
@�

= V1

�
1 �

r 2
0

r 2

�
cos�; v � = �

@	
@r

= � V1

�
1 +

r 2
0

r 2

�
sin �
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x1

x2

V1
�

{ See Section4.4.7, Analytical solutions for �ow around a cylinder with circulation
I Flow around a cylinder with circulation,�
We havef for a cylinder. Now we addf for a vortex line

f = V1

�
r 2

0

r
(cos� � i sin� ) + r (cos� + i sin� )

�
� i

�
2�

ln z

The imaginary part gives the streamfunction

	 = V1

�
r �

r 2
0

r

�
sin� �

�
2�

ln r

We get the velocity components as

vr =
1
r

@	
@�

= V1

�
1 �

r 2
0

r 2

�
cos�; v � = �

@	
@r

= � V1

�
1 +

r 2
0

r 2

�
sin � +

�
2�r
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x1

x2a b

�

FL

V1
�

The velocity at the surface,r = r0, reads

vr;s = 0

v�;s = � 2V1 sin� +
�

2�r 0

I Location of the stagnation points, i.e. wherev�;s = 0. We get

2V1 sin� stag =
�

2�r 0
) � stag = arcsin

�
�

4�r 0V1

�

� max = 4�V 1 r0:

I The pressure is obtained from Bernoulli equation as (see Eq.4.72)

Cp = 1 �
v2

�;s

V 2
1

= 1 �
�

� 2 sin� +
�

2�r 0V1

� 2

= 1 � 4 sin2 � +
4� sin �
2�r 0V1

�
�

�
2�r 0V1

� 2

I Integration ofCp gives dragFD = 0 and lift FL = � �V 1 � .

{ See Section4.4.7.1, The Magnus effect
I The Magnus' effect: three applications
I Table tennis: loop
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F

FL




x1

x2

I Free-kick

F wall

goal

FL




I Flettner rotors: the Magus effect) propulsion force ofFL cos(� )

Vwind


FL

�

Vship

x1

x2

{ See Section4.4.8, The �ow around an airfoil
I Airfoil �ow
I The boundary layers,� (x1), and the wake illustrated in red.
I Lift force FL = � �V 1 �
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V1

� (x1)

x1

x2

c

Figure A.1: Airfoil. The boundary layers,� (x1), and the wake illustrated in red.x1 = 0 and
x1 = c at leading and trailing edge, respectively.

V1

Figure A.2: Airfoil. Streamlines from potential �ow. Rear stagnation point at the upper surface
(suction side).

A.5 Lecture 5

{ See Section5, Turbulence
I Turbulence
I vi = �vi + v0

i , is irregular and consists of eddies of different size
I increases diffusivity



A.5. Lecture 5 309

�

V1

Figure A.3: Airfoil. Streamlines from potential �ow with added circulation. Rear stagnation
point at the trailing edge.

x2

x1

turbulent � w = �
@v1
@x2

� w = �
@v1
@x2

laminar

I occurs at large Reynolds numbers. Pipes:ReD =
V D
�

' 2300;

boundary layers:Rex =
V L
�

' 500 000.

I is three-dimensional
I is dissipative. Kinetic energy,v0

i v
0
i =2, in the small (dissipative) eddies
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are transformed into thermal energy (increases temperature).

. . . .

�ow of kinetic energy

large scales

dissipative scales

intermediate scales

` 0 `1

`2

` �

I Dissipation" = �
@v0i
@xj

@v0i
@xj

All kinetic energy (say 90%) is �nally dissipated at the smallest (dissi-
pative) scales.

I Kinetic energy dissipative at small scales determined by", �

v� = � a "b

[m=s] = [ m2=s] [m2=s3]

1 = 2a + 2b; [m]
� 1 = � a � 3b; [s]

I This gives the Kolmogorov scales (see Eq.5.5)

v� = ( �" )1=4 ; ` � =
�

� 3

"

� 1=4

; � � =
� �

"

� 1=2

I Any periodic function,f , can be expressed as a Fourier series

f (x) =
1
2

a0 +
1X

n=1

(an cos(� nx) + bn sin(� nx)); f = v; � n =
n�
L
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an =
1
L

Z L

� L
f (x) cos(� nx)dx

bn =
1
L

Z L

� L
f (x) sin(� nx)dx

Parseval's formula states that (average over all eddies)
Z L

� L
v02(x)dx =

L
2

a2
0 + L

1X

n=1

(a2
n + b2

n )

Time-averaging (average of over time instants):

v02 =
1

2T

Z T

� T
v02dt

I Spectrum for turbulent kinetic energy,k

P k = � v0
i v

0
j
@�vi

@xj

I
E(� )

E(� ) /
� �

5=3

�

II

"
� "

III

E(� n ) / a2
n + b2

n
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k =
Z 1

0
E(� )d� =

1X

0

E(� n )� � n

P k = � v0
i v

0
j
@�vi

@xj

I
E(� )

E(� ) /
� �

5=3

�

II

"
� "

III

The turbulence spectrum is divided into three regions:

I. Large eddies carry most of the turbulent kinetic energy. They ex-
tract energy from the mean �ow.

II. Inertial subrange. Independent of both large eddies (mean �ow)
and viscosity.

III. Dissipation range. Isotropic eddies (v0
i v

0
j = c1� ij ) described by the

Kolmogorov scales.

I Turb. kinetic energy in Region II depends on" and eddy size1=� .

E = � a "b

[m3=s2] = [1=m] [m2=s3]

3 = � a + 2b; [m]
� 2 = � 3b; [s]

b= 2=3; a = � 5=3 so that

E(� ) = const.� "
2
3 � � 5

3
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I This is calledKolmogorov spectrumor � 5=3 law

P k

I
E(� )

E(� ) /
� �

5=3

�

II

"
� "

III

I Small-scale turbulence is isotropic (see Section5.3): v02
1 = v02

2 = v02
3 .

Not true instantaneously, i.e.v0
1 6= v0

2 6= v0
3.

Isotropy:if a coordinate direction is switched (i.e. rotated180o), nothing
should change.) v0

1v0
2 in both coordinate directions must be the same.

) v0
1v

0
2 = ( v0

1v
0
2)180o = � v0

1v0
2 = 0.

I On tensor form:v0
i v

0
j = const.� ij

" � �
v2

�

` �
�

v�
�

v3
�

` �
�

v3
0

`0

I Relation between largest and smallest scales (Re = v0`0=� )

v0

v�
= ( �" )� 1=4v0 =

�
�v 3

0=`0

� � 1=4
v0 = ( v0`0=� )1=4 = Re1=4

`0

` �
=

�
� 3

"

� � 1=4

`0 =
�

� 3`0

v3
0

� � 1=4

`0 =
�

� 3

v3
0`3

0

� � 1=4

= Re3=4

� o

� �
=

�
�` 0

v3
0

� � 1=2

� 0 =
�

v3
0

�` 0

� 1=2 `0

v0
=

�
v0`0

�

� 1=2

= Re1=2

� This explains why DNS (Direct Numerical Simulation) is too ex-
pensive at high Re numbers: a doubling of Re number)

23=4

x1 dir

� 23=4

x2 dir

� 23=4

x3 dir

� 21=2

time
= 2 11=4 ' 7 (A.19)

times increase in computational effort
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A.6 Lecture 6

{ See Section6, Turbulent mean �ow
I The continuity and the N-S for incompr. �ow with const.�

@vi
@xi

= 0; �
@vi
@t

+ �
@vi vj

@xj
= �

@p
@xi

+ �
@2vi

@xj @xj

Decompose the variables and time average

vi = �vi + v0
i ; p = �p + p0

@�vi + v0
i

@xi
=

@�vi

@xi
+

�
�

� �7
0

@v0
i

@xi
=

@�vi

@xi
@vi vj

@xj
=

@
@xj

�
( �vi + v0

i )( �vj + v0
j )

	
=

@
@xj

�
�vi �vj + �vi v0

j + �vj v0
i + v0

i v
0
j

�

=
@

@xj

 

�vi �vj + �vi �
�7

0
v0

j + �vj � ��
0

v0
i + v0

i v
0
j

!

=
@�vi �vj

@xj
+

@v0
i v

0
j

@xj

I The steady RANS (Reynolds-Averaged Navier-Stokes) equations, see
Eq.6.9

@�vi

@xi
= 0; �

@�vi �vj

@xj
= �

@�p
@xi

+
@

@xj

�
�

@�vi

@xj
� � v0

i v
0
j

�

� ij;tot

{ See Section6.1.1, Boundary-layer approximation
I RANS in developing boundary layer �ow

�v2 � �v1;
@�v1

@x1
�

@�v1

@x2
;

� �v1
@�v1

@x1
+ � �v2

@�v1

@x2
= �

@�p
@x1

+
@

@x2

�
�

@�v1

@x2
� � v0

1v0
2

�

� tot

I Left side: each term include one large (�v1 and@=@x2) and one small
(�v2 and@=@x1) part

{ See Section6.2, Wall region in fully developed channel �ow
I RANS in fully developed channel �ow

0 = �
@�p
@x1

f (x1 )

+
@

@x2

�
�

@�v1

@x2
� � v0

1v0
2

�

g(x2 )

= �
@�p
@x1

+
@�tot

@x2
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Integration fromx2 = 0 to x2 gives

� tot (x2) � � w =
@�p
@x1

x2 ) � tot = � w +
@�p
@x1

x2 = � w

�
1 �

x2

�

�

Last equality:�
@�p
@x1

=
� w

�
(force balance)

I lower half of channel

0 0.2 0.4 0.6 0.8 1
0

500

1000

1500

2000

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x+ 2

x 2
=

�

0.2 0.4 0.6 0.8 1
0

100

200

0.2 0.4 0.6 0.8 1
0

0.05

0.1

x+ 2

x 2
=

�

a) full view b) zoom
: � � v0

1v0
2=�w ; : � (@�v1=@x2)=�w .

I The different wall regions

I

W
all

C
enterline

x+
2 = y+

1 5 10 30 100 1000 10000

10� 4 10� 3 10� 2 10� 1 1

x2=�

viscous region

buffer region

overlap region

log-law region

inner region

outer region

I Wall shear stress (see Eq.6.21)
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� w = �
@�v1

@x2

�
�
�
�
w

� �u 2
� ) u� =

�
� w

�

� 1=2

; x+
2 =

x2u�

�

I The linear velocity law

@�v1

@x2

�
�
�
�
w

=
� w

�
=

�u 2
�

�
=

u2
�

�

Integration gives (recall that both� andu2
� are constant), see Eq.6.24

�v1 =
1
�

u2
� x2 + C1 =

1
�

u2
� x2 or �v+

1 = x+
2

I The log-law (turbulent region), see Eq.6.33
Velocity scale:u� ; length scale:̀ / x2 ) ` = �x 2

@�v1

@x2
=

u�

�x 2
)

@�v1=u�

@(x2u� =� )
=

1
� (x2u� =� )

)
@�v+

1

@x+2
=

1
�x +

2
) �v+

1 =
1
�

ln x+
2 + B

1 10 100 1000

4

8

12

16

20

24

�v 1
=

u �

x+
2Velocity pro�les in fully developed channel �ow.

I N.B. �v1;centerline =u� = 24 ) good estimate foru� (�v1;centerline =u�

increases weakly with Reynolds number)
Example: channel �ow (or boundary layer),x+

2 = 1 gives

water: x2 = �x +
2 =u� = 1�10� 6�1=(1=24) = 2:4�10� 5m = 2:4�10� 2mm

air: x2 = �x +
2 =u� = 15 � 1� 6 � 1=(1=24) = 3:6� 10� 4m = 3:6� 10� 1mm

� �=x 2 (at x+
2 = 1) is an estimate of ratio of largest to smallest tur-

bulent length scales (� is boundary layer thickness or channel half
width)
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� estimate of" : u3
� =�

{ See Section6.3, Reynolds stresses in fully developed channel �ow
I Symmetry plane of channel �ow� 32;tot = � 32 � � v0

3v0
2

x2

x3

� 32;tot

� 32 = �
�

@�v3

@x2
+

@�v2

@x3

�
= 0; � v0

3v0
2 = � � t

�
@�v3

@x2
+

@�v2

@x3

�
= 0

because�v3 = @=@x3 = 0 (note thatv0
3v0

3 6= 0)
I Normal Reynolds stresses
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2000

x+
2

: � v02
1 =�w; : � v02

2 =�w ; : � v02
3 =�w

I Forces on a �uid element

0 = �
@�p
@x1

+
@

@x2

�
�

@�v1

@x2
� � v0

1v0
2

�
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x 2
=

�

Shear stresses. : � � v0
1v0

2=� w ; : � (@�v1=@x2)=� w .
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Gradient of shear stresses. : � � (@v0
1v0

2=@x2)=� w ; : � (@2 �v1=@x22)=� w ; :
� (@�p=@x1)=� w .

I Forces in a boundary layer. The red (dashed line) and the blue(solid
line) �uid particle are located atx+

2 ' 400andx+
2 ' 20, respectively
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� �
@v0

1v0
2

@x2
�

@2�v1

@x22

�
@�p
@x1

� �
@v0

1v0
2

@x2

0 1
0

1

�v1

x2
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A.7 Lecture 7

{ See Section8.1, Rules for time averaging
I Time averaging

�v =
1

2T

Z T

� T
vdt: (A.20)

I What is the difference betweenv0
1v0

2 andv0
1 v0

2? UsingA.20 we get

v0
1v

0
2 =

1
2T

Z T

� T
v0

1v0
2dt:

whereas

v0
1 v0

2 =
�

1
2T

Z T

� T
v0

1dt
� �

1
2T

Z T

� T
v0

1dt
�

(which is zero)
I What is the difference betweenv02

1 andv0
1

2
? UsingA.20 we get

v02
1 =

1
2T

Z T

� T
v02dt:

whereas

v0
1

2
=

�
1

2T

Z T

� T
v0dt

� 2

:

(which is zero)

I Show that�v1v02
1 = �v1v02

1 . UsingA.20 we get

�v1v02
1 =

1
2T

Z T

� T
�v1v02

1 dt

and since�v does not depend ont we can take it out of the integral as

�v1
1

2T

Z T

� T
v02

1 dt = �v1v02
1

I Show that�v1 = �v1. UsingA.20 we get

�v1 =
1

2T

Z T

� T
�v1dt

and since�v does not depend ont we can take it out of the integral as

�v1
1

2T

Z T

� T
dt = �v1

1
2T

2T = �v1
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I RANS (see Eq.6.9)

�
@�vi �vj

@xj
= �

@�p
@xi

+
@

@xj

�
�

@�vi

@xj
� � v0

i v
0
j

�

{ See Section11.6, The Boussinesq assumption
I The RANS equations read (see Eq.6.10)

�
@�vi �vj

@xj
= �

@�p
@xi

+
@

@xj

�
�

@�vi

@xj
� � v0

i v
0
j

�

� The last term, the Reynolds stress, is unknown.

� It must be modeled

� This is called theclosure problem

� We need aturbulence model

I Write the diffusion term above for incompressible �ow and without
assuming constant viscosity (see Eq.2.5)

@
@xj

�
�

�
@�vi

@xj
+

@�vj

@xi

�
� v0

i v
0
j

�
(A.21)

We want to replacev0
i v

0
j by a turbulent viscosity,� t :

@
@xj

�
(� + � t )

�
@�vi

@xj
+

@�vj

@xi

��
(A.22)

Identi�cation of Eqs.A.21 andA.22 gives (see Eq.11.32)

� v0
i v

0
j = � t

�
@�vi

@xj
+

@�vj

@xi

�

This equation is not valid upon contraction. Hence (see Eq.11.33)

v0
i v

0
j = � � t

�
@�vi

@xj
+

@�vj

@xi

�
+

1
3

� ij v0
kv0

k = � 2� t �sij +
2
3

� ij k (A.23)

� : different for different �uids (air, water, . . . )

� t : depends on the �ow, i.e.� t = � t (x i )

{ See Section8.2, The Exactk Equation
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I k = v0
i v

0
i =2 appears in the expression for the turbulence viscosity. The

�rst step is to derive thek equation. Start by the N-S forv0
i , multiply by

v0
i and time average

v0
i

@
@xj

[vi vj � �vi �vj ] =

�
1
�

v0
i

@
@xi

[p � �p]

IV

+ � v0
i

@2

@xj @xj
[vi � �vi ]

V

+
@v0

i v
0
j

@xj
v0

i

VI

Usingvj = �vj + v0
j , the left side can be rewritten as

v0
i

@
@xj

�
(�vi + v0

i )(�vj + v0
j ) � �vi �vj

�
= v0

i
@

@xj

2

4 �vi v0
j

I

+ v0
i �vj

II

+ v0
i v

0
j

III

3

5:

I Term I is rewritten as

v0
i

@
@xj

�
�vi v0

j

�
= v0

i v
0
j
@�vi

@xj
+

�
�

�
���

0

�vi v0
i

@v0j
@xj

cont.eq.

= v0
i v

0
j
@�vi

@xj

I Term II

v0
i

@
@xj

(v0
i �vj ) =

cont. eq.
�vj v0

i
@v0i
@xj

=
Trick 2

�vj
@

@xj

 
v0

i v
0
i

2

!

= �vj
@k
@xj

I Term III

v0
i

@
@xj

�
v0

i v
0
j

�
=

cont. eq.
v0

j

�
v0

i
@v0i
@xj

�
=

Trick 2
v0

j
@

@xj

�
v0

i v
0
i

2

�
=

cont. eq.

@
@xj

 
v0

j v
0
i v

0
i

2

!

I First term on the right side (Term IV)

�
1
�

v0
i
@p0

@xi
=

cont. eq.
�

1
�

@p0v0
i

@xi

I Second term on the right side (Term V)

� v0
i

@2v0
i

@xj @xj
=

Trick 1
�

@
@xj

�
@v0i
@xj

v0
i

�
� �

@v0i
@xj

@v0i
@xj

=
Trick 2

�
@

@xj

�
1
2

�
@v0i v

0
i

@xj

��
� �

@v0i
@xj

@v0i
@xj

= �
@2k

@xj @xj
� �

@v0i
@xj

@v0i
@xj



A.7. Lecture 7 323

I Third term on the right side (Term VI)

@v0
i v

0
j

@xj
v0

i =
@v0

i v
0
j

@xj
v0

i = 0

I We �nally get (see Eq.8.14)

@�vj k
@xj

I

= � v0
i v

0
j
@�vi

@xj
II

�
@

@xj

�
1
�

v0
j p0+

1
2

v0
j v

0
i v

0
i � �

@k
@xj

�

III

� �
@v0i
@xj

@v0i
@xj

IV

The terms have the following meaning.

I. Convection.

II. Production , P k . The large turbulent scales extract energy from the
mean �ow. It is largest for small wavenumbers. It can be written as
P k = � v0

i v
0
j
�Sij , see Eq.8.15. Hence only�Sij creates turbulence,

not �
 ij

III. The two �rst terms representturbulent diffusion by pressure-
velocity �uctuations, and velocity �uctuations, respectively. The
last term is viscous diffusion.

IV. Dissipation, " . It is largest for high wavenumbers,

P k

I
E(� )

�

II

"
� "

III

I The transport equation fork in symbolic form reads (see Eq.8.16)

Ck = P k + D k � "
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{ See Section8.3, The Exactk Equation: 2D Boundary Layers
I In 2D boundary-layer �ow,@=@x2 � @=@x1, �v2 � �v1, we get

@�v1k
@x1

+
@�v2k
@x2

= � v0
1v0

2
@�v1

@x2
�

@
@x2

�
1
�

p0v0
2 +

1
2

v0
2v

0
i v

0
i � �

@k
@x2

�
� �

@v0i
@xj

@v0i
@xj
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a) Zoom near the wall; b) Outer region. : P k ; : � " ; O:
� @v0p0=@x2; + : � @v0

2v0
i v

0
i =2=@x2; � : �@2k=@x22.

I The production term� v0
1v0

2
@�v1

@x2
Velocity gradient
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A.8 Lecture 8

{ See Section8.6, The transport equation for�vi �vi =2
I The main source term ink eq is the production term,P k . This means
thatk gets energy viaP k . From where?
I Answer: fromK = �vi �vi =2. Let's derive the transport eq. forK .
Multiply the RANS equations by�vi so that

�vi

�
@�vi �vj

@xj

�

I

= �vi

0

B
@�

1
�

@�p
@xi

II

+ �
@2�vi

@xj @xj
III

�
@v0

i v
0
j

@xj
IV

1

C
A

Term I:

�vi
@�vi �vj

@xj
= �vi �vj

@�vi

@xj
+ �vi

�
�

���
0

�vi
@�vj

@xj
=

1
2

�vj
@�vi �vi

@xj
=

@�vj K
@xj

Term II:

� �vi
@�p
@xi

main source term in, for example, channel �ow
�

� �v1
@�p
@x1

> 0
�

Term III:

� �vi
@

@xj

�
@�vi

@xj

�
= �

@
@xj

0

B
B
@ �vi

@�vi

@xj
@=@j (�vi �vi =2)

1

C
C
A � �

@�vi

@xj

@�vi

@xj
= �

@2K
@xj @xj

� �
@�vi

@xj

@�vi

@xj
:

Term IV:

� �vi
@v0

i v
0
j

@xj
= �

@�vi v0
i v

0
j

@xj
+ v0

i v
0
j
@�vi

@xj
:

I K = 1
2 �vi �vi eq. (see Eq.8.39)

@�vj K
@xj

= v0
i v

0
j
@�vi

@xj
� P k ; sink

�
�vi

�
@�p
@xi

source

�
@

@xj

�
�vi v0

i v
0
j � �

@K
@xj

�
� �

@�vi

@xj

@�vi

@xj
" mean ; sink

I k = 1
2v0

i v
0
i eq. (see Eq.8.14)

@�vj k
@xj

= � v0
i v

0
j
@�vi

@xj
P k ; source
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v0
j p0+
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v0
j v

0
i v

0
i � �

@k
@xj
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@v0i
@xj

@v0i
@xj

"; sink
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K kP k

� T

" mean "

Figure A.4: Transfer of energy between mean kinetic energy (K ), turbulent kinetic energy (k)
and internal energy (denoted as an increase in temperature,� T ). K = 1

2 �vi �vi andk = 1
2 v0

i v
0
i .

{ See Section11.5, The" equation
I Now we need to model the turbulent viscosity, see Eq.A.23. It is esti-
mated as a turbulent velocity �uctuation times a turbulent length scale

� t / UL

The velocity scale is taken ask1=2. Recall that we have an estimate for
the dissipation as" / U 3=L , see Eq.5.14. This givesL / k3=2=" which
gives

� t = C�
k2

"
whereC� = 0:09.

{ See Section11.7.1, Production terms
I We need modelledk and" eqns. The exactk eq. reads (see Eq.8.14)

@�vj k
@xj

= � v0
i v

0
j
@�vi

@xj
�

@
@xj

�
1
�

v0
j p0+

1
2

v0
j v

0
i v

0
i � �

@k
@xj

�
� �

@v0i
@xj

@v0i
@xj
(A.24)

I Production term needs to be modelled.

P k = � v0
i v

0
j
@�vi

@xj
= � t

��
@�vi

@xj
+

@�vj

@xi

�
�

2
3

� ij k
�

@�vi

@xj
= 2� t �sij �sij

I Also the diffusion term needs to be modeled. Example: heat �ux is
modelled as (see Eq.11.35)

v0
i � 0 = �

� t

� t

@��
@xi

I The diffusion term ink eq, Eq.A.24, is modelled as
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1
2

v0
j v

0
i v

0
i = �

� t

� k

@k
@xj

) �
1
2

@v0
j v

0
i v

0
i

@xj
=

@
@xj

�
� t

@k
@xj

�

{ See Section11.8, Thek � " model
I Modelledk equation

@k
@t

+ �vj
@k
@xj

= 2� t �sij �sij +
@

@xj

��
� +

� t

� k

�
@k
@xj

�
� "

I " equation

C" = P " + D " � 	 "

Use the same source terms as ink equation and add turbulent time-scale
"=k to get the right dimensions:

P " � 	 " =
"
k

(c" 1P k � c" 2" )

I The �nal form of the modelled" equation (see Eq.11.98)

@"
@t

+ �vj
@"
@xj

=
"
k

(c" 1P k � c" 2" ) +
@

@xj

��
� +

� t

� "

�
@"
@xj

�

I Note that we have here omitted the buoyancy terms (they are included
in Eqs.11.97and11.98)
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I Summary of thek � " model.

� The Reynolds stress tensor,v0
i v

0
j , needs to be modeled, see Eq.6.10

� We use the Boussinsq assumption, see Eq.11.33, to replace the
unknownv0

i v
0
j with the turbulent viscosity,� t (a new unknown).

� We make a model for� t , see Eq.11.99, which includesk and"

� We formulate modeled equations fork (Eq. 11.97) and "
(Eq.11.98)

� Now we have closed Eq.6.10. The equations we need to solve are

– The time-averaged continuity equation (Eq.6.9)

– Three time-averaged Navier-Stokes equations (Eq.6.10)

– Two equations fork and" (Eq.11.97) and" (Eq.11.98)

– The equation for turbulent viscosity,� t = C� k2=" (Eq.11.99)
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A.9 Lecture 9

{ See Section11.14, Wall boundary conditions
I Two options for treating the wall boundary conditions.

� Coarse mesh near the walls. Assume that the logarithmic law ap-
plies. This is calledwall functions

� Fine mesh. Modify the turbulence models to account for the vis-
cous effects. This is calledLow-Reynolds number models

{ See Section11.14.1, Wall Functions

x1

x2

P

wall

�x 2

Wall-adjacent cell.

I When using wall-functions, we don't resolve the boundary layer. The
�rst cell center (the wall-adjacent) is placed in the log-law region (30 <
x+

2 < 400) and weassumethat the velocity follows the log-law
I The log-law reads (see Eq.6.33)

�v1

u�
=

1
�

ln
� u� x2

�

�
+ B

It is re-written as

�v1

u�
=

1
�

ln
�

Eu � x2

�

�
; E = 9:0; B =

1
�

ln E

Friction velocity is computed as (see Eq.11.140)

u� =
� �v1;P

ln(Eu � �x 2=� )

(subscriptP denotes the wall-adjacent cell) It is obtained by iteration.
Then� w = �u 2

� is used a force wall boundary condition.

I B.c. for k and". In the log-region, the production and dissipation in
thek eq. balance each other (see Fig.8.3b) which gives (see Eq.11.141)
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0 = P k � �" = � t

�
@�v1

@x2

� 2

� �": (A.25)

In the log-region (see Fig.6.3b)

� w = � � v0
1v0

2 = � t
@�v1

@x2
(A.26)

Inserting Eq.A.26 into Eq.A.25 gives

0 =
v0

1v
0
2

2

� t
� " =

u4
�

� t
� "

which with � t = C� k2=" gives (see Eq.11.145)

kP = C � 1=2
� u2

� ; C� = 0:09

I " .

� Velocity gradient in log-region: when deriving the log-lawwe as-
sumed (see Eq.6.28): @�v1=@x2 ' u� =(�x 2)

� Shear stress in log-region� v0
1v0

2 ' u2
� , see Eq.6.26and Fig.6.3

Eq.A.25 gives (see Eq.11.146)

"P = P k =
u3

�

��x 2
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{ See Section11.14.2, Low-Re Number Turbulence Models
I In Low-Re number models weresolvethe boundary layer, i.e. we use
a re�ned grid near the wall. The wall-adjacent cell atx+

2 < 1. B.c. for
velocity isvi = 0.

However, the turbulence near the wall is not fully turbulent: the viscous
effect is large. We must modify the turbulence model.

I We start by analyzing the turbulence near the wall. Make a Taylor
expansion of the �uctuating velocity,v0

i , near the wall (also valid for�vi )

v0
1 = a0 + a1x2 + a2x2

2 + : : :

v0
2 = b0 + b1x2 + b2x2

2 + : : :

v0
3 = c0 + c1x2 + c2x2

2 + : : :

(A.27)

At the wall,v0
1 = v0

2 = v0
3 = 0 which givesa0 = b0 = c0.

Furthermore@v01=@x1 = @v03=@x3 = 0: continuity equation gives
@v02=@x2 = 0 so thatb1 = 0. EquationA.27 now reads

v0
1 = a1x2 + a2x2

2 + : : :
v0

2 = b2x2
2 + : : :

v0
3 = c1x2 + c2x2

2 + : : :
(A.28)

Using Eq.A.28 we can write

v02
1 = a2

1x2
2 + : : : = O(x2

2)
v02

2 = b2
2x4

2 + : : : = O(x4
2)

v02
3 = c2

1x
2
2 + : : : = O(x2

2)
v0

1v0
2 = a1b2x3

2 + : : : = O(x3
2)

k = ( a2
1 + c2

1)x
2
2 + : : : = O(x2

2)
@�v1=@x2 = a1 + : : : = O(x0

2)
@v01=@x2 = a1 + : : : = O(x0

2)
@v02=@x2 = 2b2x2 + : : : = O(x1

2)
@v03=@x2 = a1 + : : : = O(x0

2)

(A.29)

{ See Section11.14.3, Low-Rek � " Models
I Now let's compare the exact and the modeledk eq. near the wall
The exactk eq. (see Eq.8.14)
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� �v1
@k
@x1

+ � �v2
@k
@x2

= � � v0
1v0

2
@�v1

@x2| {z }
O(x3

2)

�
@p0v0

2

@x2
�

@
@x2

�
1
2

�v 0
2v0

i v
0
i

�

| {z }
O(x3

2)

+ �
@2k
@x22

� �
@v0i
@xj

@v0i
@xj| {z }

O(x0
2)

The modeledk eq. (see Eq.11.97)

� �v1
@k
@x1

+ � �v2
@k
@x2

= � t

�
@�v1

@x2

� 2

| {z }
O(x4

2)

+
@

@x2

�
� t

� k

@k
@x2

�

| {z }
O(x4

2)

+ �
@2k
@x22

� �"
|{z}

O(x0
2)

We used� t = C�
k2

"
=

O(x4
2)

O(x0
2)

= O(x4
2)

� the exact and the modeled dissipation term behave in the sameway

� this is not true for the production term and the turbulent diffusion
term

I To make the modeled production term behave asO(x3
2), replaceC�

with C� f � (damping function) wheref � / O (x � 1
2 )

This �xes also the modeled turb. diffusion term

I Now we look at the modeled" eq. (see Eq.11.156)

� �v1
@"
@x1| {z }

O(x1
2)

+ � �v2
@"
@x2| {z }

O(x2
2)

= C" 1
"
k

P k

| {z }
O(x1

2)

+
@

@x2

�
� t

� "

@"
@x2

�

| {z }
O(x2

2)

+ �
@2"
@x22| {z }

O(x0
2)

� C" 2�
"2

k| {z }
O(x � 2

2 )
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where we assumed that the production termP k has been suitable modi-
�ed so thatP k = O(x3

2). The only terms that are non-zero whenx2 ! 0
are the viscous diffusion term and the destruction term.

I But they can't balance each other since the �rst is/ O (x0
2) and the

second/ O (x � 2
2 ).

We �x this by multiplying the destruction term byf 2 / O (x2
2)

{ See Section11.14.5, Different ways of prescribing" at or near the wall
I Boundary condition fork (sincev0

i ! 0 near the wall)

k = 0

I Boundary condition for" : look at thek eq. near the wall. The only
non-vanishing terms are

0 = �
@2k
@x22

� �": (A.30)

which gives (see Eq.11.160)

"wall = �
@2k
@x22

:

I Eq.A.30can be used to get alternative boundary conditions of" . Exact
form of the dissipation term near the wall reads (see Eq.8.27)

" = �

( �
@v01
@x2

� 2

+
�

@v03
@x2

� 2
)

where we have assumed@=@x2 � @=@x1 ' @=@x3 and @v01=@x2 '
@v03=@x2 � @v02=@x2. Taylor expansion gives (see Eq.A.28)

" = �
�

a2
1 + c2

1

�
+ : : : (A.31)

The turbulent kinetic energy (see Eq.A.28)

k =
1
2

�
a2

1 + c2
1

�
x2

2 + : : : (A.32)

so that  
@

p
k

@x2

! 2

=
1
2

�
a2

1 + c2
1

�
+ : : : (A.33)
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Eqs.A.31 andA.33 gives

"wall = 2�

 
@

p
k

@x2

! 2

:

I Often the following boundary condition is used (see Eq.11.166)

"wall =
2�k
x2

2
(A.34)

where we have assumeda1 = c1 in Eqs.A.31 andA.32 so that

" = 2� a2
1

k = a2
1x

2
2

which gives Eq.A.34.
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� Summary of the low-Re number model.

– Fine mesh near the wall. The �rst cell center is located at
x+

2 . 1.

– This means that standard wall b.c. can be used, i.e.�v1 = �v2 =
�v3 = k = 0.

– There are different options for the wall b.c. for" : usually"P =
2�k= (x2

2) is prescribed for the wall-adjacent cells

� Summary of wall-functions.

– Coarse mesh near the wall. The �rst cell center is located at
30 . x+

2 . 400. The point is located in the log region.

– Friction velocity,u� , computed from the log-law.

– A force/area b.c. is used for the wall-parallel velocity compo-
nent:� w = �u 2

�

– In the log-region we know that thek equation can be simpli�ed
as0 = P k � " which giveskP = C � 1=2

� u2
� (kP is prescribed

for the wall-adjacent cells)

– We use the simpli�edk equation also for" : 0 = P k � " gives
"P = u3

� =(�x 2) ("P is prescribed for the wall-adjacent cells)
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B Introduction to tensor notation

The convection-diffusion equation for temperature reads

@
@x1

(�v 1T) +
@

@x2
(�v 2T) +

@
@x3

(�v 3T) =

@
@x1

�
�

@T
@x1

�
+

@
@x2

�
�

@T
@x2

�
+

@
@x3

�
�

@T
@x3

�

Using tensor notation it can be written as

@
@xj

(�v j T) =
@

@xj

�
�

@T
@xj

�

The Navier-Stokes equation reads (incompressible and� = const:)

@
@x1

(v1v1) +
@

@x2
(v2v1) +

@
@x3

(v3v1) =

�
1
�

@p
@x1

+ �
�

@2v1

@x21
+

@2v1

@x22
+

@2v1

@x23

�

@
@x1

(v1v2) +
@

@x2
(v2v2) +

@
@x3

(v3v2) =

�
1
�

@p
@x2

+ �
�

@2v2

@x21
+

@2v2

@x22
+

@2v2

@x23

�

@
@x1

(v1v3) +
@

@x2
(v2v3) +

@
@x3

(v3v3) =

�
1
�

@p
@x3

+ �
�

@2v3

@x21
+

@2v3

@x22
+

@2v3

@x23

�

Using tensor notation it can be written as

@
@xj

(vj vi ) = �
1
�

@p
@xi

+ �
@2vi

@xj @xj
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a: A tensor of zeroth rank (scalar)

ai : A tensor of �rst rank (vector)
ai = (2 ; 1; 0)

aij : A tensor of second rank (tensor)
A common tensor in �uid mechanics (and solid mechanics) is the stress tensor� ij

� ij =

0

@
� 11 � 12 � 13

� 21 � 22 � 23

� 31 � 32 � 33

1

A

It is symmetric, i.e.� ij = � ji . For fully, developed �ow in a 2D channel (�ow between
in�nite plates) � ij has the form:

� 12 = � 21 = �
dv1

dx2

and the other components are zero. As indicated above, the coordinate directions
(x1; x2; x3) correspond to (x; y; z), and the velocity vector (v1; v2; v3) corresponds to
(u; v; w).

B.1 What is a tensor?

A tensor is aphysicalquantity. Consequently it is independent of which coordinate
system. The tensor of rank one (vector)bi below

is physically the same expressed in the coordinate system (x1; x2)

x1

x2

wherebi = (1 =
p

2; 1=
p

2; 0)T and in the coordinate system (x10; x20)

x10
x20

wherebi 0 = (1 ; 0; 0)T . The tensor is the same even if itscomponentsare different.
The stress tensor� ij is a physical quantity which expresses the stress experienced

by the �uid (or the solid); this stress is the same irrespective of coordinate system.
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B.2 Examples of equations using tensor notation

B.2.1 Newton's second law

m
d2x
dt2 = F

which on component form reads

m
d2x1

dt2 = F1

m
d2x2

dt2 = F2

m
d2x3

dt2 = F3:

(B.1)

On tensor notation:

m
d2x i

dt2 = Fi

When an index appears once in each term (a free index) it indicates that the whole
equation should be applied in each coordinate direction, cf. Eq.B.1.

B.2.2 Divergencer � v = 0

The equation above reads

@v1
@x1

+
@v2
@x2

+
@v3
@x3

= 0 ,
3X

i =1

@vi
@xi

= 0 (B.2)

In tensor notation the following rule is introduced: if an index appears twice (a dummy
index) within a term, we should apply summation over this index. Normally the sum-
mation is taken from 1 to 3 (the three coordinate directions). If our coordinate system
is 2D, the summation goes, of course, only from 1 to 2.

EquationB.2 is thus written as

@vi
@xi

= 0 : (B.3)

Note that, since the dummy index implies a summation over each term, it can be inter-
changed against any index, i.e.

@vk
@xk

= 0 :

is exactly the same equation as Eq.B.3. EquationB can, for example, be written as

@
@x̀

(v` vm ) = �
1
�

@p
@xm

+ �
@v2m

@xk @xk

where different dummy indices have been used (` and k); this is perfectly correct,
because the summation is carried out for each term separately. What is not allowed,
however, it to choose the dummy index same as the free index, i.e. for the equation
above we are not allowed to usem as a dummy index.
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B.2.3 The left-hand side of Navier-Stokesv` @vm =@x̀

For simplicity, let's assume 2D. The left-hand side of the equation above includes both
a free index (m) and a dummy index (`). Let's �rst write out the summation on com-
ponent form so that

v1
@vm
@x1

+ v2
@vm
@x2

:

The free index indicates that the equation should be writtenin each coordinate direction
(x1 andx2 in this case, since we have assumed 2D �ow), cf. Eq.B.1, i.e.

v1
@v1
@x1

+ v2
@v1
@x2

v1
@v2
@x1

+ v2
@v2
@x2

B.3 Contraction

If two free indices are set equal, they are turned into dummy indices, and the rank of
the tensor is decreased by two. This is calledcontraction.If the tensor equation

aij = bj cdi � f ij

is contracted, the result is
aii = bi cdi � f ii :

For a tensor of rank two,aij , contraction is simply summation of the diagonal elements,
i.e. a11 + a22 + a33.

B.4 Two Tensor Rules

B.4.1 The summation rule

A summation over a dummy index corresponds to a scalar product or a divergence; it
should not appear more than twice. The following expressions are not valid:

akkk = 0 ; aiik bij = dkj ; ai bi ci = d

B.4.2 Free Index

In an expression the free index (indices) must be the same in all terms The following
expressions are not valid:

aikk = bj ; ci ai bj = dk ; aij djk = cim

B.5 Special Tensors

B.5.1 Kroenecker's� (identity tensor)

It is de�ned as

� ij =
�

1 i = j
0 i 6= j
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Contraction of� ij yields

� ii = � 11 + � 22 + � 33 = 3

Another example of contraction can now be given. We have the expression for the
turbulent stress tensor based on the Boussinesq hypothesis(see Eq.11.33)

� v0
i v

0
j = � � t

�
@�vi

@xj
+

@�vj

@xi

�
+

2
3

� ij �k: (B.4)

Contraction gives

� ui ui = � 2� t
@�vi

@xi
+

2
3

� ii �k = � 2� t
@�vi

@xi
+ 2 �k:

For incompressible �ow the �rst term on the right-hand side is zero (due to continuity)
so that

ui ui = 2 k;

which actually is the de�nition ofk. Thus Eq.B.4 is valid upon contraction; this should
always be the case. As can be seen, contraction of Eq.B.4 corresponds simply to the
sum of the diagonal components (elements 11, 22 & 33).

B.5.2 Levi-Civita's " ijk (permutation tensor)

It is de�ned as

" ij =

8
<

:

1 if (i; j; k ) are cyclic permutations of (1; 2; 3)
0 if at least two indices are equal
� 1 otherwise

(B.5)

Examples:

"123 = 1 ; "132 = � 1; "113 = 0

"312 = 1 ; "321 = � 1; "233 = 0

B.6 Symmetric and antisymmetric tensors

A tensoraij is symmetric ifaij = aji .
A tensorbij is antisymmetric ifbij = � bji . It follows that for an antisymmetric

tensor all diagonal components must be zero (for example,b11 = � b11 ) b11 = 0 ).
The (inner) product of a symmetric and antisymmetric tensoris always zero. This

can be shown as follows:

aij bij = aji bij = � aji bji = � aij bij ;

where we �rst used the fact thataij = aji (symmetric), then thatbij = � bji (antisym-
metric), and �nally we interchanged the indicesi andj , since they are dummy indices.
Thus the product must be zero.

This can of course also be shown be writing outaij bij on component form, i.e.

aij bij = a11b11 + a12b12 + a13b13 + : : : + a32b32 + a33b33 = 0
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By inserting

a12 = a21; a13 = a31; a23 = a32

b11 = b22 = b33 = 0

b12 = � b21; b13 = � b31; b23 = � b32

the relation above, i.e.aij bij = 0 , is veri�ed.

B.7 Vector Product

The vector cross product
c = a � b

is on tensor notation written
ci = " ijk aj bk : (B.6)

This is easily shown by writing it on component form. Using Sarrus' rule we get

c =

0

@
x y z
a1 a2 a3

b1 b2 b3

1

A = ( a2b3 � a3b2; a3b1 � a1b3; a1b2 � a2b1)T

We �nd that the �rst component of Eq.B.6 is

c1 = "1jk aj bk =

= "111a1b1 + "112a1b2 + "113a1b3

+ "121a2b1 + "122a2b2 + "123a2b3

+ "131a3b1 + "132a3b2 + "133a3b3

= "123a2b3 + "132a3b2 = a2b3 � a3b2:

Recall that" ijk is zero if any two indices are equal (see Eq.B.5, p.340).

B.8 Derivative Operations

B.8.1 The derivative of a vectorB :

Tensor notation Vector notation
@Bi
@xj

grad(B ) or r B

The result is a tensor of rank two (rank ofB i plus one)

B.8.2 The gradient of a scalara:

Tensor notation Vector notation
@a
@xj

grad(a) or r a

The result is avector.
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B.8.3 The divergence of a vectorB :

Tensor notation Vector notation
@Bj
@xj

div(B ) or r � B

The result is ascalar.

B.8.4 The curl of a vectorB :

Tensor notation Vector notation

" ijk
@Bk
@xj

curl(B ) or r � B

The result is avector.

B.8.5 The Laplace operator on a scalara:

Tensor notation Vector notation
@2a

@xj @xj
r � (r a) = r 2a

The result is ascalar.

B.9 Integral Formulas

Stokes theorem I

C
B � dx =

Z

S
(r � B ) � dS;

where the surfaceS is bounded by the lineC. On tensor notation:
I

C
B i dxi or

Z

S
" ijk

@Bk
@xj

dSi :

Gauss theorem Z

S
B � dS =

Z

V
r � B dV;

where the volume V is bounded by the surfaceS. On tensor notation:
Z

S
B i dSi or

Z

V

@Bi
@xi

dV

B.10 Multiplication of tensors

Two tensors can be multiplied in two ways: either the number of free indices is reduced
by two (inner product), or it is unchanged (outer product). The product

aijk bk` = cij`

represents an inner product; the rank of the product is the sum of the rank of the two
tensors (3 + 2 = 5 ) on the left-hand side minus two (5 � 3 = 2). An outer product
between the two tensors reads

aijk bm` = dijk`m :
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Now the rank of the resulting tensordijk`m (rank5) is the sum of the rank of the two
tensors (3 + 2 = 5 ).
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C TME226: � � � identity

THE � � � identity reads

� inm � mjk = � min � mjk = � nmi � mjk = � ij � nk � � ik � nj

In TableC.1the components of the� � � identity are given.

i n j k � inm � mjk � ij � nk � � ik � nj

1 2 1 2 � 12m � m 12 = � 123� 312 = 1 � 1 = 1 1 � 0 = 1
2 1 1 2 � 21m � m 12 = � 213� 312 = � 1 � 1 = � 1 0 � 1 = � 1
1 2 2 1 � 12m � m 21 = � 123� 321 = 1 � � 1 = � 1 0 � 1 = � 1

1 3 1 3 � 13m � m 13 = � 132� 213 = � 1 � � 1 = 1 1 � 0 = 1
3 1 1 3 � 31m � m 13 = � 312� 213 = 1 � � 1 = � 1 0 � 1 = � 1
1 3 3 1 � 13m � m 31 = � 132� 231 = � 1 � 1 = � 1 0 � 1 = � 1

2 3 2 3 � 23m � m 23 = � 231� 123 = 1 � 1 = 1 1 � 0 = 1
3 2 2 3 � 32m � m 23 = � 321� 123 = � 1 � 1 = � 1 0 � 1 = � 1
2 3 3 2 � 23m � m 32 = � 231� 132 = 1 � � 1 = � 1 0 � 1 = � 1

Table C.1: The components of the� � � identity which are non-zero.
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D TME226 Assignment 1 in 2024: laminar �ow in a
channel

YOU will get results of a developing two-dimensional channel �ow (i.e. �ow be-
tween two parallel plates), see Fig.D.1. The �ow is steady and incompressible.

The simulations have been done with Calc-BFC [199]. The inlet boundary condition
(left boundary) isv1 = Vin = 0 :9. The height of the channel ish = 0 :01m and
L = 0 :6385m; the �uid is air of 20oC.

You'll use data from a coarse DNS. Although some of the data are probably not
fully accurate, in this exercise we consider the data to be exact. You can useMatlab,
Octaveor Python. Both Octave and Python are open-source software. Octave isa
Matlab clone. Many large Swedish industries prefer engineers to use Python instead of
Matlab due to Matlab's high license fees

� First, �nd out and write down the governing equations (N.B:.you cannot assume
that the �ow is fully developed).

From the course www pagehttps://www.tfd.chalmers.se/˜lada/MoF/ ,
download the data �lechannel flow data.dat and the m-�lechannel flow.m
which reads the data and plot some results. Open Python or Matlab/Octave and execute
channel flow .

Openchannel flow.m in an editor and make sure that you understand it. There
are three �eld variables,v1, v2 andp; the corresponding Python/Matlab/Octave arrays
arev1 2d, v2 2d andp 2d. The grid is199 � 28, i.e. ni = 199 grid points in
the x1 direction andnj = 28 grid points in thex2 direction. The �eld variables are
stored at these grid points. We denote the �rst index asi and the second index asj , i.e.
v1 2d(i,j) . Hence in Python

v1 2d[:,0] are thev1 values at the lower wall;

v1 2d[:,nj-1] are thev1 values at the upper wall;

v1 2d[0,:] are thev1 values at the inlet;

v1 2d[ni-1,:] are thev1 values at the outlet;

and in Matlab/Octave

v1 2d(:,1) are thev1 values at the lower wall;

v1 2d(:,nj) are thev1 values at the upper wall;

v1 2d(1,:) are thev1 values at the inlet;

v1 2d(ni,:) are thev1 values at the outlet;

The work should be carried out in groups of two (you may also doit on your
own, but we don't recommend it). At the end of this Assignmentthe group should
write and submit a report (in English). Divide the report into sections corresponding
to the sectionsD.1 – D.9. In some sections you need to make derivations; these should
clearly be described and presented. Present the results in each section with a �gure
(or a numerical value). The results should also be discussedand – as far as you can –
explained.

https://www.mathworks.com
https://www.gnu.org/software/octave/
https://www.python.org
https://www.tfd.chalmers.se/~lada/MoF/
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V

x1

x2

L

h

Figure D.1: Flow between two plates (not to scale).

It is recommended (but the not required) that you use LATEX (an example of how to
write in LATEXis available on the course www page). You �nd LATEX here. You can also
use LATEX on-line.

D.1 Fully developed region

Fully developed conditions mean that the �ow does not changein the streamwise di-
rection, i.e. @v1=@x1 = 0 . If we de�ne “fully developed” as the location where the
velocity gradient in the center becomes smaller than0:01, i.e. j@v1=@x1j < 0:01, how
long distance from the inlet does the �ow become fully developed?

Another way to de�ne fully developed conditions can be thex1 position where the
centerline velocity has reached, for example,99%of its �nal value. Whatx1 value do
you get?

In Section3.2.2, a distance taken from the literature is given. How well doesthis
agree with your values?

In the fully developed region, compare the velocity pro�le with the analytical pro-
�le (see Section3.2.2).

Look at the vertical velocity component,v2. What value should it take in the fully
developed region (see Section3.2.2)? What value does it take (atx2 = h=4, for
example)?

D.2 Wall shear stress

On the lower wall, the wall shear stress,� w;L (indexL denotes Lower), is computed as

� w;L � � 21;w;L = �
@v1
@x2

�
�
�
�
L

(D.1)

Recall that� 12 = � (@v1=@x2 + @v2=@x1) (see Eqs.2.10) but at the wall@v2=@x1 = 0 ;
Plot � w;L versusx1. Why does it behave as it does?

Now we will compute the wall shear stress at the upper wall,� w;U . If you use
Eq.D.1, you get the incorrect sign. Instead, use Cauchy's formula (see Fig.1.3and [3],
Chapt. 4.2)

t ( n̂ )
i = � ji nj (D.2)

which is a general way to compute the stress vector on a surface whose (outward point-
ing) normal vector iŝn = nj . The expression for� ij can be found in Eqs.1.9 and
2.4; recall that the �ow in incompressible. On the top wall, the normal vector points
out from the surface (i.e.nj = (0 ; � 1; 0)). Use Eq.D.2 to compute the wall shear

https://www.latex-project.org/get/
https://www.overleaf.com/
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stress at the upper wall. Plot the two wall shear stresses in the same �gure. How do
they compare? In the fully developed region, compare with the analytical value (see
Eq.3.30).

D.3 Inlet region

In the inlet region the �ow is developing from its inlet pro�le (v1 = V = 0 :9) to
the fully developed pro�le somewhere downstream. Thev1 velocity is decelerated
in the near-wall regions, and hence thev1 velocity in the center must increase due
to continuity. Plotv1 in the center and near the wall as a function ofx1. Plot also
@v1=@x1. If you, for a �xed x1, integratev1, i.e.

� (x1) =
Z h

0
v1(x1; x2)dx2

what do you get? How does� (x1) vary in thex1 direction? How should it vary?

D.4 Wall-normal velocity in the developing region

In SectionD.3 we found that, in the developing region,v1 near the walls decreases for
increasingx1. What aboutv2? How do you explain the behaviour ofv2?

D.5 Vorticity

Do you expect the �ow to beirrotational anywhere? Let's �nd out by computing the
vorticity vector! i , see Section1.4 (note that only one component of! i is non-zero).
Plot it in the fully developed region as! 3 vs. x2. Where is it largest? Plot the vorticity
also in the inlet and developing regions; what happens with the vorticity in the inlet
region? Now,is the �ow rotational anywhere? Why? Why not?

D.6 Deformation

In Section1.6, we divided the velocity gradient into a strain-rate tensor, Sij , and a vor-
ticity tensor,
 ij . Since the �ow is two-dimensional, we have only two off-diagonal
terms (which ones?). Plot and compare one of the off-diagonal term of Sij and
 ij .
Where are they largest? Why? What is the physical meaning ofSij and 
 ij , re-
spectively? Compare
 ij with the vorticity,! i , you plotted in SectionD.5. Are they
similar? Any comment?

D.7 Dissipation

Compute and plot the dissipation,� = � ji @vi =@xj , see Eq.2.15. What is the physical
meaning of the dissipation? Where do you expect it to be largest? Where is it largest?
Any difference it its behaviour in the inlet region comparedto in the fully developed
region?

The dissipation appears as a source term in the equation for internal energy, see
Eq.2.15. This means that dissipation increases the internal energy, i.e. the temperature.
This is discussed in some detail at p.34.

Use Eq.2.17to compute the temperature increase that is created by the �ow (i.e. by
dissipation). Start by integrating the dissipation over the entire computational domain.
Next, re-write the left side on conservative form (see Section 2.4) and then apply the
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Gauss divergence theorem, See Section3.2.3. Assume that the upper and the lower
wall are adiabatic; furthermore we can neglect the heat �ux by conduction,q1, (see
Eq.2.14) at the inlet and outlet.

Compute the increase in bulk temperature,Tb, from inlet to outlet. The bulk tem-
perature is de�ned as

Tb =

Rh
0 v1T dx2
Rh

0 v1dx2

(D.3)

When you compute the convective �ux in Eq.2.12at the outlet, for example, you get

Z h

0
v1T dx2

which indeed is very similar to the bulk temperature in Eq.D.3.

D.8 Eigenvalues

Compute and plot the eigenvalues of the viscous stress tensor, � ij . Use the Python com-
mandnp.linalg.eig or the Matlab/Octave commandeig . If you have computed
the four elements of the� ij matrix you can use the following commands in Python

tau=[tau_11 tau_12; tau_21 tau_22]
lambda,n=np.linalg.eig(tau)

and in Matlab/Octave

tau=[tau_11 tau_12; tau_21 tau_22];
[n,lambda]=eig(tau);

wheren and lambda denote eigenvalues and eigenvectors, respectively. Note that
tau 11, tau 12, tau 21, tau 22 are scalars and hence the coding above must
be inserted infor loops.

What is the physical meaning of the eigenvalues (see Chapter1.8)? Pick anx1 loca-
tion where the �ow is fully developed. Plot one eigenvalue asax � y graph (eigenvalue
versusx2). Plot also the four stress components,� ij , versusx2. Is (Are) anyone(s) neg-
ligible? How does the largest component of� ij compare with the largest eigenvalue?
Any thoughts? And again:what is the physical meaning of the eigenvalues?

D.9 Eigenvectors

Compute and plot the eigenvectors of� ij . Recall that at each point you will get two
eigenvectors, perpendicular to each other. It is enough to plot one of them. An eigen-
vector is, of course, a vector. Use the Python commandplt.quiver or the Mat-
lab/Octave commandquiver to plot the �eld of the eigenvectors. Recall that the sign
of the eigenvector is not de�ned (for example, bothv̂ 1 and� v̂ 1 in Fig. 1.11at p.30
are eigenvectors).

Recall that the stress vector,t ( n̂ )
i , (see Eq.D.2 and Fig.1.3) can be computed as

the product of the eigenvalues and eigenvectors. Do that as avector plot7. In regions
where the eigenvalues are close to zero, the eigenvectors have no meaning.

Try to analyze why the eigenvectors behave as they do. `

7If you plot it over the entire region, you'll see nothing; make a zoom
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E TME226 Assignment 1 in 2025: laminar �ow in a
boundary layer

YOU will get results of a developing two-dimensional boundary-layer �ow (i.e. �ow
along a �at plate, see Fig.E.1). The �ow is steady and incompressible. The

simulations have been done with CALC-BFC [199] using the QUICK discretizatin
scheme [200]. The height of the domain isH = 1 :289m, L = 2 :461m andx0 =
0:19m; the �uid is air of 20oC andV1;1 = 1 m=s . The mesh has252� 200 grid
points, i.e.ni = 252 points in thex1 direction andnj = 200 points in thex2 direction.

Inlet boundary, x1 = � x0 (i=1 )

v1 = V1;1 = 1 , v2 = 0 .

Lower boundary, x2 = 0 (j=1 )

x1 � 0, i � i=i lower sym: v2 = @v1=@x2 = 0 , i.e. a symmetry boundary con-
dition

x1 > 0, i> i=i lower sym: v1 = v2 = 0 , i.e. a wall

Outlet, x1 = L (i=ni )

Neumann boundary conditions are used, i.e.@v1=@x1 = @v2=@x1 = 0 .

Upper boundary, x2 = H (j=nj )

v2 = @v1=@x2 = 0 , i.e. a symmetry boundary condition

You'll use data from a coarse DNS. Although some of the data are probably not
fully accurate, in this exercise we consider the data to be exact. You can useMatlab,
Octaveor Python. Both Octave and Python are open-source software. Octave isa
Matlab clone. Many large Swedish industries prefer engineers to use Python instead of
Matlab due to Matlab's high license fees

� First, �nd out and write down the governing equations

From the course www pagehttps://www.tfd.chalmers.se/˜lada/MoF/ ,
download the data �lesboundary layer data.dat , xc.dat , yc.dat andblasius.dat
and the m-�le boundary layer.m which reads the data and plot some results.
Download also the �le with the Blasius solution,blasius.dat . Open Python or
Matlab/Octave and executeboundary layer

Openboundary layer in an editor and make sure that you understand it. There
are three �eld variables,v1, v2 andp; the corresponding Python/Matlab/Octave arrays
are u2d , v2d and p2d . The �eld variables are stored at the cell centers denoted
xp,yp . We denote the �rst index asi and the second index asj , i.e. u2d(i,j) .
Hence in Python

� u2d[:,0] are thev1 values at the lower boundary

– i � i=i lower sym: symmetric boundary condition

https://www.mathworks.com
https://www.gnu.org/software/octave/
https://www.python.org
https://www.tfd.chalmers.se/~lada/MoF/
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Figure E.1: Flow along a �at plate (not to scale). The leading edge is located atx = 0 .

– i> i=i lower sym: wall

� u2d[:,nj-1] are thev1 values at the upper boundary;

� u2d[0,:] are thev1 values at the inlet;

� u2d[ni-1,:] are thev1 values at the outlet;

and in Matlab/Octave

� u2d(:,1) are thev1 values at the lower boundary

– i � i=i lower sym: symmetric boundary condition

– i> i=i lower sym: wall

� u2d(:,nj) are thev1 values at the upper boundary;

� u2d(1,:) are thev1 values at the inlet;

� u2d(ni,:) are thev1 values at the outlet;

The work should be carried out in groups of two (you may also doit on your own,
but we don't recommend it). At the end of this Assignment the group should write
and submit a report (in English). Divide the report into sections corresponding to the
sectionsE.1 – E.10. In some sections you need to make derivations; these should
clearly be described and presented. Present the results in each section with a �gure
(or a numerical value). The results should also be discussedand – as far as you can –
explained.

It is recommended (but the not required) that you use LATEX (an example of how to
write in LATEXis available on the course www page). You �nd LATEX here. You can also
use LATEX on-line.

E.1 Velocity pro�les

The �at plate starts atx1 = 0 . What happens with the streamwise velocity,v1, near
the wall as you go downstream fromx1 = 0 ? Why doesv1 behave as it does? What
happens withv2? Does the behavior ofv2 has anything to do withv1?

Plot pro�les of v1 vs. x2 at a couple ofx1 locations.
Now plot v1=V1;1 vs. � , see Eq.3.48 and compare with Blasius solution, see

Table3.1 (the Blasius solution is loaded inboundary layer.m ). Note that when

https://www.latex-project.org/get/
https://www.overleaf.com/
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you compute� you must usex1, x2 and� from the Navier-Stokes solution. Plot also
v2=V1;1 .

Comparev1=V1;1 andv2=V1;1 with Blasius solution;v1;Blasius =V1;1 is taken
from the data �le andv2;Blasius =V1;1 is obtained from Eqs.3.44and3.50.

E.2 Boundary layer thickness

Look at thev1 pro�les vs. x2 you plotted at differentx1 locations in SectionE.1. The
boundary layer gets thicker and thicker as you go downstream, right? The boundary
layer thickness,� , can be de�ned in many ways. One way is the boundary layer thick-
ness at thex2 value where the local velocity is99% of the freestream velocity; this
boundary layer thickness is denoted� 99.

Compute and plot� 99 vs. x1 and compare it with the Blasius solution

� 99;Blasius = 5
�

�x 1

V1;1

� 1=2

(E.1)

The disadvantage of� 99 is that this de�nition is entirely dependent on the behavior
of the velocity pro�le near the edge of the boundary layer. There are two other, more
stable, de�nitions of boundary layer thickness, thedisplacementthickness,� � , and the
momentumthickness,� ; they are de�ned as

� � =
Z 1

0

�
1 �

v1

V1;1

�
dx2

� =
Z 1

0

v1

V1;1

�
1 �

v1

V1;1

�
dx2

(E.2)

The upper limit of the integrals is in�nity. If you look carefully at the velocity pro�les
which you plotted in SectionE.1, you �nd thatv1 has a maximum outside the boundary
layer. We don't want to carry out the integration in Eq.E.2 outside of this maximum,
because this will give an incorrect estimate of� �

Blasius and� Blasius . Hence, terminate
the integration whenu2d(i,j+1) < u2d(i,j) . Plot� � and� vs. x1 and compare
with the Blasius solution

� �
Blasius = 1 :721

�
�x 1

V1;1

� 1=2

� Blasius = 0 :664
�

�x 1

V1;1

� 1=2

E.3 Velocity gradients

Compute and plot@v1=@x2 vs. x2 at a couple ofx1 locations. How does this velocity
derivative change as you move downstream along the plate? Doyou see any connection
with the change of the boundary layer thickness withx1 and the change of@v1=@x2
with x1?

In boundary layer approximations, we assume thatv2 � v1 and @v1=@x2 �
@v1=@x1: are these assumptions satis�ed in this �ow?
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E.4 Skinfriction

The skinfriction,Cf , is a dimensionless wall shear stress de�ned as

Cf =
� w

1
2 �V 2

1;1
(E.3)

The wall shear stress,� w , is the same as� 12 = � 21, see Eq.2.10, at the wall. Fur-
thermore, what about@v2=@x1 in Eq. 2.10? Where is it largest? PlotCf vs. x1 and
compare it with the Blasius solution

Cf;Blasius =
0:664

p
V1;1 x1=�

Cf decreases vs.x1 and� increases vs.x1: do you see any connection?

E.5 Vorticity

Do you expect the �ow to beirrotational anywhere? Let's �nd out by computing the
vorticity vector,! i , see Section1.4(note that one velocity gradient in! i is very small).
Plot the vorticity above the plate vs.x2 at a couple ofx1 locations. Where is it largest?
Plot the vorticity also upstream of the plate. Now,is the �ow rotational anywhere?
Why? Why not?

E.6 Deformation

In Section1.6, we divided the velocity gradient into a strain-rate tensor, Sij , and a vor-
ticity tensor,
 ij . Since the �ow is two-dimensional, we have only two off-diagonal
terms (which ones?). Plot and compare one of the off-diagonal term of Sij and
 ij .
Where are they largest? Why? What is the physical meaning ofSij and
 ij , respec-
tively? Compare
 ij with the vorticity,! i , which you plotted in SectionE.5. Are they
similar? Any comment?

E.7 Dissipation

Compute and plot the dissipation,� = � ji @vi =@xj , see Eq.2.15. The viscous stress
tensor is given in Eq.2.10. What is the physical meaning of the dissipation? Where is
it largest? How large is it upstream the plate?

The dissipation appears as a source term in the equation for internal energy, see
Eq.2.15. This means that dissipation increases the internal energy, i.e. the temperature.
This is discussed in some detail at p.34.

Use Eq.2.17to compute the temperature increase that is created by the �ow (i.e. by
dissipation). Start by integrating the dissipation over the entire computational domain.
Next, re-write the left side on conservative form (see Section 2.4) and then apply the
Gauss divergence theorem. see Section3.2.3. Assume that the lower (x2 = 0 ) and the
upper (x2 = H ) boundaries are adiabatic; furthermore we can neglect the heat �ux by
conduction,q1, (see Eq.2.14) at the inlet and outlet.

Compute the increase in bulk temperature,Tb, from inlet to outlet. The bulk tem-
perature is de�ned as

Tb =

RH
0 v1T dx2
RH

0 v1dx2

(E.4)
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When you compute the convective �ux in Eq.2.12at the outlet, for example, you get

Z H

0
v1T dx2

which indeed is very similar to the bulk temperature in Eq.E.4.

E.8 Eigenvalues

Compute and plot the eigenvalues of the viscous stress tensor, � ij . Use the Python com-
mandnp.linalg.eig or the Matlab/Octave commandeig . If you have computed
the four elements of the� ij matrix you can use the following commands in Python

tau=[tau_11 tau_12; tau_21 tau_22];
n,lambda=np.linalg.eig(tau);

and in Matlab/Octave

tau=[tau_11 tau_12; tau_21 tau_22];
[n,lambda]=eig(tau);

wheren andlambda denote eigenvalues and eigenvectors, respectively.
wheren and lambda denote eigenvalues and eigenvectors, respectively. Note

thattau 11, tau 12, tau 21, tau 22 are scalars and hence the coding above
must be inserted infor loops.

What is the physical meaning of the eigenvalues (see Chapter1.8)? Pick anx1

location above the plate. Plot one eigenvalue as ax � y graph (eigenvalue versusx2).
Plot also the four stress components,� ij , versusx2. Is (Are) anyone(s) negligible?
How does the largest component of� ij compare with the largest eigenvalue? Any
thoughts? And again:what is the physical meaning of the eigenvalues?

E.9 Eigenvectors

Compute and plot the eigenvectors of� ij . Recall that at each point you will get two
eigenvectors, perpendicular to each other. It is enough to plot one of them. An eigen-
vector is, of course, a vector. Use the Python commandplt.quiver or Matlab/Oc-
tave commandquiver to plot the �eld of the eigenvectors. Recall that the sign of
the eigenvector is not de�ned (for example, bothv̂ 1 and� v̂ 1 in Fig. 1.11at p.30 are
eigenvectors).

Recall that the stress vector,t ( n̂ )
i , (see Eq.D.2 and Fig.1.3) can be computed as

the product of the eigenvalues and eigenvectors. Do that as avector plot8. In regions
where the eigenvalues are close to zero, the eigenvectors have no meaning.

Try to analyze why the eigenvectors behave as they do.

E.10 Terms in thev1 equation

The Navier-Stokes equation forv1 includes only three terms, see Eq.3.42. The left
side and the right side of this equation must be equal. Let's verify that. Plot the three
terms vs.x2 at a couple ofx1 locations. Plot also the sum of the terms, i.e. check if
the left side and the right side of Eq.3.42are equal: are they? If not, what could be

8If you plot it over the entire region, you'll see nothing; make a zoom
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the reason? Recall that in Eq.3.42we assume that@p=@x1 = 0 . Maybe it is not zero?
Plot it and check! If it's not zero, what could be the reason?

How large is@2v1=@x22 at the wall? How large should it be? (Hint:which other
terms in thev1 equation are non-zero?). How large is the gradient of vorticity, @!=@x2,
at the wall? Look at the discussion in connection to Eq.4.26.
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F TME226, Assignment 2: Turbulent �ow using STAR-
CCM+

IN this task, a commercial CFD software (STAR-CCM+2402) will be used. The task
is to do simulation of a two-dimensional hill �ow. Several turbulence models will be

used and the results will be compared with experimental data. Before doing the task,
it is recommended to �rst do one of the tutorials in the User Guide (Version 2402) of
STAR-CCM+. The tutorial which is similar to this task is the ”Steady Flow: Backward
Facing Step”.

You can do the assignment on your own or in a group of two. It is recommended
(but the not required) that you use LATEX (an example of how to write in LATEXis avail-
able on the course www page). You �nd LATEX here. You can also use LATEX on-line.

F.1 Backward Facing Step Tutorial (Optional)

This tutorial is a good bridge before doing different cases.Here are some steps to
access the tutorial:

1. Open a terminal window. In the terminal window, type starccm+

2. To start a new simulation, clickFile ! New

3. Tick the Power-On-Demand box and �ll the license box with the POD Key.

4. Download the tutorial instruction and data from the course homepage

F.2 2D Hill Flow

Figure F.1: �ow over two consecutive hills

In this case, a two-dimensional, steady and incompressible�ow over two consecu-
tive hills mounted on the bottom of the channel will be studied. The height of the chan-
nel isH = 151:75mm. The maximum height and length of each hill arehmax = 50
mm andR = 192:8 mm, respectively. The space between each of the consecutive
hills is 9:0hmax . The �uid is water of20� Celsius and the Reynolds number (Re =
37000) is based on the mean centerline velocity at inlet and the inlet channel height.
The inlet boundary condition (left boundary) is imposed as the velocity pro�le of the

https://www.latex-project.org/get/
https://www.overleaf.com/
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fully-developed channel �ow in the absence of the hills. Thecase is built based on the
paper [201]. Please read this paper.

F.3 Steady Flow: 2D Hill Flow Tutorial

1. Start the STAR-CCM+

� Open a terminal window! type starccm+

2. Create a new simulation

� Click the new simulation icon (left icon of the system toolbar) ! tick the
Power-On-Demand (POD) box.

� In theProcess Optionssection, chooseSerial (default option) mode. DO
NOT change it to any other options.

� Fill the POD box with the POD Key and then press OK button.

3. Importing the Geometry and Mesh

� SelectFile ! Import ! Import Volume Mesh from the menu bar.

� In the Openwindow, navigate to the stored location and select the �le
2dHill.ccm

� Click theOpen button to import the mesh �le.

� Save the new simulation as2dHill.sim

4. Visualizing the Imported Mesh

� Right-click the nodeScenesin the explorer pane (to the left) and then select
New Scene! Mesh. The mesh can be seen in a scene in the graphics
window.

� The edges of the square are boundaries. By clicking on each edge in the
graphics window, a label with its name appears on the graphics window.
The node corresponding to the selected edge (boundary) is also highlighted
in the explorer pane,Regions! Fluid ! Boundaries.

5. Setting Up the Physics Models

� Expand the nodeContinua.

� Edit the default continuum (Physics 1) including appropriate physical mod-
els for the simulation. Right-click the nodePhysics 1and then in the new
window, clickSelect models:

– In the left-bottom of the windowPhysics 1 Model Selection, untick
the Auto-select recommended models. Choose the required models as:

– Time box: Steady
– Material box: Liquid
– Flow box: Segregated �ow
– Equation of State box: Constant Density
– Viscous Regime box: Turbulent
– Turbulence box: Reynolds-Averaged Navier-Stokes�
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– Reynolds-Averaged Turbulence box: K-Epsilon Turbulence model
– K-Epsilon Turbulence Models box: Standard K-Epsilon Low-Re
– Choose desired sub-model(s) for the selected turbulence model in the

K-Epsilon Damped Low Re Wall Treatment box: Low y+ Wall Treat-
ment

– Close the windowPhysics 1 Model Selection

� Turning the color of the nodePhysics 1, from gray to blue, indicates that
suf�cient models have been activated.

� Expand the nodePhysics 1, go toInitial Conditions ! Turbulence Spec-
i�cation .

� In the properties window, set theMethodto be the same as the selected
turbulence model (K-Epsilon).

� Save the simulation.

6. Setting Fluid Properties

� Go to the nodeContinua ! Physics 1! Models ! Liquid ! Water !
Material Properties ! Density ! Constant ! Value= 998:29 kg=m3.

� Go to the nodeContinua ! Physics 1! Models ! Liquid ! Water
! Material Properties ! Dynamic Viscosity ! Constant ! Value=
0:001003 P a � s.

7. Importing Inlet and Measurement Data

� Go to the nodeTools ! Tables.

� Right click onTablesand selectNew Table! File Table.

� In theOpenwindow, navigate to the stored location and select all*.xy �les.

� Click theOpen button to import all data.

8. Setting Boundary Conditions and Values

� Expand the nodeRegionsand go toFluid ! Boundaries.

� Inlet

– Click on the nodeInlet . In the properties window, change theType
from Wall to Velocity Inlet .

– Expand the nodeInlet and go toPhysics Conditions! Turbulence
Speci�cation.

– In the properties window, set theMethodto be the same as the selected
turbulence model, e.g.K+Epsilon .

– Under the nodeInlet , go toPhysics Conditions! Velocity Speci�-
cation.

– In the properties window, set theMethodto beComponents .
– In case of choosingK+Epsilon turbulence model, in the nodeInlet ,

go toPhysics Valuesand selectTurbulent Dissipation Rate.
– In the properties window, set theMethodto beTable(x,y,z) .
– Table(x,y,z)is created underTurbulent Dissipation Rate.
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– Click on Table(x,y,z). In the properties window, set theTable to be
inletProfile andTable:Datato beEpsilon .

– In the nodeInlet , go toPhysics Valuesand selectTurbulent Kinetic
Energy.

– In the properties window, set theMethodto beTable(x,y,z) .
– Table(x,y,z)is created underTurbulent Kinetic Energy .
– Click on Table(x,y,z). In the properties window, set theTable to be

inletProfile.xy andTable:Datato beK.
– In the nodeInlet , go toPhysics Valuesand selectVelocity.
– In the properties window, set theMethodto beTable(x,y,z) .
– Table(x,y,z)is created underVelocity.
– Click on Table(x,y,z). In the properties window, set theTable to be

inletProfile.xy . Similarly, setTable: X-Data, Table: Y-Data
andTable: Z-Datato beU, V andW, respectively.

� Outlet

– Click on the nodeOutlet. In the properties window, change theType
from Wall to Pressure Outlet .

� Save the simulation.

9. Setting the Solver Parameters and Stopping Criteria

� Solvers

– Expand the nodeSolversand keep the default settings.
– To Extract more variables from the simulation (e.g., Kolmogorov Length

Scale), expand the node related to the selected turbulence model (e.g.,
K-Epsilon Turbulence).

– In the properties window, tickTemporary Storage Retained.
– By enablingTemporary Storage Retained, additional scalar, vector and

tensor variables are appeared in the nodeTools ! Field Functions.

� Stopping Criteria

– Expand the nodeStopping Criteria and selectMaximum Steps.
– In the properties window, setMaximum Stepsto 2000.
– Again, go to the nodeSolvers! Steady! Stopping Criteria , cre-

ateMaximum Steps by clicking right. Check that in the properties
window, the value ofMaximum Stepsmust be greater than or equal
to the value ofMaximum Stepsin the nodeStopping Criteria .

– ChangeLogical Ruleto And in the Stopping Criteria Maximum Steps.
– A new stopping criterion should also be created as:

(a) Right click on the nodeStopping Criteria and selectNew Moni-
tor Criterion .

(b) In the Select Monitor window, Choose your interested Monitor(s)
(e.g., X-Momentum) and press theOK button. A new sub-node,
X-Momentum Criterion is created.

(c) Go to X-Momentum Criterion . In the properties window, set
Criterion Optionto Minimum and changeLogical Ruleto And.
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(d) Go toX-Momentum Criterion ! Minimum Limit . In the prop-
erties window, setMinimum Valueequal to1.0E-4 .

10. Initializing and Running the Simulation

� Go to the menu bar and clickSolution ! Initialize Solution. Generally,
you may specify initial conditions through the nodeContinua ! Physics
1 ! Initial Conditions . (Disregard eventual warnings on turbulent viscos-
ity.)

� Again, go to the menu bar and clickSolution ! Run to execute the simu-
lation.

� After running, the Residuals plot is shown automatically inthe graphics
Window.

� You may stop the simulation process (before the stopping criteria are satis-
�ed) by clicking Solution ! Stop Iterating in the menu bar. By clicking
Solution ! Run, the simulation will be run again.

� If all the previous steps were correct, the simulation should stop after about
4500 iterations.

11. Visualizing the Solution. This is optional. You can do all plotting in Python or
Matlab/Octave (see Item14)

� Right click on the nodeScenes, and selectNew Scene! Scalar.

� A new sub-nodeScalar Scene 1is created under the nodeScenes.

� ExpandScalar Scene 1and go toDisplayers! Scalar 1.

� Expand the sub-nodeScalar 1and then clickScalar Field.

� In the properties window in front ofFunction, click < Select Function >
to open Scalar Field-Function window.

� Scroll down, expand the nodeVelocity and selectMagnitude .

12. Creating Parts (Plane, Line or Probe) to Extract Simulation Data

� Right click on the nodeDerived Parts and selectNew Part ! Probe !
Line.

� In Create Line Probe window, set the parameters as:

Property Value
Input Parts [Fluid]

Point 1 [0.10, 0.0, 0.0]
Point 2 [0.10, 0.16, 0.0]

Resolution 200
Display No Displayer

� Click onCreatebutton and thenClose.

� In the nodeDerived Parts, a new sub-node,Line Probe is created.

� Right-click onLine Probe and rename it tox/h=2.

� x/h=a means the streamwise station atx=hmax *a (hmax =50 mm). For
instance,x/h=2 indicates the streamwise station atx=2*50 mm=0.1 m(See
thePoint 1andPoint 2in the above table).
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� Do the same procedure for other streamwise stations (same asthe measure-
ment locations), i.e.xh1.xy, xh2.xy, ... and xh8.xy.

13. Plotting Simulation Data.

� Right-click on the nodePlot and selectNew Plot ! XY Plot .

� In the nodePlot, a new sub-node displayed asXY Plot 1 is created.

� Rename it toU@x/h=2

� Set the parameters as:

Node Property Value
U@x/h=2 Parts [x/h=2]
X Type X-Axis Bottom Axis

Data Type Scalar
Scalar Function Field Function Velocity[i]

Y Types ——– ——–
Y Type 1 Y-Axis Left Axis

Data Type Direction
Smooth Values X

Vector Quantity Value [0,1,0]
Line Style Style ——–
Symbol Style Shape �

� To add the measurement data to compare with the simulation results, go to
the nodePlots ! U@x/h=2! Data Series.

� Right-click onData Seriesand then clickAdd Data.

� In the Add Data Providers to Plot window, select the measurement �le
corresponds to the location you have chosen for the simulation. As an
example, we choosexh2.

� A new sub-node,xh2 is created. Click on it.

� In the properties window, setX Column, X-Axis, Y ColumnandY-Axisequal
to U, Bottom Axis , y andLeft Axis , respectively.

� You may change line and symbol style for the measurement plotdifferent
than the ones for simulation.

� To extract the plot data as a table (in *.csv format), right-click on the node
Plot ! U@x/h=2and then clickExport .

� Choose an appropriate �le name and storage location, then press Save but-
ton.

14. Extracting Simulation Field Data as Table for Python/Matlab/Octave

� Go to the nodeTools ! Tables.

� Right click on the nodeNew Table, and selectXYZ Internal Table .

� The sub-nodeXYZ Internal Table is created under the nodeTable.

� Set the parameters as the table below.
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Node Property Value
XYZ Internal Table Scalars Cell Index

Velocity[i]
Velocity[j]
Pressure
Turbulent Kinetic Energy
Turbulent Dissipation Rate
Turbulent Viscosity

Parts [Fluid]
Data on Vertices

Update Enabled X
Auto Extract X
Trigger None

� Right-click onXYZ Internal Table , then click onExtract andExport...,
respectively.

� Specify an appropriate �le name and storage location, then press Save but-
ton.

15. Loading data in Python/Matlab/Octave

� Use Python/Matlab/Octave to read the extracted data from STAR-CCM+.
� Download the experimental data from the course homepage.
� At the course homepage, you can download a �le (pl � vect ) which reads

the simulation and experimental data and plot some results.
� Change theopen('output standard-keps-low-re.csv')in the Python script

pl � vect.py or in the�leName=sprintf('*.csv') in the Matlab/Octave
script (pl � vect.m ) according to the name of”csv” �le which you have
generated from the STAR-CCM+ simulation.

� Make sure you put all �les (extracted table in� .csv format from STAR-
CCM+ and the measurement data in� .xy format), in the directory where
you executepl � vect .

Open Python or Matlab/Octave in an editor and executepl � vect . There are six
�eld variables,�v1, �v2, p, k, � , and� t ; the corresponding Python/Matlab/Octave arrays
arev1 � 2d, v2 � 2d, p� 2d, k � 2d, e� 2d andmut � 2d, respectively. The grid is200
� 202, i.e. ni = 200 cells in thex1 direction andnj = 202 cells in thex2 direction.
The �eld variables are stored at the center of these cells. Wedenote the �rst index asi
and the second index asj , i.e. v1 � 2d(i,j) .

Hence in Python

v1 � 2d[:,0] are the�v1 values at the lower wall;
v1 � 2d[:,nj-1] or v1 � 2d[:,-1] are the�v1 values at the upper wall;
v1 � 2d[0,:] are the�v1 values at the inlet;
v1 � 2d[ni-1,:] or v1 � 2d[-1,:] are the�v1 values at the outlet;

and in Matlab/Octave

v1 � 2d(:,1) are the�v1 values at the lower wall;
v1 � 2d(:,nj) are the�v1 values at the upper wall;
v1 � 2d(1,:) are the�v1 values at the inlet;
v1 � 2d(ni,:) are the�v1 values at the outlet;
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F.3.1 Pressure

Execute thepl vect �le with Python/Matlab/Octave. It plots the contours of�v1, the
velocity vector �eld and the�v1 pro�le alongx2 atx1 = 1 comparing with experiments.
As you can see, there is a large recirculation region where the �ow goes backwards.

I Plot a contour plot of the pressure. Where is it high and low and why? (think of
the Bernoulli equation, see Eq.4.35)

The Bernoulli equation describes one-dimensional �ow (inviscid, without friction).
Let's compare the pressure from STAR-CCM+ and the Bernoulliequation. Since the
2D hill geometry is horizontal, then the gravity term does not contribute in the Bernoulli
equation. Then you must make the velocity from STAR-CCM+ one-dimensional.

I Compute the bulk velocity (at eachx1 station)

Vb =
1

h(x1)

Z x 2;max

x 2;min

�v1dx2 (F.1)

whereh(x1) = x2;max � x2;min is the local height of the channel. Then compute
the pressure from Bernoulli equation (Eq.4.35). Compare it with the bulk STAR-
CCM+ pressure computed similar to the bulk velocity in Eq.F.1. Compare the
pressure drop from inlet to outlet for STAR-CCM+ and the Bernoulli equation.
Why do they differ? How large is the pressure drop from the Bernoulli equation?
How large should it be?
hint: the domain is symmetric in thex1 direction.

How large is the pressure drop in terms of dynamic pressure, i.e. �V 2
b;inlet =2?

How large is it compared topipe �ow pressure drop? Inpipe �ow, you may
compute the friction factor (f D ) either fromTurbulent regime/Smooth-pipe
regime equation or from Figure2. Then you can compute the pressure drop
(� p) from the �rst equation (Darcy-Weisbach equation) inpipe �ow.

The pressure drop is usually an important engineering quantity. A large pressure
drop means a large, expensive pump. You have used the AKN K-Epsilon turbulence
model. How dependent are your results on the choice of turbulence model?

I Try some other turbulence models. Does the �ow change a lot? And, more
important, how much does the pressure drop change? This partis optional.

F.3.2 Skinfriction

The skinfriction,Cf , is an important concept in �uid dynamics. It is a non-dimensional
wall shear stress which is de�ned as

Cf =
� w

0:5�V 2
b

(F.2)

whereVb is the bulk velocity (which is the same at allx1 planes due to continuity). The
bulk velocity at anyx1 plane is de�ned in Eq.F.1. The wall shear stress is de�ned in
Eq.6.16.

� We must �rst extract data for the bottom wall

https://en.wikipedia.org/wiki/Darcy%E2%80%93Weisbach_equation#Turbulent_regime
https://en.wikipedia.org/wiki/Darcy%E2%80%93Weisbach_equation#Turbulent_regime
https://en.wikipedia.org/wiki/Darcy%E2%80%93Weisbach_equation#Turbulent_regime
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– Go to the nodeTools ! Tables.

– Right-click on the nodeNew Table, and selectXYZ Internal Table .

– The sub-nodeXYZ Internal Table is created under the nodeTable.

– Set the parameters as the table below.

Node Property Value
XYZ Internal Table Scalars Ustar

Wall Y+
Wall Shear Stress Magnitude

Parts [Fluid Bottom]
Data on Vertices

Update Enabled X
Auto Extract X
Trigger None

– Right-click onXYZ Internal Table , then click onExtract andExport...,
respectively.

– Specify an appropriate �le name and storage location, then press Save but-
ton.

Now create anotherXYZ Internal Table table for the top wall.

I First, load the two exported �les from STAR-CCM+ (bottom andtop wall). Then
plot the skinfriction along the top and bottom walls.

F.3.3 Vorticity

In the �rst assignment you computed the vorticity in laminar�ow. Now you will do it
for turbulent �ow. The velocity gradients are computed inpl vect using the function
dphidx dy .

I Compute�! 3, see Eq.1.12. Where is it largest? (cf. Fig8.4). In the �rst assign-
ment we could identify a region of inviscid �ow (no vorticity). What about this
case?

F.3.4 Turbulent viscosity

You have computed a turbulent �ow with a turbulence model. Wehave said that the
turbulent viscosity is much larger than the viscous one.

I Plot the ratio� t =� as a contour plot. What is the maximum turbulent viscosity?
Where?

� When you use another turbulence model, does the maximum value change? This
part isoptional.

� Plot � t =� versusx2 also as x-y graphs at a couple ofx1 stations. Plot� t =� also
versusx+

2 = u� x2=� for the bottom wall (you have exportedu� (Ustar ) at the
bottom wall in SectionF.3.2). Please note that inx+

2 = u� x2=� , x2 is the wall
distance. Zoom also in near the wall. Does the turbulent viscosity go to zero at
the wall as it should?
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F.3.5 Diffusion

You have computed a turbulent �ow with a turbulence model. You have learnt – hope-
fully – that the turbulent diffusion in channel �ow is much larger than the usual physical
(viscous) diffusion (except very close to the wall), see Fig. 6.6. Channel �ow is essen-
tially two attached boundary layer whereas the hill �ow includes recirculation regions.

I Compute the viscous and turbulent diffusion terms in the�v1 equation (see the
expression for both viscous and turbulent diffusions in Eq.11.31). Plot them in
x-y graphs at a couple ofx1 stations (choose onex1 station at the top of a hill).
Plot them also versusx+

2 for the bottom wall. Compare with Fig.6.6. Do you
see the same behaviour as in in channel �ow?
Hint: Use the functiondphidx dy when computing the derivative of@�v1=@x2
and� t @�v1=@x2.

F.3.6 Production

The production term,P k , in thek equation is usually a large term (see Figs.8.3 and
11.6). When a source is large, it usually also means that the variable in question is large
(see Section9.1), i.e. whenP k is large so isk. If this is not the case, it means simply
that other terms are larger. Now let's see how strong the relation betweenk andP k is.

I Plot k andP k as contour plots. (Thek exists in thecsv�le extracted from your
STAR-CCM+ simulation. You only need to computeP k according to Eq.11.39).
Is there any strong relation?

The turbulent viscosity is computed as� t = �C � k2=". There is a fair chance that
� t is large whereP k is large.

I Plot � t as a contour plot. Is there any strong relation between� t andP k ?

F.3.7 Wall boundary conditions for "

The wall boundary conditions for" are discussed in Section11.14.5. The boundary
condition for the turbulent kinetic energy is simplyk = 0 . The boundary condition for
" is given by Eq.11.166which means that" is set to that value at the wall-adjacent
cells. Please note thatx2 in Eq. 11.166is the wall distance andk is the value at the
wall-adjacent cells.

I Compare" from STAR-CCM+ at the wall-adjacent cells with Eq.11.166(both
upper and lower wall). Do they agree?

F.3.8 Near-wall behaviour off �

In Section11.14.3we show that thef � damping function near the wall actually must
be an augmentation function, see Eq.11.155. Thef � damping function in the AKN
model reads (see Eq. 1798 in SectionDamping Functionsin the STAR-CCM+ User
guide)

f � =
�
1 � exp

�
�

x �
2

14

� � 2
(

1 +
5

R3=4
t

exp
�

�
� Rt

200

� 2
� )

(F.3)

where Rt = k2=(�" ) and x �
2 = ( "� )1=4x2=� . Show mathematically thatf � =

O(x � 1
2 ).

Hint: Taylor expansion gives1 � exp(� x) = x � x2 : : :
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F.3.9 Compare with experiments

The measurement data at sevenx1 locations can be download from the course home-
page. Each �le consists of seven columns that arex2, �v1, �v2, v02

1 , v02
2 , v0

1v0
2 andx3,

respectively. Since it is a 2D case, thex3 values are zero. The predicted�v1 velocity is
compared with experiments atx1 = hmax (xh1:xy) in pl vect .

I Compare�v1 with experiment and the other six locations.

The agreement between predictions and experiments is not good. The main reason
is that you are simulating the �ow over only one hill. The inlet boundary conditions
are taken from another CFD simulation of an in�nite long channel (periodic boundary
conditions were used).

In the experiments they use ten hills. The object is to achieve a periodic �ow where
the time-averaged �ow is identical between two hills. In theCFD simulations one can
then useperiodicboundary conditions.

I Change the boundary conditions at the inlet and outlet boundaries toperiodic
boundary conditions. Compare the�v1 velocities with experiments. This part is
optional.

� ChangeInlet-Outlet boundary conditions toPeriodic boundary conditions

– ExpandRegions/Fluid/Boundaries

– Press Ctrl key and chooseInlet andOutlet. Right-click and selectCreate
Interface

– You have now created an interface and need to change type and topology

– ExpandInterface

– Right-click onInterface 1 and selectEdit

– ChangeType to Fully-Developed Interface

– ChangeTopology to Periodic

– ExpandInterface 1/Physics Condition and click onFully Developed
Condition and selectMass Flow Rate

– ExpandInterface 1/Physics Valuesand click onMass Flow Rateand set
an appropriate value. To get the mass �ow rate you can integrate the inlet
velocity pro�le in pl vect .
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T

V 1

V 2

(V 2 jT )

(V 1 jT )

Figure G.1: Scalar product.

G TME226: Fourier series

HERE a brief introduction to Fourier series extracted from [202] is given.

G.1 Orthogonal functions

Consider three vectors,V 1 , V 2 , V 3 , in physical space which form an orthogonal base
in R 3 (i.e. their scalar products are zero). Let us call thembasis functions. Any vector,
T , in R 3 can now be expressed in these three vectors, i.e.

T = c1V 1 + c2V 2 + c3V 3 (G.1)

see Fig.G.1. Now de�ne the scalar product of two vectors,a andb, asa � b = ( ajb).
The coordinates,ci , can be determined by making a scalar product of Eq.G.1andV i

which gives

(T jV i ) = ( c1V 1jV i ) + ( c2V 2 jV i ) + ( c3V 3jV i )

= ( c1V 1jV 1) + ( c2V 2jV 2) + ( c3V 3jV 3)

= c1jV 1 j2 + c2jV 2j2 + c3jV 3 j2 = ci jV i j2
(G.2)

wherejV i j denotes the length ofV i ; the second line follows because of the orthogo-
nality of V i . Hence the coordinates,ci , are determined by

ci = ( T jV i )=jV i j2 (G.3)
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Now let us de�ne an in�nite (1 -dimensional) functional space,B , with orthogonal
basis functionsf gg1

1 . The “scalar product” of two functions,f andgn , is de�ned as

(f jgn ) =
Z b

a
f (x)gn (x)dx (G.4)

Then, in a similar way to Eq.G.1, any function can, over the interval[a; b], be expressed
as

f =
1X

n =1

cn gn (G.5)

As above, we must now �nd the “coordinates”,cn (cf. the coordinates,ci , in Eq.G.1).
Multiply, as in Eq.G.2, f with the basis functions,gi , i.e.

(f jgi ) =
1X

n =1

cn (gn jgi ) (G.6)

Since we know that allgn are orthogonal, Eq.G.6is non-zero only ifi = n, i.e.

(f jgi ) = ( c1g1jgi ) + ( c2g2jgi ) : : : ci (gi jgi ) : : : ci +1 (gi +1 jgi ) : : : =

= ci (gi jgi ) = ci jjgi jj2 (G.7)

Similar to Eq.G.3, the “coordinates” can be found from (switch from indexi to n)

cn = ( f jgn )=jjgn jj2 (G.8)

The “coordinates”,cn , are called theFourier coef�cients to f in systemf gg1
1 and

jjgn jj is the “length” ofgn (cf. jV i j which is the length ofV i in Eq.G.3), i.e.

jjgn jj = ( gn jgn )1=2 =

 Z b

a
gn (x)gn (x)dx

! 1=2

(G.9)

Let us now summarize and compare the basis functions in physical space and the
basis functions in functional space.

1. Any vector inR 3 can be expressed in
the orthogonal basis vectorsV i

1. Any function in [a; b] can be ex-
pressed in the orthogonal basis func-
tionsgn

2. The length of the basis vector,V i , is
jV i j

2. The length of the basis function,gn ,
is jjgn jj

3. The coordinates ofV i are computed
asci = ( T jV i )=jV i j2

3. The coordinates ofgn are computed
ascn = ( f jgn )=jjgn jj2

G.2 Trigonometric functions

Here we choosegn as trigonometric functions which are periodic in[� �; � ]. The
question is now how to choose the orthogonal function systemf gg1

1 on the interval
[� �; � ]. In mathematics, we usually start by doing an intelligent “guess”, and then we
prove that it is correct. So let us “guess” that the trigonometric series

[1; sinx; cosx; sin(2x); : : : ; sin(nx); cos(nx); : : :] (G.10)
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is an orthogonal system. The function system in Eq.G.10can be de�ned as

gn (x) =
�

� k (x); for n = 2 k = 2 ; 4; : : :
 k (x); for n = 2 k + 1 = 1 ; 3; : : :

(G.11)

where� k (x) = sin( kx) (k = 1 ; 2; : : :) and k (x) = cos(kx) (k = 0 ; 1; : : :). Now we
need to show that they are orthogonal, i.e. that the integralof the product of any two
functions� k and k is zero onB [� �; � ] and we need to compute their “length” (i.e.
their norm).

Orthogonality of  n and  k

( n j k ) =
Z �

� �
cos(nx) cos(kx)dx =

1
2

Z �

� �
[cos((n + k)x) + cos((n � k)x)] dx

=
1
2

�
1

n + k
sin((n + k)x) +

1
n � k

sin((n � k)x)
� �

� �
= 0 for k 6= n

(G.12)

G.2.1 “Length” of  k

( k j k ) = jj  k jj2 =
Z �

� �
cos2(kx)dx =

�
x
2

+
1
4k

sin(2kx)
� �

� �
= � for k > 0

( 0j 0) = jj  0jj2 =
Z �

� �
1 � dx = 2 �

(G.13)

G.2.2 Orthogonality of � n and  k

(� n j k ) =
Z �

� �
sin(nx) cos(kx)dx =

1
2

Z �

� �
[sin((n + k)x) + sin(( n � k)x)] dx

= �
1
2

�
1

n + k
cos((n + k)x) +

1
n � k

cos((n � k)x)
� �

� �
= 0

(G.14)

becausecos((n + k)� ) = cos(� (n + k)� ) andcos((n � k)� ) = cos(� (n � k)� ).

G.2.3 Orthogonality of � n and � k

(� n j� k ) =
Z �

� �
sin(nx) sin(kx)dx =

1
2

Z �

� �
[cos((n � k)x) � cos((n + k)x)] dx

=
1
2

�
1

n � k
sin((n � k)x) �

1
n + k

sin((n + k)x)
� �

� �
= 0 for k 6= n

(G.15)

G.2.4 “Length” of � k

(� k j� k ) = jj � k jj2 =
Z �

� �
sin2(kx)dx =

�
x
2

�
1
4k

sin(2kx)
� �

� �
= � for k � 1

(G.16)
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G.3 Fourier series of a function

Now that we have proved thatf gg1
1 in Eq.G.11forms an orthogonal system of func-

tions, we know that we can express any periodic function,f (with a period of2� ) in
f gg1

1 as

f (x) = c +
1X

n =1

(an cos(nx) + bn sin(nx)) (G.17)

wherex is a spatial coordinate. The Fourier coef�ents are given by

bn = ( f j� n )=jj � n jj2 =
1
�

Z �

� �
f (x) sin(nx)dx (G.18a)

an = ( f j n )=jj  n jj2 =
1
�

Z �

� �
f (x) cos(nx)dx (G.18b)

c = ( f j 0)=jj  0jj2 =
1

2�

Z �

� �
f (x)dx (G.18c)

wheren > 0. If we setc = a0=2, thena0 is obtained from Eq.G.18b, i.e.

f (x) =
a0

2
+

1X

n =1

(an cos(nx) + bn sin(nx)) (G.19a)

bn = ( f j� n )=jj � n jj2 =
1
�

Z �

� �
f (x) sin(nx)dx (G.19b)

an = ( f j n )=jj  n jj2 =
1
�

Z �

� �
f (x) cos(nx)dx (G.19c)

Note thata0=2 corresponds to the average off . Taking the average off (i.e.
integratingf from � � to � ) and dividing with the integration length,2� , gives (see
Eq.G.19a)

�f =
1

2�

Z �

� �
f (x)dx =

1
2�

a0

2
� 2� =

a0

2
(G.20)

Hence, if �f = 0 thena0 = 0 .

G.4 Derivation of Parseval's formula

Parseval's formula reads
Z �

� �
(f (x))2dx =

�
2

a2
0 + �

1X

n =1

(a2
n + b2

n ) (G.21)

We will try to prove this formula. Assume that we want to approximate the function
f as well as possible with an orthogonal series

1X

n =1

an gn (G.22)

Now we want to prove that the Fourier coef�cients are the bestchoice to minimize the
difference

jj f �
NX

n =1

an gn jj (G.23)
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Later we will let N ! 1 . Using the de�nition of the norm and the laws of scalar
product we can write

jj f �
NX

n =1

an gn jj2 =

 

f �
NX

n =1

an gn

�
�
�
�
�
f �

NX

k=1

ak gk

!

= ( f jf ) �
NX

n =1

an (f jgn ) �
NX

k=1

ak (f jgk ) +
NX

n =1

NX

k=1

an ak (gn jgk ) =

= ( f jf ) � 2
NX

n =1

an (f jgn ) +
NX

n =1

a2
n (gn jgn )

(G.24)

because of the orthogonality of the function system,f ggN
1 . Expressingf in the second

term using the Fourier coef�cientscn (see Eqs.G.5andG.8) gives

(f jf ) � 2
NX

n =1

an cn (gn jgn ) +
NX

n =1

a2
n (gn jgn )

= jj f jj2 +
NX

n =1

jjgn jj2 �
a2

n � 2an cn
�

= jj f jj2 +
NX

n =1

jjgn jj2 (an � cn )2 �
NX

n =1

jjgn jj2c2
n

(G.25)

The left side of Eq.G.24 is thus minimized if the coef�cientsan are chosen as the
Fourier coef�cients,cn so that

jj f �
NX

n =1

an gn jj2 = jj f jj2 �
NX

n =1

jjgn jj2c2
n (G.26)

The left side must always be positive and hence

NX

n =1

jjgn jj2c2
n � jj f jj2 =

Z �

� �
(f (x))2dx for all N (G.27)

As N is made larger, the magnitude of the left side increases, andits magnitude gets
closer and closer to that of the right side, but it will alwaysstay smaller thanjj f jj2.
This means that the series on the left side isconvergent. Using the Fourier coef�cients
in Eq. G.19and lettingN ! 1 it can be shown that we get equality of the left and
right side, which gives Parseval's formula,

jj f jj2 �
Z �

� �
(f (x))2dx =

NX

n =1

jjgn jj2c2
n = jj  0jj

�
a2

0

2

�
+

NX

n =1

jj  n jja2
n + jj � n jjb2

n

= 2 �
�

a2
0

2

�
+ �

NX

n =1

a2
n + b2

n =
�
2

a2
0 + �

1X

n =1

(a2
n + b2

n )

Note that2� and� on the second line are the “length” ofjjgn jj , i.e. the length ofjj  0jj ,
jj  n jj andjj � n jj (see SectionsG.2.1andG.2.4).

AppendixS describes in detail how to create energy spectra from two-point corre-
lations.
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G.5 Complex Fourier series

EquationG.19 gives the Fourier series of a real function. It is more convenient to
express a Fourier series in complex variables even if the function f itself is real. On
complex form it reads

f (x) =
1X

n = �1

cn exp({nx)) (G.28a)

cn =
1

2�

Z �

� �
f (x) exp(� {nx)dx (G.28b)

where the Fourier coef�cients,cn , are complex. Below we verify that iff is real, then
Eq.G.28is equivalent to Eq.G.19. The Fourier coef�cients,cn , read – assuming that
f is real – according to Eq.G.28

cn =
1

2�

Z �

� �
f (x)(cos(nx) � { sin(nx))dx =

1
2

(an � {bn ); n > 0 (G.29)

wherean andbn are given by Eq.G.19. For negativen in Eq.G.28we get

c� n = c�
n =

1
2�

Z �

� �
f (x)(cos(nx) + { sin(nx))dx =

1
2

(an + {bn ); n > 0 (G.30)

wherec�
n denotes the complex conjugate. Forn = 0 , Eq.G.28reads

c0 =
1

2�

Z �

� �
f (x)dx =

1
2

a0 (G.31)

see Eq.G.19. Inserting Eqs.G.29, G.30andG.31into Eq.G.28gives

f (x) =
1
2

a0 +
1
2

1X

n =1

(an � {bn ) exp({nx) + ( an + {bn ) exp(� {nx)

=
1
2

a0 +
1
2

1X

n =1

(an � {bn )(cos(nx) + { sin(nx)) + ( an + {bn )(cos(nx) � { sin(nx))

=
1
2

a0 +
1X

n =1

an cos(nx) � {2bn sin(nx) =
1
2

a0 +
1X

n =1

an cos(nx) + bn sin(nx)

(G.32)

which veri�es that the complex Fourier series for a real function f is indeed identical
to the usual formulation in Eq.G.19although the Fourier coef�cients,cn , are complex.
One advantage of Eq.G.28over the formulation in Eq.G.19is that we don't need any
special de�nition for the �rst Fourier coef�cient,a0. The trick in the formulation in
Eq.G.28is that the imaginary coef�cients for negative and positiven cancel whereas
the real coef�cients add. This means that the real coef�cients are multiplied by a factor
two except the �rst coef�cient,a0, which makes up for the factor12 in front of a0 in
Eq.G.19.
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H TME226: Why does the energy spectrum,E, have
such strange dimensions?

THE energy spectrum,E , has the strange dimensionv2=`. The reason is that it is
a spectraldensityso that the kinetic energy,k = v0

i v
0
i , is computed by integrating

over all wavenumbers, see Eq.5.10. The energy spectrum is a spectral density function
in a similar way asf v (v) in Eq. 7.2; the difference is thatf v (v) in Eq. 7.2 is the �rst
moment. Equation7.5de�nes the second moment. The dimension off v (v) in Eq.7.2
andf v0(v0) in Eq.7.5 is one over velocity.

Since we have chosen to express the energy spectrum as a function of the wavenum-
ber, dimension analysis givesE / � � 5=3, see Eqs.5.12and5.13. A similar dimension
analysis for the kinetic energy ofv0 givesv02

� / � � 2=3. However, integratingv02
� over

all wavenumbers does not give any useful integral quantity.
The integral of the energy spectrum in the inertial region can be estimated as (see

Eqs.5.10and5.13)

k = CK "
2
3

Z � 2

� 1

� � 5
3 d� (H.1)

We could also expressE as a function of the turbulent length scale of the eddies,` �

(� = 2 �=` � , see Eq.5.7). The energy spectrum is then integrated as

k =
Z � 2

� 1

E(� )d�
[m 2 ]

= CK "
2
3

Z � 2

� 1

� � 5
3 d�

� � 2= 3

= CK "
2
3
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� 1

� � 5
3
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d` � = � CK 2�"
2
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` 1

� � 5
3 ` � 2

� d` �

= CK

� "
2�

� 2
3

Z ` 1

` 2

`
� 1

3
� d` �

` 2= 3
�

=
Z ` 1

` 2

E ` (` � )d�
[m 2 ]

(H.2)

As can be seen, the energy spectrumE ` (` � ) obeys the� 1=3 law andE(� ) obeys the
� 5=3 law. However, as mentioned above,v02

� varies as� � 2=3 (or `2=3
� ).

H.1 Energy spectrum for an ideal vortex

The velocity �eld for an ideal vortex is given byv� = � =(2�r ), vr = 0 , see Eq.1.27
and Fig.1.8, where� denotes the circulation. The kinetic energy,k, for the vortex
betweenr = R1 andr = R2 is obtained by integratingv2

� =2 from R1 to R2, i.e.

k =
1

8� 2(R2 � R1)

Z R 2

R 1

� dr
r 2 (H.3)

From this we can de�ne a kinetic energy spectrum as

E ideal (r ) =
�

8� 2(R2 � R1)r 2 (H.4)

so that

k =
Z R 2

R 1

E ideal (r )dr (H.5)

EquationH.4 shows thatE ideal / r � 3. As in the previous section, we �nd that the
dependence ofk on the radius is one degree higher, i.e.k = v2

� =2 / r � 2.
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H.2 An example

Let's generate a �uctuating velocity,v0, using a Fourier series. For simplicity we make
it symmetric so that only the cosine part needs to be used. We make it with four terms.
It reads then (see Eq.G.19)

v0(x) = a0:5
1 cos

�
2�

L=1
x

�
+ a0:5

2 cos
�

2�
L=2

x
�

+ a0:5
3 cos

�
2�

L=3
x

�
+ a0:5

4 cos
�

2�
L=4

x
� (H.6)

where the wavenumbern in Eq.G.19corresponds to2�= (L=m) with m = (1 ; 2; 3; 4).
The �rst coef�cient, a0 = 0 , in Eq.G.19because the mean of the �uctuationv0 is zero,
i.e. Z L

0
v0dx = 0 (H.7)

Equation Eq.H.6 is continuous, i.e. it is given for anyx=L = [0 ; 1]. In unsteady
CFD simulations we are always dealing with discrete points,i.e. a computational grid.
Hence, let's express Eq.H.6 for N = 16 discrete points with� x = 1 =(N � 1) as

v0(x) = a0:5
1 cos

�
2� (n � 1))

N=1

�
+ a0:5

2 cos
�

2� (n � 1))
N=2

�

+ a0:5
3 cos

�
2� (n � 1))

N=3

�
+ a0:5

4 cos
�

2� (n � 1))
N=4

� (H.8)

where(n � 1)=N = x=L andn = [1 ; N ].
Now we wantv0 in Eq. H.8 to have an energy spectrum of� 5=3. Parseval's for-

mula, Eq.G.21, tells us that the kinetic energy of an eddy of wavenumber� is simply
the square of its Fourier coef�cient. Hence we let the ratio of the ak coef�cients in
Eq.H.8 decrease asm� 5=3, i.e. (for simplicity we seta1 = 1 )

a1 = 1 a2 = 2 � 5=3; a3 = 3 � 5=3; a4 = 4 � 5=3 (H.9)

FigureH.1 shows howv0 varies overx=L. The four terms in E.H.8 shown in Fig.H.1
can be regarded as the velocity �uctuations at one time instant of four eddies of length-
scaleL , L=2, L=3 andL=4. The period of the four terms isL , L=2, L=3, andL=4
corresponding to wavenumber2�=L , 2 � 2�=L , 3 � 3�=L and4 � 2�=L .

Now let's make a DFT ofv0 to get the energy spectrum (see Matlab code in Section
H.3). In DFT, the integral in Eq.G.18

bm =
1
�

Z �

� �
v0(x) cos(�x )dx =

1
�

Z �

� �
v0(x) cos

�
2�mx

L

�
dx (H.10)

(wherebm = a1=2
m ) is replaced by a summation over discrete points, i.e.

Bm =
1
N

NX

n =1

v0(x) cos
�

2�m (n � 1)
N

�
(H.11)

where(n � 1)=N = x=L (note thatm = 0 corresponds to the mean, which is zero,
see Eq.H.7). Note thatBm (denoted byWcos in the Matlab �le) is half as large
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Figure H.1: v0 in Eq.H.8 vs. x=L . : term 1 (m = 1 ); : term 2 (m = 2 ); : term
3 (m = 3 ); � : term 4 (m = 4 ); thick line: v0. Matlab code is given in SectionH.3.
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Figure H.2: Energy spectrum ofv0. � : Evv = B 2
m . Matlab code is given in SectionH.3.

asa1=2
1 : : : a1=2

4 (but twice as many) becauseBm includes both legs of the symmetric
spectrum.

Now plot the energy spectrum,Evv = B 2
m versus wavenumber, see Fig.H.2a.

It can be seen that it decays as� � 5=3 as expected (recall that we chose the Fourier
coef�cients,am , to achieve this). The total energy is now computed as

hv02 i x =
NX

m =1

B 2
m =

NX

m =1

Evv (m) (H.12)

whereh�ix denotes averaging overx.
FigureH.2b shows the computed energy spectrum,E ` (` � ), versus eddy size, see

Matlab code in SectionH.3. It decays as̀� 1=3
� as it should, see Eq.H.2.

H.3 An example: Matlab code

close all
clear all

% number of cells
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N=16;
L=1;

n=1:1:N;
x_over_L=(n-1)/N;

% E_vv=mˆ(-5/3)
a1=1;
a2=2ˆ(-5/3);
a3=3ˆ(-5/3);
a4=4ˆ(-5/3);

for i=1:N
arg2(i)=2 * pi * (i-1)/N;
arg2(i)=2 * pi * x_over_L(i);
v(i)=a1ˆ0.5 * cos(arg2(i))+a2ˆ0.5 * cos(2 * arg2(i))+a3ˆ0.5 * cos(3 * arg2(i))+a4ˆ0.5 * cos(4

end

% take DFT
W_cos=zeros(1,N);
W_sin=zeros(1,N);
for m=1:N
for i=1:N

a=v(i);
arg1=2 * pi * (m-1) * (i-1)/N;
W_cos(m)=W_cos(m)+a * cos(arg1)/N;
W_sin(m)=W_sin(m)+a * sin(arg1)/N;

end
end

% Note that all elements of W_sin are zero since v(i) is symmet ric

%*************************************************** ****************
figure(1)
f1=a1ˆ0.5 * cos(arg2);
f2=a2ˆ0.5 * cos(2 * arg2);
f3=a3ˆ0.5 * cos(3 * arg2);
f4=a4ˆ0.5 * cos(4 * arg2);
plot(x_over_L,f1,'linew',2)
hold
plot(x_over_L,f2,'r--','linew',2)
plot(x_over_L,f3,'k-.','linew',2)
plot(x_over_L,f4,'o','linew',2)
plot(x_over_L,v,'k-','linew',4)

h=gca
set(h,'fontsi',[20])
xlabel('x')



H.3. An example: Matlab code 376

ylabel('y')
axis([0 1 -1 3])
print vprim_vs_L.ps -depsc2

%
%*************************************************** ****************
%
figure(2)
%
% the power spectrum is equal to W * conj(W) = W_cosˆ2+W_sinˆ2
PW=W_cos.ˆ2+W_sin.ˆ2;

mx=2* pi * (n-1)/L;

% plot power spectrum; plot only one side of the symmetric spe ctrum and
% multiply by two so that all energy is accounted for
plot(mx(1:N/2),2 * PW(1:N/2),'bo','linew',2)
hold
h=gca
set(h,'xscale','log')
set(h,'yscale','log')
axis([5 50 0.01 1])

% plot -5/3 line
xxx=[5 50];
yynoll=1;
yyy(1)=yynoll;
yyy(2)=yyy(1) * (xxx(2)/xxx(1))ˆ(-5/3);
plot(xxx,yyy,'r--','linew',4)

% compute the average of energy in physical space
int_phys=0;
for i=1:N

int_phys=int_phys+v(i).ˆ2/N;
end

% compute the average of energy in wavenumber space
int_wave=0;
for i=1:N

int_wave=int_wave+PW(i);
end

set(h,'fontsi',[20])
xlabel('x')
ylabel('y')
print spectra_vs_kappa.ps -depsc2
%
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%*************************************************** ****************
%
figure(3)

% compute the length corresponding the wavenumber
lx=2 * pi./mx;

% multiply PW by lxˆ(-2) to get the energy spectrum E(lx)
PW_L=PW.* lx.ˆ(-2);

% plot power spectrum
plot(lx(1:N/2),2 * PW_L(1:N/2),'bo','linew',2)
hold
h=gca
set(h,'xscale','log')
set(h,'yscale','log')

axis([0.1 1.2 0.4 1])

% plot -1/3 line
xxx=[0.1 1]
yynoll=0.9;
yyy(1)=yynoll;
yyy(2)=yyy(1) * (xxx(2)/xxx(1))ˆ(-1/3);
plot(xxx,yyy,'r--','linew',4);

set(h,'fontsi',[20])
xlabel('x')
ylabel('y')
print spectra_vs_L.ps -depsc2
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I TME226 Learning outcomes

TME226 Learning outcomes: Lecture 1

1. Explain the difference between Lagrangian and Eulerian description of the mo-
tion of a �uid particle.

2. Consider the �ow in Section1.2. Show that@v1=@tis different fromdv1=dt.

3. Watch the on-line lectureEulerian and Lagrangian Descriptionat
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. The �rst part (approx. the �rst 12 minutes) describes the difference between
Lagrangian and Eulerian points and velocities.

ii. The formula
@T
@t

+ vi
@T
@xi

is nicely explained in (after approx. 12 minutes)

where the example is the �ow in a river

4. Show which stress components,� ij , that act on a Cartesian surface whose normal
vector isni = (1 ; 0; 0). Show also the stress vector,t n̂

i . (see Eq.D.2and Fig.1.3
and the Lecture notes of Ekh [4])

5. Show that the product of a symmetric and an antisymmetric tensor is zero.

6. Explain the physical meaning of diagonal and off-diagonal components ofSij

7. Explain the physical meaning of
 ij

8. What is the de�nition of irrotational �ow?

9. What is the physical meaning of irrotational �ow?

10. Derive the relation between the vorticity vector and thevorticity tensor

11. Start from Eq.1.16and express the vorticity tensor as a function of the vorticity
vector (Eq.1.18)

12. Explain the physical meaning of the eigenvectors and theeigenvalues of the
stress tensor (see Section1.8and the Lecture notes of Ekh [4])

13. Watch the on-line lectureVorticity, part 1at
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. What is a vortex line?

ii. The teacher talks of! A and! B , where! = 0 :5(! A + ! B ); what does it
denote? (cf. Fig.1.4 in the eBook)

iii. The teacher shows the rotating tank (after 3 minutes into the movie). He
puts the vorticity meter into the tank. The �ow in the tank moves like a
solid body. How does the vorticity meter move? This is a curved �ow with
vorticity.

iv. The teacher puts the vorticity meter into a �ow in a straight channel (near a
wall). What happens with the vorticity meter? (cf. Fig.1.10)

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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v. After 4:20 minutes, the teacher shows the �gure of a boundary layer. He
says that one of the “vorticity legs” (! A in Item13ii above) is parallel to the
wall; what does he say about! B ? What conclusion does is draw about! ?
This is a straight �ow with vorticity.

vi. After 4:30 minutes, the teacher introduces a spiral vortex tank (in the eBook
this is called an ideal vortex). How does the vortex meter behave? (cf.
Fig. 1.8 in the eBook). How does the teacher explain that the vorticity is
zero (look at the �gure he talks about after 6 minutes); the explanation uses
the fact that the tangential velocity,v� , is inversely proportional to the radius,
r , see Eq.1.29in the eBook.

vii. After 8:40 minutes, the teacher puts the vorticity meter at different locations
in the boundary layer; he puts it near the solid wall, a bit further out and
�nally at the edge of the boundary layer. How does the vorticity meter move
at the different locations? Where is the vorticity smallest/largest? Explain
why.

viii. After 10:35, the vortex meter is shown in the spiral vortex tank. What hap-
pens with the vorticity when we get very close to the center? Does it still
remain zero? What happens with the tangential velocity? (see Eq.1.29)

ix. The teachers explains the concept of circulation,� , and its relation to vor-
ticity (cf. Eqs.1.23and1.25).

x. What is a vortex core?

xi. How large is the vorticity and the circulation in the rotating tank?

xii. How large is the vorticity and the circulation in the spiral vortex tank? Does
it matter if you include the center?

xiii. The teacher presents a two-dimensional wing. Where isthe pressure low and
high, respectively? The Bernoulli equation gives then the velocity; where is
it high and low, respectively? The velocity difference creates a circulation,
� .

xiv. After 15:25 minutes, the teacher looks at the rotating tank again. He starts
to rotate the tank; initially there is only vorticity near the outer wall. As time
increases, vorticity (and circulation) spread toward the center. Finally, the
�ow in the entire tank has vorticity (and circulation). Thisillustrates that as
long as there is an imbalance in the shear stresses, vorticity (and circulation)
is changed (usually created), see Figs.1.10and4.1.

14. Vortex lines are shown in experiments in the on-line lectureVorticity, part 2(18
minutes into the movie) at
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

15. Show that the vorticity is non-zero in a boundary layer, see Section1.7.2(see
also Item13iv above)

16. Show that the vorticity is zero in an ideal vortex (see Item 13vi above)
Hint:

v1 = � v�
x2

(x2
1 + x2

2)1=2

v2 = v�
x1

(x2
1 + x2

2)1=2

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 2

1. Derive the Navier-Stokes equation, Eq.2.5 (use the formulas in the Formula
sheet which can be found on the course www page)

2. Simplify the Navier-Stokes equation for incompressible�ow and constant vis-
cosity (Eq.2.9)

3. Derive the transport equation for the internal energy,u, Eq.2.15(again, use the
Formula sheet). What is the physical meaning of the different terms?

4. Simplify the transport equation for internal energy to the case when the �ow is
incompressible (Eq.2.18).

5. Derive the transport equation for the kinetic energy,vi vi =2, Eq. 2.23. What is
the physical meaning of the different terms?

6. Explain the energy transfer between kinetic energy,k, and internal energy,u

7. Show how the left side of the transport equations can be written on conservative
and non-conservative form

8. Starting from the Navier-Stokes equations (see Formula sheet), derive the �ow
equation governing the Rayleigh problem expressed inf and � ; what are the
boundary conditions in time (t) and space (x2); how are they expressed in the
similarity variable� ?

9. Show how the boundary layer thickness can be estimated from the Rayleigh
problem usingf and� (Fig. 3.3)
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TME226 Learning outcomes: Lecture 3

1. Explain the �ow physics at the entrance (smooth curved walls) to a plane channel
(Fig. 3.5). Watch also the on-line lecturePressure �eld and acceleration(22
minutes into the movie) at
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

2. Explain the �ow physics in a channel bend (Fig.3.6). Watch also the on-line
lecturePressure �eld and acceleration
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html .

(a) at 28 minutes into the movie the teacher discusses how thepressure varies
in a �xed-body rotation �ow

(b) at 16 minutes into the movie the teacher discusses how thepressure varies
for the �ow in a bend.

3. Explain the �ow physics in a channel bend (Fig.3.6).

4. Derive the �ow equations for fully developed �ow between two parallel plates,
i.e. fully developed channel �ow (Eqs.3.18, 3.22and3.26)

5. Show that the continuity equation is automatically satis�ed in 2D when the ve-
locity is expressed in the streamfunction,	

6. Starting from Eq.3.42, derive the equation for two-dimensional boundary-layer
�ow expressed in the streamfunction (Eq.3.46).

7. Derive the Blasius equation, Eq.3.54. Start from Eq.3.46

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 4

1. Explain (using words and a �gure) why vorticity can be created only by an im-
balance (i.e. a gradient) of shear stresses. Explain why pressure and the gravity
force cannot create vorticity.

2. The incompressible Navier-Stokes equation can be re-written on the form

@vi
@t

+
@k
@xi|{z}

no rotation

� " ijk vj ! k| {z }
rotation

= �
1
�

@p
@xi

+ �
@2vi

@xj @xj
+ f i

Derive the transport equation (3D) for the vorticity vector, Eq.4.21

3. Show that the divergence of the vorticity vector,! i , is zero

4. Explain vortex stretching and vortex tilting. The vortexstretching can be shown
in experiments,

5. Watch the on-line lectureVorticity, part 2(11 minutes into the movie) at
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

6. Show that the vortex stretching/tilting term is zero in two-dimensional �ow

7. Derive the 2D equation transport equation (Eq.4.23) for the vorticity vector from
the 3D transport equation (Eq.4.21)

8. Show the similarities between the vorticity and temperature transport equations
in fully developed �ow between two parallel plates

9. Use the diffusion of vorticity to show that
�
`

/

r
�

U`
=

r
1

Re
(see Fig.4.4and

Eq.3.14).

10. Watch the on-line lectureBoundary layersat
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. Consider the �ow over the �at plate (after two minutes) . How does the
boundary layer thickness change when we move downstream?

ii. What value does the �uid velocity take at the surface? What is this boundary
conditions called: slip or no-slip? How do they de�ne the boundary layer
thickness?

iii. How is the wall shear stress de�ned? How does it change when we move
downstream? (how does this compare with the channel/boundary layer �ow
in TME226 Assignment 1?)

iv. How is the circulation,� , de�ned? (cf. with Eq.1.23) How is it related to
vorticity? How do they compute� for a unit length (> � ) of the boundary
layer? How large is it? How does it change when we move downstream on
the plate?

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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v. Where is the circulation (i.e. the vorticity) created? Where is the vorticity
created in “your” channel/boundary layer �ow ( TME226 Assignment 1)?
The vorticity is created at different locations in the �at-plate boundary layer
and in the channel �ow: can you explain why? (hint: in the former case

@p
@x1

= �
@2v1

@x22

�
�
�
�
wall

= 0 ;

but not in the latter; this has an implication for
 2;wall [see Section4.3])

vi. How do they estimate the boundary layer thickness? (cf. Section.4.3.1)

11. Watch the on-line lectureBoundary layers10 minutes into the movie
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. How does the boundary layer thickness change at a givenx when we in-
crease the velocity? Explain why.

ii. Consider the �ow in a contraction: what happens with the boundary layer
thickness after the contraction?

iii. Why is the vorticity level higher after the contraction?

iv. Is the wall shear stress lower or higher after the contraction? Why?

v. Consider the �ow in a divergent channel (a diffusor): whathappens with the
boundary layer thickness and the wall shear stress?

vi. What happens when the angle of the diffusor increases?

vii. What do we mean by a “separated boundary layer”? How large is the wall
shear stress at the separation point?

viii. The second part of the movie deals with turbulent �ow: we'll talk about that
in the next lecture (and the remaining ones).

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 5

1. Derive the Bernoulli equation (Eq.4.33)
Hint: The gravitation term is �rst expressed as a potentialgi = � @̂� =@xi .

2. Consider the derivative of the complex function(f (z + z0) � f (z))=z0 where
z = x + iy andf = u + iv . The derivative off must be independent in which
coordinate direction the derivative is taken (either alongthe real or the imaginary
axis). Show that this leads to theCauchy-Riemannequations

@u
@x

=
@v
@y

;
@u
@y

= �
@v
@x

3. Show that in inviscid �ow, both the velocity potential andthe streamfunction
satisfy the Laplace equation.

4. Consider the complex potentialf = � + i 	 . Show thatf = C1zn satis�es the
Laplace equation. Derive the velocity polar components forn = 1 andn = 2 .
What physical �ow do these two cases correspond to?

5. Look atPotential �ow at Wikipedia

(a) Figure 1 shows the streamfunction around an airfoil. Recall that the Bernoulli
equation applies for a streamline.

(b) Figure 2 shows the streamfunction for plane �ow (n = 1 ) and a doublet
(n = � 1, separation" , see Section4.4.6)

(c) Figure 3 shows the streamfunction for cylinder �ow

(d) Figure 4 shows the �ow around a blunt corner,n = 1 =2 (streamlines in
blue and potential lines in cerise)

(e) Figure 5 shows the �ow around a sharp corner,n = 2 =3 (streamlines in
blue and potential lines in cerise)

(f) Figure 6 shows parallel �ow,n = 1 (streamlines in blue and potential lines
in cerise)

(g) Figure 7 shows �ow along a corner (angle larger than90o), n = 3 =2
(streamlines in blue and potential lines in cerise)

(h) Figure 8 shows �ow in a90o corner, i.e. stagnation �ow, see Section4.4.3.2,
n = 2 (streamlines in blue and potential lines in cerise)

(i) Figure 9 shows �ow in a corner (angle smaller than90o), n = 3 (stream-
lines in blue and potential lines in cerise)

(j) Figure 10 shows �ow for a doublet (separation" = 0 , see Section4.4.6,
n = � 1 (streamlines in blue and potential lines in cerise)

6. Derive the polar velocity components for the complex potential f = _m ln z=(2� )
andf = � i � ln z=(2� ) (� denotes circulation). What does the physical �ow
look like? Show that they satisfy the Laplace equation.

7. Go back and watch the on-line lectureBoundary layers (5:30 minutes into the
movieat
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

https://en.wikipedia.org/wiki/Potential_flow#/media/File:Streamlines_around_a_NACA_0012.svg
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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i. Here they de�ne the circulation in a boundary layer and connects it to the
vorticity in the area bounded by the line integral (cf. Eq.1.24)

8. A doublet is a combination of a radial sink and source and its complex potential
readsf = �= (�z ). Combine it with the potential for parallel �ow (f = V1 z).
Derive the resulting velocity �eld around a cylinder (in polar components).
Hint: the radius is de�ned asr 2

0 = �= (�V 1 ).

9. Consider the potential �ow around a cylinder. Show that the radial velocity is
zero at the surface. Use the Bernoulli equation to get the surface pressure. Show
that the drag and lift forces are zero. Where are the stagnation points located?

10. Add the complex potential of a vortex line,f = � i � ln z=(2� ) (� denotes cir-
culation) to the complex potential for cylinder �ow. Compute the polar velocity
components. Where are the stagnation points located? What happens with the lo-
cation of the stagnation point(s) when the circulation becomes very large? How
is the lift of the cylinder computed (which applies for any body).

11. What is the Magnus effect? Explain the three applications in the text: why is it
ef�cient to use loops in table tennis? Why does the Magnus effect help a football
player get the ball around the wall (of players) when making afree-kick? How
does the Magnus effect help propulsing a ship using Flettnerrotors. To look at
old and new installations of Flettner rotors, seeWikipedia.

12. Consider the inviscid �ow around an airfoil, see Fig.4.19. In inviscid theory it
would look like Fig.4.20. What has been done to achieve the �ow in Fig.4.21?
How is the lift computed?

13. Watch the on-line lectureBoundary layers (17 minutes into the movieat
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. The �ow is “tripped” into turbulence. How?

ii. When the �ow along the lower wall of the diffusor is tripped into turbulent
�ow, the separation region is suppressed. Try to explain why.

iii. Two boundary layers – one on each side of the plate – are shown. The upper
one is turbulent and the lower one is laminar. What is the difference in the
two velocity pro�les? (cf. my �gures in the 'summary of lectures') Explain
the differences.

iv. Why is the turbulent wall shear stress larger for the turbulent boundary
layer? What about the amount of circulation (and vorticity)in the laminar
and turbulent boundary layer? How are they distributed?

v. Consider the airfoil: when the boundary layer on the upper(suction) side
is turbulent, stall occurs at a higher angle of incidence compared when the
boundary layer is laminar. Why?

vi. Vortex generator are place on the suction side in order prevent or delay sep-
aration. Try to explain why separation is delayed.

https://en.wikipedia.org/wiki/Rotor_ship
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 6

1. What characterizes turbulence? Explain the characteristics. What is the life time
of a turbulent eddy?

2. Explain the cascade process. How large are the largest scales? What is dissi-
pation? What dimensions does it have? Which eddies extract energy from the
mean �ow? Why are these these eddies “best” at extracting energy from the
mean �ow?

3. What are the Kolmogorov scales? Use dimensional analysisto derive the expres-
sion for the velocity scale,v� , the length scale,̀� and the time scale,� � .

4. Make a �gure of the energy spectrum. The energy spectrum consists of three
subregions: which? Describe their characteristics. Show the �ow of turbulent
kinetic energy in the energy spectrum. Given the energy spectrum, E(� ), how
is the turbulent kinetic energy,k, computed? Use dimensional analysis to derive
the� 5=3 Kolmogorov law.

5. What does isotropic turbulence mean? What about the shearstresses?

6. Show how the ratio of the large eddies to the dissipative eddies depends on the
Reynolds number (see Eq.5.16). Using these estimations, you can show how the
number of cells in DNS (Direct Numerical Simulations) depends on Reynolds
number (see eBook).

7. Watch the on-line lectureTurbulenceat
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. Why does the irregular motion of wave on the sea not qualifyas turbulence?

ii. How is the turbulence syndrome de�ned?

iii. The movie shows laminar �ow in a pipe. The viscosity is decreased, and the
pressure drop (i.e. the resistance, the drag, the loss) decreases. Why? The
viscosity is further decreased, and the pressure drop increases. Why? How
does the characteristics of the water �ow coming out of the pipe change due
to the second decrease of viscosity?

iv. It is usually said that the �ow in a pipe gets turbulent at aReynolds number
of 2300. In the movie they show that the �owcan remain laminar up to
8 000. How do they achieve that?

v. Dye is introduced into the pipe. For laminar �ow, the dye does not mix with
the water; in turbulent �ow it does. When the mixing occurs, what happens
with the pressure drop?

8. Watch the on-line lectureTurbulence(10 minutes into the movie) at
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. Draw a laminar and turbulent velocity pro�le for pipe �ow (cf. the �gure at
p. 309). What is the main difference? In which �ow is the wall shear stress

� w = �
@�v1

@x2
largest, laminar or turbulent?

ii. In turbulent �ow, the velocity near the wall is larger than in laminar �ow.
Why?

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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iii. Discuss the connection between mixing and the cross-stream (i.e.v0
2) �uc-

tuations.

iv. Try to explain the increased pressure drop in turbulent �ow with increased
mixing.

v. The center part of the pipe is colored with blue dye and the wall region is
colored with red dye: by looking at this �ow, try to explain how turbulence
creates aReynolds shear stress.

vi. The red and blue dye nicely show the turbulent eddies (�uctuations)

vii. After 16 minutes, the �ow in jets is consider. Two turbulent jet �ows are
shown, one at low Reynolds number and one at high Reynolds number. They
look very similar in one way and very different in another way. Which scales
are similar and which are different?

viii. The two turbulent jet �ows have the same energy input and hence the same
dissipation. Use this fact to explain why the smallest scales in the high
Reynolds number jet must be smaller that those in the low Reynolds number
jet.

ix. At the end of the presentation of the jet �ow, they explainthecascade pro-
cess.

x. Explain the analogy of a water fall (cascade of water, the water passes down
the cascade) and the turbulent cascade process.
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TME226 Learning outcomes: Lecture 7

1. Use the decompositionvi = �vi + v0
i to derive the time-averaged Navier-Stokes

equation. A new terms appears: what is it called? Simplify the time-averaged
Navier-Stokes equation for boundary layer �ow. What is the total shear stress?

2. How is the friction velocity,u� , de�ned? De�nex+
2 and�v+

1 .

3. The wall region is divided into an inner and outer region. The inner region is
furthermore divided into a viscous sublayer, buffer layer and log-layer. Make a
�gure and show where these regions are valid (Fig.6.2)

4. Look atTurbulent �ow around a wingat You Tube

(a) At 1:07 minutes into the movie, they present the �ow usingthe� 2 criterion.
This is the second eigenvalue ofS2

ij + 
 2
ij where� 1 > � 2 > � 3. This

criterion �nds vortex cores i.e. the center of turbulent eddies

(b) At 1:18 minutes they show the prescribed transition on the upper side (suc-
tion side)

(c) At 1:42 minutes, for example, you can see turbulent vortex core in the outer
part of the boundary layer

(d) At 1:56 minutes, the incipient (the start of) separationnear the trailing edge
is shown

5. What are the relevant velocity and length scales in the viscous-dominated region
(x+

2 . 5)? Derive the linear velocity law in this region (Eq.6.22). What are
the suitable velocity and length scales in the inertial region (the fully turbulent
region)? Derive the log-law for this region.

6. Consider fully developed turbulent channel �ow. In whichregion (viscous sub-
layer, buffer layer or log-layer) does the viscous stress dominate? In which re-
gion is the turbulent shear stress large? Integrate the channel �ow equations and
show that the total shear stress varies as1 � x2=� (Eq.6.20).

7. In fully developed turbulent channel �ow, the time-averaged Navier-Stokes con-
sists only of three terms. Make a �gure and show how the velocity and Reynolds
shear stress vary across the channel. After that, show how the three terms vary
across the channel (Fig.6.6). Which two terms balance each other in the outer
region? Which term drives (“pushes”) the �ow in thex1 direction? Which two
terms are large in the inner region? Which term drives the �ow?

https://www.youtube.com/watch?v=hz7UjN_vYuw
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TME226 Learning outcomes: Lecture 8

1. Derive the exact transport equation for turbulent kinetic energy,k. Discuss the
physical meaning of the different terms in thek equation. Which terms are trans-
port terms? Which is the main source term? Main sink (i.e. negative source)
term?

2. Watch the on-line lectureTurbulence(20 minutes into the movie) at
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. The movie says that there is a similarity of the small scales in a channel �ow
and in a jet �ow. What do they mean?

ii. What happens with the small scales when the Reynolds number is increased?
What happens with the large scales? Hence, how does the ratioof the large
scales to the small scales change when the Reynolds number increases (see
Eq.5.16)

iii. In decaying turbulence, which scales die �rst? The scenes of the clouds
show this in a nice way.

iv. Even though the Reynolds number may be large, there are a couple of phys-
ical phenomena which may inhibit turbulence and keep the �owlaminar:
mention three.

v. Consider the �ow in the channel where the �uid on the top (red) and the
bottom (yellow) are separated by a horizontal partition. The two �uids are
identical. Study how the two �uids mix downstream of the partition. In the
next example, the �uid on the top is hot (yellow)and light, and the one at
the bottom (dark blue) is cold (heavy); how do the �uids mix downstream
of the partition, better or worse than in the previous example? This �ow
situation is calledstable strati�cation. In the last example, the situation is
reversed: cold,heavy�uid (dark blue) is moving on top of hot,light �uid
(yellow). How is the mixing affected? This �ow situation is calledunstable
strati�cation. Compare in meteorology where heating of the ground may
cause unstable strati�cation or wheninversioncauses stable strati�cation.
You can read about stable/unstable strati�cation in Section 12.1at p.166.

3. Given the exactk equation, give the equation for 2D boundary-layer �ow (Eq.8.27).
All spatial derivatives are kept in the dissipation term: why? In the turbulent re-
gion of the boundary layer, thek equation is dominated by two terms. Which
ones? Which terms are non-zero at the wall?

4. Where is the production term,P k = � v0
1v0

2@�v1=@x2, largest? In order to explain
this, show how� v0

1v0
2 and@�v1=@x2 vary near the wall.

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 9

1. Derive the exact transport equation for mean kinetic energy, K . Discuss the
physical meaning of the different terms. One term appears inboth thek and the
K equations: which one? Consider the dissipation terms in thek and theK
equations: which is largest near the wall and away from the wall, respectively?

2. Which terms in thek equation need to be modeled? Explain the physical mean-
ing of the different terms in thek equation.

3. Show how the modeled production term in thek � " model is modeled. Show
how it can be expressed in�sij

4. Show how the turbulent diffusion (i.e. the term which includes the triple corre-
lation) in thek equation is modeled.

5. Given the modeledk equation, derive the modeled" equation.

6. How are the Reynolds stress tensor,v0
i v

0
j , and the turbulent heat �ux vector,v0

i � 0,
modeled in the Boussinesq approach?

7. Watch the on-line lecturePressure �eld and accelerationat
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. The water �ow goes through the contraction. What happens with the veloc-
ity and pressure. Try to explain.

ii. Fluid particles become thinner and elongated in the contraction. Explain
why.
Hint: look at Fig.1.6.

iii. In the movie they show that the acceleration alongs, i.e.
dV2

s =2
ds

, is re-

lated to the pressure gradient
dp
ds

. Compare this relation with the Bernoullii

equation (Eq.4.35)

8. Watch the on-line lecturePressure �eld and acceleration(6 minutes into the
movie) at
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. Water �ow in a manifold (a pipe with many outlets) is presented. The pres-
sure decreases slowly downstream. Why?

ii. The bleeders (outlets) are opened. The pressure now increases in the down-
stream direction. Why?

iii. What is the stagnation pressure? How large is the velocity at a stagnation
point?

iv. What is the static pressure? How can it be measured? What is the difference
between the stagnation and the static pressures?

v. A venturi meter is a pipe that consists of a contraction andan expansion (i.e.
a diffusor). The bulk velocities at the inlet and outlet are equal, but still the
pressure at the outlet is lower than that at the inlet. There is a pressure drop.
Why?

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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vi. What happens with the pressure drop when there is a separation in the dif-
fusor?

vii. They increase the speed in the venturi meter. The pressure difference in
the contraction region and the outlet increases. Since there is atmospheric
pressure at the outlet, this means that the pressure in the contraction region
must decrease as we increase the velocity of the water. Finally the water
starts to boil, although the water temperature may be around10oC. This is
called cavitation (this causes large damages in water turbines).

viii. Explain how suction can be created by blowing in a pipe.

9. Watch the on-line lecturePressure �eld and acceleration(18 minutes into the
movie) at
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html

i. The �ow in a bend is shown. Note how the pressure for large radius in the
bend is smaller than for small radius (cf Fig.3.6.

ii. What is the Coanda effect?

iii. The water from the tap which impinges on the horizontal pipe attaches to the
surface of the pipe because of the Coanda effect. How large isthe pressure
at the surface of the pipe relative to the surrounding pressure?

iv. Explain the relation between streamline curvature and pressure (cf. Sec-
tion 3.2.1).

v. At the end of the contraction, there is an adverse pressuregradient (@p=@x >
0). Explain why.

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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TME226 Learning outcomes: Lecture 10

1. Two options are used for treating the wall boundary conditions: which ones?
Explain the main features.

2. Consider wall functions. Show how the expression

u� =
� �v1;P

ln(Eu � �x 2=� )

is obtained. What is the wall boundary condition for the velocity equation?

3. How is thek equation simpli�ed in the log-law region? Show how the boundary
condition

kP = C � 1=2
� u2

�

for k is derived (wall functions).

4. Show how the boundary condition for"

"P = P k =
u3

�

��x 2

is derived (wall functions).

5. How �ne should the grid be near the wall when using a low-Reynolds number
model? Why must the turbulence model be modi�ed?

6. Use Taylor expansion (including boundary conditions andthe continuity equa-
tion) to show how the three velocity components vary near thewall. Show then
how �v, �v, v02

1 , v0
1v0

2, " , @�v1=@x2 andk vary near the wall.

7. The exactk equation reads

� �v1
@k
@x1

+ � �v2
@�k
@x2

= � � v0
1v0

2
@�v1

@x2
�

@p0v0
2

@x2
�

@
@x2

�
1
2

�v 0
2v0

i v
0
i

�

+ �
@2k
@x22

� �
@v0i
@xj

@v0i
@xj

Show how the production term, the viscous and turbulent diffusion terms and the
dissipation vary near the wall.

8. The modeledk eq. reads

� �v1
@k
@x1

+ � �v2
@�k
@x2

= � t

�
@�v1

@x2

� 2

+
@

@x2

�
� t

� k

@k
@x2

�

+ �
@2k
@x22

� �"

Show how the production term, the turbulent diffusion term and the dissipation
vary near the wall.
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9. Looking at how the exact and the modelled terms in thek behave near walls,
which terms need to modi�ed? How?

10. The modeled" eq. reads

� �v1
@"
@x1

+ � �v2
@"
@x2

= C" 1
"
k

P k +
@

@x2

�
� t

� "

@"
@x2

�

+ �
@2"
@x22

� C" 2�
"2

k

Show how all terms behave as the wall is approached. Which terms do not go to
zero. Do they balance each other? If not, what modi�cation isneeded?

11. In low-Reynolds number models, what is the boundary condition for k?

12. A boundary condition for" can be derived (Eq.11.161) by looking at the two
terms in thek eq. that do not go to zero. Show this boundary condition.

13. Another boundary condition for"

"wall = 2 �

 
@

p
k

@x2

! 2

can be derived by using Taylor expansion. Derive the boundary condition above.
A third b.c. for" reads

"wall = 2 �
k
x2

2

Show that this agrees with Taylor expansion.
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J TME226 Oral Exam 2025

1. Show which stress components,� ij (see �gure below), that act on a Cartesian
surface whose normal vector isni = (0 ; 1; 0). Show also the stress vector,t n̂

i .
Hint: t ( n̂ )

i = � ji nj

x1

x2

� 11

� 12

� 13

t (ê 1 )
i

Stress components and stress vector on a surface.

2. @vi
@xj

= 1
2

�
@vi
@xj

+ @vj
@xi

�
+ 1

2

�
@vi
@xj

� @vj
@xi

�
= Sij + 
 ij .

Explain the physical meaning of diagonal and off-diagonal components ofSij .

3. Consider the stagnation �ow in the �gure below at timet = ln(2) .

0 1 2
0

1

2

x1; r1

x2; r2

Flow pathx2 = 1 =x1 . The �lled circle shows the point at timet = ln(2) (Lagrangian) and at
(x1 ; x2) = (2 ; 1=2) (Eulerian).r 1 = x1 = exp( t); r 2 = x2 = exp( � t ).

(a) Compute the Lagrangian and Eulerian velocities at this location.

(b) Compute the Lagrangian and Eulerian time derivative,dv L
2

dt
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(c) Compute the local Eulerian time derivative,@vE2
@t

(d) Compute the vorticity and the strain-rate using the Eulerian velocities. Try
to explain why the vorticity is zero by looking at Fig.1.4.

4. What is the de�nition of irrotational �ow?

5. Consider 2D �ow (x1 � x2 direction)

(a) The de�nition of the vorticity vector is! i = � ijk
@vk
@xj

. Give! 1, ! 2 and! 3.

(b) The de�nition of the strain-rate tensor isSij = 1
2

�
@vi
@xj

+ @vj
@xi

�
. GiveS11

andS12.

(c) The de�nition of the vorticity tensor is
 ij = 1
2

�
@vi
@xj

� @vj
@xi

�
. Give 
 11

and
 12.

6. Explain the physical meaning of the eigenvectors and the eigenvalues of the
stress tensor (see Section1.8and the Lecture notes of Ekh [4])

7. Explain – in words – how to show that the vorticity is zero inan ideal vortex (see
Item13vi above)
Hint:

v1 = � v�
x2

(x2
1 + x2

2)1=2

v2 = v�
x1

(x2
1 + x2

2)1=2

8. Consider an ideal vortex. Discuss the difference betweena vortex and vorticity.

-1.5 -1 -0.5 0 0.5 1 1.5

-1

-0.5

0

0.5

1

1.5

x1

x 2

Ideal vortex.

9. Consider the two-dimensional shear �ow below (e.g. a boundary-layer �ow).
Compute the three vorticity components (! i = � ijk

@vk
@xj

).
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a b c

v1

�
x1

x2

A shear �ow. A �uid particle with vorticity. v1 = cx2
2 .

10. The Navier-Stokes equations read

�
dvi

dt
= �

@P
@xi

+
@�ji
@xj

+ �f i = �
@P
@xi

+
@

@xj

�
2�S ij �

2
3

�
@vk
@xk

� ij

�
+ �f i

Describe – in words – how to simplify the Navier-Stokes equation for incom-
pressible �ow and constant viscosity (Eq.2.9)

(a) The transport equation for the internal energy,u, reads

�
du
dt

= � P
@vi
@xi

+ 2 �S ij Sij �
2
3

�S kk Sii

�

+
@

@xi

�
k

@T
@xi

�

What is the physical meaning of the different terms? Simplify the transport
equation for internal energy,u, to the case when the �ow is incompressible
(Eq.2.18).

(b) The basic form (without inserting the constitution law)of the transport
equation for the kinetic energy,k = vi vi =2, reads

�
dk
dt

=
@vi � ji

@xj
� � ji

@vi
@xj

+ �v i f i (J.1)

Describe (in words) how to derive the transport equation above. What is
the physical meaning of the different terms?

(c) The basic form (without inserting the constitution laws) of the transport
equation for internal energy,u, reads

�
du
dt

= � ji
@vi
@xj

�
@qi
@xi

(J.2)

Explain the energy transfer between kinetic energy,k, and internal energy,
u (Eqs.J.1andJ.2).

11. The left side of the temperature equation and the Navier-Stokes, for example,
can be written in three different ways
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�
dvi

dt
= �

@vi
@t

+ �v j
@vi
@xj

(a)

=
@�vi
@t

+
@�vj vi

@xj
(b)

�
dT
dt

= �
@T
@t

+ �v j
@T
@xj

(a)

=
@�T
@t

+
@�vj T

@xj
(b)

Explain how the expressions (a) and (b) are obtained.

12. Consider the Rayleigh problem below

V0x1

x2

The plate moves to the right with speedV0 for t > 0.

0 0.2 0.4 0.6 0.8 1

t1
t2

t3

v1=V0

x2

Thev1 velocity at three different times.t3 > t 2 > t 1 .

(a) How is the Navier-Stokes equation

@vi
@xi

= 0

�
dvi

dt
� �

@vi
@t

+ �v j
@vi
@xj

= �
@P
@xi

+ �
@2vi

@xj @xj
+ �f i

simpli�ed for the Rayleigh problem?

(b) What are the boundary conditions?

(c) We introduce a similarity variable,� , related tox2 andt as

� =
x2

2
p

�t
(J.3)

Explain how the Navier-Stokes is transformed from the independent vari-
ablesx i andt to � .
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(d) The transformed Navier-Stokes reads

d2f
d� 2 + 2 �

df
d�

= 0 ; f =
v1

V0
(J.4)

What are the boundary conditions expressed in� ?

(e) The �nal solution to Eq.J.4is

f (� ) = 1 � erf(� )

Why is there only one curve in the �gure below but three (or many more)
in the �gure above?

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

f

�

The velocity,f = v1=V0 , given by Eq.3.11.

(f) Given � andt, show how the boundary layer thickness can be estimated
from the Rayleigh problem usingf and� and the �gure above.

13. Explain the pressure levels at points1, 2 and3 at the entrance (smooth curved walls)
to a plane channel (see the �gure below).

x1

x2V

V

P1

P1

P2
h

Flow in a horizontal channel. The inlet part of the channel isshown.

Explain the �ow physics in a channel bend (Fig.3.6). Watch also the on-line lecture
Pressure �eld and acceleration
http://www.tfd.chalmers.se/˜lada/MoF/flow viz.html .

(a) at 28 minutes into the movie the teacher discusses how thepressure varies
in a �xed-body rotation �ow

http://www.tfd.chalmers.se/~lada/MoF/flow_viz.html
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(b) at 18 minutes into the movie the teacher discusses how thepressure varies
for the �ow in a bend.

x1

x2

P1

P2

V

Flow in a channel bend.

Explain the �ow physics in a channel bend (see �gure above) and in a duct bend (see
�gure below).

a b

C

C

x3

x2

Secondary �ow in a duct bend.

14. Consider steady, fully developed �ow between two parallel plates, i.e. fully developed
channel �ow

(a) What is the main �ow criterion of fully developed �ow between two paral-
lel plates?

(b) The incompressible, Navier-Stokes equation reads

@vi
@xi

= 0

�
dvi

dt
� �

@vi
@t

+ �v j
@vi
@xj

= �
@P
@xi

+ �
@2vi

@xj @xj
+ �f i

i. Simplify thev1 equation for this �ow (i.e. which terms are zero?)
ii. Do the same thing for thev2

iii. How large is@v1=@x1?
iv. How large is@v2=@x2? Why?

15. The Blasius equation.

(a) The stream function is de�ned as

v1 =
@	
@x2

; v2 = �
@	
@x1
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Show that the continuity equation is automatically satis�ed in 2D when the
velocity is expressed in the streamfunction,	

(b) Explain in words how thev1 component of the Navier-Stokes (see above)
is transformed into an equation for . For a �at-plate boundary layer we
get the following equation

@	
@x2

@2	
@x1@x2

�
@	
@x1

@2	
@x22

= �
@3	
@x32

(J.5)

(c) The �nal Blasius equation reads

1
2

g
d2g
d� 2 +

d3g
d� 3 �

1
2

gg00+ g000= 0

Explain why this equation is expressed ing and� whereas Eq.J.5 is ex-
pressed inv1, x1 andx2.
Hint: compare with Eq.J.3

16. Explain (using words) why vorticity can be created only by an imbalance (i.e. a
gradient) of shear stresses, see the �gure below. Explain why pressure and the gravity
force cannot create vorticity.

v1(x2)

x1

g

x2

(x1; x2)

� 12(x1 � 0:5� x1)n1

� 12(x1 + 0 :5� x1)n1

� 21(x2 � 0:5� x2)n2

� 21(x2 + 0 :5� x2)n2

P(x1 � 0:5� x1) P(x1 + 0 :5� x1)

Surface forces acting on a �uid particle. The �uid particle is located in the lower half of fully
developed channel �ow. Thev1 velocity is given by Eq.3.28andv2 = 0 . Hence� 11 = � 22 =
@�12 =@x1 = 0 and� @�21 =@x2 > 0. Thev1 velocity �eld is indicated by dashed vectors.

17. The incompressible Navier-Stokes equation can be re-written on the form

@vi
@t

+
@k
@xi|{z}

no rotation

� " ijk vj ! k| {z }
rotation

= �
1
�

@p
@xi

+ �
@2vi

@xj @xj
+ f i

(a) Describe the �rst step in deriving the transport equation (3D) for the
vorticity vector, Eq.4.21
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Hint: ! p = "pqi @vi =@xq

(b) Which terms are zero?
Hint: the product of a symmetric tensor and a non-symmetric tensoris zero.

(c) Show that the divergence of the vorticity vector,! i , is zero

18. Explain vortex stretching, see �gure below.
Hint: The vortex stretching/tilting terms reads

! k
@vp
@xk

=

8
>>>>><

>>>>>:

! 1
@v1
@x1

+ ! 2
@v1
@x2

+ ! 3
@v1
@x3

; p = 1

! 1
@v2
@x1

+ ! 2
@v2
@x2

+ ! 3
@v2
@x3

; p = 2

! 1
@v3
@x1

+ ! 2
@v3
@x2

+ ! 3
@v3
@x3

; p = 3

v1 v1! 1

x1

x2

Vortex stretching. Dashed lines denote �uid element beforestretching.
@v1
@x1

> 0. Angular

momentum,r 2 ! 1 , is constant.

19. Explain vortex tilting, see �gure below.

! 2
v1(x2) @v1

@x2
> 0

x1

x2

Vortex tilting. Dashed lines denote �uid element before bending or tilting.

20. Show that the vortex stretching/tilting term is zero in two-dimensional �ow
Hint: The vortex-stretching term reads! k @vp=@xk = 0 .
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The 3D transport equation for the vorticity vector reads

d! p

dt
�

@!p
@t

+ vk
@!p
@xk

= ! k
@vp
@xk

+ �
@2! p

@xj @xj

Describe – in words – the form of the corresponding equation in 2D.

21. Show the similarities between the vorticity and temperature transport equations in fully
developed �ow between two parallel plates.

Use the diffusion of vorticity to show that�` /
p �

U` =
q

1
Re , see �gure below and

the expressions from the Rayleigh �ow.
Hint: � = 1 :8 = x 2

2
p

�t
) � = 3 :6

p
�t . Furthermore, recall that vorticity is created

along the wall only near the leading edge: why?

�����������������������������������������
�����������������������������������������
�����������������������������������������
�����������������������������������������

���������������
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

������������������

�x1

x2
V0

L

Boundary layer. The boundary layer thickness,� , increases for increasing streamwise distance
from leading edge (x1 = 0 ).

22. Consider the derivative of the complex function(f (z+ z0) � f (z))=z0 wherez = x+ iy
andf = u + iv . The derivative off must be independent in which coordinate direction
the derivative is taken (either along the real or the imaginary axis), i.e.

df
dz

= lim
� z! 0

f (z0 + � z) � f (z0)
� z

= lim
� x ! 0

f (x0 + � x; iy 0) � f (x0; iy0)
� x

= lim
� y ! 0

f (x0; iy0 + i � y) � f (x0; iy0)
i � y

:

The second line can be written as

@f
@x

=
1
i

@f
@y

=
i
i 2

@f
@y

= � i
@f
@y

Show that this leads to theCauchy-Riemannequations

@u
@x

=
@v
@y

;
@u
@y

= �
@v
@x

23. Explain – in words – why in potential �ow both the velocitypotential

v1 = @� =@x1, v2 = @� =@x2

and the stream function

v1 = @	 =@x2, v2 = � @	 =@x1

satisfy the Laplace equation.

24. Introduction: above, we formulated the complex function in a generic way,f = u+ iv .
Now we move to �uid mechanics.
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(a) We formulate a “�uid mechanics” complex functionf = �+ i 	 which is a
potential function since both the real and imaginary part satisfy the Laplace
equation.

(b) We guess a complex functionf = C1zn , z = x + iy

(c) It turns out that it is sometimes more convenient to expressf is polar coor-
dinates, i.e.f = C1rei� = C1r n (cos(n� ) + i sin(n� ))

(d) Describe – in words – how to prove thatf = C1zn satisfy the Laplace
equation.
How are the velocity components forn = 1 andn = 2 obtained. What
physical �ow do these two cases correspond to?

25. Describe how to derive the polar velocity components forthe complex potentialf =
� i � ln z=(2� ) (� denotes circulation).
Tip: expressz in polar coordinates (Euler form), i.e.z = rei�

How do you show that the complex potential satisfy the Laplace equation? What does
the physical �ow look like?

26. Consider the potential �ow around a cylinder.

f =
V1 r 2

0

rei� + V1 rei� = V1

�
r 2

0

r
e� i� + rei�

�

= V1

�
r 2

0

r
(cos� � i sin � ) + r (cos� + i sin � )

�

It is a super-position of two “elementary” �ow cases: which ones? Describe – in words
– how to show that the radial velocity is zero at the surface. How can you get the
surface pressure? Describe how you would then get the drag and lift. How large do
you expect drag and lift to be? Why?

27. Consider the potential �ow around a rotating cylinder.

x1

x2

�

FL

V1

f =
V1 r 2

0

z
+ V1 z � i

�
2�

ln z

= V1

�
r 2

0

r
(cos� � i sin � ) + r (cos� + i sin � )

�
�

�
2�

(i ln r � � )

in polar coordinates
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The circulation is de�ned as

� =
I

vi t i d`

x1

S

x2

t i d`

The surface,S, is enclosing by the linè. The vector,t i , denotes the unit tangential vector of the
enclosing line,̀ .

Where are the stagnation points located? How is the lift of the cylinder computed?
(which applies for any body).

28. What is the Magnus effect? Explain the three applications below: why is it ef�cient
to use loops in table tennis? Why does the Magnus effect help afootball player get
the ball around the wall (of players) when making a free-kick? How does the Magnus
effect help propulsing a ship using Flettner rotors. To lookat old and new installations
of Flettner rotors, seeWikipedia.

F
FL

nettable

!

x1

x2

Table tennis. The loop uses the Magnus effect. Side view.

F wall of players

goal

FL

!

Football. A free-kick uses the Magnus effect. Top view

https://en.wikipedia.org/wiki/Rotor_ship
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� Vwind!

FL

�

Vship

x1

x2

Flettner rotor (in blue) on a ship. The relative velocity between the ship and the wind isVwind +
Vship . The ship moves with speedVship . Top view.

29. What characterizes turbulence? Explain the characteristics. What is the life time of a
turbulent eddy?

30. Explain the cascade process. How large are the largest scales? What is dissipation?
Which eddies extract energy from the mean �ow? Why are these these eddies “best”
at extracting energy from the mean �ow?
Hint: Look at the �gure with two velocity pro�les below.

31. The energy spectrum consists of three subregions: which? Describe their character-
istics. Show the �ow of turbulent kinetic energy in the energy spectrum. Given the
energy spectrum,E(� ), how is the turbulent kinetic energy,k, computed? Describe –
in words – how to use dimensional analysis to derive the� 5=3 Kolmogorov law.

�

E
I

II

III

E
(� ) /

� �
5=3

�h �v0
i �v

0
j i

@h�vi i
@xj

" �

"

Spectrum for turbulent kinetic energy,k. The wavenumber,� , is proportional to the inverse
of the length scale of a turbulent eddy,` � , i.e. � / ` � 1

� . For a discussion of" � vs. " , see
Section8.2.2.
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B

� B

A

� A

x1

x2

The size of the largest eddies (dashed lines) for different velocity pro�les.

32. What are the Kolmogorov dissipation scales? Describe – in words – how to use dimen-
sional analysis to derive the expression for, for example, the length scale,̀� .

33. What does isotropic turbulence mean? What about the shear stresses?

34. Describe how the ratio of the large eddies to the dissipative eddies depends on the
Reynolds number.

Hint:
`0

` �
=

�
� 3

"

� � 1=4

`0

Why is this expression useful for DNS (Direct Numerical Simulation)?

35. Draw a laminar and turbulent velocity pro�le for pipe �ow. What is the main differ-

ence? In which �ow is the wall shear stress� w = �
@�v1

@x2
largest, laminar or turbulent?

36. Describe – in words – how to use the decompositionvi = �vi + v0
i to derive the time-

averaged Navier-Stokes equation. We start from the Navier-Stokes equation:

�
@vi
@t

+ �
@vi vj

@xj
= �

@p
@xi

+ �
@2vi

@xj @xj

A new terms appears: what is it called? What is the physical meaning of the terms in
the equation above?

37. How is the friction velocity,u� , de�ned? De�nex+
2 and�v+

1 .
The wall region is divided into an inner and outer region. Theinner region is fur-
thermore divided into a viscous sublayer, buffer layer and log-layer. Find those three
regions in the �gure below.
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W
all

C
enterline

x+
2 = y+

1 5 10 30 100 1000 10000

10� 4 10� 3 10� 2 10� 1 1
x2=�

overlap region

inner region

outer region

The wall region

38. What are the relevant velocity and length scales in the viscous-dominated region (x+
2 .

5)? What are the suitable velocity and length scales in the inertial region (the fully
turbulent region)? When deriving the log-law for this region, we start by making an
estimate of the velocity gradient: how is it estimated?

39. Consider fully developed turbulent channel �ow. In which region (viscous sublayer,
buffer layer or log-layer) does the viscous stress dominate? In which region is the
turbulent shear stress large? The turbulent and the viscousshear stresses are shown in
the �gures below. Which is which?

a) 0 0.2 0.4 0.6 0.8 1
0

500

1000

1500

2000

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x+ 2

x 2
=

�

b) 0.2 0.4 0.6 0.8 1
0

100

200

0.2 0.4 0.6 0.8 1
0

0.05

0.1

x+ 2

x 2
=

�

Reynolds shear stress.Re� = 2000. a) lower half of the channel; b) zoom near the wall.

40. In fully developed turbulent channel �ow, the time-averaged Navier-Stokes consists
only of three terms (which?). Identify them in the �gures below and discuss their
physical meaning.

a) -150 -100 -50 0 50 100 150
0

50

100

150

200

x+
2

b) -2 -1 0 1 2
200

400

600

800

1000

1200

1400

1600

1800

2000

x+
2
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Fully developed channel �ow.Re� = 2000. Forces in the�v1 equation. a) near the lower wall of
the channel; b) lower half of the channel excluding the near-wall region.

41. In order to analyze thek equation it is useful to look at the source terms. A positive
source term in a transport equation, for exampleT, increases the value ofT . A simple
example is the one-dimensional unsteady heat conduction equation

@T
@t

= �
@2T
@x21

+ Q

whereQ is a heat source, see �gure below. Note that the source term(s) should always
appear on the opposite side of the unsteady term (or the same side as the diffusion
term).

wall wall

Q

x1

One-dimensional unsteady heat conduction. In the middle there is a heat source,Q.

The exact equation for turbulent kinetic energy,k = 0 :5v0
i v

0
i reads

@�vj k
@xj

I

= � v0
i v

0
j

@�vi

@xj
II

�
@

@xj

�
1
�

v0
j p0+

1
2

v0
j v0

i v
0
i � �

@k
@xj

�

III

� �
@v0i
@xj

@v0i
@xj

IV

Discuss the physical meaning of the different terms in thek equation. Which terms are
transport terms? Which is the main source term? Which is the main sink (i.e. negative
source) term?

42. The exactk equation for 2D Boundary Layers reads

@�v1k
@x1

+
@�v2k
@x2

convervative form

� �v1
@k
@x1

+ �v2
@k
@x2

non-convervative form

= � v0
1v0

2
@�v1

@x2

�
@

@x2

�
1
�

p0v0
2 +

1
2

v0
2v0

i v
0
i � �

@k
@x2

�
� �

@v0i
@xj

@v0i
@xj

All spatial derivatives are kept in the dissipation term: why? Which terms are non-
zero at the wall? Note that it easier to realize that the left-hand side is zero when it
is formulated on the non-conservative form. Can you expressthe turbulent diffusive
terms on non-conservative form?

43. Where is the production term,P k = � v0
1v0

2@�v1=@x2, largest? In order to explain this,
look at the �gures below.
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0 0.2 0.4 0.6 0.8 1
0
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35

40

@�v+
1 =@x+2

x+
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0.2 0.4 0.6 0.8 1
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20

40

0.2 0.4 0.6 0.8 1
0

0.01

0.02

x+ 2

� v0
1v0

2=u2
�

x 2
=

�

Velocity gradient Reynolds shear stress

Channel �ow atRe� = 2000.

44. The exact transport equation for mean kinetic energy,K = 0 :5�vi �vi reads

@�vj K
@xj

= v0
i v

0
j

@�vi

@xj
� P k ; sink

�
�vi

�
@�p
@xi

source

�
@

@xj

�
�vi v0

i v
0
j � �

@K
@xj

�
� �

@�vi

@xj

@�vi

@xj
" mean ; sink

Discuss the physical meaning of the different terms. One term appears in both thek
and theK equations: which one? Consider the dissipation terms in thek and theK
equations: which is largest near the wall and away from the wall, respectively?

45. Which terms in thek equation need to be modeled?

�v1
@k
@x1

+ �v2
@k
@x2

= � v0
1v0

2
@�v1

@x2
�

@
@x2

�
1
�

p0v0
2 +

1
2

v0
2v0

i v
0
i � �

@k
@x2

�
� �

@v0i
@xj

@v0i
@xj

46. Which term is unknown in the time-averaged Navier-Stokes equations? (also called the
RANS equations [RANS=Reynolds-Averaged Navier-Stokes])

�
@�vi �vj

@xj
= �

@�p
@xi

+
@

@xj

�
�

@�vi

@xj
� � v0

i v
0
j

�

47. The Boussinesq approximation reads (almost)

� v0
i v

0
j = � t

�
@�vi

@xj
+

@�vj

@xi

�

Which term is missing?

48. Show how the modeled production term,P k = � v0
i v

0
j

@�v i
@xj

, is modelled in thek � "
model.

49. The modeledk equation can symbolically be written:

Ck = P k + D k + Gk � "

Using this equation, describe how to derive the modeled" equation.

50. Two options are used for treating the wall boundary conditions: which ones? Explain
the main features.
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51. Consider wall functions. Describe how the expression

u� =
� �v1;P

ln(Eu � �x 2=� )

is obtained. What is the wall boundary condition for the velocity equation?

Hint: The log-law reads
�v1

u�
=

1
�

ln
�

Eu � x2

�

�

52. How is thek equation simpli�ed in the log-law region? Show how the boundary con-
dition

kP = C � 1=2
� u2

�

for k is derived (wall functions).

Hint: Simpli�ed k equation:0 = P k � �" = � t

�
@�v1

@x2

� 2

� �" . The wall shear stress

reads� w = � � v0
1v0

2 = � t
@�v1
@x2

53. Show how the boundary condition for" (used in wall functions)

"P = P k =
u3

�

��x 2

is derived (wall functions).
Hint: " ' U 3=L .

54. How �ne should the grid be near the wall when using a low-Reynolds number model?
Why must the turbulence model be modi�ed?

55. In the eBook we derive the following expressions using Taylor expansion:

�v1 = a1x2 + : : : = O(x1
2)

v02
1 = a2

1x2
2 + : : : = O(x2

2)
v02

2 = b2
2x4

2 + : : : = O(x4
2)

v02
3 = c2

1x2
2 + : : : = O(x2

2)
v0

1v0
2 = a1b2x3

2 + : : : = O(x3
2)

k = ( a2
1 + c2

1)x2
2 + : : : = O(x2

2)
@�v1=@x2 = a1 + : : : = O(x0

2)
@v01=@x2 = a1 + : : : = O(x0

2)
@v02=@x2 = 2 b2x2 + : : : = O(x1

2)
@v03=@x2 = c1 + : : : = O(x0

2)

Describe how they are obtained.

56. The exactk equation reads

� �v1
@k
@x1

+ � �v2
@�k
@x2

= � � v0
1v0

2
@�v1

@x2
�

@p0v0
2

@x2
�

@
@x2

�
1
2

�v 0
2v0

i v
0
i

�

+ �
@2k
@x22

� �
@v0i
@xj

@v0i
@xj

Using the Taylor expansions above, show how the production term, the viscous and
turbulent diffusion terms and the dissipation vary near thewall.
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57. The modeledk eq. reads

� �v1
@k
@x1

+ � �v2
@k
@x2

= � t

�
@�v1

@x2

� 2

+
@

@x2

�
� t

� k

@k
@x2

�

+ �
@2k
@x22

� �"

Using the Taylor expansions above, show how the production term, the turbulent diffu-
sion term and the dissipation vary near the wall.

58. Looking at how the exact and the modelled terms in thek behave near walls, which
terms need to modi�ed? How?

59. In low-Reynolds number models, what is the boundary condition for k?

60. A boundary condition for" can be derived by looking at the two terms in thek eq. (see
above) that do not go to zero. Show this boundary condition.

61. In the eBook it is shown that Taylor expansion gives

" = �
�

a2
1 + c2

1

�
+ : : :

and
k =

1
2

�
a2

1 + c2
1

�
x2

2 + : : :

Show how the “third b.c.” for" is obtained using these two expressions.
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K MTF271 Lecture Notes

K.1 Lecture 1

{ See Section11.1.1, Flow equations
I Boussinesq approximation: density variation only in gravitation

(buoyancy) term

@�0�vi

@t
+

@
@xj

(� 0�vi �vj ) = �
@�p
@xi

+ �
@2�vi

@xj @xj
� � 0

@v0
i v

0
j

@xj
� � 0� ( �� � � 0)gi

�p is hydrodynamic pressure:�f i ! (� � � 0)gi

If we let density depend on pressure and temperature, differentiation
gives

d� =
�

@�
@�

�

p

d� +
�

@�
@p

�

�

dp

Incompressible) @�=@p= 0

� = �
1
� 0

�
@�
@�

�

p

)

d� = � � 0�d� ) � � � 0 = � �� 0(� � � 0)

� 0f i = ( � � � 0)gi = � � 0� ( �� � � 0)gi

{ See Section11.1.2, Temperature equation
I Temperature equation

@�
@t

+
@vi �
@xi

= �
@2�

@xi @xi

where� = k=(�c p). Introducing� = �� + � 0 gives the mean temperature
equation

@�vi
��

@xi
= �

@2 ��
@xi @xi

�
@v0

i � 0

@xi
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I Total (viscous plus turbulent) �ux: momentum and temperature
equation

�
q2;tot

�c p
= �

q2;visc

�c p
�

q2;turb

�c p
= �

@��
@x2

� v0
2� 0; � =

k
�c p

� tot = � visc + � turb = �
@�v1

@x2
� � v0

1v0
2

0.2 0.4 0.6 0.8 1
0

100

200

0.2 0.4 0.6 0.8 1
0

0.05

0.1

yyx+
2

Reynolds shear stress.
: � � v0

1v0
2=�w

: � (@�v1=@x2)=�w.

{ See Section11.2, The exactv0
i v

0
j equation

I v0
i v

0
j -equation

�vk
@v0

i v
0
j

@xk
Cij

= � v0
i v

0
k

@�vj

@xk
� v0

j v
0
k

@�vi

@xk
Pij

+
p0

�

�
@v0i
@xj

+
@v0j
@xi

�

� ij

�
@

@xk

"

v0
i v

0
j v

0
k +

p0v0
j

�
� ik +

p0v0
i

�
� jk

#

D ij;t

+ �
@2v0

i v
0
j

@xk@xk
D ij;�

� gi � v0
j � 0 � gj � v0

i � 0

G ij

� 2�
@v0i
@xk

@v0j
@xk

" ij

� Unknown terms

� ij Pressure-strain

D ij;t Turbulent diffusion

" ij Dissipation
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{ See Section11.3, The exactv0
i � 0equation

I v0
i � 0 equation

@�0

@t
+

@
@xk

(v0
k
�� + �vk � 0+ v0

k � 0) = �
@2� 0

@xk@xk
�

@v0
k � 0

@xk
(K.1)

@v0i
@t

+
@

@xk
(v0

k �vi + �vkv0
i + v0

kv0
i ) = �

1
�

@p0

@xi
+ �

@2v0
i

@xk@xk
�

@v0
i v

0
j

@xk
� gi �� 0

(K.2)

Multiply Eq. K.1 with v0
i and multiply Eq.K.2 with � 0, add them

together and time average

v0
i

@
@xk

(v0
k
�� + �vk � 0+ v0

k � 0) + � 0 @
@xk

(�vi v0
k + �vkv0

i + v0
i v

0
k)

= �
� 0

�
@p0

@xi
+ � v0

i
@2� 0

@xk@xk
+ � � 0

@2v0
i

@xk@xk
� gi � � 0� 0

@
@xk

�vkv0
i � 0 = � v0

i v
0
k

@��
@xk

� v0
k � 0

@�vi

@xk
Pi�

�
� 0

�
@p0

@xi
� i�

�
@

@xk
v0

kv0
i � 0

D i�;t

+ ( � + � )
@2v0

i � 0

@xk@xk
D i�;�

� (� + � )
@v0i
@xk

@�0

@xk
" i�

� gi � � 02

G i�
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{ The original derivation is shown in Section8.2. In 11.4, Thek equation,
we derive thek equation as follows

I Take the trace of thev0
i v

0
j equation and divide by two

@k
@t

+ �vj
@k
@xj

Ck

= � v0
i v

0
j
@�vi

@xj

P k

� �
@v0i
@xj

@v0i
@xj

"

�
@

@xj

(

v0
j

�
p0

�
+

1
2

v0
i v

0
i

� )

D k
t

+ �
@2k

@xj @xj

D k
�

� gi � v0
i � 0

Gk

� Unknown terms

v0
i v

0
j Reynolds stress inP k

D k
t Turbulent diffusion

" Dissipation

{ See Section11.6, The Boussinesq assumption
I The Boussinesq assumption: a model forv0

i v
0
j

The diffusion term of time-averaged Navier-Stokes

@
@xj

�
�

�
@�vi

@xj
+

@�vj

@xi

�
� v0

i v
0
j

�
)

@
@xj

�
(� + � t )

�
@�vi

@xj
+

@�vj

@xi

��

v0
i v

0
j = � � t

�
@�vi

@xj
+

@�vj

@xi

�
+ 2

3 � ij k

� t / v0` = k1=2 k3=2

"
= c�

k2

"
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K.2 Lecture 2

{ See Section11.7.1, Production terms
I Production term ink equation needs to be modelled.

P k = � v0
i v

0
j
@�vi

@xj
= � t

��
@�vi

@xj
+

@�vj

@xi

�
�

2
3

� ij k
�

@�vi

@xj
= 2� t �sij �sij

I The heat �ux is needed to close the mean temperature equation,
Eq.11.9. It is modelled as (see Eq.11.35)

v0
i � 0 = � � t

@��
@xi

, � t =
� t

� t

I Diffusion term ink eq, Eq.11.23, must be modelled. Compare with
heat conduction, Eq.2.14:

qi = � k
@��
@xi

.

Flux of k:

dk
j;t =

1
2

v0
j v

0
i v

0
i = �

� t

� k

@k
@xj

) �
1
2

@v0
j v

0
i v

0
i

@xj
=

@
@xj

�
� t

� k

@k
@xj

�

{ See Section11.8, Thek � " model
I Modelledk equation

@k
@t

+ �vj
@k
@xj

= 2� t �sij �sij +
@

@xj

��
� +

� t

� k

�
@k
@xj

�
+ gi �

� t

� �

@��
@xi

� "

{ See Section11.5, The" equation
I " equation

C" = P " + D " + G" � 	 "

Use the same source terms as ink equation and add turbulent time-scale
"=k to get the right dimensions:

P " � 	 " + G" =
"
k

(c" 1P k � c" 2" + c" 3Gk)

I The �nal form modelled" equation

@"
@t

+ �vj
@"
@xj

=
"
k

(c" 1P k � c" 2" + c" 3Gk) +
@

@xj

��
� +

� t

� "

�
@"
@xj

�
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{ See Section11.7.3, Dissipation term," ij

I The dissipation term," ij , in thev0
i v

0
j equation (eq.11.11), is mod-

eled as follows:
Small-scale turbulence is isotropic

1. v02
1 = v02

2 = v02
3 .

2. All shear stresses are zero)

" ij =
2
3

"� ij (K.3)

{ See Section11.7.4, Slow pressure-strain term
I The pressure-strain term is the last unknown term that need to be

modelled in thev0
i v

0
j equation, Eq.11.11. We start with the slow pressure-

strain term

v0
1

v0
1

x1

x2

@v01=@x1 < 0 andp0 > 0 so thatp0@v01
@x1

< 0

@v02
@x2

> 0;
@v03
@x3

> 0

If this happens then
v02

1 > v02
2 ; v02

1 > v02
3

p0
@v01
@x1

/ �
�
2t

h�
v02

1 � v02
2

�
+

�
v02

1 � v02
3

�i
= �

�
t

�
v02

1 �
1
2

�
v02

2 + v02
3

� �

= �
�
t

�
3
2

v02
1 �

1
2

�
v02

1 + v02
2 + v02

3

� �
= �

�
t

�
3
2

v02
1 � k

�

� ij; 1 � p0

�
@v0i
@xj

+
@v0j
@xi

�
= � c1�

"
k

�
v0

i v
0
j �

2
3

� ij k
�

(K.4)

see Eq.11.57
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{ See Eq.11.2at p.140
I Decaying grid turbulence

a)

�v1

x1

x2

b) x3

x2

I v0
i v

0
j equation

�v1
dv0

i v
0
j

dx1
=

p0

�

�
@v0i
@xj

+
@v0j
@xi

�
� " ij (K.5)

stress tensor which is de�ned as

aij =
v0

i v
0
j

k
�

2
3

� ij (K.6)

When isotropic,aij = 0. We introduceaij (Eq.K.6), � ij; 1 (Eq.K.4) and
" ij = (2 =3)� ij (Eq.K.3) into Eq.K.5 so that

�v1

�
d(kaij )

dx1
+ � ij

2
3

dk
dx1

�
= � c1"a ij �

2
3

� ij "

Using �v1
dk
dx1

= � " gives

�v1
daij

dx1
= � c1

"
k

aij �
2
3

� ij
"
k

+
"
k

aij +
2
3

� ij
"
k

=
"
k

aij (1 � c1)

daij =dx < 0 (the turbulence becomes isotropic)) c1 > 1.
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K.3 Lecture 3

{ See Section11.7.5, Rapid pressure-strain term
I Pressure strain: rapid part

x1; y1

x2; y2

V

x

y

1. Take the divergence of the incompressible Navier-Stokesequation

assuming constant viscosity (see Eq.6.6) i.e.
@

@xi

�
vj

@vi
@xj

�
= : : :

) EquationA.

2. Take the divergence of the incompressible time-averagedNavier-

Stokes equation assuming constant viscosity (see Eq.6.10) i.e.
@

@xi

�
�vj

@�vi

@xj

�
=

: : : ) EquationB.

Eq. A - Eq. B gives

1
�

@2p0

@xj @xj
= � 2

@�vi

@xj

@v0j
@xi

rapid term

�
@2

@xi @xj

�
v0

i v
0
j � v0

i v
0
j

�

slow term

(K.7)

@2'
@xj @xj

= f

I There exists an exact analytical solution given by Green's formula (de-
rived from Gauss divergence law)

' (x) = �
1

4�
�

Z

V

f (y )dy1dy2dy3

jy � xj

wheredy1dy2dy3 = dV = dy 3. The integral is carried out for all points,
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y, in volumeV.

p0(x) =
�

4�

Z

V

2

6
6
42

@�vi (y)
@yj

@v0j (y)

@yi
rapid term

+
@2

@yi @yj

�
v0

i (y)v0
j (y) � v0

i (y)v0
j (y)

�

slow term

3

7
5

dy 3

jy � xj

(K.8)

I Now make two assumptions in Eq.K.8:

i) the turbulence is homogeneous which means that the last term in
square brackets is zero.

ii) the variation of@�vi =@xj in space is small because@�vi =@xj varies
much more slowly@v0j (y)=@yi

Assumptioni) ) last term in the integral in Eq.11.68is zero, i.e.

@2v0
i v

0
j

@yi @yj
= 0

Assumptionii) ) mean velocity gradient moved outside the integral.
I multiply Eq.K.8 with @v0i =@xj + @v0j =@xi and average:

1
�

p0(x)
�

@v0i (x)
@xj

+
@v0j (x)

@xi

�

=
@�vk(x)

@x̀
1

2�

Z

V

�
@v0i (x)

@xj
+

@v0j (x)

@xi

�
@v0` (y)

@yk

dy 3

jy � xj
M ijk`

+
1

4�

Z

V

�
@v0i (x)

@xj
+

@v0j (x)

@xi

�
@2

@yk@ỳ
(v0

k(y)v0
`(y))

dy 3

jy � xj
A ij

(K.9)

Short form of Eq.K.9:

p0

�

�
@v0i
@xj

+
@v0j
@xi

�
= A ij + M ijk`

@�vk

@x̀
= � ij; 1 + � ij; 2

� First term=slow term,� ij; 1 (see Eq.11.57),

� second term=rapid term,� ij; 2 (index2 denotes the rapid part).
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� ij; 2 = � c2�
�

Pij �
2
3

� ij P k

�
IP model

See Eq.11.90.
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{ See Section11.7.6, Wall model of the pressure-strain term
I Wall models of pressure-strain:

� ij = � ij; 1 + � ij; 2 + � ij; 1w + � ij; 2w

� 22;1w = � 2c1w
"
k

v02
2 f; f = min

(
k

3
2

2:55jni;w (x i � x i;w )j"
; 1:0

)

Traceless)
� 11;1w = � 33;1w = c1w

"
k

v02
2 f

The wall model for the shear stress is set as

� 12;1w = �
3
2

c1w
"
k

v0
1v0

2f

The general form reads:

� ij; 1w = c1w
"
k

�
v0

kv0
m nk;w nm;w � ij �

3
2

v0
kv0

i nk;w nj;w �
3
2

v0
kv0

j ni;w nk;w

�
f

The analogous wall model for the rapid part reads

� ij; 2w = c2w

�
� km; 2nk;w nm;w � ij �

3
2

� ki; 2nk;w nj;w �
3
2

� kj; 2ni;w nk;w

�
f
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{ See Section11.9, The modeledv0
i v

0
j equation with IP model

I We can �nally formulate themodelledv0
i v

0
j equation (with IP model),

the Reynolds Stress Model (RSM)

@v0
i v

0
j

@t
+ (unsteady term)

�vk
@v0

i v
0
j

@xk
= (convection)

� v0
i v

0
k

@�vj

@xk
� v0

j v
0
k

@�vi

@xk
(production)

� c1
"
k

�
v0

i v
0
j �

2
3

� ij k
�

(slow part)

� c2

�
Pij �

2
3

� ij P k

�
(rapid part ; IP model)

+ c1w �
"
k

[ v0
kv0

m nknm � ij �
3
2

v0
i v

0
knknj

�
3
2

v0
j v

0
knkni ]f (wall; slow part)

+ c2w [ � km; 2nknm � ij �
3
2

� ik; 2nknj

�
3
2

� jk; 2nkni ]f (wall; rapid part; IP model))

+ �
@2v0

i v
0
j

@xk@xk
(viscous di�usion)

+
@

@xk

"
� t

� k

@v0
i v

0
j

@xm

#

(turbulent di�usion)

� gi � v0
j � 0 � gj � v0

i � 0 (buoyancy production)

�
2
3

"� ij (dissipation)
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{ See Section11.10, Algebraic Reynolds Stress Model (ASM)
I The Algebraic Reynolds Stress Model (ASM) is a simpli�ed Reynolds

Stress Model (RSM)

RSM : Cij � D ij = Pij + � ij � " ij

k � " : Ck � D k = P k � "

Assumption in ASM:

Cij � D ij =
v0

i v
0
j

k

�
Ck � D k

�

) Pij + � ij � " ij =
v0

i v
0
j

k

�
P k � "

�

This gives

v0
i v

0
j =

2
3

� ij k +
k
"

(1 � c2)
�
Pij � 2

3 � ij P k
�

+ � ij; 1w + � ij; 2w

c1 + P k=" � 1

{ See Section11.13, Boundary layer �ow
I We will now look at the source terms in the modelledv0

i v
0
j equa-

tion (Eq. 11.101), for a special �ow, namely the boundary layer �ow.
We have�v2 ' 0; @�v1=@x2 � @�v1=@x1. The production term reads
(Eq.11.38)

Pij = � v0
i v

0
k

@�vj

@xk
� v0

j v
0
k

@�vi

@xk
In this special case we get:

P11 = � 2v0
1v0

2
@�v1

@x2

P12 = � v02
2

@�v1

@x2

P22 = 0

� 22;1 = c1
"
k

�
2
3

k � v02
2

�
> 0

� 22;2 = c2
1
3

P11 = � c2
2
3

v0
1v

0
2
@�v1

@x2
> 0

"12 = 0: No sink term inv0
1v

0
2 eq? Answer: the pressure strain terms

� 12;1 and� 12;2 act as sink terms.
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{ See Section12.1, Stable and unstable strati�cation
I Assume there is a non-constant temperature �eld and that thenatu-
ral convection is important (no forced convection). We havethen two
different �ow conditions, stable or unstable conditions.

We start with stable strati�cation for which@��=@x3 > 0.

0

1

2

@��=@x3 > 0
@�=@x3 < 0

�� 2 > �� 0

�� 1 < �� 0

F

F

� 2 < � 0

� 1 > � 0

x3

Gij = � gi � v0
j � 0 � gj � v0

i � 0 ) v02
3 eq.: G33 = 2g� v0

3� 0

which is the source term in thev02
3 eq (Eq.11.101) due to buoyancy. Now

we needv0
3� 0. Its main source term reads (see Eq.11.22)

P3� = � v0
3v0

k
@��
@xk

�
�

�
�

��
v0

k � 0
@�v3

@xk
= � v02

3
@��
@x3

< 0

So

� P3� < 0 ) v0
3� 0 < 0

� ) G33 < 0

� which dampensv02
3 (but notv02

1 ; v02
2 ) as it should.

I k � " model. The buoyancy term reads (Eq.12.3)

Gk = 0:5Gii = � gi � v0
i � 0; v0

i � 0 = �
� t

� �

@��
@xi

Forgi = (0 ; 0; � g) it readsGk = g� v0
3� 0 which gives, using Eq.11.35,

Gk = � g�
� t

� �

@��
@x3

HenceGk < 0 which dampensk (i.e. v02
1 ; v02

2 ; v02
3 ).
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K.4 Lecture 4

{ See Section12.2, Curvature effects
I Streamline curvature affects the turbulence. Let's look atan example
where the streamlines are aligned with the� axis. We assume inviscid
�ow (viscosity equal to zero) and express the Navier-Stokeseq. in polar
coordinates:

vr eq. with� = 0 :
�v 2

�

r
�

@p
@r

= 0 (K.10)

@v� =@r >0. Hence(v� )A > (v� )0, which from Eq.K.10gives(@p=@r)A >
(@p=@r)0.

AA

BB
00

v� (r )r

I Now we will �nd out how well the effect of streamline curvature is
modelled by RSM (and ASM). We choose a boundary layer �ow in
which the �ow departs from the wall (see �gure below).

r

v02
1 ' 5v02

2 �v1

x1

x2
�

streamline

For this �ow, the production terms read (boxed terms appear because
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the boundary layer departs from the wall)

RSM; v02
1 � eq: : P11 = � 2v0

1v0
2
@�v1

@x2
(K.11a)

RSM; v0
1v0

2 � eq: : P12 = � v02
1

@�v2

@x1
� v02

2
@�v1

@x2
(K.11b)

RSM; v02
2 � eq: : P22 = � 2v0

1v0
2
@�v2

@x1
(K.11c)

k � " P k = � t

( �
@�v1

@x2

�
+

�
@�v2

@x1

� ) 2

(K.11d)

� @�v1
@x2

> 0, @�v2
@x1

> 0

� � v02
1

@�v2

@x1
increasesjP12j (recall thatv02

1 � v02
2 )

� ) j v0
1v

0
2j increases

� ) v02
1 andv02

2 increase

� ) j P12j increases even more (a positive feedback loop)
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{ See Section12.3, Stagnation �ow
I Stagnation 2D �ow

x1

x2

The �ow pattern for stagnation �ow.

RSM=ASM : 0:5 (P11 + P22) = � v02
1

@�v1

@x1
� v02

2
@�v2

@x2
= �

@�v1

@x1
(v02

1 � v02
2 )

k � " : P k = 2� t

( �
@�v1

@x1

� 2

+
�

@�v2

@x2

� 2
)

For RSM/ASM,v02
1 � v02

2 nearly cancels whereas fork � " they don't
since the sum of squared velocity gradients is used.
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{ See Section13, Realizability
I Realizability

v02
i � 0 for all i

�
�v0

i v
0
j

�
�

�
v02

i v02
j

� 1=2
� 1 no summation overi andj; i 6= j

v02
1 =

2
3

k � 2� t
@�v1

@x1
=

2
3

k � 2� t �s11

�s11 largest in the principal coordinate directions. Hence, let's �nd the
eigenvalues of�sij

j �sij � � ij � j = 0

which gives in 2D �
�
�
�

�s11 � � �s12

�s21 �s22 � �

�
�
�
� = 0

The resulting equation characteristic equation is

� 2 � I 2D
1 � + I 2D

2 = 0

I 2D
1 = �sii = 0 continuity equation

I 2D
2 =

1
2

(�sii �sj j � �sij �sij ) = det(Cij ) = � �sij �sij =2

� 1;2 = �
�
� I 2D

2

� 1=2
= �

� �sij �sij

2

� 1=2

v02
1 =

2
3

k� 2� t � 1 =
2
3

k� 2� t

� �sij �sij

2

� 1=2

) � t �
k

3j� 1j
=

k
3

�
2

�sij �sij

� 1=2

In 3D

j� k j =
�

2�sij �sij

3

� 1=2
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{ See Section14, Non-linear Eddy-viscosity Models
I Non-linear eddy-viscosity models
It is non-linear in velocity gradients. The advantage is better normal

stresses and a certain ability to handle streamline curvature.
The anisotropy tensor is de�ned as (� 2=3 � aij � 2, andaij = 0 for

isotropic turbulence)

aij �
v0

i v
0
j

k
�

2
3

� ij

aij = � 2c� � �sij

+ c1� 2

�
�sik �skj �

1
3

�s`k �s`k � ij

�
+ c2� 2

� �
 ik �skj � �sik
�
 kj

�

+ c3� 2

�
�
 ik

�
 jk �
1
3

�
 `k
�
 `k � ij

�
+ c4� 3

�
�sik �sk`

�
 `j � �
 i` �s`k �skj

�

+ c5� 3

�
�
 i`

�
 `m �smj + �si`
�
 `m

�
 mj �
2
3

�
 mn
�
 n` �s`m � ij

�

+ c6� 3�sk` �sk` �sij + c7� 3 �
 k`
�
 k` �sij

�
 ij =
1
2

�
@�vi

@xj
�

@�vj

@xi

�

where� = k=" or 1=(c� ! ).

v02
1 =

2
3

k +
0:82
12

k� 2

�
@�v1

@x2

� 2

v02
2 =

2
3

k �
0:5
12

k� 2

�
@�v1

@x2

� 2

v02
3 =

2
3

k �
0:16
12

k� 2

�
@�v1

@x2

� 2
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K.5 Lecture 5

{ See Section15, The V2F Model
I The V2F Model
Four equations are solved,k, " (or ! ), v02

2 andf . The variablef is
related to the pressure-strain term in thev02

2 equation. The strength of
this model is that it is better in modeling damping of the turbulence near
walls.

Thev02
2 equation reads

@��v1v02
2

@x1
+

@��vv02
2

@x2
=

@
@x2

"

(� + � t )
@v02

2

@x2

#

� 2v0
2@p0=@x2

� 22

� �" 22

@��v1v02
2

@x1
+

@��v2v02
2

@x2
=

@
@x2

"

(� + � t )
@v02

2

@x2

#

+ � 22 � �" 22 + �
v02

2

k
"

fk

� �
v02

2

k
"

An equation is formulated forf (where� 22 is taken as the Rotta & IP
model, see Eqs.11.57and11.90)

L2 @2f
@x22

� f = �
� 22

k
�

1
T

 
v02

2

k
�

2
3

!

; T /
k
"

; L /
k3=2

"

Far from wall
@2f
@x22

' 0 so that� f ! �
� 22

k
�

1
T

 
v02

2

k
�

2
3

!

. Inserted

in to thev02
2 eq. above gives

@��v1v02
2

@x1
+

@��vv02
2

@x2
=

@
@x2

"

(� + � t )
@v02

2

@x2

#

+ � 22 � �" 22

Thev02
2 eq. is retrieved. Hence thef eq. has a proper behavior far from

walls.
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0.5

0.5

1.5 L=0.04,S=1
L=0.1,S=1
L=0.3,S=1
L=0.2,S=1
L=0.2, S=2
L=0.2, S=0.5

1

1

2

0
0

f

x2

Solution of the equationL 2@2 f=@x22 � f + S = 0 for differentL andS

I V2F model. Wall boundary conditions
Near the wall, thev02

2 equation reads (see Eq.15.8)

0 = �
@2v02

2

@x22
+ fk �

v02
2

k
"

Assumef ' const and" ' const asx2 ) 0 Linear ODF

v02
2 = Ax 2

2 +
B
x2

� "f
x4

2

20� 2

Sincev02
2 = O(x4

2) asx2 ! 0, A = B = 0, so we get

f = �
20� 2

"
v02

2

x4
2

In 3D, the V2F model reads (see Eq.15.9)

@��vj v2

@xj
=

@
@xj

�
(� + � t )

@v2

@xj

�
+ �fk � �

v2

k
"

L2 @2f
@xj @xj

� f = �
� 22

�k
�

1
T

�
v2

k
�

2
3

�

� 22

�k
=

C1

T

�
2
3

�
v2

k

�
+ C2

P k

k

P k in the expression of� 22 explains whyv2 is equal tov02
2 , v02

1 or v02
3

depending on orientation of the nearest wall, see text belowEq.15.9
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{ See Section16, The SST Model
I The SST (Shear Stress Transport) model

1. Combination of ak � ! model (in the inner boundary layer) and
k � " model (in the outer region of the boundary layer as well as
outside of it);

2. A limitation of the shear stress in adverse pressure gradient regions.

I ! = "=(� � k) = "=(c� k). Use this to obtain an eq. for!

d!
dt

=
d
dt

�
"

� � k

�
=

1
� � k

d"
dt

�
"

� � k2

dk
dt

=
1

� � k
d"
dt

�
!
k

dk
dt

I Production term

P! =
1

� � k
P" �

!
k

P k = C" 1
"

� � k2
P k �

!
k

P k = ( C" 1 � 1)
!
k

P k

I Destruction term

	 ! =
1

� � k
	 " �

!
k

	 k =
1

� � k
C" 2

"2

k
�

!
k

" = ( C" 2 � 1)� � ! 2

I Viscous diffusion term

D �
! =

�
� � k

@2"
@x2j

�
�!
k

@2k
@x2j

=
�
k

@2!k
@x2j

�
�!
k

@2k
@x2j

=
�
k

�
@

@xj

�
!

@k
@xj

+ k
@!
@xj

��
� �

!
k

@2k
@x2j

=
2�
k

@!
@xj

@k
@xj

+
@

@xj

�
�

@!
@xj

�
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The! eq. (which really is an" eq. when thek � " constants are used)

@
@xj

(�vj ! ) =
@

@xj

��
� +

� t

� !

�
@!
@xj

�
+ �

!
k

P k � �! 2 +
2
k

�
� +

� t

� "

�
@k
@xi

@!
@xi

� = C" 1 � 1 = 0:44; � = ( C" 2 � 1)� � = 0:0828

Inner region:k � ! coeff; outer region:k � " coeff. Blending function

F1 = tanh( � 4); � /
L t

xn
=

k1=2

!x n

F1 = 1 in the near-wall region andF1 = 0 in the outer region. The
� -coef�cient, for example, is computed as

� SST = F1� k� ! + (1 � F1)� k� "

I SST model. Limitation of shear stress.
The k � ! gives too high shear stress. The JK model based on

� v0
1v0

2 = a1k (a1 = c1=2
� ) gives good results.

I Two formulas for� t . 
 = @�v1=@x2. Formulate JK model with
Boussinesq.

JK Model: � t = � v0
1v0

2

 = a1k



k � ! model: � t = k

! = a1 k
a1 !

)

� t =
a1k

max(a1!; F 2
)

F2 (see Eq.16.18) is one near walls and zero elsewhere

I The idea is that

� the second part,a1k=
 (which mimics the Johnson-King model),
should be used in APG �ow (whereP k > " )

� the �rst part,k=! (which corresponds to the usual Boussinesq model),
should be in the remaining of the �ow
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K.6 Lecture 6

{ See Section5, Turbulence
I Turbulence
I vi = �vi + v0

i , is irregular and consists of eddies of different size
I increases diffusivity

x2

x1

turbulent � w = �
@v1
@x2

� w = �
@v1
@x2

laminar

I occurs at large Reynolds numbers. Pipes:ReD =
V D
�

' 2300;

boundary layers:Rex =
V L
�

' 500 000.

I is three-dimensional
I is dissipative. Kinetic energy,v0

i v
0
i =2, in the small (dissipative) ed-
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dies are transformed into thermal energy (increases temperature).

. . . .

�ow of kinetic energy

large scales

dissipative scales

intermediate scales

` 0 `1

`2

` �

I Dissipation" = �
@v0i
@xj

@v0i
@xj

All kinetic energy (say 90%) is �nally dissipated at the smallest (dis-
sipative) scales.

I Kinetic energy dissipative at small scales determined by", �

v� = � a "b

[m=s] = [ m2=s] [m2=s3]

1 = 2a + 2b; [m]
� 1 = � a � 3b; [s]

I This gives the Kolmogorov scales (see Eq.5.5)

v� = ( �" )1=4 ; ` � =
�

� 3

"

� 1=4

; � � =
� �

"

� 1=2

I Any periodic function,f , can be expressed as a Fourier series

f (x) =
1
2

a0 +
1X

n=1

(an cos(� nx) + bn sin(� nx)); f = v; � n =
n�
L
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an =
1
L

Z L

� L
f (x) cos(� nx)dx

bn =
1
L

Z L

� L
f (x) sin(� nx)dx

Parseval's formula states that (average over all eddies)
Z L

� L
v02(x)dx =

L
2

a2
0 + L

1X

n=1

(a2
n + b2

n )

Time-averaging (average of over time instants):

v02 =
1

2T

Z T

� T
v02dt

I Spectrum for turbulent kinetic energy,k

P k = � v0
i v

0
j
@�vi

@xj

I
E(� )

E(� ) /
� �

5=3

�

II

"
� "

III

E(� n ) / a2
n + b2

n
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k =
Z 1

0
E(� )d� =

1X

0

E(� n )� � n

P k = � v0
i v

0
j
@�vi

@xj

I
E(� )

E(� ) /
� �

5=3

�

II

"
� "

III

The turbulence spectrum is divided into three regions:

I. Large eddies carry most of the turbulent kinetic energy. They ex-
tract energy from the mean �ow.

II. Inertial subrange. Independent of both large eddies (mean �ow)
and viscosity.

III. Dissipation range. Isotropic eddies (v0
i v

0
j = c1� ij ) described by the

Kolmogorov scales.

I Turb. kinetic energy in Region II depend on" and eddy size1=� .

E = � a "b

[m3=s2] = [1=m] [m2=s3]

3 = � a + 2b; [m]
� 2 = � 3b; [s]

b= 2=3; a = � 5=3 so that

E(� ) = const.� "
2
3 � � 5

3
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I This is calledvon Kármán spectrumor � 5=3 law

P k

I
E(� )

E(� ) /
� �

5=3

�

II

"
� "

III

" � �
v2

�

` �

�
v�

�
v3

�

` �
�

v3
0

`0

I Relation between largest and smallest scales (Re = v0`0=� )

v0

v�
= ( �" )� 1=4v0 =

�
�v 3

0=`0

� � 1=4
v0 = ( v0`0=� )1=4 = Re1=4

`0

` �
=

�
� 3

"

� � 1=4

`0 =
�

� 3`0

v3
0

� � 1=4

`0 =
�

� 3

v3
0`3

0

� � 1=4

= Re3=4

� o

� �
=

�
�` 0

v3
0

� � 1=2

� 0 =
�

v3
0

�` 0

� 1=2 `0

v0
=

�
v0`0

�

� 1=2

= Re1=2

� This explains why DNS (Direct Numerical Simulation) is too ex-
pensive at high Re numbers: a doubling of Re number)

23=4

x1 dir

� 23=4

x2 dir

� 23=4

x3 dir

� 21=2

time
= 2 11=4 ' 7

times increase in computational effort

I Why dissipation only at small scales?

� Let's show that" = �
@v0i
@xj

@v0i
@xj

gets larger the smaller the scales.

� The velocity gradient for an eddy can be estimated as (see Eq.8.17)
�

@v
@x

�

�

/
v�

` �
/

�
v2

�

� 1=2
�
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Energy spectrum gives

E(� ) / k� =� / v2
� =� / � � 5=3 ) v2

� / � � 2=3

We get �
@v
@x

�

�

/
�
� � 2=3

� 1=2
� / � � 1=3� / � 2=3

� Hence" gets larger the smaller the scales.
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K.7 Lecture 7

{ See Section18, Large Eddy Simulations
I LES
in RANS:

h� i =
1

2T

Z T

� T
�( t)dt; � = h� i + � 0; h� 0i = 0

in LES:

��( x; t ) =
1

� x

Z x+0 :5� x

x� 0:5� x
�( �; t )d�; � = �� + � 00; � 006= 0

@�vi

@t
+

@
@xj

(�vi �vj ) = �
1
�

@�p
@xi

+ �
@2�vi

@xj @xj
�

@�ij
@xj

; � ij = vi vj � �vi �vj

I Filter and derivative (see Eq.18.4)

@p
@xi

=
1
V

Z

V

@p
@xi

dV ?=
@

@xi

�
1
V

Z

V
pdV

�
=

@�p
@xi

@p
@xi

=
@

@xi

�
1
V

Z

V
pdV

�
+ O

�
(� x)2

�
=

@�p
@xi

+ O
�
(� x)2

�

I Non-linear term (see Eq.18.5)

@vi vj

@xj
=

@
@xj

(vi vj ) + O
�
(� x)2

�

Left side:
@

@xj
(vi vj ) �

@
@xj

(vi vj ) +
@

@xj
(�vi �vj ) =

@
@xj

(�vi �vj )

Right side: �
@

@xj
(vi vj ) +

@
@xj

(�vi �vj ) = �
@�ij
@xj

I
@�vi

@t
+

@
@xj

(�vi �vj ) = �
1
�

@�p
@xi

+ �
@2�vi

@xj @xj
�

@�ij
@xj

� ij = vi vj � �vi �vj

I Filtering twice (used for turbulence modeling), see Eq.18.6

�vI =
1

� x

Z � x=2

� � x=2
�v(� )d� =

1
� x

 Z 0

� � x=2
�v(� )d� +

Z � x=2

0
�v(� )d�

!

=

=
1

� x

�
� x
2

�vA +
� x
2

�vB

�
: =

1
2

��
1
4

�vI � 1 +
3
4

�vI

�
+

�
3
4

�vI +
1
4

�vI +1

��

=
1
8

(�vI � 1 + 6�vI + �vI +1 ) 6= �vI



K.7. Lecture 7 442

{ See Section18.3, Resolved & SGS scales
I Resolved & SGS scales (GS & SGS)

�

E

� c

cut-off

I

II

III

resolved
scales

SGS

" sgs

I= large scales; II=� 5=3 range; III= dissipation range;� � � c= Grid Scales;� > � c= Sub-Grid
Scales

{ See Section18.5, Highest resolved wavenumbers
I Physical and wavenumber space.
A Fourier series (see AppendixG)

v0
1(x) =

1X

n= �1

cn exp({� nx1))

0.2 0.4 0.6 0.8

1

1

2

0

0

m = 1; L
m = 2; L=2

m = 3; L=3
m = 4; L=4

x2=L
v0

2 vs. x2=L. : term 1 (m = 1 ); : term 2 (m = 2 ); : term 3 (m = 3 ); � : term 4
(m = 4 ); : v0

2=term1+term2+term3+term4. Matlab code is given in SectionH.3.
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We constructv0
2 as a sum of four Fourier components

v0
2(x2) = b1 cos

�
2�

L=1
x2

�
+ b2 cos

�
2�

L=2
x2

�
+ b3 cos

�
2�

L=3
x2

�
+ b4 cos

�
2�

L=4
x2

�

0.5 1.5

node 1 2 3

x1=L

v0
1

One period=two cells
0:4

� 0:2
0

0 1 0.5 1.5

1 2 3 4 5

x1=L

v0
1

One period=four cells
0:4

� 0:2
0

0 1

v0
1 = 0:25 [1 + 0:8 sin(� 1x1)]

two cells: � c2� x1 = 2� ) � c = 2�= (2� x1) = �= � x1

four cells: � c4� x1 = 2� ) � c = 2�= (4� x1) = �= (2� x1)

{ See Section18.6, Subgrid model
I Smagorinsky Subgrid model

� ij �
1
3

� ij � kk = � � sgs

�
@�vi

@xj
+

@�vj

@xi

�
= � 2� sgs�sij

� sgs = ( CS�) 2 p
2�sij �sij � (CS�) 2 j �sj

� = (� VIJK )1=3

j �sj stems from the production term in thek eq.,j �s2j = 2�sij �sij

{ See Section18.21, One-equationksgs model
I One-equation model

@ksgs

@t
+

@
@xj

(�vj ksgs) =
@

@xj

�
(� + � sgs)

@ksgs

@xj

�
+ Pksgs � "

� sgs = ck � k1=2
sgs; Pksgs = 2� sgs�sij �sij ; " = C"

k3=2
sgs

�
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{ See Section18.8, Energy path
I Energy path

�

E

� c

�h �v0
i �v

0
j i

@h�vi i
@xj

"
sgs =

P
ksgs

inertial subrange,E
/

� �
5=3

"

{ See Section18.9, SGS kinetic energy
I SGS kinetic energy

vi = hvi i + v0
i ; vi = �vi + v00

i = h�vi i + �v0
i + v00

i

k �
1
2

hv0
i v

0
i i =

Z 1

0
E(� )d�; k sgs �

1
2

hv00
i v00

i i =
Z 1

� c

E(� )d�

�k �
1
2

h�v0
i �v

0
i i =

Z � c

0
E(� )d�; �K �

1
2

h�vi ih�vi i

K =
1
2

hvi ihvi i
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K.8 Lecture 8

{ See Section18.11, The dynamic model

I The dynamic model.C is computed. Test �lter,
z{
� = 2�

@
z{
�v i

@t
+

@
@xj

� z{
�v i

z{
�v j

�
= �

1
�

@
z{
�p

@xi
+ �

@2
z{
�v i

@xj @xj
�

@Tij
@xj

(K.12)

Tij =
z {
vi vj �

z{
�v i

z{
�v j

@
z{
�v i

@t
+

@
@xj

� z{
�v i

z{
�v j

�
= �

1
�

@
z{
�p

@xi
+ �

@2
z{
�v i

@xj @xj
�

@
z{
� ij

@xj

�
@

@xj

� z {
�vi �vj �

z{
�v i

z{
�v j

�

L ij

(K.13)

Identi�cation of Eqs.K.12 andK.13 gives

Tij =
z {
�vi �vj �

z{
�v i

z{
�v j +

z{
� ij = L ij +

z{
� ij ;

1
3

� ij Tkk =
1
3

� ij L kk +
1
3

� ij
z{
� kk

(K.14)
Smag.model for both grid and test level SGS stresses:

� ij �
1
3

� ij � kk = � 2C� 2j �sj �sij (K.15)

Tij �
1
3

� ij Tkk = � 2C
z{
�

2

j
z{
�s j

z{
�s ij (K.16)

where

z{
�s ij =

1
2

 
@

z{
�v i

@xj
+

@
z{
�v j

@xi

!

; j
z{
�s j =

�
2
z{
�s ij

z{
�s ij

� 1=2
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{ See Section18.12, The test �lter
I The test �lter

EW P k

� x � x

grid �lter

test �lter

z{
�v is computed as (

z {
� x = 2� x)

z{
�v =

1
2� x

Z E

W
�vdx =

1
2� x

� Z P

W
�vdx +

Z E

P
�vdx

�

=
1

2� x
(�vw � x + �ve� x) =

1
2

�
�vW + �vP

2
+

�vP + �vE

2

�

=
1
4

(�vW + 2�vP + �vE )

{ See Section18.13, Stresses on grid, test and intermediate level
I Stresses

I

II

III

�

E(� )

cut-off, grid �ltertest �lter

resolved on test �lter

resolved on grid �lter

SGS test �lter scales

SGS grid scales

� c = �= �� = �=
z{
�

� ij = vi vj � �vi �vj stresses with ` < �

Tij =
z {
vi vj �

z{
�v i

z{
�v j stresses with ` <

z{
�

L ij = Tij �
z{
� ij stresses with � < ` <

z{
�
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Eqs.K.15. K.16 into Eq.K.14 gives

L ij �
1
3

� ij L kk = � 2C
� z{

�
2

j
z{
�s j

z{
�s ij �

z {
� 2j �sj �sij

�

Here we made the assumption
z {
C� 2j �sj �sij ' C

z {
� 2j �sj �sij . We get

L ij �
1
3

� ij L kk + 2C
� z{

�
2

j
z{
�s j

z{
�s ij � � 2

z {
j �sj �sij

�

M ij

= L ij �
1
3

� ij L kk + 2CM ij = 0

(K.17)

Q =
�

L ij �
1
3

� ij L kk + 2CM ij

� 2

Find aQ which best satis�es Eq.K.17 for all i; j

@Q
@C

= 4M ij (L ij + 2CM ij ) = 0 ; @2Q=@C2 = 8M ij M ij > 0

Note that1
3 � ij L kk M ij = 1

3L kk M ii = 0 since
z{
�s ii = �sii = 0 thanks to

contiuity. We get

C = �
L ij M ij

2M ij M ij
; stability problems: needs smoothing
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{ See Section18.20, Numerical method
I Numerical dissipation

I � 1 I I + 1

�vI

�vI

�
@�v
@x

�

exact

= �vI

�
�vI � �vI � 1

� x
+ O (� x)

�

�vI � 1 = �vI � � x
�

@�v
@x

�

I

+
1
2

(� x)2

�
@2�v
@x2

�

I

+ O
�
(� x)3

�

Insert this expression in the �rst equation:

�v
�

@�v
@x

�

exact

= �v
@�v
@x

�
1
2

� x�v
@2�v
@x2

O(� x)

+�vO
�
(� x)2

�

di�usion term =
@

@x

�
(� + � sgs + � num )

@�v
@x

�
; "sgs+ num = 2( � sgs+ � num )�sij �sij
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K.9 Lecture 9

{ See Section18.15, Scale-similarity Models
I Scale-similarity models

� ij = vi vj � �vi �vj = (�vi + v00
i )(�vj + v00

j ) � �vi �vj

= ( �vi �vj � �vi �vj )
L ij

+
�
�vi v00

j + �vj v00
i

�

Cij

+ v00
i v00

j

R ij

Cij denotes scale-similarstresses

vi = �vi + v00
j ) v00

j = �vi � �vi

I Scale-similarity model

CM
ij = cr (�vi �vj � �vi �vj ) (K.18)

TheCij = �vi v00
j + �vj v00

i andL ij = �vi �vj � �vi �vj stresses are not Galilean
invariant (butCij + L ij is). This is shown in an Appendix.

{ See Section18.16, The Bardina Model
I The Bardina model
The Bardina model reads (sinceCM

ij was not suf�ciently dissipative,
a Smagorinsky model has to be added)

CM
ij = cr �vi �vj � �vi �vj ; RM

ij = � 2C2
S� 2j �sj �sij

This is called amixed model

{ See Section18.22, Smagorinsky model derived from theksgs equation
I Smagorinsky model derived from the one-equation model

� Small isotropic scales: production = dissipation

Pksgs = 2� sgs�sij �sij = � sgsj �sj2 = "

Replace" by � sgs and� .

� sgs = "a(CS�) b ) a = 1=3; b= 4=3 ) � sgs = ( CS�) 4=3"1=3 ) " = � 3
sgs�

� 4=CS

which gives
� sgs = ( Cs�) 2j �sj

{ See Section18.26, Resolution requirements
I In LES we resolvelarge scales. Near the wall, the “large” scales

are not that large) very expensive to resolve these “large” scales.
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� x+
1 ' 100, � x+

2;min ' 1, � x+
3 ' 30 ) VERY expensive (see

Eq.18.67)
I Outer region of the boundary layer (i.e. the logarithmic layer) the

resolution can be expressed in boundary layer thickness,� .
�=� x1 = 10 � 20, �=� x3 = 20 � 40andx+

2 < 1, see Eq.18.68
There are many ways to estimate resolution (see Assignment in Sec-

tion U.7):

1. Ratio between viscous and modelled turbulent viscosity (not rec-
ommended in [127,128]). This quantity does not say much about
how good the LES resolution is. It tells us how close the LES isto
a DNS.

2. Ratio between modeled and total shear stress (recommended in
[127,128]).

3. Ratio between modeled and total turbulent kinetic energy(recom-
mended in [203]).

4. Integral lengthscale fro two-point correlations (they are explained
below). If the ratio is larger than, say,16, the resolution is suf�-
cient. The integral lengthscale is computed from This is recom-
mended in [127,128].

5. Ratio of boundary-layer thickness,� to � x and� z. This is a mea-
sure of the resolution in the log-law region.

{ See Section10.1, Two-point correlations

B11(xA
1 ; xC

1 ) = v0
1(xA

1 )v0
1(xC

1 )

Often, expressed as

B11(xA
1 ; x̂1) = v0

1(xA
1 )v0

1(xA
1 + x̂1)

wherex̂1 = xC
1 � xA

1 is the separation distance between pointA andC.

jxA
1 � xC

1 j

B11

Two-point correlation.
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cut-off,

L0xA
1

B11

xC
1

x1, SmallL0

L0

xA
1

B11

xC
1

x1, LargeL0

The circles show different eddy sizes. The circle with a thick line shows the largest lengthscales,
L 0 .

� if we move pointA andC closer to each other,B11 increases; when
A=C, thenB11 = v02(xA

1 ),

� WhenC moves further and further away fromA, ) B11 ! 0
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� The normalized two-point correlation reads

B norm
11 (xA

1 ; x̂1) =
1

v1;rms (xA
1 )v1;rms (xA

1 + x̂1)
v0

1(x
A
1 )v0

1(x
A
1 + x̂1)

I Integral length scale is then computed as

L int =
Z 1

0
B norm

11 (x̂1)dx̂1 (K.19)

{ See Section10.2, Auto-correlation
I Auto-correlation is a “two-point correlation in time” which reads (see
Eq.10.8)

B11(tA ; t̂ ) = v0
1(tA )v0

1(tA + t̂ )

t̂ = tC � tA is time separation between timeA andC.
I In analogy toL int (Eq. K.19), theintegral time scale, Tint , is de�ned
(see Eq.10.11)

Tint =
Z 1

0
B norm

11 (t̂)dt̂

I Integral timescale is used an Assignment (see SectionR.3) for �nding
time samples that areindependent(i.e. the time between the samples is
at least one integral timescale).
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{ See Section18.20.1, RANS vs. LES
I Numerical method: RANS vs. LES

RANS LES
Domain 2D or 3D always 3D
Time domain steady or unsteady always unsteady
Space discretization 2nd order upwind central differencing
Time discretization 1st order 2nd order (e.g. C-N)
Turbulence model � two-equations zero- or one-equation

I Start andend time averaging.tend � tstart ' 100H=h�vi center

t
start end

�v1
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{ See Section19, URANS: Unsteady RANS
I URANS. The usual Reynolds decomposition is employed

�v(t) =
1

2T

Z t+ T

t � T
v(t)dt; v = �v + v00

URANS eqns=RANS, but with the unsteady term retained

v, �v; h�vi

t

h�vi

� Decomposition of velocities:v = �v + v00= h�vi + �v0+ v00. : �v;
: v; h�vi .

� In theory,T should be� resolved time scale. This is calledscale
separation. In practice, it is seldom satis�ed.

� RANS turbulence models are used: one should choose a model
with small dissipation (i.e. small� t ) in order to not kill/dampen
resolved turbulence. Reynolds-stress turbulence models best (but
very expensive), see Eq.11.101. The EARSM (Section11.11) and
non-linear eddy-viscosity models (Section14) also seem to give
less dissipation. Probably because the weaker connection between
�sij andv0

i v
0
j which reducedP k .

� Modelled dissipation (turbulence model) and numerical dissipation
(discretization scheme) may be of equal importance

{ See Section20, DES: Detached-Eddy-Simulations
I DES=Detached Eddy Simulations: Use RANS near walls and LES
away from walls
The S-A one-equation model (RANS) reads

d� ~� t

dt
=

@
@xj

�
� + � t

� ~� t

@~� t

@xj

�
+ cr. term+ P � Cw1�f w

�
~� t

d

� 2

; d = xn
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I Replaced with ~d: �
~� t

d

� 2

)
�

~� t

~d

� 2

where

~d = min f CDES � ; dg; � = max f � x1; � x3; � x3g (K.20)

I This is the S-A DES one-equation model

{ See Section20.1, DES based on two-equation models
I Two-equation DES models
k � " RANS

Ck = D k + P k � "; C " = D " + P " � 	

k � " DES (modify"T )

Ck = D k + P k � " ) Ck = D k + P k � "T ; "T = max
�

"; C "
k3=2

�

�

k � " DES (modify� T and"T )

Ck = D k + P k � "T ; C" = D " + P " � 	 " ; � t = k1=2` t

1. "T = max
�

"; C "
k3=2

�

�
: "T " ) � t , k # in LES region

2. ` t = min
�

C�
k3=2

" ; Ck �
�

) � t decreases in LES region
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K.10 Lecture 10

{ See Section20.2, DES based on thek � ! SST model
k � ! SST DES (modify� � k! )

Ck = D k+ P k � FDES � � k!; F DES = max
�

L t

CDES �
; 1

�
= max

�
k1=2

� � !C DES �
; 1

�

Dissip. term� � k! =
k3=2

L t
) the k � ! SST-DES model gives

FDES � � k! =
k3=2

CDES �
in the LES region

{ See Section20.3, DDES
I It may occur that theFDES term (see above) or~d (see Eq.K.20)
switches to LES in the boundary layer because� x1 is too small (� x3 is
usually smaller than� x1)
Hence boundary layer is treated in LES mode with too a coarse mesh)
poorly resolved LES) inaccurate predictions.
I The solution isDDES(Delayed DES)

CDES �

C
D

E
S

� �

x1

x2

CDES �

C
D

E
S

�

x1

x2

Grid (in blue) and a velocity pro�le (in red). RANS-LES interface is shown by the dashed-green
line. CDES = 0 :67

� Consider S-A DES. The left grid above is a good DES mesh be-
cause in the boundary layer (see Eq.K.20)
~d = min ( d; CDES �) = CDES � = CDES � x1 ' � (see dashed
line) ! the entire boundary layer is modeled by RANS.

� The grid on the right is a poor DES grid because~d =
min (d; CDES �) = CDES � = CDES � x1 � � (see dashed line)
! the outer part of the boundary layer is in LES mode (and the
LES resolution requirements,�=� x1 > 10, is not satis�ed)

I In DDES, ~d is replaced by (see Eq.20.9)

~dDDES = d � f d max(0; d � CDES �) :

f d = 1 in the boundary layer.
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I In k � ! SST DES model,FDES is replaced by (see Eq.20.11)

FDDES = max
�

L t

CDES �
(1 � FS); 1

�

whereFS (FS = 1 in the boundary layer) is taken asF1 or F2 (see
Eqs.16.12and16.18) of the SST model.
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{ See Section21, Hybrid LES-RANS

DES: The entire boundary layer is modelled with URANS

Hybrid LES-RANS: Only the inner part (RANS-LES interface at the
inner part of the log region) is modelled with URANS. This is also
calledWM-LES (WM=Wall-modelled)

I Hybrid LES-RANS

x2

x1

wall

wall

URANS region

URANS region

LES region

x+
2;ml

One-equation model in both URANS and LES region

@kT
@t

+
@

@xj
(�vj kT ) =

@
@xj

�
(� + � T )

@kT
@xj

�
+ PkT � C"

k3=2
T

`

PkT = � � ij �sij ; � ij = � 2� T �sij ; � T / k1=2`

Inner region (x2 � x2;ml ): ` / �x 2; outer region:̀ = �
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{ See Section22, The SAS model
I The SAS model: This is a method to improve URANS. If the �ow tries
to go unsteady in URANS,P k increases so that� t increases and the �ow
goes back to steady state. The objective of SAS is to reduce� t when
the equations want to go into unsteady, resolving turbulence mode (LES
mode).

5 10 15 20

0.2

0.4

0.6

0.8

1

00 �v1

x2
L vk;steady

L vk;inst

Solid line: L vk;steady ; dashed line:L vk;inst

L vK;inst = �
j@�v1=@yj

j@2�v1=@x22j

L vK;steady = �
j@h�v1i =@yj

j@2h�v1i =@x22j

I An additional source term,PSAS , is introduced in the! equation.
PSAS / L t

L vK;inst
.

L t /
k1=2

!
; LvK;inst = �

j �sj
jU00j

; U00=
�

@2�vi

@xj @xj

@2�vi

@xk@xk

� 0:5

I The von Kármán length scale is used to detect unsteadiness; when it
happens:

� thePSAS term increases

� ! ! increases

� ! � t andk decrease

� ! mom.eqns go into (or stay in) unsteady mode

I In URANS, resolved �uctuations may be damped.
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K.11 Lecture 11

{ See Section23, The PANS Model
I PANS: Partial-Averaging Navier-Stokes. It is a hybrid LES-RANS
model and it is based on thek � " model.

� f k = k=ktot andf " = "=" tot denote the ratio of modelled to total
ktot = k + kres and" tot , respectively.

� f " < 1 means that part of the dissipation is resolved. This occurs
only for DNS-like resolution. Hence, in practicef " = 1

� For DNS,f k ! 0; for RANS,f k = 1 and for LES it is in-between

I Derivation ofk equation

� Multiply the RANS (ktot = kRANS ) equation (ktot = k + kres),
Eq.11.97, by f k

Left side

f k

�
@ktot

@t
+ �Vj

@ktot

@xj

�
=

@k
@t

+ �Vj
@k
@xj

'
@k
@t

+ �vj
@k
@xj

whereVj is the RANS velocity andf k assumed constant (non-constant
f k is accounted for in Section23.1.1).
Right side, diffusion term

f k

�
@

@xj

��
� +

� t;tot

� k

�
@ktot

@xj

��
=

@
@xj

��
� +

� t;tot

� k

�
@k
@xj

�
=

@
@xj

��
� +

� t

� ku

�
@k
@xj

�

where� ku = � k f 2
k =f " and� t = c� k2=" because� t;tot = c� k2

tot ="tot and
� t = c� k2=".
Right side, production and dissipation term
P k;tot and" tot are replaced byPk and", i.e.

f k
�
P k;tot � " tot

�
= P k � " ) P k;tot =

1
f k

(P k � " ) +
"
f "

(K.21)

Thek eqn can now be written (see Eq.23.9)

@k
@t

+
@(k�vj )

@xj
=

@
@xj

��
� +

� t

� ku

�
@k
@xj

�
+ P k � "

I Derivation of" equation
Left side

f "

�
@"tot

@t
+ �Vj

@"tot

@xj

�
=

@"
@t

+ �Vj
@"
@xj

'
@"
@t

+ �vj
@"
@xj
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f " assumed constant
Right side, diffusion term

f "

�
@

@xj

��
� +

� t;tot

� "

�
@"tot

@xj

��
=

@
@xj

��
� +

� t;tot

� "

�
@"
@xj

�
=

@
@xj

��
� +

� t

� "u

�
@"
@xj

�

production and destruction terms(use Eq. K.21, ktot = k=f k , " tot =
"=f " )

f "

�
C" 1P k;tot " tot

ktot
� C" 2

"2
tot

ktot

�
= C" 1

"f k

k

�
1
f k

(P k � " ) +
"
f "

�
� C" 2

"2f k

f " k

= C" 1
"
k

P k � C" 1
"2

k
+ C" 1

"2f k

kf "
� C" 2

"2f k

f " k
= C" 1

"
k

P k � C �
" 2

"2

k

where

C �
" 2 = C" 1 +

f k

f "
(C" 2 � C" 1) = 1 :5 +

f k

f "
(1:9 � 1:5)

The" eqn can now be written (see Eq.23.9)

@"
@t

+
@(" �vj )

@xj
=

@
@xj

��
� +

� t

� "u

�
@"
@xj

�
+ C" 1P k "

k
� C �

" 2
"2

k

� Whenf k = 1, the PANS eqns are in RANS mode

� Whenf k < 1 (say,f k = 0:4) then:

– C �
" 2

"2

k
is reduced

– ) " is increased

– ) k and� t are decreased

– ) the momentum eqns go into LES mode.
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K.12 Lecture 12

{ See Section27.1, Synthesized turbulence
I In LES and DES the large-scale turbulence is resolved: hence, turbu-
lent �uctuations should be provided as inlet boundary conditions
I Synthetic �uctuations is one method. The inlet velocity canbe written
as a Fourier series

v 0(x) = 2
NX

n=1

ûn cos(� n � x +  n )� n

{ See Section27.2, Random angles
p(' n ) = 1 =(2� ) 0 � ' n � 2�
p( n ) = 1 =(2� ) 0 �  n � 2�
p(� n ) = 1 =2 sin(� ) 0 � � n � �
p(� n) = 1 =(2� ) 0 � � n � 2�

Probability distributions of the random variables.� n is the angle for� n .

x1

x2

x3

� n

' n

� n
i

dA i

The probability of a randomly selected direction of a wave inwave-space is the same for alldA i

on the shell of a sphere.

Compute the wavenumber vector,� n
j , using the angles above (see Sec-

tion N).

� n
1 = sin( � n ) cos(' n )

� n
2 = sin( � n ) sin(' n )

� n
3 = cos(� n )

I Amplitude ûn related to energy spectrum:̂un = ( E(� )� � )1=2, see
below.
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�

E

� n

E(� n )

� c

cut-offresolved
scales

SGS

" sgs

Spectrum of velocity �uctuations.
� Usually we generate energy spectra from turbulent �uctuations.

Here we do the opposite: we prescribe a spectrum and generate
turbulent �uctuations. A� 5=3 spectrum is assumed (see Sec-
tion 27.6): this gives the amplitudêun for wavenumber� n

� Highest wave number (see Section27.3): � max = 2�= 2� from the
cell size,� = min(� x2)

� Most energetic wave number (see Section27.4): � e / 1=Lt from
the integral turbulent length scale.� 1 = � e=pwherep = 5

� Smallest wave number (see Section27.4): � min = � 1 = � e=2,
� � = ( � max � � min )=N ) � 1 = � min , � 2 = � 1 + � �; : : : � N =
� max

� Number of wave numbers:N

� Now the �uctuations are computed (see Section27.7)
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v0
1 = 2

NX

n=1

ûn cos(� n )� 1

v0
2 = 2

NX

n=1

ûn cos(� n )� 2

v0
3 = 2

NX

n=1

ûn cos(� n )� 3

� n = kn
1 x1 + kn

2 x2 + kn
3 x3 +  n

(K.22)

whereûn = ( E(� )� � )1=2, see Eq.27.4.

� With this method synthetic turbulent �uctuations are generated at
the inlet plane forM time steps.

{ See Section27.8, Introducing time correlation
I However, the synthetic �uctuations are not correlated in time. An
asymmetric time �lter is used(V0

1)
m = a(V0

1)m� 1 + b(v0
1)m

� The coef�cienta is related to the turbulent integral timescale,T , as
a = exp( � � t=T )

� The coef�cientbis computed asb= (1 � a2)1=2 which ensures that
V0

1;rms = v0
1;rms

� Finally, the turbulent synthetic �uctuations are superimposed to the
inlet mean velocity.
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{ See Section23.2.1, The Interface Condition
I Embedded LES and inlet b.c. fork and" using PANS

� embedded LES: an LES region (e.g. the side mirror, see �gure
below) is embedded in a steady RANS simulation.

� LES is used around the mirror in order to compute aeroacoustic
sources (wind noise)

� Additional boundary conditions are needed at the inlet region of
LES, both synthetic �uctuations and LES values ofk and"

cut-of

Windscreen
A-pillar
Plenum
Duck tail
Hood

Side mirror
Side window

Beltline

xy z

Vehicle geometry (from [115]). Red region shows embedded LES region

I In the PANS model we assumed thatf k is constant, see Eq.23.22.

f k
dktot

dt
=

d(f kktot )
dt

=
dk
dt

(K.23)

wheref k = k=ktot , ktot = kres + k (recall thatk = kmodel )

� PANS is used as a hybrid RANS-LES model (f k = 1 in the RANS
region, andf k is smaller in the LES region)

� A gradient off k appears at the RANS-LES interface sincef k varies
in space; Eq.K.23 is replaced by

f k
dktot

dt
=

d(f kktot )
dt

� ktot
df k

dt
=

dk
dt

� ktot
df k

dt
(K.24)
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� Hence, an extra term,� ktot df k=dt (see Eq.23.25), appears on the
left side (opposite sign on right side) of thek eq,

� Sincedf k=dt < 0, this is a sink term! reduction ofk

� Since we add a sink term to thek eq., we must add a source term
to the resolvedk eq, i.e. to thekres eq.

� This is done by adding a term to the mom. eq.
� (0:5 + hki =h�v0

m �v0
m i )�v0

i df k=dt
see Eqs.23.27, 23.29 ! �h k + 0:5�v0

i �v
0
i i )df k=dt (see Eq.23.28,

23.30) in thekres eq.

x

y

wall

yint

LES, f k = 0:4

URANS, f k = 1

The URANS and the LES regions near a wall (horizontal interface).

RANS
f k = 1

LES
f k = 0:40:

4
<

f
k

<
1

�v0; �v0; �w0

xI xtr

Embedded LES. RANS-LES interface atx I .

RANS
f k = 1

LES
f k = 0:40:

4
<

f
k

<
1

xtr

2�

RANS-LES interface at inlet.

f k varies linearly in the gray area (widthx tr ) from 1 to 0:4.

I Summary

� Add synthetic �uct. at inlet and embedded surfaces

� Use RANS values ofk and"

� The source terms in thek (and in the momentum) equations will
quickly reducek from RANS values to LES values

� No source terms are needed for" because it is the same for RANS
and LES
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L MTF271: Some properties of the pressure-strain term

IN this Appendix we will investigate some properties ofaijk` in Eq.11.77at p.144.
Introduce the two-point correlation function

B j` (r ) = v0
j (x)v0

` (x + r )

De�ne the pointx0 = x + r so that

B j` (r ) = v0
j (x0 � r )v0

` (x
0) = v0

` (x
0)v0

j (x0 � r ) = B `j (� r )

We get
@Bj` (r )

@ri
= �

@B̀j (� r )
@ri

)
@2B j` (r )
@rk @ri

=
@2B `j (� r )

@rk @ri
(L.1)

Since Eq.L.1 in the de�nition of aijk` in Eq.11.77is integrated overr 3 covering both
r and� r (recall thatv0

` andv0
j are separated byr ), aijk` is symmetric with respect to

indexj and`, i.e.
aijk` = ai`kj (L.2)

Green's third formula, see Eq.AA.19 (it is derived from Gauss divergence law)
reads

' (x) = �
1

4�

Z

V

r 2'
jy � x j

dy3 (L.3)

where the boundary integrals have been omitted. Setting' = v0
` v

0
j in Eq.L.3 gives

v0
j v0

` = �
1

4�

Z

V

@2v0
` v

0
j

@xi @xi

dy3

jy � x j
=

1
2

aiji` (L.4)

where the last equality is given by Equation11.77.
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M MTF271: Galilean invariance

BELOW we repeat some of the details of the derivation given in [90]. Galilean invari-
ance means that the equations do not change if the coordinatesystem is moving

with a constant speedVk . Let's denote the moving coordinate system by� , i.e.

x �
k = xk + Vk t; t � = t; �v�

k = �vk + Vk (M.1)

By differentiating a variable� = � (t � ; x �
i ) we get

@�(x i ; t)
@xk

=
@x�j
@xk

@�
@x�j

+
@t�

@xk

@�
@t�

=
@�
@x�k

@�(x i ; t)
@t

=
@x�k
@t

@�
@x�k

+
@t�

@t
@�
@t�

= Vk
@�
@x�k

+
@�
@t�

:

(M.2)

From Eq.M.2 is it easy to show that the Navier-Stokes (both with and without �lter)
is Galilean invariant [90, 204]. Transforming the material derivative from the(t; x i )-
coordinate system to the(t � ; x �

i )-coordinate system gives

@�
@t

+ vk
@�
@xk

=
@�
@t�

+ Vk
@�
@x�k

+ ( v�
k � Vk )

@�
@x�k

=
@�
@t�

+ v�
k

@�
@x�k

;

It shows that the left hand side does not depend on whether thecoordinate system
moves or not, i.e. it is Galilean invariant.

Now, let's look at the Leonard term and the cross term. Since the �ltering operation
is Galilean invariant [90], we have�v�

k = �vk + Vk and consequently alsov00�
k = v00

k . For
the Leonard and the cross term we get (note that sinceVi is constantVi = �Vi = �Vi )

L �
ij = �v�

i �v�
j � �v�

i �v�
j = (�vi + Vi )(�vj + Vj ) � (�vi + Vi )(�vj + Vj )

= �vi �vj + �vi Vj + �vj Vi � �vi �vj � �vi Vj � Vi �vj

= �vi �vj � �vi �vj + Vj ( �vi � �vi ) + Vi ( �vj � �vj )

= L ij � Vj v00
i � Vi v00

j

C �
ij = �v�

i v00�
j + �v�

j v00�
i = (�vi + Vi )v00

j + (�vj + Vj )v00
i =

= �vi v00
j + v00

j Vi + �vj v00
i + v00

i Vj = Cij + v00
j Vi + v00

i Vj

(M.3)

From Eq.M.3 we �nd that the Leonard term and the cross term are different in the two
coordinate systems, and thus the terms are not Galilean invariant. However, note that
the sum is, i.e.

L �
ij + C �

ij = L ij + Cij : (M.4)

The requirement for the Bardina model to be Galilean invariant is that the constant
must be one,cr = 1 (see Eq.18.47). This is shown by transforming both the exact
Cij (Eq. 18.45) and the modelled one,CM

ij (i.e. Eq.18.46). The exact form ofCij

transforms as in Eq.M.3. The Bardina term transforms as

C � M
ij = cr (�v�

i �v�
j � �v�

i �v�
j )

= cr

h
(�vi + Vi )(�vj + Vj ) � (�vi + Vi )(�vj + Vj )

i

= cr [�vi �vj � �vi �vj � ( �vi � �vi )Vj � ( �vj � �vj )Vi ]

= CM
ij + cr

�
v00

i Vj + v00
j Vi

�
:

(M.5)
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As is seen,C � M
ij 6= CM

ij , but here this does not matter, because providedcr = 1 the
modelled stress,CM

ij , transforms in the same way as the exact one,Cij . Thus, as for the
exact stress,Cij (see Eq.M.4), we haveC � M

ij + L �
ij = CM

ij + L ij . Note that in order
to make the Bardina model Galilean invariant the Leonard stressmustbe computed
explicitly.
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N MTF271: Computation of wavenumber vector and
angles

FOR each moden, create random angles' n , � n and� n (see Figs.N.1 and27.1) and
random phase n . The probability distributions are given in TableN.1. They are

chosen so as to give a uniform distribution over a spherical shell of the direction of the
wavenumber vector, see Fig.N.1.

N.1 The wavenumber vector,� n
j

x1

x2

x3

� n

' n

� n
i

dAi

Figure N.1: The probability of a randomly selected direction of a wave inwave-space is the
same for alldA i on the shell of a sphere.

Compute the wavenumber vector,� n
j , using the angles in SectionN according to

Fig. N.1, i.e.

� n
1 = sin( � n ) cos(' n )

� n
2 = sin( � n ) sin(' n )

� n
3 = cos(� n )

(N.1)

p(' n ) = 1 =(2� ) 0 � ' n � 2�
p( n ) = 1 =(2� ) 0 �  n � 2�
p(� n ) = 1 =2 sin(� ) 0 � � n � �
p(� n ) = 1 =(2� ) 0 � � n � 2�

Table N.1: Probability distributions of the random variables.
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� n
i � n

i � n

(1; 0; 0) (0; 0; � 1) 0
(1; 0; 0) (0; 1; 0) 90

(0; 1; 0) (0; 0; � 1) 0
(0; 1; 0) (� 1; 0; 0) 90

(0; 0; 1) (0; 1; 0) 0
(0; 0; 1) (� 1; 0; 0) 90

Table N.2: Examples of value of� n
i , � n

i and� n from Eqs.N.1 andN.4.

N.2 Unit vector � n
i

Continuity requires that the unit vector,� n
i , and� n

j are orthogonal. This can be seen
by taking the divergence of Eq.27.3which gives

r � v0 = 2
NX

n =1

ûn cos(� n � x +  n )� n � � n (N.2)

i.e.
� n

i � n
i = 0 (N.3)

(superscriptn denotes Fourier moden). Hence,� n
i will lie in a plane normal to the

vector� n
i , see Fig.27.1. This gives

� n
1 = cos(' n ) cos(� n ) cos(� n ) � sin(' n ) sin(� n )

� n
2 = sin( ' n ) cos(� n ) cos(� n ) + cos(' n ) sin(� n )

� n
3 = � sin(� n ) cos(� n )

(N.4)

The direction of� n
i in this plane (the� n

1 � � n
2 plane) is randomly chosen through

� n . TableN.2 gives the direction of the two vectors in the case that� i is along one
coordinate direction and� = 0 and� = 90o.
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O MTF271: 1D and 3D energy spectra

THE general two-point correlationB ij of v0
i andv0

j (see Eq.10.2) can be expressed
by the energy spectrum tensor as [2, Chapter 3] (see Eq.G.28a)

B ij (x1; x2; x3)) =
Z + 1

�1
	 ij (� ) exp({� m x̂m )d� 1d� 2d� 3 (O.1)

wherex̂m and� m are the separation vector the two points and the wavenumber vector,
respectively. The complex Fourier transformexp({� m x̂m ) is de�ned in AppendixG
(see Eq.18.11). The two-point correlation,B ij , and the energy spectrum tensor,	 ij ,
form a Fourier-transform pair (see Eq.G.28b)

	 ij (� ) =
1

(2� )3

Z + 1

�1
B ij (x̂ ) exp(� {� m rm )dx̂1dx̂2dx̂3 (O.2)

The separation between the two points is described by a general three-dimensional
vector,x̂m . Both in experiments and in LES it is usually suf�cient to study the two-
point correlation and the energy spectra along a line. Hence, one-dimensional energy
spectra,E ij (� ), which are a function ofscalarwavenumber,� (� 1, � 2 or � 3), are often
used. They are formed by integrating over a wavenumber plane; the energy spectrum
for the wavenumber� 1, for example, reads

E ij (� 1) =
1
2

Z + 1

�1
	 ij (� )d� 2d� 3 (O.3)

A factor of two is included becauseE / 	 ii =2 is used to de�ne a energy spectrum
for the turbulent kinetic energyk = v0

i v
0
i =2, see Eqs.O.8 andO.10. Note that the

maximum magnitude of the wavenumber vector contributing toE ij (� 1) is very large
since it includes all� 2 and � 3, i.e. �1 < � 2 < 1 and �1 < � 3 < 1 . The
one-dimensional two-point correlation,B ij (x̂1), for example, and the one-dimensional
spectrum,E ij (� 1), form a Fourier-transform pair, i.e.

B ij (x̂1) =
1
2

Z + 1

�1
E ij (� 1) exp({� 1x̂1)d� 1 (O.4)

E ij (� 1) =
2

2�

Z + 1

�1
B ij (x̂1) exp(� {� 1x̂1)dx̂1 (O.5)

whereE ij is twice the Fourier transform ofB ij because of the factor two in Eq.O.3.
The diagonal components of the two-point correlation tensor are real and symmetric
and hence the antisymmetric part ofexp(� {� 1x̂1) – i.e. the sinus part – is zero and
Eqs.O.4andO.5are simpli�ed as

B ij (x̂1) =
1
2

Z + 1

�1
E ij (� 1) cos(� 1x̂1)d� 1 =

Z 1

0
E ij (� 1) cos(� 1x̂1)d� 1

E ij (� 1) =
1
�

Z + 1

�1
B ij (x̂1) cos(� 1x̂1)dx̂1 =

2
�

Z + 1

0
B ij (x̂1) cos(� 1x̂1)dx̂1

(O.6)

for i = j . The Reynolds stress� v02
1 , for example, is equal to the two-point correlation

tensor�B ij with with zero separation distance. Thev02
1 can be computed both from the
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three-dimensional spectrum (Eq.O.1) and one-dimensional spectrum (Eq.O.6)

v02
1 = B11(x1; 0; 0) =

Z + 1

�1
	 11(� )d� 1d� 2d� 3

v02
1 = B11(0) =

Z 1

0
E11(� 1)d� 1

(O.7)

Hence the turbulent kinetic energy,k = v0
i v

0
i =2, an be written as

k =
1
2

Z + 1

�1
	 ii (� )d� 1d� 2d� 3 (O.8)

k =
1
2

Z 1

0
E11(� 1)� 1 +

1
2

Z 1

0
E22(� 2)� 2 +

1
2

Z 1

0
E33(� 3)d� 3 (O.9)

The integral in Eq.O.8has no directional dependence: it results in a scalar,k. Instead
of integrating overd� 1d� 2d� 3 we can integrate over a shell with radius� = ( � i � i )1=2

and letting the radius go from zero to in�nity, i.e.

k =
1
2

Z 1

0
4�� 2	 ii d� (O.10)

where4�� 2 is the surface area of the shell. We now de�ne an energy spectrum,E(� ) =
2�� 2	 ii so that

k =
Z �

0
E(� )d�: (O.11)

The energy spectrumE11(� 1), for example, corresponds to the square of the Fourier
coef�cient of the velocity �uctuation (see Parseval's formula, Eq.G.4), i.e.

E11(� 1) = v̂2
1 (� 1) (O.12)

Below the properties of the three energy spectra are summarized.

� The three-dimensional spectrum tensor,	 ij (� ), is a tensor which is a function
of the wavenumber vector.

� The one-dimensional spectrum,E ij (� 1), is a tensor which is a function of a
scalar (one component of� m ).

� The energy spectrum,E(� ), is a scalar which is a function of the length of the
wavenumber vector,j� j � � .

O.1 Energy spectra from two-point correlations

In connection to Eqs.O.4, O.5andO.6we stated that the one-dimensional energy spec-
tra and the two-point correlations form Fourier-transformpairs. The proof is given in
this section. The energy spectrum is given by the square of the Fourier coef�cients, see
Parseval's formula, Eq.G.4. Let û be the Fourier coef�cient of the velocity �uctua-
tion u0 in thex direction which is periodic with period2L . Take the covariance of the
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Fourier coef�cients,̂u(� 0) andû(� ) where� and� 0denote two different wavenumbers
andx andx0 denote two points separated in thex directions so that

ĥu(� )û(� 0)i =

*
1

2L

Z L

� L
u(x) exp(� {�x )dx

1
2L

Z L

� L
u(x0) exp(� {� 0x0)dx0

+

=

*
1

4L 2

Z L

� L

Z L

� L
u(x)u(x0) exp(� {(�x + � 0x0)dxdx0

+

(O.13)

whereh�i denotes averaging over time; this equation corresponds to Eq. O.4except the
factor of two. Since we are performing a Fourier transform inx we must assume that
this direction is homogeneous, i.e. all averaged turbulence quantities are independent
of x and the two-point correlation is not dependent ofx (or x0) but only on the sepa-
ration distancex � x0, see discussion in connection to Eq.10.6on p.125. Hence we
replacex0 by x + x00so that

ĥu(� )û(� 0)i =

*
1

4L 2

Z L

� L

 Z L � x

� L � x
u(x)u(x + x00) exp(� {(�x + � 0(x + x00))dx00

!

dx

+

=

*
1

2L

Z L

� L
exp(� {(� + � 0)x)

 
1

2L

Z L � x

� L � x
B11(x00) exp(� {� 0x00))dx00

!

dx

+

(O.14)

The second integral (in parenthesis) is the Fourier transform (which corresponds to the
Fouriercoef�cient in discrete space, see Eq.G.28b) of the two-point correlationB11,
i.e.

ĥu(� )û(� 0)i =

*

B̂11(x00)
1

2L

Z L

� L
exp(� {(� + � 0)x))dx

+

(O.15)

whereB̂11 denotes the Fourier transform ofB11 (cf. O.5) and since it does not depend
on the spatial coordinate it has been moved out of the integral. Furthermore,̂B11 is real
and symmetric sinceB11 is real and symmetric. The remaining integral in Eq.O.15
includes trigonometric function with wavelengths� and� 0. They are orthogonal func-
tions, see AppendixG, and the integral of these functions is zero unless� = � 0. The
integral in Eq.O.15for � = � 0 is evaluated as (see “length of of k ” in Appendix G,
Eq.G.13, and use 1 = cos(2�x=L ))

( 1j 1) = jj  1jj2 =
Z L

� L
cos2

�
2�x
L

�
dx

=
�

x
2

+
L
8�

sin
�

4�x
L

�� L

� L
= L

(O.16)

In the same way, the “length of of� k ” in Eq. G.16is alsoL . EquationO.15can now
be written

ĥu(� )û(� )i =
1

2L
(L + L)hB̂11(x)i = hB̂11(x)i (O.17)

Hence, it is seen that the Fourier transform of a two-point correlation (in this example
hB11(x1)i ) indeed gives the corresponding one-dimensional energy spectrum (in this
exampleE11(� 1) = h(û(� ))2 i ).
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P MTF271. Derivations of the IDD-PANS model

P.1 DES model

We formulate the diffusion term (see Eq.23.69) using the averaged modelled turbulent
kinetic energy,kM , and a perturbation,�k M

D k + �D k =
@

@xj

�
C�

� k

(kM + �k M )2

"M

@(kM + �k M )
@xj

�
(P.1)

Neglecting quadratic perturbation terms gives

D k + �D k =
C�

� k

@
@xj

�
k2

M

"M

@(�k M )
@xj

+
2(�k M )kM

"M

@kM
@xj

+
k2

M

"M

@kM
@xj

�

Next, we retain only �rst-order perturbation terms

�D k =
C�

� k

@
@xj

�
k2

M

"M

@(�k M )
@xj

+
2�k M kM

"M

@kM
@xj

�

=
C�

� k

@
@xj

�
k2

M

"M

@(�k M )
@kM

@kM
@xj

+
2�k M kM

"M

@kM
@xj

�

We use Eq.23.63for the �rst term

�D k =
C�

� k

@
@xj

�
k2

M

"M

�k M

kM

@kM
@xj

+
2�k M kM

"M

@kM
@xj

�

=
3C�

� k

@
@xj

�
�k M kM

"M

@kM
@xj

�
=

3C�

� k

@
@xj

�
�k M

kM

k2
M

"M

@kM
@xj

�

=
3�k M

kM

�
C�

� k

@
@xj

�
k2

M

"M

@kM
@xj

��

At the last equality we used Eq.23.62. The part inside curly brackets is the diffusion
term,D k . Hence, we get

�D k

D k =
3�k M

kM
(P.2)

For the"M equation we have

D " + �D " =
@

@xj

�
C�

� k

(kM + �k M )2

"M

@"M
@xj

�

Keeping only the linear �uctuation terms we get

�D " =
C�

� k

@
@xj

�
2kM �k M

"M

@"M
@xj

�

We use the �rst part of Eq.23.63

�D " =
2C� �k M

� k kM

@
@xj

�
k2

M

"M

@"M
@xj

�
=

2�k M

kM

�
@

@xj

�
C�

� k

k2
M

"M

@"M
@xj

��
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The part in curly brackets is the diffusion term of" , i.e. D " ; hence we get

�D "

D " =
2�k M

kM
(P.3)

Now, �nd �P k from Eq.23.72

�P k = "M � � �D k

and insert it in Eq.23.73

C" 1
"M

kM
P k

�
"M � � �D k

P k �
�k M

kM

�
+ C" 2

"2
M

kM

�
�k M

kM

�
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Using Eqs.P.2andP.3gives
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Next, we collect all terms including�k M =kM so that
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Use Eqs.23.59and23.60(settingC �
" 2 = C" 2 since we are working with IDDES)

C" 1
"2

M

kM
� = �

�k M

kM

�
C" 2

"2
M

kM
+ 2

�
C" 2

"2
M

kM
� C" 1

"M

kM
P k

�

� C" 1
"M

kM
P k � 3C" 1

"M

kM

�
 " M � P k �

�

= �
�k M

kM

�
3C" 2

"2
M

kM
� 3C" 1

 " 2
M

kM

�

Finally, we get
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C" 1

�
(P.4)

P.2 PANS model

Now we will repeat the same derivation as in SectionP.1, but here we will do it for
PANS. We insert Eq.23.66into Eq.23.69

D k =
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�

EquationP.1now reads (recall that a perturbation�k M between modeled and resolved
turbulence does not affectktot )

D k + �D k =
@

@xj

�
C�

� k
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@xj

�
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Write the equation for the �uctuating part, i.e.

�D k =
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��

where we used Eq.23.62and the �rst part of Eq.23.63. The part in curly parenthesis
is D k in PANS (Eq.23.69) so we get

�D k

D k =
�k M

kM
(P.5)

For the" equation the �uctuating part of the diffusion terms reads
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since�" M = 0 , see Eq.23.61.
Now insert Eqs.23.67into Eq.23.68
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Next, insert Eqs.P.5andP.6so that
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Replace the diffusion term,D k , using Eq.23.59(with  = 1 since we dealing with
PANS)
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Finally, we get an expression for�C �
" 2 as
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" 2 � C" 1) (P.7)

P.3 PITM model

We will do the same derivation for PITM as we did for DES (P.1) and PANS (Sections
P.2). The diffusion terms for thekM and"M equation is the same as for DES and hence
we can use Eqs.P.2andP.3

�D k

D k =
3�k M

kM
(P.8)
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�D "

D " =
2�k M

kM
(P.9)

Now insert Eqs.23.67into Eq.23.68
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Replace the diffusion term,D k , using Eq.23.59(with  = 1 since we dealing with
PANS)
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Replace the diffusion term,D " , using Eq.23.60
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Q MTF271, Assignment 1: Reynolds averaged Navier-
Stokes

Q.1 Part a: Data of Two-dimensional �ow

YOU can do the assignment on your own or in a group of two. It is recommended
(but the not required) that you use LATEX (an example of how to write in LATEXis

available on the course www page). You �nd LATEX at here. You can also use LATEX
on-line.

You'll use data from a coarse DNS. Although some of the data are probably not
fully accurate, in this exercise we consider the data to be exact. You should usePython.
You will read data �les of the mean �ow (�v1, �v2, �p) and turbulent quantities. (v02

1 , v02
2 ,

v02
3 , v0

1v0
2 and"). You will analyze one of the following �ows:

Case 1: Flow over a wave.

Case 2: Flow over a hill.

Case 3: Flow in an expansion

Case 4: Flow in an contraction.

@v1=@x2 = v2 = 0 at the top boundary (highx2) for all four cases andRe� = 500
at the inlet.

I have created the data by doing DNS (Direct Numerical Simulation) in a three-
dimensional domain using mypyCALC-LES CFD code [205]. Periodic boundary
conditions are imposed in the spanwise (x3) directions in all �ows. The inlet boundary
conditions are taken from a pre-cursor DNS of fully-developed channel �ow. In the
post-processing, the time-averaged quantities ofv1, v2 andv3 are computed as (which
are functions ofx1 andx2)

(v1)x 3 ;t =
1

T W

Z

x 3

Z

t
v1(x1; x2; x3; t)dtdx3

(v2)x 3 ;t =
1

T W

Z

x 3

Z

t
v2(x1; x2; x3; t)dtdx3

(v3)x 3 ;t =
1

T W

Z

x 3

Z

t
v3(x1; x2; x3; t)dtdx3 = 0

(Q.1)

where subscriptx3; t denotes averaging inx3 and time;T and W denote the aver-
aging time and spanwise extent of the domain, respectively.The normal stresses are
computed as (which are functions ofx1 andx2)

(v0
1v0

1)x 3 ;t =
1

T W

Z

x 3

Z

t
v1(x1; x2; x3; t)v1(x1; x2; x3; t)dtdx3 � (v1)x 3 ;t (v1)x 3 ;t
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2)x 3 ;t =
1

T W

Z

x 3

Z

t
v2(x1; x2; x3; t)v2(x1; x2; x3; t)dtdx3 � (v2)x 3 ;t (v2)x 3 ;t

(v0
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3)x 3 ;t =
1

T W

Z

x 3

Z

t
v3(x1; x2; x3; t)v3(x1; x2; x3; t)dtdx3

(v0
1v0

2)x 3 ;t =
Z

x 3

Z

t
v1(x1; x2; x3; t)v2(x1; x2; x3; t)dtdx3 � (v1)x 3 ;t (v2)x 3 ;t

(Q.2)
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Ask the teacher which Case you should use. Download the data from the Canvas
course page or

https://www.tfd.chalmers.se/˜lada/comp turb model

The report, along with the Python �les(s), should be submitted electronically at
Canvas; the deadline can be found in the time table.

Report: See the following as a guideline to discuss the results. Write a �owing
report, so the reader does not need the assignment. Discuss all plots based on rea-
sonability. If you �gure out deviations from the expected outcome discuss them. You
should discuss all �gures; if you have nothing to write abouta �gure, don't include it.

Q.1.1 Analysis

Study the �ow. In which regions do you expect the turbulence (i.e. the gradients of the
Reynolds stresses) to be important? Let's �nd out. The two-dimensional time-averaged
Navier-Stokes for thex1 andx2 momentum equations read (the density is set to one,
i.e. � = 1 )

�v1
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+ �v2
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= �

1
�
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2

@x2
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@x1
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@�v2

@x2
= �

1
�

@�p
@x2

+ �
@2 �v2

@x21
�

@v0
1v0

2

@x1
+ �

@2 �v2

@x22
�

@v02
2

@x2

(Q.3)

Recall that all the terms on the right-hand sides representx1 andx2 components of
forces per unit volume.

Q.1.2 The momentum equations

The �le plot.py loads the data and plots the skin friction, the pressure coef�cient, the
grid, the dissipation at the inlet and a color surface plot ofthe pressure. The following
�ow �elds are loaded:

u2d : �v1

v2d : �v2

p2d : �p

uu2d : v02
1

vv2d : v02
2

ww2d : v02
3

uv2d : v0
1v0

2

diss2d : "

Choose twox1 locations (vertical grid lines), one without recirculation (close to
the left boundary, for example) and one grid line where thereis a recirculation region.
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Assignment 1.1. Plot the Reynolds stresses along vertical grid lines at these two locations using
the Pythonplt.plot(x,y) . Please make sure that in your report the num-
bering on the axis and the text in the legend are large enough.

Assignment 1.2. Compute and plot all terms the�v1 equation (�rst line in Eq.Q.3), see Fig.6.6.
You will need to compute the derivatives of e.g.�v1 and �p. In plot.py the
modulesdphidx anddphidy in gradients are used to compute@�v1=@x1
and@�v1=@x2. Use this function to compute all derivatives that you need.To
enhance readability you may omit the small terms or use two plots per vertical
grid line. Make also a zoom near the walls.

Which terms are negligible? Can you explain why they are negligible?

What about the viscous terms: where do they play an importantrole?

Q.1.3 The turbulent kinetic energy equation

The exact transport equation for the turbulent kinetic energy,k, reads

�vj
@k
@xj

= �
@2k

@xj @xj
+ P k + D k � "

P k = � v0
i v

0
j

@�vi

@xj

(Q.4)

Assignment 1.3. Plot the production term along the two grid lines (see Fig.8.3). Explain why
it is large at some locations and small at others. The production term consists
of the sum of four terms, two of which involve the shear stresswhile the other
include the normal stresses. Compare the contributions duethe shear stress and
the normal stresses.

Assignment 1.4. Plot the dissipation and compare it with theproduction. Do you have local equi-
librium (i.e. P k ' " ) anywhere?

Q.1.4 The Reynolds stress equations

The modeled transport equation for the Reynolds stresses can be written as

�vk
@v0

i v
0
j

@xk
= �

@2v0
i v

0
j

@xk @xk
+ Pij + � ij + D ij � " ij

Pij = � v0
i v

0
k

@�vj

@xk
� v0

j v0
k

@�vi

@xk

(Q.5)

The pressure-strain term,� ij , uses the models in Eqs.11.91, 11.57, 11.90, 11.95and
11.96. Note that it may be better to use~" = " � �@2k=@x22 since this agrees better with
the modeled dissipation, see Section11.14.5.

1. In the damping function,f (see Eq.11.92), jnk;w (xk � xk;w )j denotes the dis-
tance to the nearest wall. We have only one wall (the lower wall). The distance
to node(I; J ) is

jnk;w (xk � xk;n )j =
�

(x(I; J ) � x(I; 0))2 + ( y(I; J ) � y(I; 0))2	 1=2
(Q.6)

You may simply compute it asy(I; J ) � y(I; 0). The damping function,f ,
involvesk and" .
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2. If, for example, the lower wall is horizontal, thenni;w = (0 ; 1). To computeni;w

for the general case (see Eqs.11.95and11.96), compute �rst the vector which is
parallel to the wall,si;w , and then computeni;w from si;w (see Eq.AC.2)

3. In SectionAG you �nd some details on how to compute one of the terms,
v0

k v0
m nk;w nm;w , in the general expression in Eq.11.95.

4. The diffusion termD ij can be modeled using the Generalized Gradient Diffusion
Hypothesis GGDH of [206] (see Eq.11.44)

D ij =
@

@xm

 

ck v0
k v0

m
k
"

@v0
i v

0
j

@xk

!

(Q.7)

This diffusion is much larger in thex2 direction than in thex1 direction. Hence,
you may use a simpli�ed form

D ij; 2 =
@

@x2

 

ck v0
2v0

2
k
"

@v0
i v

0
j

@x2

!

(Q.8)

The following constants should be used:

(c� ; c1; c2; c1w ; c2w ; � k ; ck ) = (0 :09; 1:5; 0:6; 0:5; 0:3; 1; 0:2)

5. The dissipation is modeled as (see Section11.7.3)

" ij =
2
3

"� ij

Assignment 1.5. Choose two stresses. Plot the different terms in the equations for one vertical grid
line fairly close to the inlet. Look at the corresponding plot for channel �ow, see
Fig.9.1. If the �gure becomes too crowded, use two plots per verticalgrid line or
simply omit terms that are negligible. Try to explain why some terms are large
and vice versa. Usually, a stress is large in locations whereits production (or
pressure-strain) term is large. Is that the case for you?

Assignment 1.6. Compute the stresses using the Boussinesq assumption, i.ev0
i v

0
j = � 2� t �sij +

(2k=3)� ij where� t = c� k2=". Compare the eddy-viscosity stresses with two of
the Reynolds stresses from the database. Make also a zoom-innear walls.

You'll �nd that – surprisingly – the Boussinesq gives much too large a shear
stress at the inlet (near the wall aty+ ' 20). The reason is that you have (proba-
bly) omittedf � , see Eq.11.155. Re-compute the Boussinesq shear stress includ-
ing f � . The agreement with DNS gets much better, right?

The modeled production term

P k = 2 � t �sij �sij (Q.9)

is always positive. The exact production of turbulent kinetic energy (see Eq.Q.4) is
usually positive. It can however become negative.

Assignment 1.7. Compute the exact production in Eq.Q.4in the entire domain to investigate if the
production is negative anywhere. If so, explain why (for physical explanation,
see ItemII at p.104).
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The reason why the eddy-viscosity production in Eq.Q.9 must be positive is that
neither� t nor �sij �sij can go negative. Another way to explain this fact is that the
modeled Reynolds stress,v0

i v
0
j , and the strain rate tensor,�sij are parallel. To �nd out to

what degree the exact Reynolds stress and the strain rate areparallel, one can compute
the eigenvectors.

Assignment 1.8. The realizability concept is discussed in Section13. It is shown that the Boussi-
nesq assumption can give unphysical negative normal Reynolds stresses (if@�v1=@x1
in Eq.13.2is very large thenv02

1 goes negative). A remedy is presented in Sec-
tion 13 in which the turbulent viscosity is limited using the eigenvalues of the
strain-rate tensor,�sij , see Eq.13.12. Compute the eigenvalues of�sij in the en-
tire domain. Check if the limiter in Eq.13.12reduces� t along the two vertical
lines you previously chose. Find out where in the entire domain the limiter has
largest effect. Is this region a stagnation region? (the object of Eq.13.12is to
limit � t in stagnation regions, see Section12.3).
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Q.2 Part b: Machine learning

In this part you will use Neural Network (NN) to model dampingfunctions in the AKN
turbulence model which reads [47]

@k
@t

+
@�vj k
@xj

=
@

@xj

��
� +

� t

� k

�
@k
@xj

�
+ Pk � " (Q.10)
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"
k

� C" 2f 2
"2

k

� t = C� f �
k2

"
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�
@�vi

@xj
+

@�vj

@xi

�
@�vi

@xj
C" 1 = 1 :5; C" 2 = 1 :9; C� = 0 :09; � k = 1 :4; � " = 1 :4

wherek and" denote the modeled turbulent kinetic energy and its dissipation, respec-
tively. The damping functions are de�ned as

f 2 =
�
1 � exp

�
�

y�

3:1

�� 2
(

1 � 0:3 exp

"

�
�

Rt
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� 2
#)
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1 � exp
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(

1 +
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exp

"

�
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y� =
u" y
�

; u" = ( "� )) 1=4 ; Ret =
k2

�"

The wall boundary condition is implemented by setting" at the wall-adjacent cells as

" = 2 �
k
y2 (Q.11)

Q.3 Crash course on Neural Network (NN)

Below I give you some useful links for NN and PyTorch.

� Good YouTube lectures

– 3Blue1Brown: But what is a neural network

– 3Blue1Brown: gradient descent, how neural network learn

– 3Blue1Brown: backpropagation, intuitively

– 3Blue1Brown: backpropagation, calculus

– Sebastian Lague: how to create a neural network

� Celsius to Fahrenheit with PyTorch NN

� Building a Regression Model in PyTorch

� Multi-Target Predictions with Multilinear Regression in PyTorch

We start by creating a simple NN that, for example, �nds a damping function,
Y � f , as a function ofX � y+ , see Fig.Q.1. It has one input (X = a(0)

1 ), one hidden
layer with two neurons (a(1)

1 ; a(1)
2 ) and one output (Y = a(2)

1 ). In Listing 1, you �nd

the line labeledConnection 0-1 which connectsa(0)
1 and

�
a(1)

1 ; a(1)
2

�
and the line

labeledConnection 1-2 which goes from
�

a(1)
1 ; a(1)

1

�
to a(2)

1 .
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a(0)
1

a(1)
1

a(1)
2

a(2)
1

input
layer hidden layers

output
layer

Figure Q.1: Schematic of Simple NN

class NN(nn.Module):
def __init__(self):

self.layer_1=nn.Linear(1, 2) # Connection 0-1
self.layer_2=nn.Linear(2, 1) # Connection 1-2

def forward(self, x):
x = torch.nn.functional.sigmoid(self.layer_1(x))
x = torch.nn.functional.sigmoid(self.layer_2(x))

Listing 1: Python code of Simple NN.

Now we formulate the NN with weights,w, and biases,band add Sigmoid activa-
tors,s, to both neurons as well as well the output neuron, i.e.

Activation 1: a(1)
1 = s(1)

1

�
w(0)

1 a(0)
1 + b(0)

1

�

Activation 2: a(1)
2 = s(1)

2

�
w(0)

2 a(0)
1 + b(0)

2

�

Output: a(2)
1 = s(2)

1

�
w(1)

1 a(1)
1 + b(1)

1

+ w(1)
2 a(1)

2 + b(1)
2

�
� Y

The Python code for the simple NN model is given in Listing2.
# initiate the NN model
model = NN()
# define input, X
X=np.zeros(nj,1))
X[:,0] = scaler_yplus.fit_transform(yplus)[:,0]
# define output, y (f is known)
y = f
# Training loop
for epoch in range(max_no_epoch):
# Compute prediction and loss

o = model(X) #prediction
loss = loss_fn(o, y) # loss, |o-y|_2
loss.backward()

Listing 2: Simple NN.

Theloss.backward() command computes the gradients of the output,o, with
respect to the weights, biases and activators, (i.e.@o=@w1, @o=@b1, @o=@s1 : : : ) in
order to get new improvedw1; b1; : : :

Q.4 The Assignment

Download the data and script �les from the Canvas course pageor here.
The damping functionsf � andf 2 are used in the AKN model, see Eq.Q.10. They

are functions ofy� andRet . In this assignment you will create newf � andf 2 using
NN. You will �rst make them as functions ofy� and y+ . The created NN model
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will be saved to disk, and then you will load the NN model into the Python CFD code,
rans-k-eps-NN.py (available at Canvas and at the course www page). The Python
scriptNN-f2-5200-no-batch.py uses PyTorch to train af 2 damping function in
the NN model on80%of the DNS data (randomly chosen) and then test (predict) on
the remaining20%.

StudyNN-f2-5200-no-batch.py carefully. Note that the initial weights and
biases are randomized in Pytorch. If you want to make sure that you get the same
model every time you run the script, you can use

if epoch == 0 and batch == 0:
# Define checkpoint

checkpoint = {
'epoch': epoch,
'model_state_dict': model.state_dict(),
'optimizer_state_dict': optimizer.state_dict(),
'loss': loss,

}
torch.save(checkpoint, 'checkpoint-f2.ct')

from one run that converged well. Then you load the initial data in a subsequent run
for epoch in range(N_epochs):

if epoch == 0:
print('checkpoint loaded')
checkpoint = torch.load('checkpoint-f2.ct',weights_on ly=True)

# Apply the state_dict to model and optimizer
NN = MyNet()
NN.load_state_dict(checkpoint['model_state_dict'])

optimizer = torch.optim.SGD(NN.parameters(), lr=learni ng_rate)
optimizer.load_state_dict(checkpoint['optimizer_sta te_dict'])

# Retrieve the training epoch
# epoch = checkpoint['epoch']

loss = checkpoint['loss']

NN.train() # For training mode (resuming training)

The input data,y� andRet , are taken from and they are scaled and then assigned
to X. i.e. (Line 68)
# we choose two inputs: yplus_DNS and ystar_DNS
# re-shape
yplus= y_plus_DNS.reshape(-1,1)
ystar= y_star_DNS.reshape(-1,1)
# use scaling, One for each input
scaler_yplus = MinMaxScaler()
scaler_ystar = MinMaxScaler()
# X = input matrix
X=np.zeros((len(yplus_DNS),2))
X[:,0] = scaler_yplus.fit_transform(yplus)[:,0]
X[:,1] = scaler_ystar.fit_transform(ystar)[:,0]

The NN model will try to �nd suitable weights and biases to �t the input parameters
to the output (thetarget), which isf 2 (also taken from DNS). It is assigned toY (Line
61)
# current model of f_2
f_2=((1.-np.exp(-y_star_DNS/3.1)) ** 2) * (1.-0.3 * np.exp(-(re_t/6.5) ** 2))

# output is f_2_NN (see below) predicted by the NN. Our target is f_2
# transpose the target vector to make it a column vector
Y = f_2.transpose()
Y= Y.reshape(-1,1) # makes an array of size [len(Y), 1]

The NN model is using 10 neurons and three hidden layers (instead of two and one,
respectively, in the example above) and the ReLu actuator isused (instead of Sigmmoid
above)
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class MyNet(nn.Module):

def __init__(self):
super().__init__()
self.input = nn.Linear(2, 10) #axis 0: number of inputs
self.hidden1 = nn.Linear(10, 10)
self.hidden2 = nn.Linear(10, 1) #axis 1: number of outputs

def forward(self, x):
x = nn.functional.relu(self.input(x))
x = nn.functional.relu(self.hidden1(x))
x = self.hidden2(x)

return x

At the end ofNN-f2-5200-no-batch.py the NN model is saved to disk
# save NN model to disk
filename = 'model-neural-k-omega-f_2.pth'
torch.save(NN, filename)
dump(scaler_yplus,'scaler-yplus-k-omega-f_2.bin')
dump(scaler_ystar,'scaler-ystar-k-omega-f_2.bin')

yplus_min = np.min(yplus_train)
ystar_min = np.min(ystar_train)
f_2_min = np.min(f_2_train)

yplus_max = np.max(yplus_train)
ystar_max = np.max(ystar_train)
f_2_max = np.max(f_2_train)

np.savetxt('min-max-model-f_2.txt', [yplus_min,yplus _max,ystar_min,ystar_max,f_2_min,f_2_max])

Study the CFD coderans-k-eps-NN.py carefully. The NN model is loaded
NN-f2-5200-no-batch.py at the beginning. I de�ne a 1D grid.yc , from wall-
to-wall. The location of the cell centers are stored inyp .

First, the�v1 equation is solved. The friction Reynolds number,Re� � u� �=� =
5 200, where� is half-channel width.u� and� are set to one and hence� = 1 =Re� .
We're computing fully-developed channel �ow (i.e.@�v1=@x1 = 0 ) and the driving
pressure gradient,@�p=@x1 = 1 is prescribed, which is obtained from force balance, see
Eq.6.38. Next, thek and" equations are solved. You may note that the negative source
terms in both equations are included inSP where the total source isS = SU + SP � ,
see p. 16 in myCFD lecture notes. With this procedure, there is no way thatk and"
can go negative since all terms in the discretized equation (see Eq. 13 on p, 17) then
are positive. Recall thataP = aW + aE � SP .

Assignment 1.9. Run theNN-f2-5200-no-batch.py script and create the NN model. Then
run the CFD code, both using the standard AKNk � " model, i.e.NNbool =
False and using the NN model, i.e.NNbool = True

Assignment 1.10. InNN-f2-5200-no-batch.py I usey+ andy� as input parameters. For ex-
ample, use only one of them. Or maybey� andRet , as in the original model. Or
P k , or . . . . You want your NN model to work also in other �ows and/or at other
Reynolds numbers. Hence, your input parameters must be non-dimensional.
The DNS data are non-dimensionalized withu� and � (i.e. you can regard
u� = � = 1 )

Assignment 1.11. Do one of many of the subtasks below

– Use your NN model at other Reynolds numbers. You �nd DNS data for
Re� = 550, Re� = 2 ; 000andRe� = 10 000, at the course www page.
Note that when you increase the Reynolds number inrans-k-eps-NN.py
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you may need to increase the number of cells (i.e. increasingnj ) so that
y+ < 1 for the wall-adjacent cells.

– Include another NN model forf �

– Train your NN model(s) atRe� = 10 000and use it in CFD code for lower
Reynolds numbers.
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R MTF271, Assignment: LES,Re� = 1 000

YOU can do the assignment on your own or in a group of two. You will receive
data from a DNS of fully developed �ow in a channel. It is recommended (but not

required) that you use LATEX (an example of how to write in LATEXis available on the
course www page). You can download LATEX at here. You can also use LATEX on-line.

You can useMatlab, Octaveor Python. Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish industries prefer engineers to
use Python instead of Matlab due to Matlab's high license fees.

The report, along with the Matlab/Octave/Python �les(s), should be submitted elec-
tronically.

The equations that have been solved are

@vi
@xi

= 0

@vi
@t

+
@

@xj
(vi vj ) = � i 1 �

@p
@xi

+
1

Re�

@2vi

@xj @xj

(R.1)

TheRe number based on the friction velocity and the half channel width isRe� =
u� h=� = 1 000 (h = � = u� = 1 so that� = 1 =Re� ).

A 192� 160� 192mesh has been used. The streamwise, wall-normal and spanwise
directions are denoted byx (x1), y (x2) andz (x3) respectively. The cell size inx and
z directions are� x = 0 :0327and� z = 0 :00818. Periodic boundary conditions were
applied in thex andz direction (homogeneous directions). The size of the domainis
(L; h; Z max ) in (x; y; z), see Fig .R.1.

R.1 Time history

At the www-page
https://www.tfd.chalmers.se/˜lada/comp turb model/

you �nd a �le u v time 4nodes re1000.dat with the time history ofu andv.
The �le has eight columns ofu andv at four nodes:y=� = 0 :00463, y=� = 0 :0144,
y=� = 0 :0727 and y=� = 0 :25. With u� = 1 and � = 1 =Re� = 1 =1000 this
correspond toy+ = 4 :6, y+ = 14, y+ = 67 and y+ = 253. The time step is
0:0008178

Download the Matlab/Octave programpl time.m or the Pythonb �lepl time.py
which load and plot the time history ofu. Run the programpl time . Recall that the
velocities have been scaled with the friction velocityu� , and thus what you see is really
u=u� . The time history ofu at y=� = 0 :014andy=� = 0 :067are shown. Study the
time history of the blue line (y=� = 0 :014) in greater detail. Make a zoom between,
for example,t = 1 andt = 2 andumin = 3 andumin = 21. This is conveniently done
with the Python commands

plt.axis([1,2,3,21])
plt.plot(t,u2,'b-o')

or the Matlab/Octave commands

axis([1 2 3 21])
plot(t,u2,'b-o')
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Use this technique to zoom and to look at the details of the time history. Alterna-
tively, you can use the zoom buttons above the �gure.

Plot u for all four nodes. How does the time variation ofu vary for different posi-
tions? Why? Plot alsov at the four different positions. What is the difference between
u andv?

R.2 Time averaging

Compute the average of theu velocity at node 2. Add the following code (before the
plotting section) for Python

umean=np.mean(u2)

or in Matlab/Octave

umean=np.mean(u2)

Here the number of samples isn = 10000(the entireu2 array). Find out how many
samples must be used to get a correct mean value. Start by trying with 100samples as
in Python

umean_100=plt.mean(u2(0:100))

or in Matlab/Octave

umean_100=mean(u2(1:100))

Do the same exercise for the other three nodes.

R.3 Auto-correlation

Auto-correlation is de�ned in Section10.2. Compute the auto-correlation foru0 at
Node 1 using the Python command

u1_fluct=u1-np.mean(u1)
two_uu_1=np.correlate(u1_fluct,u1_fluct,'full')
# find max
nmax=np.argmax(two_uu_1)
# and its value
two_max=np.max(two_uu_1)
# Pick the right half and normalize
two_sym_norm=two_uu_1[nmax:]/two_max

or in Matlab/Octave

imax=500;
two_uu_1=autocorr(u1,imax);

In Octave, it should bexcorr ; download the �lepl time re1000 with xcorr.m .
Maybe you need to download thesignal package. In Ubuntu you type

sudo apt-get install octave-signal
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Then you load the package by typing (in Octave)

pkg load signal

Finally, use the commands

u_fluct=u2-mean(u2);
two_uu_1=xcorr(u_fluct,imax,'coeff');

where the option ”coeff” means that the auto-correlation isnormalized by RMS, i.e.
R/(rms(x).rms(y)).

Above, we set the maximum separation in time toimax = 500 (i.e. we carry out
the integration in Eq.10.11not to in�nity, but to imax � � t). Note that theautocorr
command returns the normalized auto-correlation, i.e.B norm

11 , see Eq.10.10. Plot the
auto-correlation as in Python as

plt.plot(t[0:imax},two_sym_norm[0:imax},'b-')
plt.xlabel('t')
plt.ylabel('$B_{11}ˆ{norm}$')

or in Matlab/Octave

plot(t(1:imax),two_uu_1(1:imax),'linewidth',2)
xlabel('t')
ylabel('$B_{11}ˆ{norm}$','Interpreter','latex')
handle=gca
set(handle,'fontsize',[20])

Note that if you have createdtwo uu 1t with xcorr you get the correlation for
negative times as well. Then you should plot it as

plot(t(1:imax+1),two_uu_1(imax+1:end))

For large time separation you �nd that the auto-correlationoscillates around zero.
This is numerical noise. You should carry out the integration in Eq.10.11only up to the
point when the auto-correlation goes negative. If is does not go negative, terminate the
integration at the time separation when the auto-correlation starts to increase. Compute
the integral time scaleTint in Python as

dt=t(1);
int_T_1=np.trapz(two_uu_1) * dt;

or in Matlab/Octave

dt=t(1);
int_T_1=trapz(two_uu_1) * dt;

Again, if you have usedtwo uu 1 you should integrate fromimax + 1 to end.
Plot the normalized auto-correlation and compute the integral time scales also for

the other three points. Where isTint large and small, respectively? Try to explain why.
In SectionR.2 you time averaged the velocities to get the mean value. You in-

vestigated how few samples you could use. In reality it is notonly the number of
samples that is relevant, but also that they areindependent. To �nd out if two samples
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are independent, it is convenient to use the integral time scale, Tint . If the samples
are separated byTint seconds they are independent. Hence, re-do the averaging you
did in SectionR.2 but use samples everyTint second. The theoretical estimate of the
statistical error varies with number of independent samples,N , as

error =
1

p
N

v1;rms

hv1 i
(R.2)

We see that the statistical error decreases asN � 1=2, provided that the samples are
independent.

Let us use Taylor's frozen turbulence hypothesis to computethe integral length
scale. This hypothesis assumes that – if the turbulence level is not too strong – the
velocity �uctuation at pointx and timet is the same as that at time(t � � ) at point
(x� � ) where� = ( x� � )=hui (it takes time� for the particle to travel from point(x� � )
to pointx with a velocityhui ). The hypothesis assumes that the turbulence is frozen
between point(x � � ) andx. When we want to �nd the velocity �uctuation at point
(x � � ) at time(t � � ) we can instead take it at pointx at timet. The Taylor hypothesis
makes it possible to compute the integral lengthscale from the integral timescale as (see
Eq.10.12)

L int = hui
Z 1

0
B norm

11 (t̂)dt̂ = hui Tint (R.3)

Compute the integral lengthscale.

R.4 Probability density/histogram

Histogram (also called probability density function, PDF)can give additional useful
information, see Section7. With a probability density,f v , of thev velocity, the mean
velocity is computed as

hvi =
Z 1

�1
vf v (v)dv (R.4)

Normalize the probability density function so that
Z 1

�1
f v (v)dv = 1 (R.5)

Here we integrate overv. The mean velocity can of course also be computed by
integrating over time, as we do when we de�ne a time average. Compute the PDF in
Python as

u3_fluct=u3-np.mean(u3)
pdf3,u3_pdf=np.histogram(u3_fluct, bins=20, density=T rue)

and in Matlab/Octave as

u3_fluct=u3-mean(u3);
[pdf3 u3_pdf]= hist(u3_fluct,20);

Here we have dividedu3 into20bins which span the variation ofu3, i.e. [min(u3); max(u3)].
The variablepdf 3 is a vector of length20whose elements gives the number of samples
in each bin. Plot the histogram in Python as
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fig4 = plt.figure("Figure 4")
plt.clf()
plt.plot(u3_pdf[0:-1],pdf3,'b-')
plt.xlabel('$u_3ˆ\prime$')
plt.ylabel('PDF')

and in Matlab/Octave as

norm3=sum(pdf3) * (u3_pdf(2)-u3_pdf(1));
plot(u3_pdf,pdf3/norm3,'linewidth',2)
xlabel('u3')
ylabel('PDF')
handle=gca
set(handle,'fontsize',[20])

wherenorm3 is the integral in Eq.7.3. You �nd that the PDF is rather symmetric.
Compute and plot the PDFs of the points close to the wall and you will �nd that they
are more skewed. Skewness,S, is a variable that quantify the skewness and it is de�ned
as

Sv0 =
1

v3
rms

Z 1

�1
v03f v0(v0)dv0

Compute it in Python as

urms3=np.std(u3_fluct)
S=np.mean(u3_fluct ** 3)/urms3 ** 3

and in Matlab/Octave as

urms3=std(u3_fluct);
S=mean(u3_fluct.ˆ3)/urms3ˆ3;

whereurms 3 = hu02i 1=2 at Node 3. Verify that the magnitude ofS is large close to
the wall. What does a negative skewness mean physically? (cf. Fig. 7.2) Do you have
any explanation why the skewness increases as we go closer tothe wall?

R.5 Frequency spectrum

Is is interesting to look at the spectra of the resolved turbulence. One can analyze the
time history of a variable at a point. You do a FFT of that signal to get the Fourier
coef�cientsai and then plota2

i . Then you get the frequency spectrum, i.e. how much
energy resides in each frequency. The other way to do it is to look at the instantaneous
velocity along a grid line, and do a FFT of that signal. Then you get the energy spec-
trum as a function of the wave number, i.e. the inverse of the wave length. In this case
you must average over many instants to get a reasonably smooth spectrum.

The Python �lepl spectrum.py (correspondingMatlab �le ispl spectrum.m )
makes a FFT of the time history of �uctuating velocity,u0, (u = hui + u0) and plots
a2

i . The same data �le as in the previous exercise is used (u v time 4nodes.dat ).
They use the Python/Matlab functionpwelch . Run the programpl spectrum

As we mentioned in the eBook, in a well-resolved LES we want tohave the cut-
off in the inertial subrange where the kinetic energy decaysas the wave number (or
frequency) up to the power of� 5=3. No � 5=3 region can be seen. There are probably
two reasons for than: too coarse a grid and too low Reynolds number.
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Figure R.1: Channel domain.

There are two useful frequencies you can use to get a feeling for the frequencies in
the plotted energy spectrum. First, we have the integral timescale which we computed
in SectionR.3. This corresponds to the frequencyf int = 1 =Tint . Second, we have the
frequency related to the streamwise spacing, i.e. the time it takes for a �uid particle to
�ow past a cell. This isf � x = hv1 i =� x1. Where aref int andf � x in the spectrum?

Plot the spectra for the three other points (make changes inpl spectrum.m ).
It should be mentioned that spectra may not be a reliable measure of resolution [127,

128]. Two-point correlations are usually better.

R.6 Backstep

If you want, you can now also study time histories in a backward facing step, see
Fig. R.2. It is data from LES [207] using PANS. The inlet Reynolds number isRe� =
3 600. The inlet height is� inlet = 1 , see Fig.R.2, and it is covered by55cells.

A precursor RANS using the AKN model [47] is carried out from whichURANS ,
VRANS andkRANS are obtained atRe� = 3 600. The time-varying inlet velocities are
then computed as�vin = URANS + u0

synt , �vin = VRANS + v0
synt , �win = w0

synt where
u0

i;synt denotes anisotropic synthetic �uctuations that were obtained using the same
procedure as in [208]. The synthetic �uctuations are scaled withkRANS =kRANS;max .
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Figure R.2: Backstep domain.

x=H y=H i j
u1 3:3 0:037 96 15
u2 8:7 0:037 150 15
u3 18:7 0:037 250 15
u4 3:3 0:85 96 30
u5 8:7 0:85 150 30
u6 18:7 0:85 250 30
u7 � 3:94 1:017 15 66
v1 3:3 0:85 96 15
v2 8:7 0:85 150 15
v3 18:7 0:85 250 15

Table R.1: Backstep. Data points.

The inlet modeled turbulent kinetic energy and its dissipation are computed askin =
f k kRANS , " in = C3=4

� k3=2
in =`sgs , `sgs = Cs � , � = V 1=3 [208] ( Cs = 0 :05). The

grid has336� 152� 64cells in the streamwise (x), wall-normal (y) and spanwise (z)
direction, respectively.

Time histories of�v and �v have been recorded at6 points, see TableR.1. Down-
stream the step, the �ow re-attaches atx = xR ' 6H , see Fig.R.2.

This �ow is much more exiting than the channel �ow which you studied above.
Look at the time histories, compute PDF:s and integral time and length scales! Use the
Python (pl time backstep.py ) or Matlab �le (pl time backstep.m ); they
read the �leutime backstep.dat which includes the time histories at the points
shown in TableR.1. It can be noted that point7 is very close to the inlet and close to
the wall (y+ ' 17). Points4 � 6 are located in the outer region of the boundary layer
(� ' 1).

R.7 Channel �ow: resolved stresses

Now we return to the channel �ow. At the www-page (https://www.tfd.chalmers.se/˜lada/comp turb
you �nd data �les. The data �les include the instantaneous variablesu (v1), v (v2), w
(v3) and p (made non-dimensional byu� and � ); the �les areu3d re1000.mat ,
v3d re1000.mat , w3d re1000.mat , p3d re1000.mat ). You �nd a Python/-
Matlab/Octave program at the www-page which read the data and computes the mean
velocity. The data �les are Matlab binary �les.

We decompose the instantaneous variables in time-averagedand �uctuating quan-
tities as

vi = hvi i + v0
i ; p = hpi + p0
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The symbolh:i denotes averaging in the homogeneous directionsx andz. Note that
in realityh:i always denote time averaging. It is only in this special academic test case
where we havethreehomogeneous directions (x; z; t ) where we can – in addition to
time averaging – also can usex andz averaging. Compute the six stresses of the stress
tensor,hv0

i v
0
j i . Use the de�nition to compute the stresses, for example

hv0
1v0

2 i = h(v1 � h v1 i ) (v2 � h v2i )i

= hv1v2 i � h v1hv2 ii � h v2hv1 ii + hhv1 ihv2 ii

= hv1v2 i � 2hv1ihv2 i + hv1 ihv2 i = hv1v2 i � h v1ihv2 i :

(R.6)

Wait with analysis of the results until you have done next part.

R.8 Resolved production and pressure-strain

Compute the production term and the pressure-strain terms

P k = �h v0
1v0

2 i
@hv1 i
@x2

P11 = � 2hv0
1v0

2i
@hv1 i
@x2

P12 = �h v0
2v0

2 i
@hv1 i
@x2

� 11 = 2
�

p0@v01
@x1

�

� 12 =
�

p0@v01
@x2

�
+

�
p0@v02

@x1

�

� 22 = 2
�

p0@v02
@x2

�

When computing the gradient of, for example,v1, use the Python command

dudx, dudy, dudz=np.gradient(u3d,dx,y,dz,edge_order=2 )

or the Matlab command

[dudy dudx dudz]=gradient(u3d,y,x,z);

Do the production terms and the pressure-strain term appearas you had expected? (see
the previous course TME226).

Now analyze the �uctuations in the previous subsection. Which stresses do you
think are symmetric with respect to the centerline? or anti-symmetric? What's the
reason?

When averaging, we use only one time step. If we would use manymore time steps
– or, in general, if we letT ! 1 when time averaging, e.g.

h� i = lim
T !1

1
2T

Z + T

� T
�dt

then some of the stresses would be identically zero (now theyare small): which ones?
Why?
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Figure R.3: Spectrum with cut-off.

R.9 Filtering

Plot v1 andv2 alongx1 at two differentx2 values atx3 = x3;max =2.

1. Filterv1 andv2 to get�v1 and�v2 using a 1D box-�lter (in thex1 direction) with
�lter width � = 2� x1 (this corresponds to a test �lter, see Eq.18.31). Compare
�v1 and�v2 with v1 andv2.

2. Do the same thing again but with a �lter width of� = 4� x1 (now you must
derive the expression on your own!). Discuss the differences between no �lter,
� = 2� x1 and� = 4� x1.

In LES we almost always assume that the �lter width is equal tothe control volume
(i.e. we use animplicit �lter). Above, in Item 1 and 2 you have just carried outexplicit
�ltering. This type of �ltering is used in the scale-similarity model, see Section18.15.

Repeat Item 1, but now for a 2D �lter (x1 andx3 direction); the formula for a 3D
�lter is given in Eq. 18.35. Compare the results along the same lines as in Item 1 and
2.

R.10 SGS stresses: Smagorinsky model

Compute the SGS stress� 12 from the Smagorinsky model, which reads

� ij = � 2� sgs �sij ; � sgs = ( Cs f � �) 2 p
2�sij �sij

�sij =
1
2

�
@�vi

@xj
+

@�vj

@xi

�

f � = 1 � exp(� x+
2 =26)

(R.7)

The �ltered velocities,�vi , are taken from SectionR.9using the 2D �lter (inx1 andx3);
we should really have used a 3D �lter, but in order to keep it simple, we use the 2D
�lter. The constantCs = 0 :1.
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As an alternative to the damping function,f � , one can compute the �lter length as

� = min f `smag ; �n g (R.8)

where`smag = CS (� Vijk )1=3 is the LES length scale andn is the distance to the
nearest wall.

Compare the SGS stressh� 12 i with the resolved stresshu0v0i and compare the SGS
viscosity with the physical one. Use wall damping both according to Eqs.R.7andR.8.
Plot them across the channel. Any thoughts?

R.11 SGS stresses: WALE model

Repeat the Task in SectionR.10, but now for the WALE model by [151], which reads

gij =
@�vi

@xj
; g2

ij = gik gkj

�sd
ij =

1
2

�
g2

ij + g2
ji

�
�

1
3

� ij g2
kk

� sgs = ( Cm �) 2

�
�sd

ij �sd
ij

� 3=2

(�sij �sij )5=2 +
�
�sd

ij �sd
ij

� 5=4

(R.9)

with Cm = 0 :325which corresponds toCs = 0 :1.

R.12 Dissipations

Compute the dissipation

" = �
�

@v0i
@xj

@v0i
@xj

�

and plot" across the channel.
In LES we introduce a �lter which is assumed to cut off the spectrum at� c in the in-

ertial region, see Fig.R.3. At cut-off, kinetic energy is extracted from the resolved �ow
by the SGS dissipation" sgs . Since the cut-off is assumed to be located in the inertial
sub-range (II), the SGS dissipation is at highRe numbers equal to the dissipation.

Introduce a 2D �lter (2� x1 and2� x3) as in SectionsR.9 andR.10and �lter all
velocities to obtain�v1, �v2 and�v3. Compute the SGS stresses from the de�nition

� ij = vi vj � �vi �vj (R.10)

and compute the SGS dissipation

" sgs = �
�

� ij
@�vi

@xj

�
(R.11)

Now, what is the relation between" sgs and"? Considering the cascade process, what
did you expect?

Recall that when we do traditional Reynolds decomposition,the production term
in the equation for turbulent kinetic energy appears as a sink term in the equation for
the mean kinetic energy, see Eq.8.39. This is the case also in LES, but now we have
a decomposition into time-averaged �ltered velocity,h�vi i , resolved �uctuation,�v0

i , and
SGS �uctuation,v00

i , i.e.

vi = �vi + v00
i = h�vi i + �v0

i + v00
i (R.12)
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Now we have three equations for kinetic energy:�K = 1
2 h�vi ih�vi i , �k = 1

2 h�v0
i �v

0
i i and

ksgs = 1
2 hv00

i v00
i i . The �ow of kinetic energy can be illustrated as in Figs.R.4andR.5

(cf. Fig. 20 in [99])

�K �k

�


�v0

i �v
0
j

� @h�vi i
@xj

hksgs i

' 2h� sgsih
�s ij

ih�s ij
i

� T

� @h�vi i@xj
@h�vi i@xj

"

�

� @�v0
i

@xj

@�v0
i

@xj

�

" 0
sgs

Figure R.4: Transfer of kinetic turbulent energy.�K = 1
2 h�vi ih�vi i and �k = 1

2 h�v0
i �v0

i i denote
time-averaged kinetic and resolved turbulent kinetic energy, respectively.� T denotes increase
in internal energy, i.e. dissipation. The cascade process assumes that the term in red is negligible
(see also Fig.8.2). The terms in blue show viscous and the SGS dissipation of the mean �ow
which is not included in the cascad process.

The transport equation forh1
2 �v0

i �v
0
i i is derived in [24]. (can be downloaded from

www.tfd.chalmers.se/˜lada ).
When deriving theksgs equation, no decomposition into time-averaged,h�vi i , and

resolved �uctuations,�v0
i , is made. Hence the SGS dissipation in Eq.R.11appears as an

instantaneous production term in the equation forksgs [100,101] (can be downloaded
from www.tfd.chalmers.se/˜lada ).

Plot (alongx2), compare and discuss the �ve dissipations (see Figs.R.4andR.5)

h�v0
1 �v0

2i
@h�v1 i
@x2

: dissipation (which is equal to production with minus sign) by resolved

turbulence in the�K equation

"0
sgs =

* �
� sgs

@�vi

@xj

@�vi

@xj

� 0
+

'
�

� sgs
@�v0

i

@xj

@�v0
i

@xj

�
: SGS dissipation term in the�k equa-

tion. This is themodelledSGS dissipation.

The exact SGS dissipation is computed as (since"0
sgs is a product of two �uctu-

ating quantities, we compute it with the same formula as in Eq. R.6)

"0
sgs =

�
� � 0

ij
@�v0

i

@xj

�
= �

�
� ij

@�vi

@xj

�
+ h� ij i

@h�vi i
@xj

= " sgs + h� ij i
@h�vi i
@xj

(R.13)

see Eq.R.11. Note that"0
sgs is de�ned using the�uctuating velocity gradient



R.12. Dissipations 500

�

E

� c

�h �v0
i �v

0
j i

@h�vi i
@xj

"0
sgs

�
@h�vi i
@xj

@h�vi i
@xj

'
2h�

sgs ih�s
ij ih�s

ij i

�
�

@�v0
i

@xj

@�v0
i

@xj

�

"

Figure R.5: Energy spectrum. Transfer of kinetic energy. The cascade process assumes that
the term in red is negligible (see also Fig.8.2). The terms in blue show viscous and the SGS
dissipation of the mean �ow which is not included in the cascad process.

(see [24]9), contrary to" sgs = Pksgs in Eq. R.11. The difference between" sgs

and"0
sgs is that the former includes the SGS dissipation from the meankinetic

energy; using the Boussinesq assumption, the last term in Eq. R.13reads

h� ij i
@h�vi i
@xj

= h� 2� sgs �sij ih�sij i ' � 2h� sgs ih�sij ih�sij i (R.14)

see Figs.R.4andR.5.

�
�

@�v0
i

@xj

@�v0
i

@xj

�
: viscous dissipation term in the�k equation

D
� sgs

@�v1
@x2

E
@h�v1 i
@x2

' h � sgs i
�

@h�v1 i
@x2

� 2
: SGS dissipation term in the�K equation. This

corresponds to2h� sgs �sij ih�sij i in Figs.R.4 andR.5. This is seen by re-writing
the production term

�
� sgs

�
@�vi

@xj
+

@�vj

@xi

�� �
@�vi

@xj

�
= 2 h� sgs �sij ih�sij i (R.15)

9can be downloaded from course home page
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see Eq.11.39. In fully-developed channel �ow, the left side reads
�

� sgs
@�v1

@x2

�
@h�v1i
@x2

(R.16)

R.13 Test �ltering

Above the �ltered velocities were computed using the �lter width � = 2� x1. In

dynamic models, we often de�ne the test �lter as twice the usual �lter, i.e.
z{
� = 2� .

Use this de�nition (1D �lter, i.e.
z{
� = 4� x1) to compute the dynamic Leonard stress

hL12 i from the de�nition

L ij =
z {
�vi �vj �

z{
�v i

z{
�v j (R.17)

and compare it (across the channel) with the resolved stressh�v0
1 �v0

2 i and the SGS stress
h� 12 i de�ned in Eq.R.10. Do you expect the magnitude of stresses to be similar?

R.14 Near-wall behavior

What is the near-wall behavior ofhv1i , hv02
1 i andhv02

2 i (i.e., forv1, what ism in hv1i =
O(xm

2 )). In order to estimatem, plot the quantities in log-log coordinates. Do the
quantities exhibit the near-wall behaviour that you expected?

R.15 Two-point correlations

The two-point correlation foru0

B11(x2; � m ) =
1

192� 192

192X

I =1

192X

K =1

v0
1(x I

1; x2; xK
3 )v0

1(x I
1; x2; xK

3 � � m ) (R.18)

wherexK
3 and� m are the spanwise locations of the two points. Take advantageof the

fact that the �ow is periodic, but be careful when integrating the correlation above in
thex3 direction. We have192cells in thex3 direction. If, for example,� m = 2� x3,
and one of the points (x1

3) is atK = 1 then the other (x1
3 � 2� ) is atK = 95.

Plot the two-point correlation at a couple ofx2 positions. When plotting two-point
correlations, it is no point showing both symmetric parts; show only half of it (cf. the
two-point correlations in Section10.1and Fig.S.1).

Compute and plot the integral length scale,L 1, which is de�ned by

L 1(x2) =
1

v2
1;rms

Z 1

0
B11(x2; � 1)d� 1: (R.19)

Compute alsoL 3, which is de�ned as

L 3(x2) =
1

v2
3;rms

Z 1

0
B33(x2; � 3)d� 3: (R.20)

What's the difference betweenL 1 andL 3? Did you expect this difference?
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R.16 Energy spectra, optional

The energy spectrum of any second moment can be obtained by taking the FFT of the
corresponding two-point correlation. You can �nd some details on how to use Pythons
FFT in AppendixS.

If you have computed the Fourier coef�cients properly, the sum of all coef�cients
should give the energy. The reason is that the Fourier coef�cients correspond to the
energy spectrum, and if we integrate the energy spectrum over all wave numbers we
get the total energy. When we take the FFT of Eq.R.18, for example, we get

B̂11(� z ) = F F T (B11)

and summation gives

v2
1;rms =

NX

1

B̂11=N (R.21)

see AppendixS.
Plot the energy spectra at a couple ofx2 locations. When plotting two energy

spectrum, it is no point showing both symmetric parts; show only half of it (cf. the
energy spectrum in Fig.S.5b). Con�rm that Eq.R.21is satis�ed.

R.17 Something fun

Think of an interesting turbulent quantity and plot it and analyze it!



S. MTF271: Compute energy spectra from LES/DNS data using Python 503

S MTF271: Compute energy spectra from LES/DNS
data using Python

S.1 Introduction

WHEN analyzing DNS or LES data, we are interested to look at the energy spectra.
From these we can �nd out in which turbulence scales (i.e. at which wave num-

bers) the �uctuating kinetic turbulent energy reside. By taking the Fourier transform
of the time signal (a �uctuating turbulent velocity) and then taking the square of the
Fourier coef�cients we obtain the energy spectrum versus frequency.

If we want to have the energy spectrum versus wavenumber there are two options;
either we

1. Fourier transformN instantaneous signals in space and then time average theN
Fourier transforms, or

2. we Fourier transform a (time-averaged) two-point correlation,B33(x̂3).

Option 1 and 2 is really only a question when we time average. In Option 1, we take
�rst FFT and then time average. In 2, we �rst time average and then take FFT.

Here we will use Option 2. The two-point correlation,B33(x̂3) is de�ned as (see
Eq.10.2)

B (x3; x̂3) = hv0
3(x3 � x̂3)v0

3(x3)i (S.1)

wherex̂3 is the separation between the two points. Here we assume thatx3 is an
homogeneous direction so thatB33 is independent ofx3, i.e. B33 = B33(x̂3). The
two-point correlation for an in�nite channel �ow is shown inFig. S.1. On discrete
form the expression forB33 reads

B33(k� z) =
1

M

MX

m =1

v0
3(x3 � k� z)v0

3(x3) (S.2)

wherem denotes summation in homogeneous directions (i.e. time plus spatial homo-
geneous directions).

In the following section we give a simple example how to use Python to Fourier
transform a signal where we know the answer. Then we show how to derive the energy
spectrum from a spatial two-point correlation. Finally, some comments are given on
how to create an energy spectrum versus frequency from an auto-correlation (i.e. from
a two-point correlation in time).

S.2 An example of using FFT

Here we will present a simple example. Consider the function

u = 1 + cos(2 �x=L ) = 1 + cos(2 � (n � 1)=N) (S.3)

whereL = 3 is the length of the domain andN = 16 is the number of discrete points,
see Fig.S.2. Let's use this function as input vector for the discrete Fourier transform
(DFT) using Python. The functionu is symmetric, so we expect the Fourier coef�cients
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to be real. In Python the DFT ofu is de�ned as

U(k) =
NX

n =1

un exp
�

� {2� (k � 1)(n � 1)
N

�

1 � k � N

(S.4)

wherek is the non-dimensional wavenumber and{ =
p

� 1. The ratio(n � 1)=N
corresponds to the physical coordinate,x, in the the continuous FFT

Uc(� ) =
1
L

Z L

� L
u(x) exp(� {�x )dx; � = 2 �=L (S.5)

Note that the discrete FourierU(k) coef�cients in Eq.S.4must be divided byN , i.e.
U(k)=N, in order to correspond to the Fourier coef�cientsUc (N corresponds toL in
Eq.S.5). Furthermore, it can be noted that in Eq.S.4the period[0; 2� ] is used whereas
the formulation in Eq.S.5is based on the interval[� �; � ].

In Python, we generate the functionu in Eq.S.3using the commands

mport numpy as np
import math
import matplotlib.pyplot as plt
N=16
n = np.linspace(1,N,N,dtype=int)
u=1.+np.cos(2. * pi * (n-1)/N)

Theu function is shown in Fig.S.2. 16 nodes are used; node 1 is located atx = 0
and node16 is located at15L=16.

Now we take the discrete Fourier transform ofu. Type

0 0.2 0.4 0.6

0

0.5

1

1.5

B33(x̂3)

x̂3

Figure S.1: Two-point correlation,B (x̂3) = hv0
3(x3 � x̂3)v0

3(x3)i , of DNS data in channel
�ow taken from [99].
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� � �
�

�

�

�

�

�

�

��

Figure S.2: Theu function.

U=sci.fft(u)

Instead of using the built-infft command in Python we can program Eq.S.4
directly in Python as

U=zeros(1,N);
for k=1:N
for n=1:N

arg1=2 * pi * (k-1) * (n-1)/N;
U(k)=U(k)+u(n) * cos(-arg1);

end
end

# take FFT
U=np.zeros(N)
for kp in range (N):

for np in range (N):
arg1=2. * pi * kp * np/N
U[kp]=U[kp]+u[np] * math.cos(arg1)

Note that sinceu is symmetric, we have only usedcos(� x) = cos(x) (the sym-
metric part ofexp(� {x)).

The resulting Fourier coef�cients are shown in Fig.S.3. Since the functionu in-
cludes only one cosine function and a mean (which is equal to one) only three Fourier
coef�cient are non-zero. Two of them,U(2)=N = 0 :5, U(16)=N = 0 :5, correspond to
the cosine functions (there must be two sinceU is symmetric). Fork = 2 we have

cos(2� (n � 1)=N)

and fork = N

cos((N � 1)2� (n � 1)=N) = cos(� 2� (n � 1)=N) = cos(2� (n � 1)=N)
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(a) Versus non-dimensional wavenumber,k.
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(b) Versus wavenumber,� .

Figure S.3: TheU=N Fourier coef�cients.

which corresponds tocos(2�x=L ) in Eq. S.3. It can be noted that the interval[k =
N=2 + 1; N = 9 ; 16]corresponds to the negative, symmetric part of the wavenumbers
in the physical formulation (cf. Eqs.S.4andS.5). The �rst Fourier coef�cient corre-
sponds – as always – to the mean ofu, i.e. U(1)=N = hui . This is easily veri�ed from
Eq.S.4by insertingk = 1 . The remaining coef�cients are zero.

In Fig. S.3, U=N is plotted versus non-dimensional wavenumber,k, and versus
wavenumber� = 2 � (n � 1)=L.

The energy,hu2i , of the signal in Fig.S.2can be computed as

hu2i =
1
L

Z L

0
u2(x)dx =

NX

n =1

u2
n =N = 1 :5 (S.6)

In wavenumber space the energy is – according to Parseval's formula, see Eq.G.4 –
equal to the integral of the square of the Fourier coef�cients, i.e.

hu2i =
1
L

Z 1

0
U2(� )d� =

1
N

NX

n =1

U2
n =N = 1 :5 (S.7)

see Fig.S.3.

S.3 Energy spectrum from the two-point correlation

Now that we have learnt how to use the FFT command in Python, let's use it on our
two-point correlation in Eq.S.1and Fig.S.1. EquationS.4reads

B̂33(k) =
NX

n =1

B33(n) exp
�

� {2� (k � 1)(n � 1)
N

�
(S.8)

The simulations in [99] have been carried out with periodic boundary conditions inx3

direction (andx1), and henceB33(x̂3) is symmetric, see Fig.S.4. Thus, it is suf�cient
to use the cosine part of Eq.S.8, i.e.

B̂33(k) =
NX

n =1

B33(n) cos
�

2� (k � 1)(n � 1)
N

�
(S.9)
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Figure S.4: Periodic two-point correlation,B33 (x̂3) = hv0
3(x3)v0

3(x3 + x̂3)i , of DNS data in
channel �ow taken from [99].
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Figure S.5: The energy spectrum ofv02
3 versus wavenumber,� 3 . Dashed line in b) show� 5=3

slope. Taken from [99].

In Fig. S.5a the Fourier coef�cientŝB33� 3 are presented versus wavenumber� 3 =
2� (n � 1)=x3;max , wherex3;max ' 1:55, see Fig.S.4. FigureS.5b shows the same
energy spectra in log-log scale (only half of the spectrum isincluded), which is the
common way to present energy spectra. The dashed line shows the� 5=3 slope which
indicates that the energy spectra from the DNS follows the Kolmogorov� 5=3 decay.

As usual, the Fourier coef�cient for the �rst non-dimensional wavenumber, i.e.
B̂33(1)=N is equal to the mean ofB33, i.e.

hB33i =
1
N

NX

n =1

B33(n) �
1
N

B̂33(1) (S.10)

compare with Eq.S.9. Note that this is almost the same expression as that for the
integral length scale which reads (see Eq.10.6)

L int (x3) =
1

v02
3

Z 1

0
B33(x3; x̂3)dx̂3 =

hB33 i

v02
3

(S.11)
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Hence the integral length scale is related to the �rst Fourier mode as

L int =
B̂33(1)

N v02
3

(S.12)

The two-point correlation for zero separation is equal tov02
3 , i.e. B33(0) = v02

3 =
1:51. Another way to obtainv02

3 is to integrate the energy spectrum in Fig.S.5, i.e.

v02
3 =

Z 1

0
B̂33(� 3)d� 3 =

1
N

NX

n =1

B̂33(n) = 1 :51 (S.13)

S.4 Energy spectra from the auto-correlation

When computing the energy spectra of thev0
3 velocity, say, versus frequency, the time

series ofv0
3(t) is commonly Fourier transformed and the energy spectrum is obtained

by plotting the square of the Fourier coef�cients versus frequency,f . We can also split
the time signal into a number subsets, Fourier transform each subset and then average.
In Python, the commandnp.pwelch is a convenient command which does all this.

In the previous section we computed the energy spectrum versus wavenumber by
Fourier transforming the two-point correlation. We can usethe same approach in time.
First we create the auto-correlationB33(� ) = hv0

3(t)v0
3(t + � )i (this can be seen as a

two-point correlation in time). ThenB33(� ) is Fourier transformed to get̂B33(f ) in
the same way as in SectionS.3.
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T MTF271, Assignment 2a: DES, DDES and SAS

IN this exercise you will evaluate PANS (Section23), DES (Section20), DDES (Sec-
tion 20.3) and SAS (Section22). You will use data from the IDD-PANS model [175]

(see also Section23.4). The �ow is fully developed channel �ow, see Fig.R.1. TheRe
number based on the friction velocity and the half channel width isRe� = u� h=� =
5 200. The matching line may be de�ned by whenf k in Eq. 47 in [175] (see also
Eq. 23.79) falls down to, say ,0:4. It turns out that it occurs at gridline number28 at
whichx+

2 ' 270, x2=� = 0 :052(� denotes half channel width).
A 32 � 96 � 32 mesh has been used. The cell size inx1 andx3 directions are

� x1 = 0 :1 and� x3 = 0 :05. Periodic boundary conditions were applied in thex1 and
x3 direction (homogeneous directions). All data have been made non-dimensional by
u� and� .

At the Canvas course www page you �nd data �les with instantaneous �ow �elds
(statistically independent). The data �les include the instantaneous variablesu (v1), v
(v2), w (v3), k and" (made non-dimensional byu� and� ).

You can useMatlab, Octaveor Python. Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish industries prefer engineers to
use Python instead of Matlab due to Matlab's high license fees.

Use one of the programs Python/Matlab/Octave to analyze thedata. You �nd a
Python/Matlab/Octave program at the www page which reads the data and computes
the mean velocity. The data �les are Matlab binary �les.

You will also �nd a �le with time history of u.

T.1 Time history

At the www page you �nd the �lesu-time-history-i70.dat andw-time-history-i70.dat
with the time history of�v1 and�v3. Each �le has six columns of�v1 and�v3 at �ve nodes
(and time):x2=� = 0 :0028(node10) , x2=� = 0 :0203, (node22) x2=� = 0 :0364,
(node26) x2=� = 0 :0645(node30) andx2=� = 0 :20 (node38) . Hence, three nodes
are located in the URANS region, and two nodes in the LES region. With u� = 1 and
� = 1 =Re� = 1 =5200, this correspond tox+

2 = 15, x+
2 = 105, x+

2 = 189, x+
2 = 336

andx+
2 = 1040, respectively. The sampling time step is1:25E � 3 (every time step).

Use the Python/Matlab programpl time IDD DESPANSto load and plot the time
history of �v1 .

Recall that the velocities have been scaled with the friction velocityu� , and thus
what you see is really�v1=u� . The time history of�v1 at x2=� = 0 :0203andx2=� =
0:0645are shown. To study the pro�les in closer detail, use theplt.axis command
(Python) oraxis command (Matlab/Octave) to zoom-in.

Plot �v1 for all �ve nodes. How does the time variation of�v1 differ for different
positions? Recall that the three points closest the wall arelocated in the URANS region
and the other two are located in the LES region. In the URANS region the turbulent
viscosity is much larger than in the LES region. How do you expect that the difference
in � t affects the time history of�v1?10. You should also keep in my mind that turbulent
�uctuations are created by the mean �ow gradient (i.e. the production). Small mean
�ow gradients means little or no creation of turbulence. Does the time history of�v1

behave as you expect? What about�v3?

10Hint: small scales destroys/kills the large scales
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Compute the auto-correlation (see Section10.2) of the �ve points. In Python, you
do

u1_fluct=u1-np.mean(u1)
two=np.correlate(u1_fluct,u1_fluct,'full')
# find max
nmax=np.argmax(two)
# and its value
two_max=np.max(two)
# Pick the right half and normalize
two_sym_norm=two[nmax:]/two_max

and in Matlab/Octave

imax=500;
two_uu_1_mat=autocorr(u1,imax);

Plot the auto-correlation in Python

fig1 = plt.figure("Figure 1")
imax=500;
plt.plot(t[0:imax],two_sym_norm[0:imax],'b-')
plt.xlabel('t')
plt.ylabel('$B_{uu}$')

or in Matlab/Octave

plot(t(1:imax),two_uu_1_mat(1:imax),'linew',2)
xlabel('t')
ylabel('B_{uu}')
handle=gca
set(handle,'fontsi',[20])

The np.correlation computes the correlation by sliding the two arrays, see
example AppendixAB.

Above we set the maximum separation in time to500 samples. For large time
separation you �nd that the auto-correlation oscillates around zero. This is numerical
noise. You should carry out the integration in Eq.10.11only up to the point when the
auto-correlation goes negative. If is does not go negative,terminate the integration at
the time separation when the auto-correlation starts to increase.

Above I told you to use built-in functions (correlate or autocorr ) to com-
pute the auto-correlation; the reason is that they are very fast. If you really want to
understand what's going on you should usefor loops. I have made an example in
SectionX.10.

Compute the integral timescale in Python

dt=t[1]-t[0]
int_T_1=np.trapz(two_sym_norm) * dt

or in Matlab/Octave

dt=t(2)-t(1);
int_T_1=trapz(two_uu_1_mat) * dt;
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Compute the auto-correlation and integral timescale also for the other four points.
Do you see any difference between the points in the URANS region and the LES re-
gion? What did you expect?
Hint: small-scale turbulence breaks up/destroys large eddies.

T.2 Mean velocity pro�le

After having performed a DES, we want to look at the time-averaged results. Use the
�le pl uvw IDD PANSto look at the mean velocity pro�les.pl uvw IDD PANS
reads the instantaneous�v1 �eld and performs an averaging in the homogeneous direc-
tions x1 andx3. The time averaged velocity pro�le is compared with the log pro�le
(markers). The velocity is also plotted in linear scale together with an inset (i.e. zoom-
in) near the wall. There are 16 �les with instantaneous values of �v1 �v2 and�v3 which in
the beginning ofpl uvw IDD PANSis merged into three 3D arrays,u3d , v3d and
w3d of size16� (ni; nj; nk ) (nfiles=16 ). If you want to speed-up the simulations
when debugging/testing, you can use fewer �les (e.g.nfiles=4 ).

T.3 Resolved stresses

We want to �nd out how much of the turbulence that has been resolved and how much
that has been modelled. Compute �rstvmean (this quantity should be very small, but
if you had in�nite number of samples it would be zero). Now computehv0

1v0
2 i . Here's

an example how to do in Python:

uv=np.zeros(nj)
for k in range (0,nk):
for j in range (0,nj):
for i in range (0,ni):

ufluct=u3d[i,j,k]-umean[j]
vfluct=v3d[i,j,k]-vmean[j]
wfluct=w3d[i,j,k]-wmean[j]
uv[j]=uv[j]+ufluct * vfluct

uv=uv/ni/nk

and in Matlab

uv=zeros(nj,1);
for k=1:nk
for j=1:nj
for i=1:ni

ufluct=u3d(i,j,k)-umean(j);
vfluct=v3d(i,j,k)-vmean(j);
uv(j)=uv(j)+ufluct * vfluct;

end
end
end
uv=uv/ni/nk;

A much faster way is to use Python's built-in function
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uvmean1=np.mean((u3d-umean[None,:,None]) * (v3d-vmean[None,:,None]), axis=(0,2))

or Matlab's built-in function

uv=mean(mean(((u3d-umean). * (v3d-vmean)),3),1);

Plot it in a new �gure. Note that if you compare with DNS, it is the modeled
plus resolved shear stress which should match the DNS data. Maybe you can do that
comparison in SectionT.5.

T.4 Turbulent kinetic energy

The resolved turbulent kinetic energy is de�ned as

kres = 0 :5
�
hv02

1 i + hv02
2 i + hv02

3 i
�

Plot and compare the resolved and modelled turbulent kinetic energies. Note that the
modelled turbulent kinetic energy,k (te1 IDD PANS.mat , te2 IDD PANS.mat ,
. . . ), can be downloaded from the www page and are loaded at thebeginning ofpl uvw IDD PANS.
Which is largest (modeled or resolved)? Which is largest in the URANS region and
in the LES region, respectively? What about the sum? The magnitude of resolved and
modelled turbulent kinetic energies is discussed on p. 115 in [167] in relation to Fig. 6
in [167].

T.5 The modelled turbulent shear stress

We have computed the resolved shear stress. Let's �nd the modelled shear stress.
The modelled turbulent kinetic energy,k (�le te1 IDD PANS.mat , . . . ), and the
dissipation," (�le eps1 IDD PANS.mat , . . . ) will be used. Recall that� = 1 =5200.
Compute the turbulent viscosity asC� f � k2=" (AKN/PANS model), see Eq.23.19.

Compute the modelled shear stress from the Boussinesq assumption

� 12 = � 2� t �s12 = � � t

�
@�v1

@x2
+

@�v2

@x1

�

To compute the velocity gradient, use the Python command

dudx, dudy, dudz=np.gradient(u3d,dx,y,dz)

or the Matlab command

[dudy dudx dudz]=gradient(u3d,y,dx,dz);

Plot h� 12 i and compare with the resolved shear stress (see SectionT.3). Are they
smooth across the interface? Is the resolved shear stress large in the URANS region?
Should it be large? Why/why not?

T.6 Location of interface in DES and DDES

As mentioned above, the interface in the present simulations may be de�ned where
f k ' 0:4. Let's compare that with SA-DES and DDES.

In SA-DES, the interface is de�ned as the location where the wall distance is equal
to CDES � where� = max f � x ; � y ; � z g, see Eq.20.3.
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In SST-DES, the location of the interface is computed usingk and" . The switch
of this model takes place according to Eq.20.8. How does the location compare with
SA-DES?

In DDES, the boundary layer is shielded with a damping function. In SST-DDES,
the shielding function (see Eq.20.11) may be one of the blending functions,F1 or F2

(see Eq.20.5). Let's useF2 as the shielding function as in [79]. Does DDES work, i.e.
does it make the model to be in RANS mode in the entire boundarylayer?

T.7 SAS turbulent length scales

The SAS model is described in Section22.
Compute the steady von Kármán length scale de�ned as

L vK;steady = �

�
�
�
�

@h�v1i =@x2
@2h�v1 i =@x22

�
�
�
� (T.1)

where� = 0 :41 is the von Kármán constant. Note that you should take the derivatives
of theaveraged�v1 velocity, i.e. ofh�v1 i . How does it behave, i.e. what isn in O(xn

2 ) in
the fully turbulent region? What shouldn be? You will �nd a large peak aty ' 1800
(cell [41]) where@2Umean =@y2 changes sign (you may omit this cell in the plots).11

When we're doing real 3D simulations, the �rst and second derivative must be
de�ned in 3D. One way of de�ning the von Kármán length scalein 3D is [159–162]

L vK;inst = �

�
�
�
�

S
U00

�
�
�
�

S = (2�sij �sij )0:5

U00=
�

@2 �vi

@xj @xj

@2 �vi

@xk @xk

� 0:5

(T.2)

Plot the von Kármán length scale using Eq.T.2. Compare it with Eq.T.1.
Recall that we use the von Kármán length scale in a source term, PSAS (Eqs.22.7

and22.8); you may assume thatT2 is negligible and� = 0 :41), in the! equation. Plot
this source term for bothL vK;inst andL vK;steady . Which source term is large/small
and why? Compare them with the production term,P ! , see Eq.20.5. Note that you
are interested to look at the source terms only in the turbulent region (P ! is very large
near the wall but this is not interesting because� t = 0 ).

T.8 Anisotropic errors (optional)

Recently, Toosi & Johan Larsson [209] proposed a method for evaluating resolution.
They propose to use a directionally small-scale (i.e., a directionally high-pass test �l-
tered) �eld, �v� (n )

i de�ned as

�v� (n )
i � �v � �̂v� (n )

i '
� � 2

n

4
nT �

rr T �vi
�

n (T.3)

wheren de�nes the direction along which the small-scale velocity is computed. The
anisotropic error is then de�ned as

A(n) =
�D

�v� (n )
i �v� (n )

i

E� 1=2
(T.4)

11When computing the von Kármán in a CFD code this large valuewould create a large turbulent viscosity
which would smoothen the velocity pro�le and the non-physical peak would vanish
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In [209] they used the quantity as an indicator where the grid neededto be re�ned and
in which direction. But it can also be used as a post-processing tool to evaluate if the
grid is equally good (or bad) everywhere. Hence we want the error in Eq.T.4 to be as
constant as possible in all grid direction and throughout the domain. Since our �ow
is homogeneous inx1 andx3 we need only to evaluate how inhomogeneous the error
is in thex2 direction. Furthermore, on structured grids we can computeEq.T.3 using
second velocity derivatives, i.e.

�v� (n )
i ' �

� 2
n

4
@�vi

@xn @xn
; no summation overn (T.5)

where� n is equal to� x, � y or � z. In order to take the anisotropic cells into account,
the error should be multiplied by the cell volume [210]

A(n)V = � x� y� z
�D

�v� (n )
i �v� (n )

i

E� 1=2
(T.6)

Plot A (n)V and �nd out how constant and isotropic it is. Where does the mesh
needs to be re�ned? In which direction(s)?
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U MTF271, Assignment 2b, recirculating �ow: PANS,
DES, DDES and SAS

IN this exercise you will use data from PANS and Zonal PANS for the �ow over
a hump. In SectionT, a similar analysis is carried for channel �ow. It may be

interesting to do that assignment before this one.
The results of the hump simulations are presented in detail in [167,178,208] 12

0.6 1 2

0

0.2

0.4

0.6

0.8

1

x 2

x1

Figure U.1: Hump �ow. Grid. Every4th grid line is shown.

The Reynolds number of the hump �ow isRec = 936 000, based on the hump
length,c, and the inlet mean velocity at the centerline,Uin;c . The grid is shown in
Fig.U.1. Experiments were conducted by Greenblatt [211,212]; they are also described
in detail athttps://turbmodels.larc.nasa.gov/nasa40percent.html. The maximum height
of the hump,h, and the channel height,H , are given byH=c = 0 :91andh=c = 0 :128,
respectively. The baseline mesh has312� 120� 64cells withZmax = 0 :2.

There are side-wall effects (3D �ow) near the side plates in the experiment. Hence,
in order to compensate for the blockage effect of the side plates in the computation,
the surface shape of the upper wall (above the hump) is modi�ed and the upper wall
is moved slightly indented, see Fig.U.1. The ratio of the local cross-sectional area of
the side plates (facing the �ow) to the cross sectional area of the tunnel enclosed by the
side plates was computed. This ratio was used to scale the local height of the channel
and thus modifying the contour shape of the upper wall.

Neumann conditions are used at the out�ow section located atx1 = 4 :2. Slip
conditions are used at the upper wall and periodic boundary conditions are used on
the spanwise boundaries. In�ow boundary (atx1 = 0 :6) conditions are taken from
2D RANS SSTk � ! simulations carried out by the group of Prof. Strelets in St.
Petersburg. The distributions ofV1 andV2 at x1 = 0 :6 from the RANS simulation are
used together withV3 = 0 as mean inlet velocities to which the �uctuating velocityV0

1,
V0

2 andV0
3 are superimposed. The computed integral length scale for the synthetic inlet

�uctuations isL ' 0:040and the integral time scaleT ' 0:038. It is noted that the

12these papers can be downloaded fromhttps://www.tfd.chalmers.se/˜lada/allpaper.html
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prescribed inlet integral length scale is rather large [178] (approximately equal to the
in�ow boundary layer thickness). The reason is that synthetic �uctuations with a large
integral length scale are ef�cient in generating resolved turbulent �uctuations [192].

At the course Canvas page you �nd data �les with time and spanwise averaged �ow
�elds. You can useMatlab, Octaveor Python. Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish industries prefer engineers to
use Python instead of Matlab due to Matlab's high license fees.

Use one of the programs Python/Matlab/Octave to analyze thedata. You �nd a
Python/Matlab/Octave program at the www page which reads the data and computes
the mean velocity. The data �les are Python binary �les.

Start by downloadingpl vect hump.py orpl vect hump.m, vectz aiaa paper.dat ,
xy hump.dat andx065 off.dat . . .x130 off.dat . The py and m-�les read
the data �les. The velocities, the square of the velocities and a number of other quan-
tities are read. The resolved stresses are computed as in Eq.R.6. Furthermore, the py
and m-�les plot contours ofhv0

1v0
1i , the grid, a vector plot as well ash�v1 i andhv0

2v0
2i at

x = 0 :65. The experimental data are also included in the plots atx = 0 :65.

U.1 Discretization schemes

You will analyze results from two publications [178,208]. You can also �nd slides for
the two papers athere(titles: Embedded LES using PANS, Hawaii 2011andEmbedded
LES using PANS (CDS)). The main difference is that in [208] pure central differenc-
ing was used whereas in [178] a blend of95% central differencing and5% bounded
second-order upwind scheme (van Leer scheme [213]) was employed. In both works,
f k was set to0:4 in the entire region, which means that the PANS model was operating
in LES mode everywhere.

Consider the plot ofh�v1 i (Figure 1) andhv0
2v0

2i (Figure 2) atx = 0 :65. The velocity
pro�le shows that the boundary layer extends up tox2 ' 0:17. However, thehv0

2v0
2i

exhibits large values outside the boundary layer; the peak value atx2 ' 0:24 is almost
5 times larger than in the boundary layer. These �uctuations are nonphysical and stem
from the use of central differencing.

Now plot hv0
2v0

2i at locations further downstream (choose the positions where ex-
perimental data exist, i.e.x = 0 :65, x = 0 :80, x = 0 :90, x = 1 :0, x = 1 :1, x = 1 :2
andx = 1 :3). There are nonphysical �uctuations at the inlet. Do they disappear further
downstream? Compare withhv0

1v0
2i in Fig. 13 in [208]. The nonphysical �uctuations

appear in the outer region where no physical resolved turbulence is present. Pure cen-
tral differences sometimes give problems in �ow regions like this. It is tempting to draw
the conclusion that these nonphysical �uctuations are caused by the inlet synthetic �uc-
tuations. However, when increasing the magnitude of the inlet synthetic �uctuations
the magnitude of the nonphysical �uctuation diminishes, see Fig. 13a in [208].

Similar (much worse) problems with central differences were encountered in LES
of the �ow around an airfoil [114,214]. Large nonphysical �uctuations were found in
regions far from the airfoil; in these studies the problems were solved by using100%
van Leer scheme in the far-�eld regions.

In [178] the same simulations were carried out but now using a blend of central
differencing (95%) and van Leer scheme (5%). Analyze these results by loading �le
vectz aiaa journal.dat in pl vect hump.py or pl vect hump.m.

Consider the resolved �uctuations: note how strongly they increase when going
from the attached boundary layer (x1 = 0 :65) to the recirculating region,0:8 . x .
1:2. The peak ofhv0

2v0
2i , for example, increases from0:0017(x1 = 0 :65) to 0:046
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(x1 = 0 :8). This is the main reason why the nonphysical �uctuations atx1 = 0 :65
vanish quickly further downstream.

U.2 The modeled turbulent shear stress

As usual, when analyzing results of DES, PANS etc, we want to �nd out how much of
the turbulence is modeled and how much is resolved. This gives an indication how well
the turbulence has been resolved; if much turbulence is resolved it may be either good
or bad. In recirculating regions it is usually good but it maybe disastrous in boundary
layer regions close to the wall if the mesh is not �ne enough (this is the very reason
why DDES was proposed, see Eq.20.11). A suitable quantity to look at is the shear
stress which is much more relevant than the turbulent kinetic energy; the shear stress
is the largest diffusion term in the momentum equations, much larger than the normal
stresses (at least in boundary layer �ows).

Now plot the resolved (uv 2d) and the modelled shear stress (uv model 2d) in
the boundary layer region (e.g.x = 0 :65) and the recirculating region (e.g.x = 1 ).
Where is the modeled shear stress large and where is it small?Look at the other
locations with experiments at some locations (0:65 . . .1:30).

When you compare turbulent quantities here and below, note that it is interesting
to compare turbulent quantitiesonly inside the turbulent boundary layer. The �ow
is laminar outside the turbulent boundary. To �nd the thickness of the turbulent, �nd
where� t =� falls below one.

U.3 The turbulent viscosity

It may be interesting to look at the turbulent viscosity. Usually it is plotted scaled with
� , i.e. � t =� . Plot the viscosity,� t =� ((vis 2d-viscos)/viscos ), vis 2d is
the total viscosity,� tot = � + � t ) in the boundary layer and in the recirculating region.
You �nd that the turbulent viscosity is large in the recirculation region, right? That
might lead you to conclude that the turbulence is better resolved in the boundary layer
(where� t is small) than in the recirculating region. But that would bean incorrect
conclusion. When estimating the in�uence of the modeled turbulence, we should not
look at the turbulent viscosity because it does not appear asa term in the momentum
equations; we should look at the ratio of modeled stresses tothe resolved one, and,
as mentioned in SectionU.2, preferably the ratio of the modeled to the resolved shear
stress [127,128]. It would actually be even more relevant to look at the divergence of
these terms, i.e.

@
@xj

��
� t

@�vi

@xj

��
and �

@hv0
i v

0
j i

@xj
(U.1)

because these are the terms that indeed appear in the momentum equations. Plot and
compare the two terms in Eq.U.1.

You have noted that the turbulent viscosities are rather large; in the recirculation re-
gion� t =� is larger than100. Go back and load the results of [208] (vectz aiaa paper.dat ).
Plot the turbulent viscosity for the two data sets. You �nd that the turbulent viscosity
is much larger than for the data of [178]. It is true that the discretization schemes used
in the two papers are slightly different, but that is not the reason. The difference stems
from the fact that the turbulent Prandtl numbers in thek and" equations were in the
two papers set as

� k = 1 :4; � " = 1 :4 [208] (U.2)
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� k = 1 :4f 2
k ; � " = 1 :4f 2

k [178] (U.3)

EquationU.3 corresponds to the original PANS model. Recall that the turbulent diffu-
sion in, for example, thek equation reads

@
@xj

�
� t

� k

@k
@xj

�
(U.4)

Sincef k = 0 :4, it means that the turbulent diffusion in thek and " equations are
1=0:42 ' 6 times larger in [178] than in [208]. The consequence is that peaks ink and
" (and also� t ) are reduced in the former case compared to the latter (this is the physical
role played by diffusion: it transportsk from regions of highk to regions of lowk).
This explains why the peaks ofk are much larger in [208] compared to in [178].

Hence, in the original PANS model (EqU.3), the RANS turbulent viscosity appears
in the turbulent diffusion ofk (and"), because the turbulent diffusion term reads (recall
thatf k = k=ktotal = k=kRANS wherekRANS denotes the turbulent kinetic energy in
a RANS simulation)
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� (U.5)

cf. Eqs. 18 and 19 in [143]. Thus thetotal (i.e. RANS) viscosity is responsible for the
transport of themodeledturbulent kinetic energy.

U.4 Location of interface

The results analyzed above were from LES simulations [178, 208] (i.e. the PANS
model was used in LES mode). Now we will analyze results from amodi�ed IDDES.
In [215]  – which is the ratio of the RANS to the LES length scale – is computed from
Eq. 23.51. Note that for the SST-DES model we used the notationFDES (Eq. 20.8)
instead of . We will use data obtained from [215] but on a �ner mesh,(ni; nj; nk ) =
(723� 128� 32) (this mesh has been re�ned in the outlet region compared to [215]).

Run the �le pl vect hump IDDES.py (in this part of the Assignment you must
use Python) which loads the �les

� x2d hump IDDES.dat

� y2d hump IDDES.dat

� z hump IDD.dat

� itstep.npy

� p averaged.npy

� u averaged.npy

� v averaged.npy

� w averaged.npy

� k averaged.npy
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� vis averaged.npy

� uu stress.npy

� vv stress.npy

� wwstress.npy

� uv stress.npy

� fk averaged.npy

� eps averaged.npy

� gen averaged.npy

� x065 off.dat.

Start by �nding where the IDDES model switches from RANS to LES, i.e where
 exceeds one. Plot the location of the switch versusx.

The IDDES model is presented in Section23.4.2. It has many blending functions
and it is not straight-forward to understand. The main blending function isf d, see
Eq.23.54. The author's experience is that the impact of thef e function is negligible (it
can be set tof e = 0 ); this simpli�es the IDDES model a lot sincef d then only includes
f dt andf B . The latter function is used to create a DES length scale (seeEq. 8 in [165]
where it is denotedlW MLES )

L DES = f B L RANS + (1 � f B )L LES (U.6)

(I've set f e = 0 ). Next, a DDES shielding function is introduced

L DDES = L RANS � f d max (0; L RANS � L LES )

wheref d = 0 gives RANS. This can be written as

L DDES = (1 � f d)L RANS + f dL LES (U.7)

EquationsU.6 andU.7 are then combined so that (cf. Eq.23.53)

L IDDES = ~f dL RANS +
�

1 � ~f d

�
L LES

where ~f d = 1 gives RANS (since1 � f dt is used in Eq.23.54). Recall that I have here
simpli�ed the IDDES model by settingf e = 0 .

Plot ~f d alongy at the usual locationsx = 0 :65: : : 1:3. The ~f d should fall below
one at the same location as exceeds one.

U.5 Location of interface in DES and DDES

Let's compare IDDES with DES and DDES. Recall that� z = 0 :2=32. In SA-DES, the
interface is de�ned as the location where the wall distance is equal toCDES � where
� = max f � x ; � y ; � zg, see Eq.20.3. How does this compare with the switching
location de�ned by IDDES?

In DDES, the boundary layer is shielded with a blending function. As shown
above IDDES is actually a combination of wall-modelled LES (i.e. hybrid LES-
RANS) and DDES (Eq.U.7) where the shielding function is given by Eq.23.56.
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Use the shielding function to �nd where the IDDES switch takes place When com-
puting the shielding function you need�s in Eq. 23.58. This quantity is loaded in
pl vect hump IDDES.py .

Does IDDES work, i.e. does it make the model to be in RANS mode in the entire
boundary layer? What about the separation region?

U.6 The SAS model (optional)

Learn about the SAS model in Section22. The SAS model is based on the von Kármán
lengthscale, Download the Python scriptpl sas IDDES.py which reads data �les
with instantaneous results. The �les are

� u3d saved 0.npy , v3d saved 0.npy , w3d saved 0.npy

� u3d saved 100.npy , v3d saved 100.npy , w3d saved 100.npy

� u3d saved 200.npy , v3d saved 200.npy , w3d saved 200.npy
...

�

� u3d saved 2200.npy , v3d saved 2200.npy , w3d saved 2200.npy

which include 23 independent instantaneous velocity �elds. Only the �rst three �elds
(nfiles=2 ) are loaded inpl sas IDDES.py . The more instantaneous velocity
�elds that are used, the better statistics and the smoother the plotted lines. When ev-
erything works, I recommend that you use more �les (maybe all23; setnfiles=22 ).

In the beginning ofpl sas IDDES.py , all �rst and second velocity derivatives
are computed. Compute the instantaneous von Kármán lengthscaleL vK;inst using
Eq.22.3. Spanwise average and plot it at a couple of positions (0:65 . . .1:30).

Recall that the idea of the SAS model is that the von Kármán lengthscale is smaller
for an unsteady �ow �eld than for a steady one. Compute the vonKármán lengthscale
using the time-averaged velocity �eld (use the �lepl vect hump IDDES.py ); note
that h�v3 i is zero since the time-averaged �ow �eld is two dimensional). Compare it
with L vK;inst . Compare also withCDES � .

Recall that we use the von Kármán length scale in a source term, PSAS (Eqs.22.7
and22.8; you may assume thatT2 is negligible), in the! equation. Plot this source
term for bothL vK;inst andL vK;steady . Which source term is large/small and why?
Compare them with the production term,P ! , see Eq.20.5.

The von Kármán lengthscale using the time-averaged velocity �eld is a RANS
lengthscale. Therefor it is interesting to compare it with the RANS lengthscale(kres +
k)3=2=" wherekres is the resolved turbulent kinetic energy and" is the modelled dissi-
pation (from the PANSk � " model). Note that what we denote as a steady von Kármán
lengtscale in Section22here corresponds to

L vK;steady = �
(2h�sij ih�sij i )1=2

U00
mean

(U.8)

where

U00
mean =

�
@2h�vi i
@xj @xj

@2h�vi i
@xk @xk

� 0:5

(U.9)

Note than in a CFD code, Eq.22.3and22.2are always used but when the �ow is steady
it is equal to Eqs.U.8 andU.9.



U.7. Different ways to evaluate resolution 521

U.7 Different ways to evaluate resolution

In [127,128] different ways to estimate the resolution of an LES were investigated. It
is also discussed in Section18.26. There are many ways to estimate resolution.

1. Ratio between viscous and modelled turbulent viscosity (not recommended in
[127,128]).
Plot h� t i =� at a couple of positions0:65 . . .1:30. This quantity does not say
much about how good the LES resolution is. It tells us how close the LES is to a
DNS.

2. Ratio between modeled and total shear stress (recommended in [127,128]).
Plot jh� 12 i =(h� 12 i + h�v0

1 �v0
2 i )j at a couple of positions0:65. . .1:30. Compute the

modeled shear stress from the Boussinesq approximation.

3. Ratio between modeled and total turbulent kinetic energy(recommended in [203]).
Plot hkmodel i =(hkmodel i + kres ) ratio at a couple of positions0:65 . . .1:30.

4. Anisotropic error (optional).
Plot the anisotropic error at a couple of positions0:65 . . .1:30; 2:00; 3:00. This
quantity should be as constant as possible. Some further instructions are given
in SectionU.7.1.

5. Two-point correlations.
Plot the two-point correlations (recommended in [127, 128]). You �nd info on
how to proceed in SectionU.7.2

6. Ratio of boundary-layer thickness,� to � x and� z. This is a measure of the
resolution in the log-law region. It is commended that�= � x < 10and�= � z <
20, see Section18.26.
Plot �= � x and�= � z vs. x. One question arises: how the estimate the boundary-
layer thickness. One useful de�nition is to de�ne� as the location where� t =�
falls below one.

In [203] he suggest that ifkmodel =(kmodel + kres ) < 0:2 (ratio of modelled to
total turbulence), then the turbulence is well resolved by the LES. Assume we make
the same de�nition for the shear stress, i.e.jh� 12i =(h� 12 i + h�v0

1 �v0
2 i )j < 0:2.

Do these methods give similar results? Do you trust anyone more than the other?
(hint: look at [128].

U.7.1 Anisotropic errors (optional)

You plotted this error estimate also for the channel �ow, seeSectionT.8. You can use
the �rst and second-order derivatives that you computed in SectionU.6. The� x and
� y needed in Eq.T.5 can be computed as

dx=diff(xp2d);
dx=repmat(dx,[1 1 nk-1]);
dx(ni,:)=dx(ni-1,:);

dy=diff(yp2d,1,2);
dy(:,nj)=dy(:,nj-1);
dy=repmat(dy,[1 1 nk-1]);
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(� z is constant). Only two sets of velocity �elds are loaded,u1 pans iddes.mat ,
. . .w2 pans iddes.mat . When everything works, use more velocity �elds (possi-
bly all eight) in order to get better statistics.

U.7.2 Two-point correlations

In Item5 in SectionU.7you should compute two-point correlation. To do that, you will
use data from another simulation of the hump �ow presented in[171,174]. Download
the

� Pythons �lepl twocorr computed fk.py or

� the Matlab/Octave �lepl twocorr computed fk.m .

They load a new grid with305� 109grid points. The 3D grid has32cells in the span-
wise direction (zmax = 0 :2). pl twocorr computed fk will also load time histo-
ries of the spanwise velocity�v3 at x = 0 :65; 0:8; 1:1 andx = 1 :3 (�les w time z65 ,
w time z80 , w time z110 andw time z130 ). These �les include time histories
at cell centerj = 10; 30; 50; 70; 90in the wall-normal direction at16 positions in the
x3 direction. The time series are re-arranged into 3D arraysw y z t 65[j,k,t] ,
w y z t 80[j,k,t] , w y z t 110[j,k,t] andw y z t 130[j,k,t] where
index j; k; t denote wall-normal direction, spanwise direction and time, respectively.
Don't plot any data forj = 90 since this cell is outside the boundary layer.

Now, use the time series to compute two-point correlations using the formulas given
in Section10.1. Equation10.3 gives the two-point correlation ofv0

1 at two points
separated in thex1 direction. In your case, you will compute the two-point correlation
of v0

3 at two points separated in thex3 direction, i.e.B norm
33 (xA

3 ; x̂3). Plot it at allx1

positions (x1 = 0 :65; 0:8; 1:1 and1:3) and at a couple ofx2 locations. Then compute
the integral lengthscale, see Eq.10.6.

In [127, 128] it is recommended that in a good LES (or in the LES region of a
DES/hybrid LES-RANS), the integral lengthscale should cover 8-16 cells, depending
on how accurate the user wants her/his LES/DES to be.

Here are some hints on how to compute the two-point correlation. Start by comput-
ing it for oney location (=0 in Python and =2 in Matlab/Octave) and onez separation,
ẑ = 2� z). In Python

B33=0
k=2
for n in range(1,N): # time average

B33=B33+w[0,0,n] * w[0,0+k,n]/N

and in Matlab/Octave

B33=0;
k=2;
for n=1:N % time average

B33=B33+w(2,1,n) * w(2,1+k,n)/N;
end

wherek = 2 (because the separation isẑ = 2� z) andN is the number of time steps.
This givesB33(2� z). Next, do it forẑ = 3� z, i.e. (in Python)
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B33=0
k=3
for n in range(1,N): # time average

B33=B33+w[0,0,n] * w[0,0+k,n]/N

This givesB33(3� z). Now, do it for all k = 0 ; 1; : : : 15. And then normalize by
w2

rms (or, easier, simply byB33[0] (Python) orB33(1) (Matlab/Octave)). Check
that it is correct by plottingB33(ẑ) versusẑ. It should look someting like the two-
point correlation in Fig.10.1. Finally, compute the two-point correlation for all �vey
locations and fourx locations and compute the integral length scale.
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V MTF271, Assignment: Embedded LES with PANS,
channel �ow

x1

x2

2

0:95 2:25

LES,f k = f LES
k < 1RANS, f k = 1 :0

Interface

Figure V.1: Channel �ow con�guration. The interface separates the RANSand the LES regions.

IN this exercise you will use data from an embedded PANS of channel �ow where
RANS is used forx < 0:95 and LES is used forx � 0:95. The data are taken from

[178]. The ku (Eq. 23.9) and the"u (Eq. 23.16) equations are solved. The turbulent
viscosity is computed from Eq.23.6. The PANS model is a modi�edk � " model
which can operate both in RANS mode and LES mode.

The Reynolds number for the channel �ow isRe� = 950 based on the friction
velocity, u� , and half the channel width,� . In the present simulations, we have set
� = 1 , � = 1 andu� ' 1, see Fig.V.1. With a 3:2 � 2 � 1:6 domain, a mesh with
64 � 80 � 64 cells is used in, respectively, the streamwise (x), the wall-normal (y)
and the spanwise (z) direction, see Fig.V.1. The resolution is approximately (the wall
shear stress varies slightly along the wall)48� (0:6 � 103)� 24in viscous units. Inlet
conditions atx = 0 are created by computing fully developed channel �ow with the
LRN PANS model in RANS mode (i.e. withf k = 1 ). The RANS part extends up to
x1 = 0 :95; downstream the equations operate in LES mode ((i.e.f k = 0 :4).

Anisotropic synthetic �uctuations are added at the interface. The interface condi-
tion for "u is computed with the baseline valueCs = 0 :07, wherekRANS is taken at
x = 0 :5, see Fig.V.1. The modeled dissipation," inter , is set fromkinter and an SGS
length scale,̀sgs , which is estimated from the Smagorinsky model as

`sgs = Cs � (V.1)

and the interface condition forku is computed as

kinter = f LES
k kRANS (V.2)

with f LES
k = 0 :4. The interface conditions onku and "u will make the turbulent

viscosity steeply decrease from its large values in the RANSregion to much smaller
values appropriate for the LES region.

V.1 Time history

At the www-page you �nd a �leu time interior.dat with the time history of
�v2. The �le has eight columns of�v2 along two lines:x2 = 0 :0139(x+

2 ' 13) and
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x2 = 0 :24 (x+
2 ' 230); they are located atx1 = 0 :775, 1:175, 1:675, 2:175. The

sampling time step is0:000625(every time step).
You can useMatlab, Octaveor Python. Both Octave and Python are open-source

software. Octave is a Matlab clone. Many large Swedish industries prefer engineers to
use Python instead of Matlab due to Matlab's high license fees.

Use the Python/Matlab/Octave programpl time pans to load and plot the time
history of �v2.

The time history of�v2 at x2 = 0 :0139at x1 = 0 :775andx1 = 1 :675are shown.
To study the pro�les in closer detail, use theaxis -command in the same way as when
you studied the DNS data. Why is there such a big difference inthe �uctuations?

If you're not interested in integral time scales, skip the rest of this section and
proceed to SectionV.2.

In pl time pans , �gure 2, the auto-correlation is plotted. The auto-correlation
is de�ned as

B (� ) =
Z 1

0
v(t)v(t � � )dt (V.3)

When prescribing the time correlation of the synthetic �uctuations, the integral timescale
T is used. The integral time scale is de�ned as

T =
Z 1

0
B norm (� )d� (V.4)

whereB norm = B (� )=B(0) so thatB norm (0) = 1 . The constanta is in [178] set to
0:954and from Eq. 14 in [208] we can then compute the prescribed integral timescale.
In the Python/Matlab/Octave �le the integral timescale is computed from the auto-
correlation.

Plot �v2 for the other nodes and study the differences. Compute the auto-correlations
and the integral timescales.

V.2 Resolved stresses

Now we will look at the time-averaged results. Use the �lepl uuvvww 2d.m to
look at the mean quantities such as velocity, resolved and modeled stresses, turbulent
viscosities etc.pl uuvvww 2d.m reads the �elds and transforms them into 2D arrays
such asu 2d, uu 2d.

Runpl uuvvww 2d. The resolved stresseshv02
1 i are plotted vsx2 (�gure 1) and

vs. x1 (�gure 2). Two x1 stations are shown in �gure 1,x1 = 1 :175andx1 = 2 :925.
Plot the resolved stress also in the RANS region, i.e. forx1 < 0:95. Thehv02

1 i pro�les
are very different in the RANS region (x1 < 0:95) and in the LES (x1 > 0:95), aren't
they? Why? This can also be seen in �gure 2 wherehv02

1 i is plotted vs.x1

Now plot the resolved shear stresses,hv0
1v0

2 i , both in the RANS region and in the
LES region. You �nd the same difference between RANS and LES region as forhv02

1 i ,
don't you?

V.3 Turbulent viscosity

Plot the turbulent viscosity vs.x2 in both regions. Normalize it withh� i , i.e. plot
h� u i =� . Where is it large and where is it small? Why? Now plot it also vs. x1.
Something drastically happens atx1 = 0 :95, right?
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Figure V.2: Energy spectrum.

V.4 Modeled stresses

In SectionV.2 you looked at the resolved Reynolds stresses. Now let's lookat the
modeledstresses. Compute the modeled Reynolds stresses from the Boussinesq as-
sumption

hv0
i v

0
j mod

i = �h � u i
�

@h�vi i
@xj

+
@h�vj i
@xi

�
+

2
3

� ij hku i (V.5)

Compare the resolved and the modeled shear stress as well as the streamwise and the
normal stresses in the RANS region and in the LES region.

V.5 Turbulent SGS dissipation

In an LES the resolved turbulent �uctuations can be represented by a energy spectrum
as in Fig.V.2. The resolved turbulence extracts kinetic energy via the production term,
P k , which represents a source term in thek equation (Eq.8.14) and a sink term in the
�K equation (Eq.8.39). The energy �ow is visualized in Fig.R.4 where the energy in
�K mostly goes to resolved turbulence,�k, then to modeled turbulence,ksgs (or ku ) and
�nally to internal energy via dissipation,"u .

In RANS mode, however, there is no resolved turbulence. Hence the kinetic energy
goes directly from�K to the modeled turbulence,ku .

In the LES region, the production term in theku equation includes both mean and
�uctuating strain rates since

Pu = " sgs =
�

� u

�
@�vi

@xj
+

@�vj

@xi

�
@�vi

@xj

�

which is stored aspksgs 2d. Now consider the LES region. Investigate the relation
betweenPu = " sgs and the production due to the resolved turbulence

P k = �h v0
i v

0
j i

@h�vi i
@xj

Compare alsoP k in the LES region and in the RANS region.
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In both the RANS and the LES region the process of viscous dissipation takes place
via "u . Hence, plot also this quantity. Is the turbulence in local equilibrium, i.e. does
the relationPu = "u hold?
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W MTF271, Assignment 3: Hybrid LES-RANS, chan-
nel �ow

IN this exercise you will use data from a Hybrid LES-RANS for fully developed
channel �ow. The turbulence model is the same as in [99] (no forcing), but the

domain and Reynolds number is taken from [216]. TheRenumber based on the friction
velocity and the half channel width isRe� = u� h=� = 8000. 28 cells (29 nodes
including the boundary) are located in the URANS region at each wall. The matching
line is located at gridline number29at whichx+

2 ' 500, x2=� = 0 :06.
A 64 � 96 � 64 mesh has been used. The cell size inx1 andx3 directions are

� x1 = 0 :05 and� x3 = 0 :025. Periodic boundary conditions were applied in thex1

andx3 direction (homogeneous directions). All data have been made non-dimensional
by u� and� .

The number of A4 pages in the report should not exceed20. Font size must be11pt
or larger. The minium size of each �gure must not be smaller than7cm.

At the course www page you �nd data �les with instantaneous �ow �elds (statisti-
cally independent). The data �les include the instantaneous variablesu (v1), v (v2), w
(v3) andkT (made non-dimensional byu� and� ).

You can useMatlab, Octaveor Python. Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish industries prefer engineers to
use Python instead of Matlab due to Matlab's high license fees.

Use Python, Matlab or Octave to analyze the data. You �nd a Python/Matlab/Oc-
tave program at the www page which reads the data and computesthe mean velocity.
The data �les are Matlab binary �les. Since the data �les are rather large, it is recom-
mended that you do all tasks using only data �les '1'. When everything works, then
use also data �les '2', '3' and '4', and average by use of all four �les.

You will also �nd a �le with time history of u.

W.1 Time history

At the www page you �nd a �le u v time 4nodes hybrid.dat with the time
history of �v1 and�v3. The �le has nine columns of�v1 and�v3 at four nodes (and time):
x2=� = 0 :0028, x2=� = 0 :015, x2=� = 0 :099andx2=� = 0 :35. Hence, two nodes
are located in the URANS region and two nodes in the LES region. With u� = 1
and� = 1 =Re� = 1 =8000, this correspond tox+

2 = 22, x+
2 = 120, x+

2 = 792 and
x+

2 = 2800, respectively. The sampling time step is6:250E � 4 (every time step).
Use the Python/Matlab/Octave programpl time hybrid to load and plot the time
history of �v1 .

Recall that the velocities have been scaled with the friction velocityu� , and thus
what you see is really�v1=u� . The time history of�v1 atx2=� = 0 :015andx2=� = 0 :35
are shown. To study the pro�les in closer detail, use theaxis -command in the same
way as when you studied the DNS data.

Plot �v1 for all four nodes. How does the time variation of�v1 differ for different
positions? Recall that the two points closest the wall are located in the URANS region
and the other two are located in the LES region. In the URANS region the turbulent
viscosity is much larger than in the LES region. How do you expect that the difference
in � t affects the time history of�v1. Does the time history of�v1 behave as you expect?
What about�v2?

Compute the auto-correlation of the four points



W.2. Mean velocity pro�le 529

imax=500;
two_uu_1_mat=autocorr(u1,imax);

Above we set the maximum separation in time to500samples. Compute the inte-
gral timescale

dt=t(1);
int_T_1=trapz(two_uu_1_mat) * dt;

Plot the auto-correlation.

plot(t(1:imax),two_uu_1_mat(1:imax),'linew',2)
xlabel('t')
ylabel('B_{uu}')
handle=gca
set(handle,'fontsi',[20])

How does it compare to the integral timescale? Compute the auto-correlation and
integral timescale also for the other three points. Do you see any difference between
the points in the URANS region and the LES region?

W.2 Mean velocity pro�le

After having performed a hybrid LES-RANS, we want to look at the time-averaged re-
sults. Use the �lepl uvw hybrid.m to look at the mean velocity pro�les.pl uvw hybrid.m
reads the instantaneous�v1 �eld and performs an averaging in the homogeneous direc-
tions x1 andx3. The time averaged velocity pro�le is compared with the log pro�le
(markers). There are four �les with instantaneous values of�v1. Use more than one �le
to perform a better averaging.

W.3 Resolved stresses

We want to �nd out how much of the turbulence that has been resolved and how much
that has been modelled. Compute �rstvmean (this quantity should be very small, but
if you use only one �le this may not be the case due to too few samples). Now compute
hv0

1v0
2i . Here's an example how to do:

uv=zeros(nj,1);
for k=1:nk
for j=1:nj
for i=1:ni

ufluct=u3d(i,j,k)-umean(j);
vfluct=v3d(i,j,k)-vmean(j);
uv(j)=uv(j)+ufluct * vfluct;

end
end
end
uv=uv/ni/nk;

Plot it in a new �gure (a �gure is created by the commandfigure(2) ).
Compute also the resolved turbulent kinetic energy

kres = 0 :5
�
hv02

1 i + hv02
2 i + hv02

3 i
�

and plot it in a new �gure.
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URANS region LES region

` 2:5n[1 � exp(� 0:2k1=2
T n=� )] ` = � = ( �V )1=3

� T 0:09� 2:5k1=2
T n[1 � exp(� 0:014k1=2

T n=� )] 0:07k1=2
T `

Table W.1: Expressions for̀ and� T in the LES and URANS regions.n denotes the distance
from the wall.

W.4 Turbulent kinetic energy

Now plot and compare the resolved and modelled turbulent kinetic energies. Note that
the modelled turbulent kinetic energy,kT (te1 hybrid.mat , te2 hybrid.mat ,
. . . ), can be downloaded from the www page and loaded at the beginning ofpl uvw hybrid.m .
Which is largest? Which is largest in the URANS region and in the LES region, re-
spectively? What about the sum? The magnitude of resolved and modelled turbulent
kinetic energies is discussed in the last subsection in [99].

W.5 The modelled turbulent shear stress

We have computed the resolved shear stress. Let's �nd the modelled shear stress.
The modelled turbulent kinetic energy,kT (�le te1 hybrid.mat , . . . ), will be

used. Recall that� = 1 =8000. Compute the turbulent viscosity according to TableW.1
and do the usual averaging. When computing� , you need the volume,�V , of the cells.
It is computed as�V = (� x1� x2� x3); � x1 and� x3 are constant and� x2 is stored
in the arraydy(j) , look at the beginning of the m-�le. Ploth� T i =� . Where is it large
and where is it small? (Recall that the URANS region is located in the �rst 28 cells).
Is it smooth? Do you need more samples? If so, use more �les.

Compute the modelled shear stress from the Boussinesq assumption

� 12 = � 2� T �s12 = � � T

�
@�v1

@x2
+

@�v2

@x1

�

Plot it and compare with the resolved shear stress (see Section W.3). Are they smooth
across the interface? Is the resolved shear stress large in the URANS region? Should it
be large? Why/why not?

W.6 Location of interface in DES and DDES

As mentioned above, the interface in the present simulations is prescribed along a �xed
grid line (No29). Let's compare that with DES and DDES.

In SA-DES, the interface is de�ned as the location where the wall distance is equal
to CDES � where� = max � x ; � y ; � z , see Eq.20.3. How does this compare with
gridline number29?

In SST-DES, the location of the interface is computed usingk and! . Compute!
from � T andk as! = � T =k) and compute the location using Eq.20.8.

W.7 Turbulent length scales

Compute and plot the turbulent length scales given in TableW.1. Plot the`SGS and
`URANS length scales in both regions. Which is largest? Any surprises? Compare
them with� x2 and(� x1� x2� x3)1=3. One would expect that(� x1� x2� x3)1=3 <
`URANS everywhere. Is this the case?
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X MTF271, Assignment 4: Synthetic inlet �uctuations

From the course www page, download the �les, i.e.angles , randf 1, randf 2,
synt main . The �le you should mainly concentrate is onsynt main . Study this
�le. The theory is covered in Section27.

You can useMatlab, Octaveor Python. Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish industries prefer engineers to
use Python instead of Matlab due to Matlab's high license fees.

X.1 synt main

In Chapter 1 length scale, constants and the grid are de�ned. The inlet plane is as-
sumed to be located atx = const, i.e. the inlet plane is ay � z (j � k) plane.
For simplicity, constant grid spacing is used in thez direction and only one cell
is used in they direction (nj = 2 ).
Random numbers are used. A random generator needs a seed;iseed is taken
from the local time (the Python commandtime or the Matlab/Octave command
clock (note that the seed must be negative, seerandf 2.m). This means that
a different random velocity �eld will be generated every time you run the code.

In Chapter 2 the loop overnstep realizations (“time steps”) starts.

In Chapter 3 the loop over the inlet grid plane starts.

X.2 angles

In this �le the angles' n ,  n , � n and� n are computed for each wavenumbern by
calling the functionrand1 .

X.3 rand1.m

In this �le the upper and lower limits of the random numbers are set.

X.4 rand2.m

In this �le random numbers are generated. The function corresponds toran1 in Nu-
merical Recipes in C: The Art of Scienti�c Computing, Second Edition.

X.5 Mean values; randomness

Run the programsynt main . Random �elds ofu0, v0 andw0 are created for200
realizations. They are stored in the vectors theut , vt andwt . Check the dimensions
in Python by typing

ut.shape
in Matlab/Octave

size(ut)
at the Matlab prompt. You'll �nd that the dimension ofut is (62; 200). It consists of
200independent realizations of theu0 �eld along thez axis (62cells).

In plot 1 u0 is shown vs.z. Run the program again. Isu0 the same now? The
answer is: no. The reason is that the random number generatoris given a seed based
on the clock. The seed is stored in the variableiseed . Set, for example,
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iseed=-21
and run the code a couple of times. Now the same “random” �eld is created each run.

At the beginning of Chapter 4 insynt main the mean ofu0, v0 andw0 are com-
puted. They should be close to zero. They are, aren't they? They will get closer to zero
the more realizations you use. You can try this by increasingthe number of realizations
(for examplenstep=400 in Chapter 1 insynt main ); note that it will take longer
time to run the program.

X.6 RMS and shear stress

Compute the RMS (root-mean-square) ofu0, v0andw0, i.e. urms , vrms andwrms . You
can do this in Python as (we assume the that mean ofu0 is zero)

urms=0.
for n in range(1,nstep):

for k in range(0,nk-1):
urms=urms+ut[k,n] ** 2/nstep/(nk-1)

urms=urms ** 0.5

and in Matlab/Octave as

urms=0;
for n=1:nstep
for k=1:nk-1

urms=urms+ut(k,n)ˆ2/nstep/(nk-1);
end
end
urms=urmsˆ0.5;

You can also use the Python commandnp.var(ut[0:nk-1,1:]) or the Mat-
lab/Octave commandu2 v=var(ut(:))) .

Above we average over time and thez direction.urms should be equal toup which
was set in Chapter 1 insynt main . Is it? Again, the more time steps you use, the
closer it will get. Compute alsovrms andwrms . Since the turbulent �eld should be
isotropic, we should geturms = vrms = wrms .

Furthermore, as the �uctuating �eld is isotropic, there should be no correlation
between the three velocity components. Check if it's true. The correlation betweenu0

andv0 (i.e. hu0v0i ), for example, can be computed in Python as

uv=0
for n in range(1,nstep):

for k in range(0,nk-1):
uv=uv+ut[k,n] * vt[k,n]/nstep/(nk-1)

and in Matlab/Octave as

uv=0;
for n=1:nstep
for k=1:nk-1

uv=uv+ut(k,n) * vt(k,n)/nstep/(nk-1);
end
end
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X.7 Two-point correlations

When generating the �uctuating �eld we have prescribed a length scale,L t (sli=0.1 * delta=0.05
in Chapter 1 insynt main ). Let's compute the length scale of our �uctuating �eld.
The best way to do this is to compute the two-point correlation and then, maybe, the
integral length scale.

The two-point correlation ofu0, for example, is de�ned as

Buu (� ) =
1

u2
rms

Z 1

t =0

Z zmax

z=0
u(z; t)u(z � �; t )dzdt (X.1)

where� is the separation distance between the two points. Compute this in Python as

imax=min(50,nk)
two_uu=np.zeros(imax)
for it in range(1,nstep+1):

for z in range(0,imax-1):#separation distance
for k in range(0,nk-imax-1):

i0=k+z
two_uu[z]=two_uu[z]+ut[k,it] * ut[i0,it]
if it == 1:

print('i0=',i0,'k=',k,'z=',z,'two_uu',two_uu[z])
two_uu_org=two_uu
two_uu=two_uu/two_uu[0] #normalize so that two_uu(1)=1

fig2 = plt.figure("Figure 2")
plt.clf() #clear the figure
plt.plot(zp[0:imax-1],two_uu[0:imax-1],'b-')
plt.xlabel('zeta')
plt.ylabel('two-uu')
plt.axis([0,0.2,-0.2,1.1])

and in Matlab/Octave as

imax=min(50,nk);
two_uu=zeros(imax,1);
for it=1:nstep
for z=1:imax

zeta=z-1; %zeparation distance
for k=1:nk-imax-2

i0=k+zeta;
two_uu(z)=two_uu(z)+ut(k,it) * ut(i0,it);

end
end
end
two_uu=two_uu/two_uu(1); %normalize so that two_uu(1)=1

%% plot two_uu
figure(2)
zeta=zp(1:imax)-zp(1);
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plot(zeta,two_uu(1:imax),'linewidth',2)
xlabel('zeta')
ylabel('two-uu')
axis([0 0.2 -0.2 1.1])
h=gca;
set(h,'fontsize',[20])

Run the program. The two-point correlation should approachzero for� > L t . Does
it? (the integral length scale,L t , corresponds to the integral of the two-point correlation
(see Eq.X.2), i.e. it is equal to the area below theBuu ). Increase the length scale
in Chapter 1 insynt main. and run the program again. The two-point correlation
should now increase (i.e. it should go to zero for a larger separation distance). Does it?

X.8 The integral length scale

A quantitative measure of the length scale is the integral length scale. It is de�ned from
the two-point correlation

L int =
Z 1

0
Buu (� )d� (X.2)

where we assume thatBuu has been normalized so thatBuu (0) = 1 . Program this in
Python as

L=0.
dz=zp[2]-zp[1]
for z in range(0,imax-1):

if two_uu[z] < 0:
break

L=L+two_uu[z] * dz

and in Matlab as

Lint=0;
dz=zp(2)-zp(1);
for z=1:imax

if two_uu(z) < 0
break

end
Lint=Lint+two_uu(z) * dz;

end

The integral in Eq.X.2 should be carried out to in�nity. Here we choose to stop
whenBuu goes negative. This choice is somewhat arbitrary. Run the code. What
L int do you get? How does it compare with the prescribedL t (Python/Matlab/Octave
variablesli )? What happens if you increase the number of modes,N (Python/Mat-
lab/Octave variablenmodes)?

X.9 Correlation in time

We have generatednstep independentvelocity �elds. Now we want to create a cor-
relation between them, i.e. we will prescribe a time scaleT that will create the auto-
correlationexp(� � t=T ). The time scale should be proportional toL t =U, and we set
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it to T = 0 :1�=u � = 0 :1 � 0:5=1 = 0:05. We can now compute the coef�cientsa andb
as

a = exp( � � t=T ); b =
p

1 � a2

(see Section27.8). With a time step of� t = 0 :001, this givesa = 0 :98andb = 0 :198.
The �uctuating inletu0 velocity for time stepm is now obtained as

(U0)m = a(U0)m � 1 + b(u0)m (X.3)

Program this in Python as

dt=0.001
t = np.linspace(0,dt * nstep,nstep+1)
a=np.exp(-dt/0.05)
b=(1-a ** 2) ** 0.5
uin_fluct=np.zeros(nstep+1)
k=0
uin_fluct[1]=ut[k,1] #we generate the inlet fluctuations for one cell, and we
for n in range(2,nstep+1):

uin_fluct[n] = a * uin_fluct[n-1] + b * ut[k,n]

fig3 = plt.figure("Figure 3")
plt.clf() #clear the figure
plt.plot(t,uin_fluct,'b-')
plt.plot(t,ut[k,:],'r--')

plt.xlabel('z')
plt.ylabel('u-in-fluct')

or in Matlab/Octave as

dt=0.001;
t=dt:dt:nstep * dt;
a=exp(-dt/0.05);
b=(1-aˆ2)ˆ0.5;
uin_fluct=zeros(nstep,1);
k=1;
m=1;
uin_fluct(1)=ut(k,1); % we generate the inlet fluctuation s for one cell,

% and we choose k=1. The first time step, m=1,
% we set simply uin_fluct=ut

for m=2:nstep
uin_fluct(m) = a * uin_fluct(m-1) + b * ut(k,m);

end
%
figure(3)
hold off
plot(t,uin_fluct,'linewidth',2)
hold
plot(t,ut(k,:),'r--','linewidth',2)
xlabel('time')



X.10. Auto-correlation in time 536

ylabel('u-in-fluct')
hold
h=gca;
set(h,'fontsize',[20])

Run the code. BothU0 (solid blue line) andu0 (red dashed line) are plotted versus
time. As you can see, the variation ofU0 is much smoother than that ofu0; the latter
�uctuates “wildly”, i.e. randomly.

X.10 Auto-correlation in time

In SectionX.7, we looked at the two-point correlation in space. Now let's look at the
two-point correlation intime, de�ned as

B t
uu (� ) =

1
u2

rms

Z 1

t =0
u(t)u(t � � )dt

where� is the separation distance in time between the two velocity signals.
So far, we have only generated200realizations ofu0. This is not suf�ciently long.

Let's generate2000realizations; setnstep=2000 in Chapter 1 insynt main . This
will require rather long computer time; to speed it up, decrease the number of cells in
thez direction fromnk = 63 to nk = 3 (do this in Chapter 1). Program the Python
code as

nstep=2000
imax=200
two_uu_t=np.zeros(imax+1)
k=1
for tau in range(0,imax): # time separation

for it in range(1,nstep-imax-1):
i0=it+tau;
two_uu_t[tau]=two_uu_t[tau]+uin_fluct[it] * uin_fluct[i0]
if it == 1:

print('it=',it,'i0=',i0,'tau',tau,'two_uu_t',two_uu _t[tau])
two_uu_t_org=two_uu_t
two_uu_t=two_uu_t/two_uu_t[0] #normalize so that two_uu _t(1)=1
fig4 = plt.figure("Figure 3")
plt.clf() #clear the figure
plt.plot(t[0:imax-1],two_uu_t[0:imax-1],'b-')
plt.xlabel('tau')
plt.ylabel('two-uu-t')
plt.axis([0,0.2,-0.2,1.1])

or in Matlab

nstep=2000,
imax=200;
two_uu_t=zeros(imax,1);
for tt=1:imax

tau=tt-1; %time separation
for it=1:nstep-imax-2
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i0=it+tau;
two_uu_t(tt)=two_uu_t(tt)+uin_fluct(it) * uin_fluct(i0);

end
end
two_uu_t=two_uu_t/two_uu_t(1); %normalize _uu_t so that two_uu_t(1)=1

figure(4)
hold off
tau=t(1:imax)-t(1);
plot(tau,two_uu_t(1:imax),'linewidth',2)
xlabel('tau')
ylabel('two-uu-t')
hold
axis([0 0.2 -0.2 1.1])
h=gca;
set(h,'fontsize',[20])

Run the code. We have prescribed a time scaleT = 0 :05 (see SectionX.9). Does
the auto-correlation behave as expected?

In SectionX.8 we computed the integral length scale from the two-point correla-
tion. In the same way you can compute the integraltimescale from the auto-correlation.
Do that.

X.11 Spectrum

We have generated �uctuations whose spectrum should followthe � 5=3 spectrum.
Let's �nd out if our generated �uctuations really do exhibita � 5=3 spectrum. In Sec-
tion X.7 you created a two-point correlation for the �uctuations. InSectionS it is
described how to make energy spectra from two-point correlations. Read the Section
carefully and try to create an energy spectrum from the two-point correlation you cre-
ated in SectionX.7. Be patient; it will take some time . . .

X.12 Anisotropic �uctuations

Now we will generate anisotropic �uctuations. Read the Section 27.9carefully.
Download the Matlab �lesynt main aniso.m from the course www page.

There are a few additional features in this �le compared tosynt main.m .

Chapter 1 the eigenvalues and the eigenvectors are computed from the prescribedstress
tensor.

Chapter 2 The eigenvalues are inverted

Chapter 3 1. � i and� j are transformed to the principal coordinate directions, i.e. � �
i and

� �
j

2. � i and� j are scaled with the eigenvectors.� i is modi�ed so as to make
the �uctuation anisotropic and� i is modi�ed to ensure that the �uctuations
satisfy the continuity equation.

3. The synthetic �uctuations are computed in the principal coordinate system
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Chapter 4 The synthetic �uctuations are transformed from the principal coordinate system
to the original coordinate system

Now run the code and generate the anisotropic �uctuations. Do the �uctuations
agree with the prescribed stress tensorhv0

i v
0
j i ?

Check if the anisotropy of the synthetic �uctuations agree with the prescribed
anisotropy. Compute, for example,hu02

synt i ni Python as

u2_synt=0
for t in range(1,nstep):

for k in range(0,nk-1):
u2_synt=u2_synt+ut[k,t] ** 2/nstep/nk

or in Matlab/Octave as

u2_synt=0;
for t=1:nstep
for k=1:nk

u2_synt=u2_synt+ut(k,t)ˆ2/nstep/nk;
end
end

It is much faster to use the Python commandu2 synt=np.var(ut) or the Matlab
commands,u2 synt=mean(var(ut')) . Now comparehu02

synt i =hv02
synt i with the

prescribed valuestress(1,1)/stress(2,2) . The agreement is, withnstep=500
within 2 percent. Increasingnstep=500 leads to even better agreement.

Change the prescribed Reynolds tensor. The original choiceis from channel data
of Re� = 590 at y+ ' 16 wherehu0u0i is largest. Let's take the Reynolds stress at
y+ ' 116where

hv0
i v

0
j i =

2

4
2:96 � 0:77 0

� 0:77 1:04 0
0 0 1:55

3

5 (X.4)

Change thestress variable in Chapter 1 insynt main aniso.m accordingly.
Run the code. Make sure that the eigenvectorsv1 new andv2 new are in the appro-
priate quadrants (see Chapter 2 insynt main aniso.m ). Compare the anisotropic
synthetic �uctuations withhu0u0i .

So far we have used constant time-averaged �uctuations in space, i.e. we have as-
sumed that the Reynolds stresses are not function of the space coordinatez in synt main aniso.m .
One way to improve this is to scale the synthetic �uctuationswith the turbulent kinetic
energy,kRANS , obtained from a RANS simulation or experiments. Download the �le
k RANS4000.dat which is kRANS from a RANS simulation of channel �ow at
Re� = 4 000. Assume thatzp in synt main aniso.m corresponds to the wall-
normal coordinate in the channel. Thek RANS4000.dat data have been interpo-
lated to thezp coordinates andmax(zp) corresponds to the center of the channel.

Make the pro�les of the synthetic �uctuations the same askRANS by multiply-
ing them withkRANS =kRANS;max . Then scale the synthetic �uctuations so that their
kinetic energy,ksynt = 0 :5hu02 + u02 + w02 i , is equal tokRANS , i.e.

Z h

0
ksynt dz =

Z h

0
kRANS dz (X.5)
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whereh denotes half channel height.
Above we have scaled the synthetic �uctuations withk. It is often better to scale

them with the shear stress. This is done in AppendixY.
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Y MTF271, Assignment 5: synthetic anisotropic �uc-
tuations using EARSM

In this assignment we will create anisotropic synthetic �uctuations. They will be
scaled with a shear stress. We will solve the time-averaged Navier-Stokes for 2D fully-
developed channel �ow.

You can useMatlab, Octaveor Python. Both Octave and Python are open-source
software. Octave is a Matlab clone. Many large Swedish industries prefer engineers to
use Python instead of Matlab due to Matlab's high license fees.

Y.1 Mean �ow

From the course www page
https://www.tfd.chalmers.se/˜lada/comp turb model/
downloadrans andtdma . The Python or Matlab/octave scriptrans solvesU with
the PDHk � ! turbulence model [217]. Since the �ow is fully developed 2D �ow, it
reduces to one dimension. Look at the code and try to understand what it is doing.

Open Python/Matlab/Octave and run the code. When the solution has converged,
it program plotsU andk as well as convergence history ofk and! (at a chosen point,
jmon ) and the wall shear stress. In this way you get an additional con�rmation that
the solution has converged.

At the end ofrans , the results are written to �le
yp u k om vist uv yc PDH8000.dat ; the �le includes seven columns withy
(cell centers),U, k, ! , � t , v0

1v0
2 andy (grid lines).

Y.2 Synthetic �uctuations

In this section, we will generate anisotropic synthetic �uctuations. The prodedure fol-
lows that given in [183].

1. A pre-cursor RANS simulation is made usingrans

2. After having carried out the pre-cursor RANS simulation,the Reynolds stress
tensor is computed using the EARSM model [37].

3. The Reynolds stress tensor is used as input for generatingthe anisotropic syn-
thetic �uctuations. The integral length scale is set to0:3� .

4. Since the method of synthetic turbulence �uctuations assumes homogeneous tur-
bulence, we can only use the Reynolds stress tensor in one point. We need to
choose a relevant location for the Reynolds stress tensor. In a turbulent boundary
layer, the Reynolds shear stress is by far the most importantstress component.
Hence, the Reynolds stress tensor is taken at the location where the magnitude
of the turbulent shear stress is largest.

5. Finally, the synthetic �uctuations are scaled with
�
ju0v0j=ju0v0jmax

� 1=2

RANS
, which

is obtain from the simulation withrans .

Download the �lesangles , randf 1, randf 2, synt main earsm .
The main code issynt main earsm for which some details are given below.
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Y.2.1 Chapter 1

� The �le created byrans is read.

� The Reynolds shear stresses are computed using EARSM.

� The location where the magnitude of the shear stress is found(cell number19).

� Using the stress tensor at cell number19, the eigenvalues and the eigenvectors
are computed.

Y.2.2 Chapter 2-3

� Isotropic �uctuations are created in the directions of the eigenvectores (see Sec-
tion X).

� The eigenvalues and the wavenumbers are scaled with the eigenvalues.

� The �uctuations are generated

Y.3 Exercises

� De�ne your own channel �ow case inrans (newRe number, new grid, . . . )

� Use another two-equation turbulence model, e.g. the standard Wilcox k � !
model. The model is presented in the report [27]. You can download ithere

� Instead of using a two-equation turbulence model based on aneddy visacosity,
use EARSM when solving the momentum equations. You �nd an implementa-
tion in the MSc thesis [218]. It can be downloadedhere

� Compare isotropic and anisotropic �uctuations

� In synt main earsm we scale the �uctuations with the shear stress. In [145],
the �uctuations are scaled with the modelled turbulent kinetic energy. Try this.
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x1

x2

x �
1

x �
2

��

Figure Z.1: Transformation between the coordinate systems(x1� ; x2� ) and(x1 ; x2).

Z MTF271: Transformation of tensors

Z.1 Rotation from x1� � x2� to x1 � x2

THE rotation of a vector from thex i � coordinate system tox i reads (see, e.g., Chapter
1 in [30])

ui = bij uj � (Z.1)

wherebij denotes the cosine between the axis

bij = cos (x i ; x j � ) (Z.2)

In Fig. Z.1, thebij is given by

b11 = cos �; b 12 = cos � = � cos(�= 2 � � ) = � sin(� )

b21 = cos(�= 2 � � ) = sin �; b 22 = cos �
(Z.3)

The relationsbik bjk = bki bkj = � ij are ful�lled as they should.
For a second-order tensor, the transformation reads

uij = bik bjm uk � m � (Z.4)

As an example, set� = �= 4. EquationZ.3 gives

b11 = 1 =
p

2; b12 = � 1=
p

2; b21 = 1 =
p

2; b22 = 1 =
p

2 (Z.5)

Inserting Eq.Z.5 into Eq.Z.4 gives

u11 = b11b11u1� 1� + b12b11u2� 1� + b11b12u1� 2� + b12b12u2� 2� (Z.6a)

=
1
2

(u1� 1� � u2� 1� � u1� 2� + u2� 2� )

u12 = b11b21u1� 1� + b12b21u2� 1� + b11b22u1� 2� + b12b22u2� 2� (Z.6b)

=
1
2

(u1� 1� � u2� 1� + u1� 2� � u2� 2� )

u21 = b21b11u1� 1� + b22b11u2� 1� + b21b12u1� 2� + b22b12u2� 2� (Z.6c)

=
1
2

(u1� 1� + u2� 1� � u1� 2� � u2� 2� )

u22 = b21b21u1� 1� + b22b21u2� 1� + b21b22u1� 2� + b22b22u2� 2� (Z.6d)

=
1
2

(u1� 1� + u2� 1� + u1� 2� + u2� 2� )
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Z.2 Rotation from x1 � x2 to x1� � x2�

Now we do the same transformation as in SectionZ.1but backwards, i.e. fromx1 � x2

to x1� � x2� . Consider fully developed �ow in a channel, see AppendixD, for which

@v1
@x1

= v2 = 0 (Z.7)

so that the strain-rate tensor,sij , reads

s11 = 0 ; s12 =
1
2

@v1
@x2

; s21 = s12; s22 = 0 (Z.8)

The x1 andx2 coordinates in Fig.Z.1 correspond now to the streamwise and wall-
normal directions in the channel, respectively. Let thex1� � x2� coordinate system
denote the eigenvectors. The transformation fromx1 � x2 to x1� � x2� reads

si � j � = cik cjm skm ; cij = cos (x i � ; x j ) (Z.9)

where

c11 = cos �; c 12 = cos(�= 2 � � ) = sin �

c21 = cos � = � sin�; c 22 = cos �
(Z.10)

see Fig.Z.1. It can be seen that the relationcji = bij is satis�ed as it should. The
eigenvectors for Eq.Z.8 are any two orthogonal vectors with angles� �= 4; � 3�= 4.
Let us choose�= 4 and3�= 4 for which the transformation in Eq.Z.9 reads (� = �= 4)

s1� 1� = c11c11s11 + c12c11s21 + c11c12s12 + c12c12s22 (Z.11a)

=
1
2

(s11 + s21 + s12 + s22)

s1� 2� = c11c21s11 + c12c21s21 + c11c22s12 + c12c22s22 (Z.11b)

=
1
2

(� s11 � s21 + s12 + s22)

s2� 1� = c21c11s11 + c22c11s21 + c21c12s12 + c22c12s22 (Z.11c)

=
1
2

(� s11 + s21 � s12 + s22)

s2� 2� = c21c21s11 + c22c21s21 + c21c22s12 + c22c22s22 (Z.11d)

=
1
2

(s11 � s21 � s12 + s22)

The fully developed channel �ow is obtained by inserting Eq.Z.8

s1� 1� = s12; s1� 2� = 0 ; s2� 1� = 0 ; s2� 2� = � s21 (Z.12)

Since the off-diagonal elements are zero it con�rms that thecoordinate systemx1� �
x2� with � = �= 4 is indeed a principal coordinate system. The eigenvalues,� (k ) , of
sij correspond to the diagonal elements in Eq.Z.12, i.e.

� (1) � s1� 1� = s12 =
1
2

@v1
@x2

; � (2) � s2� 2� = � s12 = �
1
2

@v1
@x2

(Z.13)



Z.3. Transformation of a velocity gradient 544

Z.3 Transformation of a velocity gradient

Consider the velocity gradientA ij = @vi =@xj . Apply the transformation from the
x1 � x2 system to the principal coordinate systemx1� � x2� in Eqs.Z.11a-Z.11dwith
� = �= 4

A1� 1� =
1
2

(A11 + A21 + A12 + A22)

A1� 2� =
1
2

(� A11 � A21 + A12 + A22)

A2� 1� =
1
2

(� A11 + A21 � A12 + A22)

A2� 2� =
1
2

(A11 � A21 � A12 + A22)

(Z.14)

Insert Eq.Z.10with � = �= 4 and replaceA ij by the velocity gradient use Eq.Z.7 (i.e.
fully-developed channel �ow)

@v1�

@x1�
=

@v1�

@x2�
=

1
2

@v1
@x2

;
@v2�

@x1�
=

@v2�

@x2�
= �

1
2

@v1
@x2

; (Z.15)

It can be seen that@v1� =@x1� = s1� 1� and@v1� =@x2� + @v2� =@x1� = 2 s1� 2� = 0
(see Eqs.Z.13andZ.15) as it should.
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AA MTF271: Green's formulas

IN this appendix we will derive Green's three formulas from Gauss divergence law.
In the last section we will derive the analytical solution tothe Poisson equation. The

derivations below are partly taken from [219].

AA.1 Green's �rst formula

Gauss divergence law reads
Z

V

@Fi
@xi

dV =
Z

S
Fi ni dS (AA.1)

whereS is the bounding surface of the volume,V , andni is the normal vector ofS

pointing out ofV . ReplacingFi by '
@ 
@xi

gives

Z

V

@
@xi

�
'

@ 
@xi

�
dV =

Z

S
'

@ 
@xi

ni dS (AA.2)

The left side is re-written as

@
@xi

�
'

@ 
@xi

�
= '

@2 
@xi @xi

+
@ 
@xi

@'
@xi

(AA.3)

which inserted in Eq.AA.2 gives
Z

V
'

@2 
@xi @xi

dV +
Z

V

@ 
@xi

@'
@xi

dV =
Z

S
'

@ 
@xi

ni dS (AA.4)

This is Green's �rst formula.

AA.2 Green's second formula

Switching' and in Eq.AA.4 gives
Z

V
 

@2'
@xi @xi

dV +
Z

V

@'
@xi

@ 
@xi

dV =
Z

S
 

@'
@xi

ni dS (AA.5)

Subtract Eq.AA.5 from AA.4 gives
Z

V

�
'

@2 
@xi @xi

�  
@2'

@xi @xi

�
dV =

Z

S

�
'

@ 
@xi

�  
@'
@xi

�
ni dS (AA.6)

This is Green's second formula.

AA.3 Green's third formula

In Green's second formula, Eq.AA.6, set

 (r ) =
1

jr � r P j
(AA.7)

As usual we are considering a volumeV with bounding surfaceS and normal vector
ni . Since function (r ) is singular forr = r P , consider a small sphere inV , see
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x1

x2

V

ni

n"
i

S"

S

r P

r

Figure AA.1: Green's third formula. A volumeV with bounding surfaceS with normal vector
n i . In V there is a small sphereS" located atr P with radius" and normal vectorn"

i .

Fig. AA.1. In Eq. AA.6 we need the �rst and the second derivative of . The �rst
derivative of1=ri is computed as

@
@xi

�
1
r

�
= �

@r=@xi

r 2 = �
r i

r 3 (AA.8)

since the derivative of a distanceX is a vector along the increment of the distance, i.e.
@X=@xi = X i =X whereX = jX i j. The second derivative is obtained as

@2

@xi @xi

�
1
r

�
= �

@
@xi

� r i

r 3

�
= �

@ri
@xi

�
1
r 3

�
+

@r
@xi

�
3r i

r 4

�

= � 3
�

1
r 3

�
+

r i

r

�
3r i

r 4

�
= �

3
r 3 +

r 2

r

�
3
r 4

�
= 0

(AA.9)

To get the right side on the second line we used the fact thatr i r i = r 2. Now we replace
r i = r by r � r P = r i � rP;i in Eqs.AA.8 andAA.9 which gives

@
@xi

�
1

jr � r P j

�
= �

r i � rP;i

jr � r P j3

@2

@xi @xi

�
1

jr � r P j

�
= 0

(AA.10)

for r i 6= r P
i , i.e. forV excluding the sphereS" , see Fig.AA.1. Apply Green's second

formula for this volume which has the bounding surfacesS andS" with normal vectors
ni (outwards) andn"

i (inwards), respectively. We get

�
Z

V � S "

1
jr � r P j

@2'
@xi @xi

dV =
Z

S

�
� '

r i � r P
i

jr � r P j3
�

1
jr � r P j

@'
@xi

�
ni dS

+
Z

S "

�
� '

r i � r P
i

jr � r P j3
�

1
jr � r P j

@'
@xi

�
(� n"

i )dS

I S �

(AA.11)
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where the volume integral is taken over the volumeV but excluding the sphereS" , i.e.
V � S" . Note the minus sign in front of the normal vector in theS" integral; this is
because the normal vector must pointout of the volumeV � S" , i.e. into the sphere,
S" . In the sphere the normal vector,n"

i , correspond to the direction from pointr P , i.e.

n"
i =

r � r P

jr � r P j
=

r i � rP;i

jr i � rP;i j
(AA.12)

where we have normalized the vectorr i � rP;i in order to make its length equal to one.
The length of the vectorr i � rP;i is the radius of sphereS" , i.e.

jr � r P j = " (AA.13)

The surface area,dS, for sphereS" can be expressed in spherical coordinates as

dS = "2
 = "2 sin �d�d� (AA.14)

where
 is the solid angle. Inserting Eqs.AA.12, AA.13 andAA.14 in the last integral
in Eq.AA.11 gives

I S " =
Z

S "

�
'
"2 +

r i � rP;i

"2

@'
@xi

�
"2d
 =

Z

S "

�
' + ( r i � rP;i )

@'
@xi

�
d
 (AA.15)

To re-write this integral we will use themean value theoremfor integrals. In one
dimension this theorem simply states that for the integral of a function,g(x), over an
interval[a; b], there exists (at least) on point for which the the relation

Z b

a
g(x)dx = ( a � b)g(xQ ) (AA.16)

holds, wherexQ denotes a point on[a; b]. Applying this theorem to the integral in
Eq.AA.15 gives

I S " = ' (r Q )
Z

S "
d
 +

�
rQ;i � rP;i )

@'
@xi

(r Q )
� Z

S "
d
 (AA.17)

wherer Q � rQ;i denotes a point onS" . As we letQ ! P, the radius," , of sphereS"

goes to zero so that the integral in Eq.AA.17 reads

lim
" ! 0

I S " = 4 �' (r Q ) (AA.18)

since
R

S " d
 = 4 � . Inserted in Eq.AA.11 gives

' (r P ) = �
1

4�

Z

V

1
jr � r P j

@2'
@xi @xi

dV

+
1

4�

Z

S
'

r i � r P
i

jr � r P j3
ni dS +

1
4�

Z

S

1
jr � r P j

@'
@xi

ni dS

(AA.19)

This is Green's third formula.
The singularity1=jr � r P j in the volume integral in Eq.AA.19 is not a problem.

Consider a small sphere with radiusr = jr a � r P j centered at pointP. In spherical
coordinates the volume element can then be expressed as

dV = r 2 sin �drd�d� = r 2drd
 (AA.20)

Hence it is seen that volume elementdV goes to zero faster than the singularity1=jr �
r P j.
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AA.4 Analytical solution to Poisson's equation

Poisson's equation reads
@2'

@xj @xj
= f (AA.21)

where we assume that' goes to zero at in�nity and that the right side is limited.
Green's third formula, Eq.AA.19, gives

' (r P ) = �
1

4�

Z

V

f (r )
jr � r P j

dV

+
1

4�

Z

S
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r i � r P
i

jr � r P j3
ni dS +

1
4�

Z

S

1
jr � r P j

@'
@xi

ni dS
(AA.22)

We choose the volume as a large sphere with radiusR. Using Eqs.AA.12, AA.13 and
AA.14, the �rst surface integral can be written as

1
4�
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r i � r P
i

jr � r P j3
ni dS =
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'd 
 (AA.23)

usingni ni = 1 . This integral goes to zero for largeR since' ! 0 asR ! 1 .
The second surface integral in Eq.AA.22 can be re-written using Eq.AA.13, Gauss

divergence law and Eq.AA.21 as

1
4�

Z

S

1
jr � r P j
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4�R
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ni dS
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4�R

Z

V
fdV

(AA.24)

This integral also goes to zero for largeR since we have assumed thatf is limited.
Hence the �nal form of Eq.AA.22 reads

' (r P ) = �
1

4�

Z

V

f (r )
jr � r P j

dV (AA.25)

This is the analytical solution to Poisson's equation, Eq.AA.21.
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AB MTF271: the np.correlate command

Python's commandnp.correlate computes the correlation by sliding two arrays.
Les us look at an example of two arrays

a1 = [2; 5; 7]

a2 = [0; 1; 0:5]

The commandnp.correlate(a1,a2,'same') gives the resultarray([4.5,
8.5, 7. ]) . The argumentsame means that the output array has the same length
as the largest input vector. It is computed as

First element, option'same' :
2 5 7

0 1 0.5
0 + 2 + 2.5 + 0 = 4.5

Second element, option'same' :
2 5 7
0 1 0.5
0 5 + 3.5 = 8.5

Third element, option'same' :
2 5 7

0 1 0.5
0 + 0 7 + 0 = 7

With option'full' , the array is slides so that the �rst and last output element in-
clude only one element ofa1ora1. The Python commandnp.correlate(a1,a2,'full')
givesarray([1. , 4.5, 8.5, 7. , 0. ]) . We get

First element, option'full' :
2 5 7

0 1 0.5
0 + 0 + 1 + 0 + 0 = 1

Fifth element, option'full' :
2 5 7

0 1 0.5
0 + 0 + 0 + 0 + 0 = 0
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P

E
W

N

S

ne

ne = ( n1e; n2e)

se = ( s1e; s2e)

se

nw

sw

Figure AC.1: Control volume. The velocityv1 is stored at the corners (ne, nw, . . . ). Coordinates
x1 ; x2 are given at the corners (ne, nw, ...).

AC MTF271, How to compute derivatives on a curvi-
linear mesh

In this section we describe how the derivatives on a curvi-linear grid are computed in
the provided Python modulesdphidx.py anddphidy.py . On a Cartesian grid it
is more convenient to use the built-in Pythongradient , but the approach used below
works for all meshes, including Cartesian ones.

The data you have been given,x1 andx2 and all variables, are stored at the grid
points, i.e. at(x1;sw ; x2;sw ), (x1;se ; x2;se ), (x1;nw ; x2;nw ) and(x1;ne ; x2;ne ). When
you need a variable, sayv1, at the center of the cell, compute it as

v1;P =
1
4

(v1;sw + v1;se + v1;nw + v1;ne ) (AC.1)

Let's compute@v1=@x1. In order to do that we use Gauss' law over a control vol-
ume centered at facee (dashed control volume in Fig.AC.1). The divergence theorem
for a scalar,� , reads Z

V

@�
@xi

dV =
Z

A
�n i dA

To compute@v1=@x1 we set� = v1 andi = 1 which gives
Z

V

@v1
@x1

dV =
Z

A
v1n1dA

Assuming that@v1=@x1 is constant in the volumeV we obtain

@v1
@x1

=
1
V

Z

A
v1n1dA
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In discrete form we can write (see Fig.AC.1)
�

@v1
@x1

�
=

1
V

X

i = e;n;w;e

(v1n1A) i =

1
V

f (v1An 1)e + ( v1An 1)n + ( v1An 1)w + ( v1An 1)sg

AC.1 Geometrical quantities

It is useful to �rst compute the unit vectorss along the control volume. For the east
face, for example, we get

s1e =
x1;ne � x1;se

de

s2e =
x2;ne � x2;se

de

de =
q

(x1;ne � x1;se )2 + ( x2;ne � x2;se )2

(note that the area of the east faceAe is equal tode since� z = 1 ). The relation
between the normal vectorn, s and the unit vector in thez-direction

s � n = 0

s � ẑ = n;

gives us the normal vector for the east face as

n1e = s2e

n2e = � s1e:
(AC.2)
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AD MTF271: Discussion seminars and Oral Exam

AD.1 Seminar 1

Course material.Recorded Lectures 1 and 2; eBook: 11.1.1 – 11.6, 11.7.1 – 11.7.2.

1. What is the physical meaning of the two terms,� @2 ��
@xi @xi

� @v0
i � 0

@xi
, that appear in

the �� equation? Which term needs to be modeled?

2. Which term in the�vi equation

@�0 �vi

@t
+

@
@xj

(� 0 �vi �vj ) = �
@�p
@xi

+ �
@2 �vi

@xj @xj
� � 0

@v0
i v

0
j

@xj
� �� 0( �� � � 0)gi

needs to be modeled? What is the physical meaning of the different terms?

3. Which terms in thev0
i v

0
j equation (Eq.11.11)

@v0
i v

0
j

@t
+ �vk

@v0
i v

0
j

@xk
Cij

= � v0
i v

0
k

@�vj

@xk
� v0

j v0
k

@�vi

@xk
Pij

+
p0

�

�
@v0i
@xj

+
@v0j
@xi

�

� ij

�
@

@xk

"

v0
i v

0
j v0

k +
p0v0

j

�
� ik +

p0v0
i

�
� jk

#

D ij;t

+ �
@2v0

i v
0
j

@xk @xk
D ij;�

� gi � v0
j � 0 � gj � v0

i � 0

G ij

� 2�
@v0i
@xk

@v0j
@xk

" ij

(AD.1)

need to be modeled? Explain the physical meaning of the different terms.

4. Consider thek � " model. The modeledk equation, in symbolic form, reads
(see Sections11.4and11.5)

Ck = P k + D k + Gk � " (AD.2)

Explain the physical meaning of the different terms in Eq.AD.2. Derive the
modeled" equation (in symbolic form).

5. Derive the Boussinesq assumption (see Section11.6). Start from the right-hand
side term of the momentum equations (with non-constant� )

�
@�p
@xi

+
@

@xj

�
�

�
@�vi

@xj
+

@�vj

@xi

�
� v0

i v
0
j

�

6. In a CFD simulation using thek � " model, how many transport equations are
solved (3D �ow)? In a CFD simulation using the RSM model, how many trans-
port equations are solved (3D �ow)? In a CFD simulation usingthe ASM model,
how many transport equations are solved (3D �ow)?

7. Explain the principles how to derive the transport equation for v0
i v

0
j , Eq.11.11

(see Section11.2on p.128)
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8. How is the turbulent heat �ux,v0
i � 0, modeled using the Boussinesq approach?

Hint: the viscous heat �ux in the energy equation is modeled asqi = � k @T
@xi

, see
Eq.2.14

9. Show how the turbulent diffusion (i.e. the term which includes the triple corre-
lation)

�
@

@xj

�
1
2

v0
j v0

i v
0
i

�

in thek equation is modeled (see Section11.7.2).
Hint: look at the model forv0

i �
0
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AD.2 Seminar 2

Course material.Recorded Lectures 3 and 4; eBook: 11.7.1, 11.7.5, 11.7.6, 11.10,
11.13, 12.1, 12.2.

1. How is the production term

P k =
1
2

Pii = � v0
i v

0
j

@�vi

@xj

in thek � " model modeled (see Section11.7.1)?

2. Discuss and show how the dissipation term in thev0
i v

0
j transport equation (i.e.

the RSM model)

" ij = 2 �
@v0i
@xk

@v0j
@xk

is modeled, see Section11.7.3.

3. Use physical reasoning to derive a model for the diagonal components of the
pressure-strain term,� ij , see Section11.7.4(slow part).

4. For a Poisson equation
@2'

@xj @xj
= f

there exists an exact analytical solution

' (x) = �
1

4�

Z

V

f (y )dy1dy2dy3

jy � x j

Applying this equation for the �uctuating pressure,p0, we get (see Eq.11.68)

p0(x) =
�

4�
Z

V

�
2

@�vi (y )
@yj

@v0j (y )

@yi
+

@2

@yi @yj

�
v0

i (y )v0
j (y ) � v0

i (y )v0
j (y )

� �
dy3

jy � x j

Which are the “slow” and “rapid” terms? Why are they called “slow” and
“rapid”?

5. Explain the principles how to derive the exact Poisson equation for the pressure
�uctuation, Eq.11.65(rapid part).
Hint: start from Navier-Stokes

@vi
@t

+
@vi vj

@xj
= �

1
�

@p
@xi

+ �
@2vi

@xj @xj

6. What main assumption is made in the algebraic stress model(ASM), see Sec-
tion 11.10?

7. What is a non-linear eddy-viscosity model?

8. Describe the physical effect of stable strati�cation andunstable strati�cation on
turbulence, see Section12.1.
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9. Consider streamline curvature for a streamline formed asa circular arc (convex
curvature), see Section12.2. Show that the turbulence is dampened if@v� =@r >
0 and that it is enhanced if the sign of@v� =@ris negative.

AA

BB

0
0

v� (r )r

Flow in a polar coordinate system illustrating streamline curvature. The streamline is aligned
with the� axis.

�v 2
�

r
�

@p
@r

= 0

10. What is the physical reasoning leading to the modeled slow pressure strain term,
� 22;1w , for wall effects, see Section11.7.6. What sign does it have?

11. Streamline curvature: consider a boundary layer where the streamlines
are curved away from the wall (concave curvature), see Section 12.2.

r

�v1

x1

x2

�

streamline

Streamline curvature occurring when the �ow approaches, for example, a separation region or
an obstacle.

RSM; v02
1 � eq: : P11 = � 2v0

1v0
2

@�v1

@x2

RSM; v0
1v0

2 � eq: : P12 = � v02
1

@�v2

@x1
� v02

2
@�v1

@x2

RSM; v02
2 � eq: : P22 = � 2v0

1v0
2

@�v2

@x1

k � " P k = � t

 
@�v1

@x2
+

@�v2

@x1

! 2

Explain how the Reynolds stress model gives an enhanced turbulence production (as it
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should) because of positive feedback between the production terms. Why is the effect
of streamline curvature in thek � " model much smaller?
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AD.3 Seminar 3

Course material.Lectures 4 and 5; eBook: 12.3, 13, 14 15, 16.

1. Consider stagnation �ow. Show that in the Reynolds stressmodel, there is only a
small production of turbulence whereas eddy-viscosity models (such as thek � "
model) give a large production of turbulence.

x1

x2
x1

x2

x1

The �ow pattern for stagnation �ow.

RSM=ASM : 0:5 (P11 + P22) = � v02
1

@�v1

@x1
� v02

2
@�v2

@x2
= �

@�v1

@x1
(v02

1 � v02
2 )

k � " : P k = 2 � t

( �
@�v1

@x1

� 2

+
�

@�v2

@x2

� 2
)

2. What is a realizability constraint? There are two main realizability constraints, one on
the normal and one on the shear stresses: give the form of these constraints.

3. Show that the Boussinesq assumption may give negative normal stresses.

v02
1 =

2
3

k � 2� t
@�v1

@x1

In which coordinate system is the risk largest for negative normal stresses?

4. Consider stable strati�cation in thex3 direction. Discuss and explain the sign of the
production term for thev02

3 and thev0
3� 0 equations

G33 = 2 g� v0
3� 0; P3� = � v0

3v0
k

@��
@xk

� v0
k � 0@�v3

@xk

5. Four equations are solved in the V2F model? What is the physical meaning of each of
the quantities?
Hint:

P = �
2
�

v0
2

@p0

@x2
� "22 +

v02
2

k
"; P = fk (AD.3)

How doesf enter into thev02
2 equation?

Hint: See Eq.AD.3
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6. What does the acronym SST mean? The SST model is a combination of thek � " and
thek � ! model. In which region is each model used and why?

7. How is! expressed ink and"?

8. In the SST model, one blending function isF1. What is object ofF1?

9. Discuss the general principle how the transport equationfor ! is derived.

10. What is the purpose of the shear stress limiter in the SST model?

11. SST model includes the blending functionF2. What is the object ofF2?
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AD.4 Seminar 4

Course material.Recorded Lectures 6 and 7; eBook: 5.1–5.3, 18.1.

1. What characterizes turbulence? Explain the characteristics. What is a turbulent
eddy?

2. Explain the cascade process. How large are the largest scales? What is dissi-
pation? What dimensions does it have? Which eddies extract energy from the
mean �ow? Why are these these eddies “best” at extracting energy from the
mean �ow?

3. What are the Kolmogorov scales? Use dimensional analysisto derive the expres-
sion for the velocity scale,v� , the length scale,̀� and the time scale,� � .

4. Make a �gure of the energy spectrum. The energy spectrum consists of three
subregions: which? describe their characteristics. Show the �ow of turbulent
kinetic energy in the energy spectrum. Given the energy spectrum, E(� ), how
is the turbulent kinetic energy,k, computed? Use dimensional analysis to derive
the� 5=3 Kolmogorov law.

5. What does isotropic turbulence mean? What about the shearstresses?

6. How is the energy transfer from eddy-to-eddy," � , estimated? Show how the ratio
of the large eddies to the dissipative eddies depends on the Reynolds number (see
Eq.5.16).

7. Show the difference between volume averaging (�ltering)in LES and time-
averaging in RANS, see Section18.

8. Why is averaging once or twice different in RANS and LES?

9. The volume-�ltered Navier-Stokes equations (i.e. the LES equations) read

@�vi

@t
+

@
@xj

(�vi �vj ) = �
1
�

@�p
@xi

+ �
@2 �vi

@xj @xj
�

@�ij
@xj

@�vi

@xi
= 0

What is the difference between the RANS and LES equations?

10. In physical space, which length scales are resolved (i.e. coming from the LES
equations) and which are modeled?

11. Consider the energy spectrum. Show the three different regions (the large energy-
containing scales, the� 5=3 range and the dissipating scales). Where should the
cut-off be located?

12. Consider the spatial derivative of the pressure in the �ltered Navier-Stokes. Dis-
cuss how the derivative can be moved outside the �ltering integral, i.e.

@p
@xi

=
1
V

Z

V

@p
@xi

dV =
@

@xi

�
1
V

Z

V
pdV

�
+ O

�
(� x)2�

=
@�p
@xi

+ O
�
(� x)2�
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AD.5 Seminar 5

Course material.Recorded Lectures 7, 8 and 9; eBook: 18.2, , 18.3, 18.5, 18.6,18.7,
18.8, 18.9, 18.21, 18.8, 18.9, 18.11, 18.12, 18,13, 18.20, 18.15, 18.16, 18.22

1. Consider the RANSk equation

@k
@t

+ �vj
@k
@xj

= � t

�
@�vi

@xj
+

@�vj

@xi

�
@�vi

@xj
+

@
@xj

��
� +

� t

� k

�
@k
@xj

�
� "

Now formulate the one-equationksgs equation.

2. Discuss two ways for deriving the Smagorinsky model (Sections18.6and18.22)

3. Consider the energy spectrum and discuss the physical meaning of Pksgs and
" sgs , see Section18.8.

4. Show how the velocity is decomposed (in mean and �uctuating parts) in RANS
and LES, both in physical space and wavennumber space (i.e. how arek, �k and
ksgs computed from the energy spectrum?).
Hint: all turbulence=

R1
0 E(� )d�

5. Consider the dynamic model, see Section18.11. What is a test �lter?

6. The �ltered and test-�ltered equation for
z{
�v i is derived in two ways. Which

ways?

7. When deriving an expression for the dynamic coef�cient,C, we use three equa-
tions and we have three unknowns. Which are the three equations and which are
the three unknowns? (you don't need to write down the equations; tell me in
words)

8. Draw an energy spectrum and show which wavenumber range the following
three turbulent kinetic energies cover, see Section18.11.

� �k = 0 :5�v0
i �v

0
i

� ksgs = 0 :5v00
i v00

i

� ksgs;test = 0 :5
z{
�v

00

i

z{
�v

00

i

9. Discuss that when a �rst-order upwind schemes is used for the convection term,
an additional diffusion term and dissipation terms appear because of a numerical
SGS viscosity, see Section18.14.

10. What are the �ve main differences between a RANS �nite volume CFD code and
a LES �nite volume CFD code?

11. We usually de�ne the SGS stress tensor as� ij = vi vj � �vi �vj . In scale-similarity
models,� ij is written as three different terms, see Section18.16. What are they
called? What does the word “scale-similar” mean? Two of the terms are not
Galilean invariant: which ones? Whatis Galilean invariance?
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AD.6 Seminar 6

Course material.Recorded Lectures 9-12; eBook: 18.26, 10.1, 10.2, 18.20.1,19, 20,
20.1, 20.2, 20.3, 21, 22, 23, 23.2, 23.3, 27.1, 27.2, 27.8, 23.2.1.

1. Explain and discuss the two-point correlation and auto-correlation, see Sec-
tion 10. How are the integral length and timescale de�ned?

2. What do you need to consider in LES when you want to compute time-averaged
quantities? (see Fig.18.12). How can the integral time scale,Tint , be used? (see
SectionR.3)

3. When doing LES, how �ne does the mesh need to be in the near-wall region (see
Section18.26)? Why does it need to be that �ne?

4. Describe URANS, see Section19. What turbulence models are used? What is
scale separation?

5. Mention four different ways to estimate the resolution ofan LES that you have
made; see Section18.26Which method is good/bad? Which is best?

6. What is DES (see Section20)? The destruction term in the RANS S-A model

reads
�

~� t

d

� 2

; how is it computed in the S-A DES model?

7. How is the length scale computed in ak � " two-equation DES model (see Sec-
tion 20.1)? Where in a boundary layer should the DES model switch from RANS
to LES?

8. What is DDES (see Section20.3)? Why was it invented?

9. How is thek � ! SST model modi�ed to get thek � ! SST DES model (see
Section20.2)?

10. Describe the SAS model (see Section22). How is the von Kármán length scale
de�ned? An additional source term is introduced in the! equation: what is
the form of this term? Describe how this source reduces the turbulent viscosity.
When is the term large and small, respectively?

11. Give a short description of the method to generate synthetic turbulent inlet �uc-
tuations; see Chapter27and �rst 14 slides in
http://www.tfd.chalmers.se/˜lada/slides/slidesinlet.pdf
What form on the spectrum is assumed? How is the wavenumber,� e, for the
energy-containing eddies, determined? How are the maximumand minimum
wavelengths,� max , � min , determined?
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AE IMS135, Assignment on Machine Learning for Tur-
bulence Modeling

You should either do an assignment presented in SectionAE.1 or SectionAE.2.

AE.1 Improving a non-linear turbulence model or EARSM

Machine Learning will be used to improve the non-lineark � " model of Craftet
al. [60]. The model for the Reynolds stresses reads (see Eq.14.3)

aij �
v0

i v
0
j

k
�

2
3

� ij = � 2c� � �sij (AE.1)
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; � = k=" (AE.2)

The constants are set to [60] (see also p.176)

c1 = � 0:05; c2 = 0 :11; c3 = 0 :21; c4 = � 0:8 (AE.3)

c5 = 0 ; c6 = � 0:5; c7 = 0 :5

In fully developed channel �ow (�v2 = �v3 = @=@x1 = @=@x3 � 0), Eq. AE.1 is
simpli�ed as [220]) (recall that� c5 + c6 + c7 = 0 )

v02
1 =

k
12

� 2
�

@�v1

@x2

� 2

(c0 + 6 c2) +
2
3

k (AE.4)

v02
2 =

k
12

� 2
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(c0 � 6c2) +
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k (AE.5)

v02
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k
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@x2

� 2

c0 +
2
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k (AE.6)

v0
1v0

2 = � c� �
@�v1

@x2

where I denotec0 � c1 + c3.
Now we want to compute the coef�cients in this equation system using Machine

Learning. In order to create a target (i.e. the exact coef�cient), we �rst compute the
coef�cients using DNS data. Hence we invert the equation system and we get [220]

c0 = �
6a33

� 2
�

@�v1
@x2

� 2 ; c2 =
2a11 + a33

� 2
�

@�v1
@x2

� 2 (AE.7)
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The objective is to use Machine Learning to adapt the coef�cientsc0 andc2 so that
the normal stresses using Eqs.AE.4, AE.5 andAE.6 agree with DNS of developing
boundary layer atRe� = 8 180 [42]. The mean velocity,�v1, k and" in Eqs.AE.4 –
AE.6 are taken from DNS [42]. The DNS data are non-dimensional withu� and� .

Support Vector Machines (SVR) allows only one output parameter. Here we have
two output parameters,c0 andc2. Hence, we choose to use Neural Network and we
will usepytorch in Python.

The next question is which input variable should be used. Looking at Eq.AE.4 –
AE.6, the square of the velocity gradient seems to be an obvious choice. Note that the
input variables should be non-dimensional so that the Neural Network Model can be
used to predict other �ow cases and Reynolds numbers. As mentioned above, the DNS
data are already non-dimensional. Recall that the velocitygradients must be taken with
respect toy+ (noty) in order to get a non-dimensional velocity gradient. We probably
need at least one more input variable. There are a number of different suitable choices.
Here are some of the combinations of input variables I tried

�
@U+ =@y+

� 2
;

�
@U+ =@y+

� � 1
(AE.8)

T 2 (@U=@y)2 ; T (@U=@y)� 1 ; T = k=" (AE.9)
�
@U+ =@y+

� 2
; k+ ="+ (AE.10)

Additional input variables could be

� +
t � � t =� (AE.11)

� t

L 2T
; L =

k3=2

"
; T =

k
"

(AE.12)

y+ (AE.13)

The advantage of Eq.AE.9 is that the scaling is local; the other options depend on
scaling based on wall quantities which may be dif�cult to usein complex geometries.
Here I use Eq.AE.9 (Eq.AE.8 gives virtually identical results).

You can scale (normalize) also the already normalized (withu� and� ) k+ and"+ .
For example, if I want to use the time scaleT = k=" for normalizing @�v1

@x2
, then I can

use eitherk, " or k+ , "+ .

T = k="
�
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=

@�v1

@x2
T =

@�v1

@x2
(k=")

For quantities which are already normalized withu� and� as

T + = k+ ="+ ; k+ = k=u2
� ; "+ = "�=u 4

�

we getT + = k="(u2
� =� ) so that

�
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(�=u 2
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�
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T + =
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(k=")

i.e. u� and� cancel.
Hereyou �nd Python scripts and all DNS data.
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AE.1.1 The Assignment

Assignment 1aIn SectionAE.1 the NN model (NN-train-BL.py ) is trained using
80%of the data of the normal Reynolds stresses in the boundary layer �ow and
then the remaining20%are predicted. DNS data for three other �ows are avail-
able on the coursewww pagei.e. channel �ow atRe� = 550, Re� = 2 000 and
Re� = 10 000. You should train the NN model on one of the channel and pre-
dict the Reynolds stresses for other �ows (i.e. the boundary-layer �ow and two
channel �ows). You need probably to change the limits ony+ and@U+ =@y+ .

Assignment 1bIn [221] I have used NN to improve an EARSM (Explicit Algebraic
Stress Model). You can download the Python CFD code and the NNscriptshere.
The NN model is trained on channel �ow atRe� = 10 000and is then validated
at channel �ow atRe� = 2 000 andRe� = 5 200 and boundary-layer �ow. Now
you should train the NN model at boundary-layer �ow and validate at the other
three �ows.

Assignment 2aUse different different input parameters when training theNN in one
of the boundary layer �ow/channel �ows. You can choose between using the
non-linear model or the EARSM. Try to get better agreement inthe other �ows
than I got [220,221].

Assignment 2bInstead of using Neural Network, NN (Python'spytorch ) use Ran-
dom Forest, RF (Python'sRandomForestRegressor )

Assignment 2cEvaluate the NN model in one or many of the �ow in Fig.AE.1. For
the non-linear model you need to make some assumptions for the coef�cients
c4, c6 andc6: should they stay constant? should their ratio toc0 and/orc2 stay
constant? or . . .

Assignment 2dIn case you're working on the EARSM model, implement your new
NN model intopyCALC-RANS and validate it in channel �ows and/or bound-
ary layer �ow.

Assignment 2eDo something else!

Next step? (MSc thesis project)Carry out a CFD simulation with e.g. STAR-CCM+,
ANSYS or OpenFOAM using the NN predict script. Then the normal stresses
should be added both inP k and in the momentum equations.

Assignment 1a or 2a is mandatory. Do one/many/all of Assignment 2a–2e.

AE.1.2 How I created the DNS Data bases for validating NN model

First a precursor DNS of �ow in a half-channel was carried outat Re� = 550 (Reb =
10 000). The grid has600� 150� 300cell with 0:2 < � y+ < 5, � z+ = 3 , � x+

in = 6 .
The grids for the hill, wave, contraction and expansion below have300� 300� for
which the mesh at the inlet is identical to that of the channel�ow. The boundary
conditions for these four �ows are:

� Left boundary (lowx): inlet b.c. taken from the pre-cursor channel �ow.

� Right boundary (highx): outlet
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� � � �

�

�

(a) Wave.

� � � �
�

�

(b) Hill.

� � � �

�

�

(c) Expansion.

� � � �
�

�

(d) Contraction.

Figure AE.1: Grids for DNS simulations. Every5ths grid lines are shown.

� Low boundary (lowy): wall

� High boundary (Highy): slip wall, i.e. symmetry b.c.

AE.2 Using PINN for computing the (turbulent) diffusion coef�-
cient

In my recent paper [222], I turn the equation for the turbulent kinetic energy equation
into an equation for the turbulent viscosity. In fully-developed channel �ow, thek
equation is a diffusion equation with source terms which reads

d
dy

�
� + � t;NN

dk
dy

�
+ P k � " = Q: (AE.14)

The subscriptNN indicates that I predict� t;NN using a method based on Neural Net-
work (NN). EquationAE.14is re-written as

(� + � t;NN )
d2k
dy2 +

dk
dy

d� t;NN

dy
+ P k � " = Q (AE.15)

I want to �nd a new turbulent viscosity,� t;NN , that gives a turbulent diffusion that
agrees with the DNS turbulent diffusion term in Fig. 1c in [222]. Hence,� t;NN is the
unknown variable in Eq.AE.15andk, P k and" are taken from DNS. EquationAE.15
is solved in half a channel atRe� = 5 200. The boundary condition at the wall (y = 0 )
is � t;NN = 0 and at the center (y = � � 1) it is � t;DNS .

The turbulent viscosity,� t;NN in Eq.AE.15, is predicted by PINN while minimiz-
ing the errorQ2. The loss function,loss fn , in Listing 2 in [222] is replaced with
Eq.AE.15and the Python code is given in Listing 3 in [222].

You �nd two Python scripts at the coursewww page, namely

compute-vist-using-PINN-save.py
compute-vist-using-PINN-load.py
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Execute the �rst �le a couple of times. You'll �nd that sometimes PINN converges
(i.e. the loss is getting smaller), sometimes not. The reason is that the NN initiates
the weights and biases, i.e.w(0)

1 , b(0)
1 , w(0)

2 , b(0)
2 , . . . (see left column at p. 3 in [222])

randomly. The trick I use then is to save the initial weights and biases in a �le with the
command

torch.save(checkpoint,'checkpoint-vist-5200-plus-un its-save-5-cells.ct')

When PINN converges, I keep this �le and load it with the command

# Define checkpoint
if epoch == 0:

checkpoint=torch.load('checkpoint-vist-5200-plus-un its-save-5-cells.ct',\
weights_only=False)

in the scriptcompute-vist-using-PINN-load.py . This means that I will use
the same (good) initial weights and biases every time I run this script.

Study the scriptcompute-vist-using-PINN-load.py and try to under-
stand all of it.

AE.2.1 The Assignment

Assignment 1Consider the Poisson equation

�
d2k
dy2 + 2 = 0 (AE.16)

where� = 0 :01. The boundary conditions arek = 0 at y = 0 andy = 1 . The
analytical solution is then

k =
1
�

�
y � y2�

(AE.17)

Now you should use PINN to solve a simpli�ed version of Eq.AE.16, the Pois-
son equation, i.e.

� t;NN
d2k
dy2 + 2 = 0 (AE.18)

Assume thatk is known (given by Eq.AE.17) and that� t;NN is the unknown.
Use PINN to solve this equation. The solution you should get is – of course –
� t;NN � 0:01.

Copycompute-vist-using-PINN-save.py into , e.g.,poisson-save.py
and modify it. Here are some tips.

1. Use a course equidistant grid (e.g. 10 cells)

2. In order to get accurated2k=dy2 near the boundaries, you must useedge order
=2, i.e.

dkdy= np.gradient(k,y,edge_order = 2)

3. Run the script a couple of times until it converges; then use the checkpoint
�le

torch.save(checkpoint,'checkpoint-poisson.cf')
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in another scriptpoisson-load.py as I describe above.

4. I run10000epochs and thenloss = 0.00013 and the predicted PINN
result is0:00998< � t;NN < 0:0100171). Maybe you'll not manage to get
this good result, but you should try!

Assignment 2Now you should solve Eq.AE.18but with a non-constant� . You may
choose any form of� , e.g.

� = 0 :01(1 + by); � = 0 :01 (1 + bsin (�y )) ; : : :

whereb is a constant. The complication is that most likely you will not �nd an
analytical solution. Use the 1D Poisson solver,poisson-1D.py , at the course
www pageto getk. Repeat the simulations you did in Assignment 1 with a new
k.

What you're doing in this Assignment is very similar to the work in [223] (see
also my short summery at p. 1 in [222]), except that they did PINN in 2D.

Here are some tips.

1. I use� = 0 :01 (1 + 5 sin (�y ))

2. I uselearning rate = 0.01 and100 000epochs

3. I reduce the factor for the loss of the boundary condition from10000to 10,
i.e.

loss = loss_de+10. * loss_bc

My loss is reduced to approximately0:04; still, the error of the peak in� t;NN is
6%.

It turns out that the reason to the large error is that I computedk=dyandd2k=dy2

in the Poisson script and the PINN script differently (in thelatter I use Python's
gradient ). The solution is to savedk=dyandd2k=dy2 at the end ofpoisson-1D.py
and load them in the PINN script. The error of the peak in� t;NN is then reduced
to 3%.

Assignment 3 (optional)Consider the Poisson equation in 2D

� t;NN

�
@2k
@x2

+
@2k
@y2

�
+ 2 = 0 (AE.19)

Assume thatk is known (given by the analytical solution Eq.AA.25) and that
� t;NN is the unknown. Solve the equation using PINN in the same way as in
Assignment 2 above.
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AF MTF271: Derivation of an Explicit Algebraic Stress
Model in 2D

The Algebraic Stress Model (ASM) with the LRR pressure-strain models [32] read
(Eq.11.119)

�
c1 � 1 + P k ="

�
aij = �

8
15

�sij +
7c2 + 1

11
(aik �
 kj � �
 ik akj )

�
5 � 9c2

11

�
aik �skj + �sik akj �

2
3

amn �snm � ij

� (AF.1)

Below I will make a derivation of an explicit algebraic stress model presented by
many authors [36,37,39,61,224], but not in much detail. In two dimensions the most
general expression ofaij is [37,39,61,224] (cf. Eq.11.107)
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ik
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Terms which are quadratic in�
 �
ij (i.e. �
 � 2

ij = �
 �
ik

�
 �
kj ) are not included because of the

Cayley-Hamilton theorem, see SectionAF.1. It is not clear why the last term is included
since it is quadratic in�s�

ij (i.e. �s� 2
ij = �s�

ik �s�
kj ) and hence (in two-dimensions) is not

independent according to Cayley-Hamilton theorem. Furthermore, in two dimensions
an additional tensor,T (0) , should be added to take into account the fact that thatv02

3 6= 0
whereas�v3 = 0 . This additional tensor is de�ned as [36]

T (0) =
�

� 1=6 0
0 � 1=6

�
(AF.3)

Pope [13, Chapter 11.9] also notes thatT (2) can be expressed inT (0) , see Sec-
tion AF.2. Formally, the�s� 2

kk T (0) should be included in Eq.AF.2 rather thanT (2) , see
Eqs.AF.31andAF.32.

The derivation below follows that of [224] but with much more details. Equa-
tion AF.1 can be written

aij (L 0 � L 1anm �s�
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(AF.4)

where the classic slow pressure-train model of Rotta [29] is used and

P k
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2v0
i v
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3
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Note that theL 4 term in Eq.AF.4 is usually expressed as [37]

aik �
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kj � �
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ik akj (AF.5)
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For two-dimensional incompressible mean �ow, the general form for the anisotropy
tensor is given by Eq.AF.2. Using Eq.AF.32(see SectionAF.2) it reads

aij = G1 �s�
ij + G2(�s�

ik
�
 �

kj � �
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ik �s�

kj ) +
1
6

G3� ij II S (AF.6)

Pope [13, Chapter 11.9] mentions thatT (0) simply can be added into the divergence of
the pressure and does not affect the mean �ow. Also, it does not affect the production
term in thek and" (or ! ) equations since the production term in thek equation,P k ,
stemming from the last term in Eq.AF.6 reads

P k
II S

= �
2
6

G3� ij II S �sij = �
1
3

G3II S �sii = 0

However, as noted by Wallin & Johansson [37], the only way to achieve good agree-
ment of the predicted normal stress is to include the last term in Eq.AF.6. And if the
normal stresses are used in the model of the wall-normal diffusion term in thek and"
(or ! ) equations, the last term in Eq.AF.6 does indeed make a diffence.

Multiplication of Eq.AF.6 by �s�
ij gives
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because the products of the symmetric tensors (�s� 2
jk ; �s� 2

ki ) and the skew-symmetric ten-
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Inserting Eq.AF.7 into the left side of Eq.AF.4 gives
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Pluging Eqs.AF.6 andAF.7 into Eq.AF.9 gives (left-hand side)
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and for the L3 term on the right-hand side of Eq.AF.9 we get
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(AF.11)

TheL 4 term on the right-hand side of Eq.AF.9 then reads
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The terms related toG2 in Eq.AF.11read

�s�
ik �s�

km
�
 �

mj � �s�
ik

�
 �
km �s�

mj + �s�
kj �s�

im
�
 �

mk � �s�
kj

�
 �
im �s�

mk (AF.13)

These terms are zero. For example, fori = j = 1 we get
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21. With i = 1 andj = 2 , the terms
related toG2 in Eq.AF.11read
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where the underlined and underbraced terms cancel.
For i = j = 1 , theG2 terms in Eq.AF.12read
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For i = j = 2 , theG2 terms in Eq.AF.12read
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(AF.15)

For i = 1 , j = 2 , theG2 terms in Eq.AF.12read
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EquationsAF.14, AF.15andAF.16show that theG2 terms in Eq.AF.12read

2�s�
ij II 
 (AF.17)

The lastG2 terms in square brackets in Eq.AF.11read
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TheG3 terms in Eq.AF.12reads
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Finally, we can collect all terms for the 2D EARSM. The left-hand side (Eq.AF.10),
theG1 terms and the last term in Eq.AF.11and theG1 and theG3 terms in Eq.AF.12
(see Eq.AF.19) and theG2 terms in Eq.AF.11(see Eq.AF.17) give
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(AF.20)

which agrees with the expression in [224] (Eq. 19).
When using theL 4 term as in Eq.AF.5 the �nal equation reads
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Comparing the coef�cients in front of�s�
ij in Eq.AF.20we get
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 (AF.22)

The coef�cient for�s�
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kj in Eq.AF.20gives
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(AF.23)

The coef�cients in front of�s�
ik �s�

jk � 1
3 � ij II S (on the right side in Eq.AF.20) and

� ij II S =6 (on the left side, see Eq.AF.32) yield
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(AF.24)

Inserting Eqs.AF.23 andAF.24 into Eq. AF.22 gives a cubic equation inG1. This
equation can be solved analytically [224]. Having solved forG1, we getG2 andG3

from Eqs.AF.23andAF.24. Then we can computeaij explicitly from Eq.AF.6.
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The cubic equation is expessed inG1. Later, Wallin & Johansson made a slightly
different solution. They express Eq.AF.1 as
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AF.1 Cayley-Hamilton in 2D

The characteristic equation of�s�
ij reads (see Eq.13.5)

� 2 � (�s�
11 + �s�

22)� + (�s�
11 �s�

22 � �s�
12 �s�

12)� ij = 0 (AF.25)

which is also satis�ed by�s�
ij . Hence, we get
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The left-hand side reads
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which con�rms that Eq.AF.26is satis�ed.

AF.2 The 2nd tensorT (2) can be expressed in the zeroth tensorT (0)
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As mentioned in [13, Chapter 11.9] the following relation is valid in two dimensions:
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Components�s� 2
ij , left side of Eq.AF.27
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because of continuity (�s�
11 = � �s�

22). Hence, Eq.AF.27is true. Component�s� 2
kk , right side of Eq.AF.27

�s� 2
kk = �s�

11 �s�
11 + 2�s�

12 �s�
12 + �s�

22 �s�
22 = 2�s�

12 �s�
12 + 2�s�

11 �s�
11 (AF.30)

because of continuity. Hence, Eq.AF.27is true.
Pope [13, Chapter 11.9] also states that in two-dimensions the following relation is

satis�ed:
T (2) = � �s� 2

kk T (0) (AF.31)

Show that Eq.AF.31 is true. The components of the second tensorT (2)
ij are given
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where continuity has been used for all components.
The zeroth tensorT (0)

ij is given by Eq.AF.3. Then the components of the right side
of Eq.AF.31reads
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AG MTF271: How to compute the wall pressure-strain
term

The general formula for a wall that is not aligned with a Cartesian coordinate axis
seems very dif�cult to compute. Let's look at the term for thev02

1 . It reads (i = j = 1 )
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The �rst term includes a double summation (overk andm). In 2D, it reads
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[117] H. Hemida and S. Krajnović. Numerical study of the unsteady �ow structures
around train-shaped body subjected to side winds. InECCOMAS CFD 2006,
5-8 September, Egmond aan Zee, The Netherlands, 2006.18.25
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