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Large eddy simulations (LES) of high speed compressible viscous flow require high
space resolution as well as short time steps if explicit time stepping is used. A semi-implicit
preconditioning scheme specially suitable for wall-bounded flow is developed which, when
combined with an explicit time stepping algorithm, makes much larger time steps possi-
ble than with the explicit scheme alone. The method is validated for developing turbulent
channel flow and applied to a transonic flow with shock wave turbulent boundary layer
interaction. In both cases, the computational time saved is measured. Finally possible
developments of the method are discussed.

Nomenclature

� density��������� velocities in � - , 	 - and 
 - directions, also denoted ��� , ��
 and ������ total internal energy� � total enthalpy� pressure��������
������ heat transfer in � - , 	 - and 
 - directions� dynamic viscosity��� �
the Kronecker delta�! 
time step size� � � � 	 � � 
 cell length, height and width" speed of sound�$# friction velocity��%�%
distance from the wall where mean velocity is &�&!' of the free-stream velocity( kinematic viscosity) � � � �+* (resolved) Reynolds stress tensor components, Mach number- temperature-/. recovery temperature0 recovery factor

Subscripts1 �32+�54 cell indices6 free-stream condition7 total quantity� wall condition� profile data8 measured data
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Conventions����� ��� The grids, which are structured grids, are built up from nodes. A cell consists"�� � of eight nodes, one in each corner. The flow data is represented as averages	 ��
�

��� over these cells.
Superscripts
� wall friction unit�

discretized quantity

I. Introduction

Shock wave turbulent boundary layer interactions (SWTBLI) have drawn attention for
quite a long time.1 There is an interest to be able to predict the formation of shocks and
eventual separation that might occur where the shock interacts with the boundary layer.
Such situations commonly arise in the field of turbo machinery, aero-space applications
and on the exterior of high-speed aircrafts. In all of these cases, shock wave boundary
layer interaction can significantly change the flow and hence the physical load enforced
by it. Also, the performance of the object studied can be significantly altered if shocks and
boundary layer separations do not occur where expected.

Many experimental studies of SWTBLI have been performed and some basic under-
standing of the phenomena has been achieved. But much of the results regarding details
in the flow can be questioned because of the intrusive nature of the experiments.1 In re-
cent years, new non-intrusive techniques such as PIV and LDA have been introduced and
show great promise. Some numerical studies of SWTBLI have been produced (see for ex-
ample Ref. 2), but the high computational capacity required to perform something else but
Reynolds Averaged Navier Stokes (RANS) calculations, make results from more advanced
calculations sparse.

In this work, transonic flow over a bump (see section V) is studied. Such a flow, and
most flows including shock wave boundary layer interactions, includes many structures
which are hard to capture with RANS methods. This is particularly true for separation
and recirculation.3,4 Because of the problems connected to RANS, Large Eddy Simulation
(LES) seems to be a better choice. The problem is then the high computational costs. The
flow includes a boundary layer which requires very high near-wall resolution and, for
explicit time stepping, small time steps. The strongest constraint on the time step is, for
wall bounded compressible flow, always set by the cells closest to the wall.

A general rule for all numerical methods is that they can be made more efficient the
more information that are put into them. Using the knowledge about what cells are limit-
ing the time step, a method for taking larger time steps will here be presented. This idea
is in no way new. Another version has been implemented by Dong and Zhong5 for Direct
Numerical Simulation (DNS) of compressible supersonic flow. They used the concept of
operator splitting which have been used for a long time in for example chemical react-
ing flows where the stiff terms, normally the chemical reactions, are separated from other
terms enabling much larger time steps to be taken (see for example Ref. 6). Here, another
approach is used, with resulting equations that are partly the same but implemented in a
different way. The current method is verified for developing channel flow and applied to
transonic flow over a bump. Last, some possibilities for further development of the method
will be discussed.

II. LES numerics

The solver for the Navier-Stokes equations is based on the G3D series of codes devel-
oped by Lars-Erik Eriksson.7 The versions of the continuity, momentum and energy equa-
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tions governing viscous compressible flow, solved by the code, can be written in the form:��� �� �
�� � ����� ��� �	� ��

� 7

(1)
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where in turn � � � ������ � � ���� � � � � � � ��� � � �� � � �

� � �� � � � (2)

Note that � � and �	� � can be regarded as functions of � . This will be used in subsection III.B.
The large eddy formulation is obtained using a box filter of grid-cell size. The filtering is

performed implicitly by the discretization scheme. The sub-grid terms are modeled using
a compressible version of the Smagorinsky model.8 For a detailed description of filtering
and modeling assumptions see Ref. 9.

III. The Method

A. Why the Need of a new Method?

When discretizising a domain, the grid cells are chosen so that they describe the physics of
the flow. It is also desirable to use as few cells as possible to save computational time. Close
to a solid wall, the gradients are significantly larger in the wall normal direction than in
any other direction. Thus, regarding the objectives just mentioned, the node distance in
the wall direction will be much smaller than in any other direction, that is, the cells close
to the wall will have high aspect ratio. Also, grids for computation of free shear layers
have such cells.

!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!"!#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"##"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#"#
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Figure 1. Assumed geometry.

As indicated in figure (1), the focus in this text will be on geometries including solid
walls. From here on, we assume that we have a three dimensional domain discretized
as shown in figure (1). The discretization in 
 direction is assumed to be similar to the
discretization in the � and 	 direction. If for example the wall is curved we can always
make a coordinate transformation to an orthogonal computational space, see for example
Ref. 10. The results will then instead apply to the transformed equations.

3 of 17

American Institute of Aeronautics and Astronautics Paper 2004-2135



The CFL number is a common tool used to choose a time step. For compressible flow,
the CFL number of a cell is11

� ��� � � � ��� ��� � � �  
� �

� � � ��� ��� � � �  
� 	

� � � ��� ��� � � �  
� 


� " �! 
	 �� � 

� �� 	 


� �� 
 
 (3)

which for most explicit numerical schemes should be somewhat less than one for all cells." is the speed of sound. To resolve an unsteady flow, we need all cells to have the same
time step. If we have a flow that is not hypersonic, we can see from equation (3) that for a
given

�  
, small cells implies large CFL number. Because the very small

� 	 close to walls,
the CFL number will be largest there. Thus, the small

� 	 close to the wall is limiting the
time step for the whole computational domain.

In the case of an instationary flow, there are basically two ways of choosing the time
step for a specific explicit time stepping scheme. In this case a second order accurate
Runge-Kutta scheme12 was used even though any similar scheme could have been used.
Choosing another scheme, the difference will be the upper limit for the CFL number. The
first of the two ways is to use the latest available data and for each cell compute the largest
time step allowed. The results are compared and the smallest time step is used for all cells.
The second way is to just pick a time step that is small enough. The first way may seem
superior in all cases, but due to the implementation of boundary conditions, the second
way was used in this work.

Regardless of what way is used to choose the time step, the fact that some cells will have
a CFL number much smaller than one remains. As a matter of fact, in many cases, a vast
majority of the cells will have a CFL number much smaller than one while only a small
fraction of the cells will have CFL number close to the upper limit. Even if a higher order
time stepping scheme is used, which allows larger

�  
, this situation will remain.

The time has now come to ask the question: What fast flow structures are there close to
the wall that we need to resolve and thus are limiting the size of our time step? Once again
looking at equation (3), we see that the last term on the right hand side can be large close
to the wall despite the no-slip boundary condition. This term represents the small, nearly
isotropic sound waves that carry the pressure information. Unless we want to study the
sound field, these waves are of no interest. Still we need to know what the effect of their
presence is.

This is exactly what can be achieved using implicit time stepping, but using it for the
whole domain would not be any more efficient than explicit time stepping. A more efficient
approach would be to use some kind of hybrid method where an implicit time stepping is
used for cells close to the wall and explicit time stepping scheme is used for other cells.
But we can do even better.

B. The Preconditioning Equation

For the present method, the only restriction put on the grid is that it needs to be struc-
tured where the method is applied. The flow, on the other hand, must have a region with
character such that, for a column of cells, one direction contributes much more to the
CFL-number than any other direction. Some other characteristics are also necessary for
the method to be of any practical use. These will be described later since they are of no
importance for the theoretical derivation of the method.

First the notations � � �
� � � � � �
� �� 
 � � � �	� 
 � �	� (4)� � ��� � �	� � ��� �
are introduced. Applying a finite volume approach using the orthogonality of the grid,
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equation (1) for cell 1 � 2+��4 becomes
� � � 	 � 
��� � � ��� ��� � �

� 	 � 
 � � ��� ��� 
 � ��� � � � �	� ���5
 � ��� � � � � ��� ���5
 � ��� � � � � �	� ���5
 � ��� ��
 �
� � � 
 � � ��� ��� ���5
 � � � � ��� ��� ��� 
 � � � � � ��� ��� ���5
 � � � � � ��� �
� ���5
 � � 
 � (5)� � � 	 � � ��� ��� ��� ���5
 � � ��� ��� ��� ���5
 � � � ��� ��� ��� ���5
 � � � ��� ��� ��� ���5
 
 � 7

where half valued index indicates an average cell face value. Also note that � ��� ��� �
is the

average value of � in cell 1 � 2+��4 . To be fully correct
� � ,

� 	 and
� 
 should all have index1 �32+�54 , but those have been, and will be for the rest of the chapter, omitted to make the

equations more readable. This should cause no confusion.
The continuation from here on depends on the exact discretization scheme used. Even

though any discretization scheme can be used, we will in this derivation, for simplicity,
use a second order central scheme for both the viscous and the inviscid flux vectors. For
example,

� ��� ��� 
 � ��� � will be approximated with 7 � � � � ��� ��� � � � ��� � � ��� � 
 . Since in this derivation,
both the viscous and inviscid fluxes are discretized using the same scheme (which is not
necessary in the general case), the fluxes will be written as total fluxes, e.g.

�� � ��� ��� � � �� ��� ��� � �
�� � ��� ��� � . Using this simplified approach and discretizising the derivatives in the viscous flux

vectors, we get from equation (5):
� � � 	 � 
 �� � �� ��� ��� � ��� � 	 � 
 � �� � ��� � � ��� � � �� � �	� � � ��� ��� �

�� � � � 
 � �� � ��� ��� � � � � �� � ��� �
� � � ��� � (6)�� � � � 	 � �� � ��� ��� ��� � � �� � ��� ��� ��� � � � 7

For equation (6), the solution is
�� ��� ��� �

instead of � ��� ��� �
which is a solution to the finite volume

formulation of the exact equation. The symbol
�

on the other terms denotes both that they
are functions of

�� and that all the included terms also are discretized in space.
From here on, the choice normally stands between explicit and implicit time stepping.

Let � denote the latest time step for which a solution is available. If explicit time stepping
is chosen equation (6) will get the form

� �������� ��� �� � ���! �"�#�$ �� �� � � � ��&%� ��� � � ��� � � ��'%� ��� � � ��� � � (7)� �� � 	 � �� %� ��� ��� � � � � �� %� ��� ��� � � � �� �� � 
 � ��(%� ��� ��� ��� � � ��(%� ��� ��� ��� � �
where for example

�� %� ��� � � ��� � � �� � � �� %��� � � ��� � 
 . We have here also introduced the notation) � �� ��� ��� �
�  +* �! �"�#�$ � �� % � � � �! �"
#�$��� ��� � � �� %��� ��� ��  �

Now we turn our attention to the implicit formulation. We introduce the notation
�� % � ���� ��� � �

�� %��� ��� � � � �� ��� ��� �
which can be used to write the implicit time stepping formulation of equation
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(6) as: � � �� �	� � � �� � � � � "
#�$ �
�� � � � �� � � �� %��� � � ��� � � � �� ��� � � ��� � 
"� �� � � �� %�	� � � ��� � � � �� �	� � � ��� � 
 � �

�� � 	 � �� � � �� %��� ��� � � � � � �� ��� ��� � � � 
"� �� � � �� %��� �
� � � � � � �� ��� �
� � � � 
 � � (8)�� � 
 � �� � � �� %��� ��� ��� � � � �� ��� ��� ��� � 
"� �� � � �� %��� ��� ��� � � � �� ��� ��� ��� � 
 � � 7

In analogy to above ) � �� ��� ��� �
�  * � � "�#�$ � �� % � � � � � "�#�$��� ��� � � �� %��� ��� ��! �

If now one direction contributes much more to the CFL-number than any other direction,
the spectral radius of the overall net flux operator ( � in equation(11)) in that direction,
dominates over those of the other directions. Another way to express this is that the cou-
pling between cells in that direction is much stronger than in the other directions. If we
for example assume that this is valid for the 	 -direction, we can make use of this when
Taylor expanding equation (8) to neglect all higher order terms that do not represent cou-
pling in the 	 -direction. If also discarding all terms of second order and higher, we get
from equation (8): � � �� �	� � � �� � � � � "
#�$ �

�� � 	
� ��� ����� �� � %��� ��� � � � � �� ��� ��� � � � � ��� ����� �� � %��� �
� � � � � �� ��� ��� � � � � �� �
��  � �� %� ��� � � ��� � � �� %� �	� � � ��� � � (9)� �
��
	 � �� %� ��� ��� � � � � �� %� ��� �
� � � � �� �
��
� � ��(%� ��� ��� ��� � � �� %� ��� ��� ��� � �

Now recall the identity
� �� ��� ��� ��� �! � � � �� ��� ��� �
� �  
 � � "�#�$ . When comparing the right hand side of

equation (9) with equation (7) we see that equation (9) can be written as:

� � �� �	� � � �� � � � � "
#�$ � � �
��
	 ��� �� �� �� � %��� ��� � � � � � �� �	� �����!� �� � � � � "�#�$ �
� �
��
	 ��� �� �� �� � %��� ��� � � � � � �� �	� ����� � �� � � � � "
#�$ � � � �� �	� � � �� � ���! �"
#�$

(10)

Equation (10) is a relation between the explicit and implicit time derivative of
�� ��� ��� �

(see
subsection III.C). Observe that the exact form of equation (10) depends on what dis-
cretization schemes that are used. But a very important fact remains for all discretization
schemes: The coupling between the implicit time derivatives is in the 	 direction only.

In fact, it can be shown that using equation (10) is equivalent to making one iteration
using Newton-Raphson’s method for the 	 -direction. This can be seen if we regard a com-
pact form of equation (6): � �

�  � � � � 

(11)

where � then is an operator including all discretized spatial derivatives. The ’hat’-notation
and the indices are dropped for readability. An implicit time step formulation of first order
in time would be: � % � � � � %�  � � � � % � � 
 (12)
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As above, introducing
� � � � % � � � � % and rearranging equation (12) we get:

� � � �  � � � % � � � 

(13)

If � % is known and
�  

is fixed this is an equation for finding
� � . Let

� � � � ��� "�� � � � � � 

.

We can then transfer the problem of finding a solution to equation (13) to finding a series� � � � � 
����� such that
� � � " � � � � � � � "�� � � � � � 


and 	�
�� "�
 � � � � � 
 � 7 . This is Newton-Raphson’s
method. Inserting into equation (13) and linearizing with respect to

� � � � 

gives:

� ��� "�� � � � � � 
 �
�  � � � % � � � � "�� � � � � � 
 
��

(14)�  � � � % � � � � "�� 
 � �  ��� � � % � � � � "�� 
 � � � � 

where prime denotes derivation with respect to � . Now, since

� � �
� � is arbitrary we may

choose to set it to zero. Inserting into equation (14) and rearranging gives:��� � �  � � � � % 
 
 � � � � 
 � �  � � � % 
 (15)

where � is the identity matrix. Since
� � �

� � � 7 we can replace
� � � � 


with
� � �

� � . Once again
recalling the identity

� �� � � � � �� � 
 we may rearrange equation (15) to get:

��� � �  � � � � % 
 
 � � ��  � � � � "�#�$ � � � � � % 

� � � ��  � � �! �"�#�$ � (16)

To get from here to equation (10), we just have to expand equation (16) and neglect all
terms coupling the equations in the � and 
 direction.

Another interesting observation is that, if we create the equivalence of equation (10) for
the � and 
 direction and apply them in a sequential manner with equation (10), we will
get the well known approximate factorization method which in turn is an approximation
to a fully implicit scheme.

Both the analogy to Newton-Raphson’s method and to the approximate factorization
method can be taken as starting points for further development of the current method
which will be discussed in the section VI.

C. Time Stepping Scheme

The attentive reader have probably noticed that we so far have used � �� % � � � �� % 
 � �  
to

approximate � � �� ��� ��� � � �  
 . But any time stepping scheme can be used. In the derivation, in-
stead of assigning � � �� ��� ��� � � �  
 to be anything specific, just think of it as the term from which
to calculate

�� % � � by using some time stepping scheme. Then the relation
� �� ��� ��� � � �  �� � �� ��� ��� �
� �  
 � � "�#�$ , which is used to rewrite equation (9) as equation (10), is an approximation

that can easily be derived by expanding
�� % � � using Taylor’s formula.

In this work, we have chosen to use equation (10) for each stage in a three stage, second
order accurate Runge-Kutta method. Then � � �� ��� ��� � � �  
 is interpreted as the fluxes calcu-
lated from the solution obtained in the previous stage. Independent of which time step-
ping scheme we choose, the preconditioning equation will reduce the spectral radius of
the operator � in equation (11).

D. Implementation

The present method is of interest for wall bounded flow, because of the high aspect ratio
of the cells there, equation (10) is valid. Also, for the present method to be of any practical
use, the coupling of cells must end somewhere. The more cells that are coupled, the less
effective the method will be. In case of a wall, the aspect ratio some distance out from the
wall will be much lower than at the wall, and thus there will be no need for semi-implicit
preconditioning there.
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Utilizing the current method, some terms in equation (3) will change. The terms that
represent the contribution from the preconditioned direction, will be replaced by some
altered terms. These terms will depend on how equation (10) is implemented. The time
step used must be chosen so that this altered CFL-number never gets larger than a limit
given by the explicit time step scheme, in our case approximately 7 � � .

Equation (10) is implemented by first calculating all uncorrected fluxes for all cells.
Since equation (10) couples only cells in the wall normal direction, each ‘column’ of cells
out from the wall can be treated separately in the following way.

1. Choose a cell close to the wall (not necessarily the one closest to the wall, which have
index 1 �32���� # # ��4 ) with index 1 � 2 ��4 (see figure (1)).

2. Use equation (3) to compute the unaltered CFL number.
3. If the result is larger than the largest CFL number allowed, repeat step � for the cell

with index 1 � 2 � � �54 .
4. We have now found a cell with index 1 � 2 � �  � � ��4 for which the CFL number is less

than the upper limit for the current explicit time stepping method. Equation (10)
applied to each of the cells in a column reaching from 1 �32���� # # �54 to 1 �32 � �  ��4 constitutes

a linear equation system with � � �� �	� �����
	�	�� �� � � � � "�#�$ � � � ��� � � �� �	� ��� �

 � �� � � � � "
#�$
as unknowns. At

the adiabatic wall, no-slip boundary condition is used. To calculate the fluxes for the
outermost cells in the column, the most recent information from the cells outside the
column is used.

5. Solve the equation system obtained in step � using some method for linear systems.
In this work a direct method for band diagonal systems was used. It can be found in
Ref. 13.

Step � - � is repeated for all wall cells. Then the first stage in the three stage Runge-Kutta
method is performed. Before the next stage, all fluxes are recalculated and step � through� above must be redone for each column. To obtain maximum accuracy, we have chosen
also to recalculate all Jacobian matrices in equation (10) for each stage in the Runge-Kutta
method.

E. Space Discretization

As mentioned in subsection III.B, equation (10) takes different forms depending on what
type of discretization scheme that is used. In this work one scheme is used for the invis-
cid flux terms and another for the viscous. For the inviscid fluxes a fourth order central
scheme with user defined upwinding was used. The upwinding makes the order of the er-
ror terms to drop to third order. For the viscous fluxes a second order central scheme was
used. See Ref. 14 for more details.

In the case of a shock, the numerical scheme cannot resolve the shock and the resulting
instabilities cause divergence of the computation. To hinder this scenario, extra chock
capturing diffusion was added. In the calculation of the fluxes, a term based on pressure
difference and spectral radius of � in equation (11) was added. This is described in more
detail in Ref. 9.

As can be seen for example in equation (9), we also need discretized Jacobian flux ma-
trices. Both the inviscid and viscous flux Jacobians are calculated by differentiation of the
respective flux. For the viscous part, a thin layer approximation10 is used for the friction
work term in the energy equation. Otherwise, the differentiation is exact.

8 of 17

American Institute of Aeronautics and Astronautics Paper 2004-2135



IV. Validation

A. Validation Case Setup

For validation of the accuracy of the method, a simple case, flow between two flat plates
was used. The test section was 7 � � � ��� 8 long, 7 � 7 � & � � 8 wide and had a half height of 7 � 7 � � 8 .

At the bottom where 	 � 7 � 7 8 , an adiabatic no-slip boundary condition was imposed
and at the top, 	 � 7 � 7 � � 8 , a symmetry boundary condition was used. For the spanwise
direction translational periodic conditions were set. At the inlet a turbulent boundary
layer was prescribed. It is described in detail in the subsection V.B. At the outlet, � � 7 � � � ��� ,
the static pressure was set � � 7 4�� " higher than at the inlet, thus mildly forcing a faster
development of the boundary layer.
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Figure 2. Grid stretching for the validation case.

A further aspect of implementation of the current method is stretching of cells close to
the wall. If the cells are not stretched enough, the columns described in subsection III.D
will become very long before the CFL-number becomes less than any acceptable limit. On
the other hand, the grid cannot be stretched too much without loss of accuracy. In figure
(2) the stretching for this particular grid is shown. The maximum stretching at ��� � � ' is
chosen, which is relevant for LES applied to realistic aeronautic applications. For example
the DNS used to create the fluctuations for the inlet boundary layer had streaching of such
a magnitude. The streching could though be made in a better way and was changed in the
test case described in section V.

Two calculations were carried out for this channel. One using fully explicit time step-
ping and one using the semi-implicit preconditioning scheme. Startup was made from an
approximate solution obtained from early test calculations and computations were run for
several flow through times (FTTs) to obtain a fully developed flow in time. When the pro-
file of the friction velocity, � # , had reached a steady mean profile along the channel, which
was after about 15 FTTs, the flow field was regarded as fully developed. � � � samples were
then taken with large separation in time. Statistics was calculated from those samples and
averaged in spanwise direction.

B. Results

The maximum value of 	
�

was found at the inlet and was for the first cell face equal to 7 � � � .
At the same location

� �
� � � � and

� 

� � � � and the distance up to 	

� � � 7 was covered
by ��� cells. Thus, the grid can be regarded to have sufficient resolution of the boundary
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Figure 3. Comparison between the streamwise velocities: , fully explicit scheme; �	� , semi-implicit scheme.
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Figure 4. Comparison between the ������� Reynolds stresses: , fully explicit scheme; �	� , semi-implicit scheme.
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Figure 5. Comparison between the ������� Reynolds stress: , fully explicit scheme; �	� , semi-implicit scheme.

layer structures. No investigations of whether the channel was wide enough was made, but
since the objective was to verify that the fully explicit time stepping and the semi-implicit
scheme gave the same answer, this was not regarded as necessary.

Figures (3), (4) and (5) show a comparison between the two calculations. None of the
figures indicate any deviations at all. The same is true for all Reynold stresses although
only two are shown here. Notice that figures (4) and (5) have different scales. The maxi-
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mum peak value shown for
) ��� * � � 
 # is � � � � while the most negative value shown for

) ��� * � � 
 #
is

� � � � � . Tests where only � � � of the � � � samples were used for calculating statistics were
performed, but showed merely no deviations at all from statistics calculated from all � � �
data sets.

The computational time saved by using the semi-implicit scheme was significant. De-
spite the fact that a large part of the net was close to a wall and that the grid stretching
there was probably not optimal, the semi-implicit scheme used only � 7 ' of the time re-
quired by the fully explicit scheme.

With such results, we are comfortable in proceeding to a more difficult test case.

V. A Test Case

A. Test Case Setup

This test case is actually a numerical model of a part of an experimental test rig that is
located at the department of energy technology, KTH. The experimental test section is7 � � � 8 long, 7 � � 7 8 wide and 7 � � � 8 high. At the bottom of the test section there is a bump.
See Ref. 15 for more details about the rig. Our domain is this test section, but it has been
shorten 7 � 7 �!8 at the outlet and is only 7 � 7 � & 8 wide. Furthermore, the roof has been taken
away and is replaced by a symmetry plane. A two-dimensional picture of the domain is
shown in figure (6). To mimic the conditions in the test rig as far as possible, the symmetry
line is lowered by one momentum loss thickness based on the inlet boundary condition, so
that

� � 7 � � � � � � � � 8 . In this way, difference in mass displacement between measurements
and calculations is prevented to a certain extent. The maximum height of the bump is7 � 7 � 7 � � � 8 .

−0.1 0 0.1 0.2 0.3

−0.05

0

0.05

0.1

L

h

Figure 6. Test case geometry

The geometry is such that for some subsonic boundary conditions at the inlet and outlet,
the flow will be accelerated over the bump and the sonic pocket that is formed will be
terminated by a shock. Measurements have shown that no shock in the range of interest
is so strong that it will reach up to the roof. Therefore, we do not think that replacing the
roof with a symmetry plane should have any strong influence on the flow field. A possibility
is though that the mass displacement over the bump will be further out in the free-stream
if a symmetry line is used compared to a roof, but the reduction of

�
mentioned earlier

should compensate for this.
As mentioned in section IV, the grid stretching could be made better than in the val-

idation case. There, the stretching started at a low rate and increased rapidly and then
dropped even quicker. Numerically it would be better to have the grid stretched over a
longer distance, avoiding the rather large peak value in the stretching factor. As can be
seen in figure (7), this has been done for the test case where the cell stretching in the wall
normal direction is shown. Notice that not all cell faces are shown.

An LES simulation with all conditions set as in the experimental rig would be more or
less impossible. The Reynolds number based on

��� � and the free-stream inlet conditions
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Figure 7. Stretching factor in the wall normal direction for the test case at ��� � ��� �����
	 .

would then be about � 7�� . The number of nodes needed for such a case is far beyond our
capacity today. Therefore we have chosen to decrease the Reynolds number by increasing
the viscosity by a factor � � � � � up to � � � � �+� ��
 � " � . The boundary layer upstream of the
shock is, of course, dependent on the Reynolds number. An effort to compensate for this is
made by careful choice of inlet boundary conditions (see next subsection). However, it is
better to carry out a well-resolved, accurate LES at a reduced Reynolds number, than an
inaccurate LES at the original, high Reynolds number.

B. Boundary Conditions

As already mentioned the upper boundary was set to be a symmetry boundary and as in
the validation case, the spanwise boundaries were given translational periodic boundary
conditions. Along the wall, no-slip, adiabatic conditions were enforced.

From measurements16 we know that for free stream inlet boundary conditions of , �
7 � � 7 , ��� � ��� 7 � 7 4 � " , - � � ��7 ��� and for some outlet pressure in the range � 7 � � � 7 � 4 � " there
will be a shock at the back of the bump. In addition, the inlet should have a turbulent
boundary layer. A boundary layer thickness of � � & � 8 8 was given by a measurement made
by Sigfrids,15 at the location � � � 7 � � 7 8 whereas our inlet is at � ��� 7 � 7 & 8 (see figure (6)).
Furthermore the measurement was made at a higher Reynolds number due to different
viscosity.

An important aspect in the calculations is to match the experimentally obtained bound-
ary layer thickness at the top of the bump, since it determines the acceleration of the flow.
There are no simple tools for approximating the development of the boundary layer as it
is accelerated over the bump. Instead, a theory for incompressible turbulent boundary
layer,17 was used to calculate the expected boundary layer thickness at the start of the
bump, � � 7 � 7 8 , in the test rig. Then, the required

� %�%
at � � � 7 � 7 & 8 to get the same

boundary layer thickness at � � 7 � 7 8 , but with the higher viscosity, was calculated. The
calculations gave

��%�% � ��� � 8 8 . Such a profile would have a Reynolds number � ��� � � � �
based on � # and

� %�%
. Since the development of the boundary layer as it is accelerated up

the bump is not included, the boundary layer should be somewhat thinner than the calcu-
lated

� %�%
.

A profile for incompressible flow measured by Johansson and Castillo18 was used but
needed rescaling. For a profile with a free stream velocity � � the following relation is
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valid: �
� �

��� � � � �( � 	 � �( ��� � (17)

where
�

is some function describing the relation and � denotes the dependence on up-
stream conditions. Rescaling Johansson’s and Castillo’s profile using this relation gave a
profile with

��%�% � � � � 8 8 and � � � � � � � . Both quantities are close to the desired values.
To get profiles for � and � � � , the temperature was assumed to followed the Walz’ distri-

bution:19 -
- �

� - �
- �

�
-/. � - �
- � � �

� � � � 0�� � �� , 

� � �

� � � 
 (18)

where - � is the wall temperature, -�. the recovery temperature and 0 the recovery factor.
From Schlichting we also got that:

- . � - � � 0 �

�� 	 " � - � � � � 0 � � �� , 


� � (19)

and that 0 � 7 � � & . As the wall was set to be adiabatic, - � � -/. . The pressure was assumed
constant through the boundary layer and its value was given by the measurements made
by Sigfrids. Combined with the ideal gas law, the desired profiles were obtained.

The fluctuations were taken from incompressible DNS of fully developed channel flow.
The data had to be rescaled based on � # , ( and

���	�	

versus

� %�%
where

���	�	

was half the

channel height for the DNS calculation. Observe that both space and time variables needed
scaling. The pressure fluctuations were based on the dynamic pressure fluctuations from
the DNS. Since the DNS was incompressible, the acoustic fluctuations were missing. They
are however relatively small and were therefore neglected. Because fully developed chan-
nel flow has a much higher turbulent intensity in the middle of the channel than devel-
oping boundary layer has in the outer region, the fluctuations from the DNS had to be
reduced. A filter was created by comparing RMS data from the DNS and the measure-
ments made by Johansson and Castillo. The filter was applied to the fluctuations before
they were added to the inlet profile.

The mathematical form of the inlet boundary condition was that of a nonreflective
boundary condition based on flow characteristics where ��� � � � � ��� � � and � �+� are given as
boundary values. The free stream value of these five were set to � � � � � � 4�� � 8 �

, � � � � � � 8 �
,7 � 7 � � � 8 �

, 7 � 7 � � � 8 �
and � � 7 4�
 � 8 �

.
At the outlet, subsonic boundary conditions with static pressure set to � 7 � 4 � " were

applied.

C. Test Case Results

The calculations started from a homogeneous solution. As a check to determine whether
fully developed flow in time was reached or not, the wall friction was calculated in a region
at the back of the bump and averaged in spanwise and streamwise direction. When no long
time transients could be seen, the flow was considered stable. Data was then averaged
for about � FTTs, which in real time is � � � 8 � . Tests showed that using the semi-implicit
preconditioning required about � 7 ' of the computational time compared with using the
fully explicit scheme.

Figure (8) shows a Mach number contour plot. Both the boundary layer and the shock
are clearly visible. In the measurements, a � -shock can be seen, but no such phenomena
was detectable in the results from the calculation. Measurements also revealed boundary
layer separation and a recirculation bubble which our calculation captures although the
separation seems to be stronger in the measurements. The main reason for the differences
is probably the difference in Reynolds number but some can be addressed to the resolution
which is on the low side with

� �
��� � � 7 , � 	  � � � � and

� 

���

� 7 . Also, the domain is
probably a bit narrow for the flow structures. Research on this subject is on-going. Some
of the Reynolds stresses are shown in figure (9). Notice that the bump is rescaled in the
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Figure 9. The ��� ��� Reynolds stresses for the test case.

	 -direction to fit the scale of the stresses. At the top of the bump, the boundary layer is
almost, but not completely, laminarized. Directly after the shock, the Reynolds stresses
are very large. One explanation could be that the shock is moving which can be seen in
the experimental rig. Animations of the computation show that the shock foot position
is not stable, but apart from the fact that detachment occurs, the complexity of the flow
pattern hinder conclusions to be drawn without further research. The reattachment at the
back of the bump is also visible.

Figure (10) shows a close up of the pressure contours below the shock. As can be seen, no
discontinuities or sudden changes can be seen in the region around the interface between
the semi-implicit scheme and the fully explicit scheme.

Since no comparison have been made, neither with other calculations nor with experi-
mental data, conclusions about the accuracy of the test case calculation are yet to be made.
However, the results so far are sufficient to show that the current semi-implicit method can
be applied even to difficult cases like this transonic flow.

VI. Possible Development of the Method

In this work we have chosen a simple implementation, but there are alternatives that
will be discussed here.
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Figure 10. Pressure contours close to the wall beneath the shock. The dashed line indicates the approximate limit
for use of the semi-implicit preconditioning. Notice the strong close-up.

First of all, a check of the assumption that the wall normal direction is the by far largest
contributor to the CFL-number can be added. Such a check would guaranty that the
scheme is only used where the underlying assumptions are valid. The problem is to know
what is meant by ’by far largest contributor’. There is probably some practical limit that
can be found by testing. We have not tried to find this limit, but know that among the cells
for which semi-implicit preconditioning was used, the aspect ratio between the 	 - and 
 -
direction was about � at its smallest value. This can seem low, but these cells were the ones
at the outer edge of the columns. Here the influence of the preconditioning is so weak,
that a small violation of the assumption introduces no large errors. As a matter of fact the
present method is valid for all cells, as long as the CFL-number is less than the limit set
by the explicit time stepping method. The only effect will then be a time stepping scheme
which is different in one direction compared to the others.

Regarding the performance, tests shows that if the column is 18 cells high, the cells in
the column require seven times more computational time than with no preconditioning.
Thus, there is much time to save if the preconditioning processing can be made faster.
The tests also reveal that calculating the flux Jacobian matrices and solving the resulting
equation system require approximately the same time. A high stretching of the cells close
to the wall makes the columns shorter and thus less flux Jacobian matrices have to be
computed and the resulting equation systems will be smaller and thus faster to solve.

In this work, a direct solver has been used to solve the equation systems for the columns.
It utilizes the band structure of the system. Actually the system is penta block diagonal. If
a direct solver which utilizes that can be found there would be some gain in performance.
Another alternative is to use an iterative solver. The problem is that the system, even
though it is block diagonal, is not very sparse. It has a density of about ��7 ' . Futhermore
it possesses non of the desirable properties: It is not symmetric, nor is it positive semi-
definite and on top of that, it is often ill-conditioned. The calculations should not stop just
because the iterative solver cannot converge. Thus, a direct solver is a more stable choice.

As described in subsection III.D, the flux Jacobian matrices are recalculated for each
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stage in the Runge-Kutta method. It has not been tested, but it might be possible to omit
this recalculation and instead calculate them only once and reuse that result in all three
stages. Another untested possibility is to use a flux scheme of lower order for calculating
the flux Jacobian matrices. The risk with such alternations is that they make one Newton-
Raphson iteration insufficient and that more iterations must be made. It is not necessary
that such an approach will decrease the performance. When we lower the order of the
discretization scheme, the band-width of the equation systems will also decrease which
makes the systems faster to compute and to solve. So making two iterations with a lower
order scheme might be faster and perhaps more accurate than making one iteration with
a scheme of higher order.

Last it might be worth pointing out that the present method can be modified to use
variable time step. For fully explicit schemes, the maximum time step for all cells are
calculated and compared. The smallest of all time steps is then used for all cells. For the
present method, when the smallest possible time step is to be found, all cells which can be
part of a column should be omitted. The problem is to know which cells that can be part of
a column, since that is determined by the limit discussed in the beginning of this section.

VII. Summary

A numerical method based on semi-implicit treatment of the discretized Navier-Stokes
equations for compressible flow has been developed. Knowing in advance what cells in
the domain that limit the time step, a preconditioning equation for these cells has been
derived from the finite volume formulation of the Navier-Stokes equations and applied to
LES calculations. The method is, for the cells where it is applied, equivalent to making one
iteration with the Newton-Raphson method and also equivalent of making partial factor-
ization, but in one direction only.

The method was validated for developing channel flow where almost perfect agreement
between the fully explicit scheme and the semi-implicit preconditioning scheme could be
found. In the validation case, the new method saved � 7 ' of the computational time com-
pared to the fully explicit scheme.

The new method was also applied to transonic flow over a bump. The results was of
physical nature as far as the grid resolution allowed, but the calculation showed anyhow
that the new scheme can handle more difficult flow cases. In this case, about � 7 ' of the
computational time was saved.

The method has potential for further development. It can be made more secure to users
mistake and some alterations are possible that might give the method higher performance.
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