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1 Abstract

Developing accurate wall functions for LES is a great challenge. This is indeed
also the case also for RANS. It can be argued that it should be easier to develop
accurate wall functions for LES than for RANS. In a well-resolved LES using
wall functions, the task of the wall function is to give an instantaneous wall
shear stress; this does probably not need to be exactly correct. Compare with
inlet fluctuating boundary conditions: there are many (infinite) ways to impose
instantaneous fluctuations that will yield accurate mean flow and Reynolds
stresses.

The present work presents LES with wall functions. Forcing taken from
back scatter from a scale-similarity model is used in the wall-adjacent cells.
The object is to increase and enrich the resolved turbulence in the wall region.
The new approach is applied for fully developed channel flow and 3D hill flow.
For channel flow, it is indeed found that the results are improved using forcing.
However, for 3D hill flow, it is found that the effect of forcing is negligible.

2 Introduction

The main hindrance for doing accurate Large Eddy Simulations (LES) of
wall-bounded flows is the requirement of high grid resolution in the near-wall
region. The grid needs to be fine not only in the wall-normal direction but
also in the wall-parallel directions. Furthermore, the size of the grid cells scale
with Reynolds number meaning that the problem becomes worse the higher
the Reynolds number. One way to circumvent the requirement of fine grid in
the near-wall region is to use wall functions. The use of wall functions allows
us to reduce the number of cells. Needless to say, we put large — even unreal-
istic — requirements on wall functions: we model the entire inner wall region
consisting of the viscous region, the buffer region and the inner logarithmic
region with one single computational cell. In addition to saving computa-
tional cells, wall function grids entail another attractive feature, namely the



fact that the aspect ratio of the wall-adjacent cells is much smaller than in
hybrid LES-RANS and wall-modelled DES. For a structured grid, the ratio of
the streamwise cell side to the wall-normal one can in hybrid LES-RANS and
wall-modelled DES easily reach several hundred. Furthermore, high aspect ra-
tios often deteriorate the convergence rate of the iterative solution procedure.

Figure 1 presents LES with wall functions of channel flow at four different
Reynolds numbers. As can be seen, the velocity is overpredicted. The reason is
that the total (i.e. modelled plus resolved) shear stress is too low; or, rather,
that too a large velocity gradient is required to obtain the y — 1 profile of
the total shear stress dictated by the time-averaged streamwise momentum
equation. To reduce the U™ velocity, either the modelled or the resolved shear
stress has to be increased. One way to generate additional resolved turbulence
is to use forcing. This has previously been used both in LES and hybrid LES-
RANS [1,5,6,11,12,15].

The present work is the first study in which forcing is applied together
with wall functions. The object is to increase the resolved turbulence in the
wall region. This will be done by adding backscatter (forcing) from a scale-
similarity model in the wall-adjacent cells.

A dissipative scale-similarity subgrid model was recently proposed in which
only the dissipative part of the subgrid stresses was added to the momentum
equations [4]. This was achieved by adding the gradient of the scale-similarity
stress only when its sign agreed with that of the corresponding viscous term.
This idea was later used the other way around as forcing in hybrid LES-
RANS [3]: only the part of a subgrid stress term that corresponds to back
scatter was added to the momentum equations. The forcing triggers resolved
turbulence.

In the present work, the latter approach is used in connection with wall
functions based on the instantaneous log-law. Forcing is applied in the cells
adjacent to the walls to stimulate the generation of resolved turbulence. The
new approach is evaluated for fully developed channel flow at Re, = 4000,
8000, 16 000 and 32000, and for 3D hill flow.
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Fig. 1. LES using wall functions. Channel flow. o: LES; —: U" = (Iny™)/0.4+5.2.
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Fig. 2. Dissipation terms from DNS data taken from [5]. 96° mesh data filtered
onto a 48> mesh. Re, = 500. — : Ejgcs; ---1Egqag; O E?GS; +: €sas.

3 Scale-similarity model

3.1 Dissipative model
The filtered Navier-Stokes read (7 denotes filtering)
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where 7;, denotes the SGS stress tensor, which is modelled with the scale-
similarity model [14]

Tik = Uilp, — U; Uy, (2)
This model is not sufficiently dissipative. Let us take a closer look at the

equation for the resolved, turbulent kinetic energy, K = (uju})/2, which reads
({.) denotes averaging in time)
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The first term on the right side of the second line is the non-isotropic (i.e. the
true) viscous dissipation, e™°"; this is predominately negative. The first term
on the last line is the isotropic viscous diffusion term and the second term, ¢,
is the viscous dissipation term, which is always positive. The last term, eggs,
is a source term arising from the SGS stress tensor, which can be positive or
negative. When it is positive, forward scattering takes place (i.e. it acts as a
dissipation term); when it is negative, back scattering occurs.



Figure 2 presents SGS dissipation, esggs in Eq. 3, computed from filtered
DNS data. The forward scatter, EJSFGS, and back scatter, eg~g, are defined as
the sum of all instants when eggg is positive and negative, respectively. ng S
is computed with Ti’i, see Eq. 7. As can be seen, the scale-similarity model
is slightly dissipative (i.e. esgs > 0), but the magnitudes of the forward and
the back scatter dissipation are both much larger than eggs.

One way to make the SGS stress tensor strictly dissipative is to set the back
scatter to zero, i.e. max(egags,0). This can be achieved by setting d7;, /0xi, =
0 when its sign is different from that of u} (see the last term in Eq. 3). This
would work if we were solving for K. Usually we do not, and the equations
that we do solve (the filtered Navier-Stokes equations) are not directly affected
by the dissipation term, esgs.

Instead we have to modify the SGS stress tensor as it appears in the filtered
Navier-Stokes equations, Eq. 1. The second derivative on the right side of Eq. 1
is usually called a diffusion term because it acts like a diffusion transport term.
However, when analyzing the stability properties of discretized equations to an
imposed disturbance, u’, using Neumann analysis (see, for example, Chapter
8 in [9]), this term is referred to as a dissipation term. In stability analysis the
concern is to dampen numerical oscillations; in connection with SGS models,
the aim is to dampen turbulent resolved fluctuations. It is shown in Neumann
analysis that the viscous diffusion term in the Navier-Stokes equations is al-
ways dissipative, i.e. it dampens numerical oscillations. It is interesting to
note the difference in tradition between researchers in numerical analysis and
researchers in SGS modelling. The former always consider dissipation by in-
vestigating the Navier-Stokes equations. When they devise new discretization
schemes to add dissipation (see, for example, Jameson’s method [7,10]), they
add an additional flux that corresponds to a (numerical) diffusion term. On
the other hand, when researchers in SGS modelling want to add dissipation,
they consider the equation for turbulent kinetic energy, K. Increased dissipa-
tion in their thinking means a larger dissipation term in the K equation. The
new scale-similarity model [3, 4] was developed by using the approach of both
researchers in numerical analysis as well researchers in SGS modelling. The
latter approach is applied in choosing the model for the SGS stress tensor,
i.e. by the using the scale-similarity model. The sign of the gradient of the
SGS stress tensor in the filtered Navier-Stokes equations is chosen by making
use of numerical analysis: it is determined so that it behaves as a forcing (or
dissipative) term by making sure that is has the opposite (or same) sign as
the viscous term in the filtered Navier-Stokes equations.

The viscous dissipation in the K equation stems from the viscous diffusion
term in the filtered Navier-Stokes equation. The latter term is always dissipa-
tive. This is best seen by looking at Eq. 3. The viscous diffusion term in the
filtered Navier-Stokes equation for u; appears in the first term on the second
line in Eq. 3. To ensure that eggs > 0, we set —07;,/Jz) to zero when its
sign is different from that of the viscous diffusion term (cf. the two terms on
the right side of the second line in Eq. 3). This is achieved by defining a sign
function
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where M = +1. The problem is that we do not know v/ (= u; — (;)) because
(@;) is not known until the simulations have been carried out. Fortunately, the
sign of the second derivative of the resolved velocity fluctuation, u}, is in most
cases the same as that of the resolved velocity, @;. The correlation of the signs
of the two second derivatives is larger than 95% in channel flow for y™ > 40 [3].
Hence Eq. 4 can be replaced by
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Each component of the divergence of SGS stress tensor in Eq. 1 is then simply
multiplied by

M} = max(Mg,0) (6)
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By using the limiter, Mlg , we omit the back scatter caused by the SGS
stresses. Figure 2 includes 54 which is computed with 7.

3.2 Back scatter model

A dissipative scale-similarity model was presented above. Via the sign func-
tion, only the dissipative part of the subgrid stress term, —O7;,/0xk, was
included in the momentum equations. The subgrid stress term can also be
used as a forcing term. In this case, only the back scatter part is included.
This is easily accomplished by replacing Eqs. 5, 6 and 7 by
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where superscript B indicates back scatter. In this way, the subgrid tensor
term is included whenever the sign of —07,/0xy is opposite to that of the
viscous diffusion. This means that the subgrid stress term, —675 /Oxy, in the
momentum equations acts as a counter-gradient diffusion term.

Note that the components of 978 /dxy, must be added as a volume source
(i.e. we cannot integrate the term using the Gauss divergence theorem) be-
cause it may be zero and non-zero, respectively, in two adjacent cells. As a
consequence, the back-scatter term is not conservative.



4 Equations

4.1 The turbulence model

A one-equation model is employed, which reads
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4.2 Wall functions

The wall shear stress is implemented by prescribing the turbulent viscosity
at the wall. This is a convenient way of implementing the wall shear stress in
general curvi-linear grids. The wall shear stress is defined as
ou up
Tw = 75— = — 10
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where yp and @p denotes the distance from the wall to the wall-adjacent cell
center and the wall-parallel velocity, respectively. Using the definition of the
friction velocity, 7, = pu2, we obtain
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Substituting u,/up with the log-law, up/u, = In(Ey*)/k, we can finally
write .
-
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We also need a boundary condition for ksgs. In the log-law region, Eq. 9
reduces to the production and the dissipation term, i.e.
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Multiplying both sides by pi4s gives
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The left side is equal to the shear stress up to the power of two, which in the
log-law region can be approximated as 72 = p?u2, which gives

ksgs,P = (CkCE)’Obuf (15)

The wall-adjacent cells should be located in the logarithmic region, i.e. with
y+ values between approximately 30 and 200; the upper limit increases with
increasing Reynolds number.



Re, ]4000]4 00078 000]8 000£]16000]16 000232 000[32 000 F
(tw) | 1 | 116 | 1T | 118 | 1 1.18 1 1.21
T rms|0:23] 0.49 0.25] 051 [0.19| 05 | 0.19 | 0.54

Table 1. Time averaged and RMS wall shear stress. F' denotes forcing.

4.3 The momentum equations

The incompressible momentum equation with an added SGS viscosity reads
ou; a ,_ 1 0p 0
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where the last term is the forcing term, which is non-zero only in the wall-

adjacent cells; 87'5 /Oz; is obtained from Egs. 2 and 8. The forcing term
includes the wall-normal derivate, (’97’5 /Ox2. Hence we need to prescribe a

(16)

numerical wall boundary condition for 7'5 . The second derivative of 7'5 is set

to zero at the wall. For 73, for example, this is accomplished by setting the
first derivative at the wall equal to that at the wall-adjacent node. For an
equidistant grid this gives

TlB2’j:1 = 1.57‘132 jma 7132 i=3 (17)

where j = 1 and j = 2 denote the wall node and the wall-adjacent node,
respectively.

5 Results

5.1 Channel flow

Fully developed channel flow was computed for four different Reynolds num-
bers, Re; = u,;0/v (0 denotes the half width of the channel), namely Re, =
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Fig. 3. Channel flow. Mean velocity and resolved turbulent kinetic energy, K =
0.5(ujul); — : Ut = (Iny™*)/0.4 + 5.2; - - - : forcing; o: no forcing. From bottom
to top in each figure: Re. = 4000, 8 000, 16 000, 32 000.
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Fig. 4. Channel flow. Mean velocity. — : U = (Iny")/0.445.2; - - - : dissipative

scale-similarity model, i.e. 87’5 /0x;; o: standard scale-similarity model, i.e. ]\;[1-[,3 =1.

Fig. 5. 3D hill. Computational domain. Hill crest at x = z = 0. Extension of hill:
—2 < z/H <2 -2 < z/H < 2. Inlet and outlet located at z/H = —4.1 and
x/H = 15.4, respectively.

4000, 8000, 16000 and 32000. The computational extent is Ty, = 3.20,
Ymaz = 20, and Zm,q, = 1.60. Constant grid spacing is used in all coordinate
directions. The results do not change when the extent and the number of
nodes are doubled in x and z directions. Periodic boundary conditions are
applied in the streamwise and spanwise directions.

Figure 3a presents the velocity profiles. As can be seen, Ut decreases when
forcing is used, mainly because the wall shear stress increases. Table 1 presents
the wall shear stresses and their fluctuations, 7/, ..., = (12 — (1)%)V/2. It
shows that the wall shear stress increases by approximately 20% when forcing
is applied and that the resolved fluctuations of the wall shear stress increase
by 100% or more.

The resolved turbulent kinetic energy presented in Fig. 3b exhibits a slight
decrease when forcing is applied. Forcing usually generates additional resolved
turbulence. However, since the forcing is applied only in the wall-adjacent cells,
it increases only the wall shear stress and generates additional fluctuations in
the wall shear stress.
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Fig. 6. 3D hill flow. Pressure coefficient. —— : no forcing; - - - : forcing;* +: experi-
ments [13]
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Fig. 7. 3D hill flow. Wall friction coefficient (a) and its root-mean-square (b). Coarse
mesh. Zoom in front of the hill. — : no forcing; - - - : forcing.

5.2 3D hill flow

The flow around the 3D hill was also computed using wall functions. The
Reynolds number is 130000 based on the hill height. The coarse mesh has
160 x 80 x 130 cells (streamwise, z; wall-normal, y; spanwise, z). The fine
mesh has 210 x 80 x 210 cells (it is refined in the region 0 < xz/H < 2,
—2 < z/H < 2). The wall-adjacent cells are located so that 30 < y™ < 60.
A weak stretching of approximately 3% is used in the wall-normal direction,
which gives (Az/AY)mar < 6 and (Az/AY)mar < 4 in the hill region (|z| < 4,
|z| < 2) for both meshes. Forcing cannot be applied over the entire low-wall
region because this causes divergence. Instead, forcing is applied only outside
the hill region, i.e. |z| < 2 and |z| < 2. Synthetic fluctuations are used at the

inlet for creating inlet turbulence [2].

The pressure coefficient for both meshes is presented in Fig. 6. As can
be seen, the effect of forcing is negligible for both meshes. The agreement
with experiments is poor; it should be mentioned that good agreement with



experiments using wall functions has been shown in the literature [16]. These
authors used a different SGS model (a dynamic Smagorinsky) but the mesh
(192 x 96 x 192 cells) was fairly similar to the present fine mesh.

Figure 7 presents the wall friction coefficient and its RMS in front of the
hill. As expected, forcing does give a small increase in Cy and a slightly larger
Of,rms-

6 Concluding Comments

LES with wall functions have been presented. A new approach improving
wall functions has been proposed: forcing is applied at the cells adjacent to
the walls. The method was validated for fully developed channel flow and 3D
hill flow. For channel flow, forcing increases the resolved fluctuations (RMS)
of the wall shear stress by more than a factor of two, and the resolved wall
shear stresses are increased by some 20%.

However, for the 3D hill flow, the effect of forcing is unfortunately negli-
gible. There is a small increase in the wall friction coefficient and its resolved
fluctuations, but there is no effect on the mean flow. One reason may be that
the separation process to a large degree is governed by geometry. This flow
is indeed an extremely challenging flow [8] and maybe it should not be ex-
pected that wall-functions should be able to handle this flow. It is expected
that the new wall functions work better in flows where the separation process
is governed by the delicate balance between momentum diffusion and pres-
sure gradient. However, the author is not aware of any such test cases at high
Reynolds number.
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