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Shock Capturing for Supersonic Flows Using a
Pressure-Based Algorithm With a Semi-Retarded Density

G. Zhou, L. Davidson and E. Olsson
Thermo- and Fluid Dynamics, Chalmers University of Technology,
S-412 96 Gothenburg, Sweden

An improved pressure-based finit volume approach for solving Euler/Navier-
Stokes equations is presented for calculating inviscid internal supersonic flow in
a supersonic channel and external aerodynamic flow around the airfoil NACA
0012. This approach has previously shown a comparable ability of predicting
inviscid transonic aerodynamic flow as density based methods and a better
performance for turbulent flow. The aim of the present study is to investi-
gate the oblique shock capturing properties of this method for fully supersonic
flows. The new aspect of the work is to implement a semi-retarded density
concept in an implicit numerical dissipation model to enhance the numerical
stability in supersonic flows. The results for shocked supersonic channel are
presented and compared with analytical ones. The computations for airfoil
flow with strong shocks are also performed and presented. The second-order
upwinding scheme which is used for the supersonic free stream flow around
the airfoil, is shown to give a better resolution of the tail oblique shocks. The
computational results for the test cases show that the presented algorithm
achieves a quite satisfactory ability of oblique shock capturing.

1 Introduction

The pressure based method has been improved in many aspects. The most
interesting issue is that the pressure based method have been successfully ex-
tented to carry out transonic aerodynamic flow simulations (Refs. 1, 2, 3).
Traditionally, most transonic aerodynamic flow simulations were worked out
with density based (or time-marching) methods in which density is used as a
primary variable in the continuity equation. The efforts in Refs. 1, 2, 3 have
shown that an advanced pressure based method can achieve a comparable ac-
curacy to time-marching methods for inviscid flows. For turbulent transonic
flows it has been shown that the pressure-based approach has a better per-
formance. In this paper, interest is focused on the oblique shock capturing
performance of the method with an inviscid supersonic free stream condition.

It is well-known that any type of scheme requires a proper artificial dissi-
pation model. Much effort has be made to minimize artificial dissipation while
still achieving numerical stability. Both the density based methods and the
pressure-based method needs a dissipation model which combines the fourth-
order and the second-order differencing terms of certain variables. The dif-
ference is that density based method use the dependent variables (Refs. 4,
5, 6), and the pressure-based method uses pressure for all equations. In this
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latter method the fourth-order terms of the numerical dissipation model are
attributable to use of a momentum interpolation like the Rhie-Chow interpo-
lation (Ref. 7), which decouples the interpolation of the momentum from the
interpolation of the driving force like pressure gradient and buoyancy. The
second-order terms are attributable to use of the semi-retarded density which
is used for decoupling of velocity from the mass flux. For transonic flow, the
traditional retarded density introduces enough artificial dissipation to dampen
the destabilizing effect without smearing the physical discontinuity at shocks.
In this paper we show that the traditional retarded density is not suitable for
full supersonic flow with strong shocks. A semi-retarded density is proposed
to enhance the stability in these cases.

Two case are chosen to test the shock capturing properties of the method.
One is supersonic channel flow with oblique incidence and reflected shocks. It
is a part of a supersonic wedge cascade (Refs. 8, 9). This design gives a good
test case for oblique shock capturing properties. The results are compared
with the analytical solution. The second test case is supersonic flow around
airfoil NACA 0012. This case involves a bow shock and a pair of oblique tail
shocks.

2 Governing Equations

The inviscid flow is governed by Euler equations which can be obtained setting
viscous terms equal to zero in Navier-Stokes equations. The integral form of
Euler equations for an arbitrary stationary control volume év with boundary
692, and outer normal unit vector n at surface element ds, in a Cartesian
reference frame, can be written as

o0
—dv + F e nds = Sedv 1
sv Ot 5Q P ()
where
P PV 0
d=| pV | ,F=| Vo | Seg=| -VP
F HV 0

Here @ is the vector of the dependent variables, F is the flux tensor, S¢ is the
source term, p and P are the fluid density and pressure. V = [U, V], where U
and V are the velocity components in the 2 and y directions respectively. The
equations (1) must be solved in conjunction with the perfect gas relationships

H = CpT+05|V[
P = pRT.
To avoid solving the energy equation, we adopt the assumption of constant en-

thalpy H = Hgy. In the present scheme the continuity equation is transformed
into a pressure correction equation by using truncated momentum equations.
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Figure 1. The control volume.

After the pressure correction is obtained, the pressure and mass flux compo-
nent ® are updated using the pressure correction. Then the density p can be
related to pressure by the equation

vP
(y = 1) (Ho - 0.5V[*)

where v is the specific heats.

p:

(2)

3 Numerical Approach

3.1 Cell-Centred Finite Volume Scheme

The physical domain is divided into quadrilateral control volumes, see Fig. 1.
Note that we use cell-centred stationary grids. All the geometrical proper-
ties of the transformation from physical domain to computational domain are
calculated and stored at the cell center (Ref. 10).

By assuming that all properties in the center are averaged over each cell
and separating the space and time discretization, we can get the discretized
equation as

4

(- <1>0) ov + 3 (FeA)+DP = Spbv (3)
m=1

where ®° is the value at previous time level, m each face A of the control vol-
ume. D P is artificial dissipation terms. For uniform grid and two-dimensional
flow it can be explicitly written as

DP = DyP + D,P (4)

where D, P and D, P are the contributions for the two coordinate directions,
respectively, which have the form (for U,, U > 0):

DyP = {di+1/2,j - di—1/2,j} )
DyP = {dz’,j+1/2 - di,j—1/2} . (5)
The d’'s in the above equation can be written

di+1/2,j = Azﬂi+1/2 (132'+1/2j - B—I/Q,j)
+Bs (Pit2,j = 3Pi41,; + 3P j — Pi1j) (6)
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where A and B are coefficients imposed by momentum and state equations.
Smoothing function p is obtained from a semi-retarded density concept

B Az

p=p=H—Pa (7)
The difference from the traditional retarded density methods is that we use
half central differencing (Semi-retarded) rather than back differencing. Here
P is central differencing of the density. It can be shown that this semi-retarded
density is equivalent to the first-order upwinding density used in Refs. (11,
12). The smoothing function adjusts the amount of second order dissipation
by a two-level filters (for details see Refs. 2, 3).

Since the flux (F @ A) is expressed at cell surface m, proper discretization
schemes should be used to evaluate cell face values of dependent variables.
A wide variety of schemes have been implemented, e.g. first-order upwind,
hybrid (Ref. 15), second-order upwind (Ref. 16), MUSCL (Ref. 18), third-
order QUICK (Ref. 17), and CHARM (Ref. 20). Since the inherent dissipation
in each scheme is different, it requires a flexibility of implementation of the
numerical dissipation model. The previous investigations have shown that the
proposed numerical method can easily meet this requirement.

The time dependent terms in present algorithm are treated in an implicit
fashion, practical time steps are set to be

At = K[min (Atg, Aty)]
where

AN _ O
v.g’ TV

Atg

and K can be larger than unity.
The final discretized equation can be written in the standard form as

apPp = Zaan)nb+sg (8)

where subscript nb denotes neighbour and
ap = Z Anp — Sj%’.

The coefficients a,; contain contributions from convection. Sg contains
the source terms due to the pressure derivative and dv/At®Y, and Sg contains
the remaining terms. It should be mentioned that when Eq. (3) is cast into
the form of the Eq.(8), additional source terms must be considered due to the
choice of dependent variables as mass flux components.

Convection does not include density in this variable option, which gives a
convecting source term. This can be expressed as

(58),, = 2 [0

It should be pointed out that in order to balance the discretized equation, the

m

semi-retarded density p should be used in the term (Sg) il
a
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3.2 Pressure Correction Equation

In this study, the mass flux components are selected as dependent variables
instead of the velocities. This variable option allows for a direct relationship
between momentum and pressure by truncating the momentum equations in
the same way as in the conventional SIMPLE method (Ref. 15)
dv
A d=—-——A.VP. (9)
ap
It should be mentioned that in order to enhance stability of the original
pressure correction equation, the density correction is carried out as (Ref. 19)

P
p = N (10)
(v = 1) (Ho - 0.5V[*)
Therefore, the discretized pressure correction equation becomes
dv 1 /v
; ov oYV A / S
Ppay + <apA VP) + Amp=20 (11)

m=1

where Armp is the continuity error. This manipulation gives the pressure
correction equation a hyperbolic appearance with respect to time.
The discretized equation for P’ can also be cast into the form

appllg = Zanbpqlmb + S¢ (12)

where S, is mass residual.

3.3 Boundary Conditions

At a solid surface, a first-order extrapolation is used for both pressure and
tangential component of velocity, i.e., assuming the second derivative in the
normal direction to be zero. The density at the wall can then be extracted by
enforcing constant free stream enthalpy at the wall.

Non-reflecting far field boundary condition (Ref. 5) is used for the air-
foil flow. The boundary conditions are based on the theory of characteristics
for locally one-dimensional inviscid flow. For supersonic inflow or outflow,
the local one-dimensional Riemann invariants, entropy and tangential velocity
component are given from outside or inside the computational region, respec-
tively. These four quantities provide a complete definition of the flow at the
far field boundary. A far field circulation correction is also used for the airfoil
flow (Ref. 1, 2, 4, 5).

For the internal supersonic channel case presented, obviously all the vari-
ables are prescribed at the inlet, and all variables are extrapolated at outlet.

The boundary conditions for the pressure correction P’, either at the wall
or at far field boundaries, are obtained using first-order extrapolation.
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Figure 2. Pressure contours for supersonic channel M;,1.; = 2.0
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Figure 3. Surface pressure distribution M, = 2.0

4  Results and Discussion

In this paper the main emphasis is concentrated on the implementation of
an improved pressure based method in fully supersonic internal/external flow
cases. For supersonic free stream flow cases, it was found that the traditional
retarded density was not capable of damping the numerical destability. There-
fore, a new semi-retarded density concept is designed to introduce second-order
dissipation for both supersonic channel and airfoil flows.

I. Supersonic Channel Flow

A supersonic channel, which is a part of the supersonic wedge cascade
designed by Denton (Ref. 8), is chosen as a test case for oblique shock captur-
ing. In this channel, the leading edge shock, with inlet Mach number 2.0, is
reflected from the lower surface and canceled out exactly at the corner of the
upper surface. This condition then gives a uniform flow between the parallel
surface and an expansion off the downstream corner. Grid distribution for
this case is 138 x 36. First-order upwind scheme was used. The computed
results are shown in Fig. 2 and Fig. 3. The main interest of this work is the
prediction of two oblique shocks and expansion waves. As shown in Fig. 2, a
sharp leading edge shock is captured, while the reflected shock is smeared in
several lines. Due to this finite thickness, the reflected shock is consequently
not completely canceled out by the corner of the upper surface. Furthermore
it causes oscillations in the parallel region as shown in Fig. 3. Comparing
our results and those of Refs. 8 and 9 show that the solution of the present
method has a more uniform region after the reflected shock.
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I1. Airfoil Flow
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Figure 4a. Pressure coefficients, 4b. Pressure contours.

-1.2 |
708 — —
0.4 | .
i |
0.0 8 .
L @ 4
&
0.4 i
- B 4
0.8 @ Minf = 0.95, Ang = 0.0
S @ x Cp#*-—low surface B
10 g o Cp*—upper surface
\
0.0 0.5 1.0
x/C
Figure 5a. Pressure coefficients, 5b. Pressure contours.

The proposed pressure based method has been applied to many transonic
airfoil flow cases, which include both inviscid and turbulent flow simulations
of NACA 0012 and RAE 2822. It was found that the use of retarded density,
which introduce second-order dissipation in the supersonic region, was suffi-
cient to achieve a converging solution of any subsonic free-stream cases. Figs.
4, 5 show computed results for free stream Mach number M., = 0.875 and
Mo = 0.95 respectively. Two sharp shocks appear on the airfoil surface in
Fig. 5, smearing only in 3 cells. It is believed that the smearing is due to the
requirement of cells involved in numerical differencing scheme. The results

indicates that the numerical dissipation method with retarded density gives



Figure 6a. Global view of grids,
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6b. Enlargement in vicinity of surface

just enough dissipation keeping stability without heavy smearing physical dis-

continuities for transonic flows.

The grid used in present study for supersonic flow around NACA 0012 is a
two-dimensional parabolic C-mesh, shown in Fig. 6. The far field boundaries
of mesh are located approximately 40 chords upstream and downstream of the
airfoil, and 47 chords laterally. The grid density is 250 x 78. 100 nodes are
The calculations are initialized with a
uniform free stream flow at the prescribed Mach number and angle of attack.

located at the surface of the airfoil.

The convergence criterion is given as

where R; ; is the residual of continuity equation |Ap/At| for cell (7, j) and N
is the total number of control volumes. For a converged solution, the residual

is reduced by 5 decades.

The predicted results of pressure distribution for cases M., = 1.20, « = 0°
and My, = 1.20, 0 = 7.0°, are presented in Figs. 7, 8. Both bow shock as well
as typical fish tail shock are shown in Figs. 7. Note that the predicted bow
shock is thicker than it should be. This is due to insufficient mesh resolution
in this region. The sharp tail shocks are reasonably well captured in both
cases. Fig. T7a shows the results obtained using first-order upwind scheme,
while, Fig. 7b shows the results obtained using second-order upwind scheme.
It is found that the second-order scheme shows higher resolution in the region
near trailing edge. The weak normal shock in the fish tail intercepting the
oblique shock is captured in this case. Furtheremore, the oblique tail shock is
sharper than that obtained using first-order upwind scheme. While the bow
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Figure 7a. First-order upwind scheme, 7b. Second-order upwind scheme,
Pressure contours for M., = 1.2, = (°

shock seems to move forward a little bit. Slight oscillations can be seen close
the surface near trailing edge as shown in Fig. 7b.

Figure 8. Pressure contours for M., — 1.2, « = 7.0°, MUSCL scheme.

Fig. 8 presents the results using second-order MUSCIL scheme for o = 7Y.
Some oscillations can also be noticed in the converged solution near trailing
edge. It indicates that higher order scheme gives rise to less dissipation than
lower order scheme, and that the damping mechanism involved in present
algorithm is just enough to bound the destability.
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5 Concluding Remarks

A cell-centred pressure based method for solving mass flux per unit area from
Euler equations has been developed for calculating two-dimensional fully su-
personic flows in both a channel and around an airfoil. A semi-retarded den-
sity method is used to contribute the second-order dissipation in the fully
supersonic region to achieve the stability. For the internal supersonic flow the
first-order upwind scheme is used. For the airfoil flow, both first-order and the
second-order upwind scheme is used. The results demonstrates that the hy-
bridization of the semi-retarded density and second-order schemes is capable
of successful simulation of fully supersonic airfoil flow for the presented cases.
No other special method for convergence acceleration has been introduced ex-
cept for local varying time steps. Future research efforts are concentrated on

the acceleration of convergency and advanced turbulence modeling.
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