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Abstract

Gas turbine blades must be cooled internally to achieve the efficiency demanded by the
gas turbine industry. The blades are cooled with pressurized air, flowing in intricate
channels on the inside of turbine blades. This thesis focuses on predicting the flowfield
and heat transfer in these channels, using a full Naiver-Stokes solver with several different
turbulence models.

The turbulence models evaluated are: the two-layer k£ — ¢ of Chen-Patel, two £ — w
models (Abid et al. and Peng et al.) and the Gatski-Speziale EARSM using two different
pressure-strain models. The heat transfer model used is a turbulent Prandtl number
model.

The test cases included are: 2D and 3D rotating channels, 2D and 3D ribbed chan-
nels, and 3D rotating ribbed channels. The flowfield was generally accurately predicted,
although the heat transfer predictions deviate from the experimental data.

The thesis gives a thorough discussion of the rotationally induced forces — Coriolis and
centrifugal — including their effects on the Navier-Stokes equation and turbulence. The
behavior of the evaluated turbulence models caused by these forces is discussed.

Keywords: Coriolis, centrifugal, Navier-Stokes, finite volume, vorticity, turbulence model,
explicit algebraic Reynolds stress model, non-linear, k — ¢, k —w, internal cooling, turbine
blade, rotating, ribbed channel
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Nomenclature

aij Anisotropy tensor [—]

Cp Specific heat [J/kgK]|

Dy, Hydraulic diameter [m]

h Channel half-height [m]

H Channel height [m)]

k Turbulent kinetic energy [m?/s?]

Nu Nusselt number [—]

p Static pressure [N/m?]

Pr Prandtl number [—|

% Heat flux [W/m?

Re Reynolds number [—|

Ro Rotational number [—]

Sij> Sij» 5ij Strain-rate tensor [s™]

t Time [s]

ui, Ui, u) Velocity [m/s]

wjuf Reynolds stresses [m?/s?|

dij Kronecker’s delta function [—]

€ Dissipation rate [m?/s%]

€ijk Levi-Cevita’s permutation function [—|

8,0 Temperature [K]|

% Kinematic viscosity [m?/s]

0 Dynamic viscosity [Ns/m?|

P Density [kg/m?]

w Specific dissipation rate [s ]

w; Vorticity [s7]

Q; Angular rotation velocity [s™!]

Qi Rotation tensor [s7!]

Subscript: b Bulk value
D  Value based on the hydraulic diameter
h  Value based on the channel half-height
H  Value based on the channel height
m  Mean value
t Turbulent part
tot Total value
w  Wall value

Superscript: ¥ Non-dimensionalized value

The notation for the decomposable variables (u;, s;;) is ¢ = ® + ¢', where & = ¢ is the
time-averaged mean value and ¢’ is the fluctuating value.
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1 Introduction

1.1 The Need for Cooling

An increase in working temperature is a suitable solution, for increasing the performance
of gas turbine engines. It can be found from laws of physics that an increase of the turbine
entry temperature (TET) would rise the net efficiency of the gas turbine. However, an
increase in temperature will increase the demands on the structures in the engine. High
grade materials, as are found in e.g. the turbine blades, can withstand high loads for
infinite times at room temperature. At elevated temperature, however, the materials
become weaker and begin to creep, which limits the time span for which the turbine blades
can be used. There are generally two different approaches to the problem of increasing
the TET, and still achieving a sufficiently long endurance of stressed parts. The materials
are either changed to even higher strength materials, or cooling air is used to reduce the
working temperature of the structures. While both these solutions are normally employed,
only the cooling idea will be addressed here. Fig. 1.1 shows the increase in TET caused
by material development, and cooling.
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Figure 1.1: Progress in TET Over Recent Years, Lakshminarayana, [32]

There are several areas in a gas turbine which will need cooling owing to the high
temperatures encountered. The combuster where the air and fuel is mixed and ignited
will naturally have a very high temperature. This mixed air/fuel gas then flows through
the turbine before exiting at the back through the nozzle. These parts also work at
elevated temperatures of course, even if they are not as high as in the combuster. The
focus of this thesis is the cooling of the turbine blade.



1.2 The Gas Turbine

A gas turbine — contrary to the common belief — is a rather simple engine. It consists
merely of a rotating structure and some container in which air and fuel can be mixed
and ignited. The purpose of the rotating structure is to increase the mass flow of air
into this container. The thrust is developed by the increase in the velocity of the air.
Still there is more to this in the design of a modern gas turbine engine. The five main
parts of the gas turbine are, from the front: the inlet, the compressor, the combuster,
the turbine, and the nozzle. The compressor is a set of blades and forms a part of the
rotating structure, which increases the pressure of the incoming air. This will also raise
the temperature, which however is not the main purpose of the compressor. The highly
pressurized air enters the combuster, where it is mixed with the fuel, and ignited. The
combuster does not, as the IC engine, have a repeating ignition cycle since, when the
engine is lit up, the mixture will self-ignite in the hot combuster. From the combuster,
the hot gases are led through the turbine before they exit through the nozzle in the rear.
The turbine is connected to the compressor through a center shaft in the engine and has
as its sole purpose to drive the compressor. The thrust is developed through the increase
in velocity of the air. A main deficiency of the gas turbine is its low ratio of net power
to needed power. This makes the engine prone to high efficient compressor and turbine,
otherwise the compressor would consume more power than the turbine can produce, and
hence the engine would be a no-go machine.

1.3 The Turbine - Cooling Techniques

The turbine stage is composed of an inlet guide vane followed by a turbine blade. The
stationary vane and the rotating blade are matched together and are known as a stage.
A gas turbine has normally several turbine stages. Due to the high working temperatures
of the turbine, it employs several different cooling techniques, both for the vane and the
blade. In most cases the cooling media is high-pressure air which is drawn from the
compressor through ducts in the center of the engine. This air is then led up, through
the inside of the blades and vanes in intricate ducts. There will thus be two distinct gas
flows around the turbine, the main gas flow with hot gases from the combuster on the
outside and the secondary air flow with cooling air from the compressor on the inside.
There are two different cooling techniques: one in which the cooling media is in contact
with the hot gases on the outside of the blade and another in which the cooling media is
employed only on the inside to cool the blade material. These techniques are known as
external and internal cooling. These are then subdivided into several sub-groups such as:

e Internal cooling:
Convection cooling

Impingement cooling

Internally air-cooled thermal barrier

e External cooling
Local film cooling
Full-coverage film cooling

Transpiration cooling
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Figure 1.2: Blade and Vane Cooling Techniques, Lakshminarayana [32]

illustrated in Fig. 1.2.
This thesis addresses only the internal cooling of the turbine blade.

1.4 The Inside of the Turbine Blade

Of the above three principles for internal cooling, two are generally employed, convective
cooling and impingement cooling. The structure of a typical turbine blade consists mainly
of three distinct areas: the front section with impingement cooling, the middle section
consisting of serpentine ducts with turbulators, and the rear section of a matrix section
or pin-fin system leading to the outlet at the trailing edge of the blade, see Fig. 1.3

The front section is fed by air through the first serpentine duct or directly through a
separate inlet in the root. The air is diverted to the front face and is injected onto the
surface (impinging) thereby effectively cooling the surface. The air is led out through
small slots in the blade, which results in film cooling on the outside of the blade.

The middle section consists of three or more serpentine ducts, connected by 180°
bends. To enhance the convective cooling, ribs, or turbulators traverse to the flow are
generally constructed in the ducts. Surface enlargers are sometimes also included, as fins
extending out from the surface. The air can either be led out through the back end or
via slots in the blade to film cooling.

The back section has a number of surface enlargers, pins or ribs, generally employed
as a matrix, through which the air is led. The air can enter the back section, either from
the serpentine section or via its own entrance in the root. When the air has passed the
matrix, it is let out through a slot in the rear of the blade.

The below treats only the middle section with its serpentine ducts. Questions ad-
dressed are: how the flowfield will develop and what the heat transfer level will be.
Predictions are compared with experiments, which are regrettably not very common ow-
ing to the severe complexity of the flow, and some conclusions are made regarding the
models used and their validality in these flow conditions.
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2 Fluid Dynamics Inside The Turbine Blades

The flow inside the turbine blades is affected by the presence of numerous physical forces.
These include the rotationally induced forces, curvature forces and buoyant forces, in
addition to flow separation, strong acceleration and secondary motion caused by the
structure itself. Together, these form a very complex, three-dimensional flowfield which
is a challenge for any numerical method. However, before consideration is given to a
reasonable numerical method, the physics must be understood.

2.1 Suction-Leading, Pressure-Trailing Side

Papers dealing with cooling of turbomachinery, and especially the inside of turbine blades
use several terms which will be used here. There may thus be some benefit in explaining
these terms more strictly. The first is the pressure and suction side, closely connected
to the outside of the turbine blade. A turbine blade, like an airfoil, is surrounded by a
gas on both sides. As in the case of the airfoil the turbine blades are curved, and posses
a convex and concave side. The flow accelerates more strongly on the convex side and,
due to the nature of gases, this gives a decrease in pressure. It is from this fact that the
terms suction and pressure sides derive. On the low-pressure side, the convex side, the
flow tends to suck the blade against it while, on the high-pressure side, the concave side,
the gas pushes the blade away. The same terminology is also used for the airfoil, where
the upper surface is known as the suction side and the lower the pressure side.

Closely connected to the pressure/suction side, are the trailing and leading sides.
Whereas the pressure and suction sides arise from from the outside flow — the main gas
flow — the leading and trailing sides are connected to the rotational direction of the blade.
However, there is a strong connection between them. Since the blade is unsymmetric,
through its convex and concave sides, the predominant rotational direction is set at the
design state. Thus the rotation direction is strongly connected to the outside geometry
of the blade. It was said above that the suction side draws the blade towards it, thus
leading the blade in the rotational direction, while the pressure side pushes the blade in
the same direction, thus trailing the blade. Herein lies the connection, i.e. the leading
side will always be the same as the suction side, and the trailing will always be the same
as the pressure side, for a turbine blade.

2.2 Stable/Unstable Boundary Layers

A stable flow is a flow which has a decreased level of turbulent kinetic energy and lower
Reynolds shear stresses, while an unstable flow has increased levels of turbulent kinetic
energy and higher Reynolds shear stresses. This may be understood through the knowl-
edge that unstable conditions promote a transition from laminar to turbulent flow. Thus a
stable side is a side along which re-laminarization is promoted, and an unstable side adds
turbulent kinetic energy to the flow. The effects on the boundary layer from a system
rotation and curvature will be discussed below. !

The origin of the stabilizing/unstabilizing process, can be associated with the balanc-
ing pressure gradient normal to the wall. If there exists a positive pressure force normal to
the wall, a perturbated fluid element will have the tendency to move away from the wall.

!The curvature effect is included since there is a strong connection between this and the rotational
effect.



This boundary layer will thus have an unstabilizing effect on the flow. On the other hand,
if there exists a negative pressure force normal to the wall, a perturbated fluid element
will be forced in position in a stabilizing way. This pressure force originates either from
the centrifugal force (curvature) or the Coriolis force (rotation), or both as in the case
of a U-bend. In the case of a positive rotation (anti-clock wise in Fig. 2.1) the Coriolis
acceleration will be directed upwards, and will thus have a destabilizing effect. The same
is true for the negative curvature, where the centrifugal acceleration produces a positive
pressure force. Reversing the order produces a negative pressure force and a stabilizing
boundary layer. The four states are shown in Fig. 2.1

STABLE UNSTABLE
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e .
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Figure 2.1: Stability of Rotating and Curvature Flows

While the pressure and suction sides above were connected to the structure, the sta-
bilized and unstabilized sides are connected to the flowfield and can thus not be known
a priori. However, with a knowledge of the flow and rotating direction, this can also be
established. Fixing the rotating direction, which is done through the geometry of the
blade, the stable and unstable sides are dependent only on whether the flow is moving
from the center, outward, or to the center, inward. Fig. 2.2 below depicts a simplified
internal structure of a turbine blade, with an indication of the leading/trailing surfaces.
Comparing this with Fig. 2.1 for stabilizing/unstabilizing sides in the case of rotation,
the following applies:

Inward flow | Leading surface | Unstabilized side
Trailing surface | Stabilized side
Outward flow | Leading surface | Stabilized side
Trailing surface | Unstabilized side

2.3 Rotationally Induced Forces

A rotating structure gives rise to two additional forces, the centrifugal force and the
Coriolis force. These modify the governing equations through their extra acceleration on
the fluid elements. The centrifugal term acts as a pressure driven force, modifying the
pressure gradient of the flow and thus affecting the mass flow. Since the centrifugal force
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Figure 2.2: Secondary Flow, Caused by Rotation

is dependent on the density, higher density fluid gives a stronger centrifugal force. In a
varying density flowfield, this force induces secondary flows in the cross sectional plane —
normal to the streamwise direction — although their magnitudes are small. The centrifugal
force can also be seen as a gravitational force with a rotating force field, dependent on
the distance to the rotating center.

The Coriolis force is a term that depends on both the velocity and the rotational
velocity. Due to its origin, the Coriolis force varies in the plane normal to the main flow
because the force is zero where the velocity is zero, i.e. close to the walls. This force gives
rise to a secondary flow pattern in the cross sectional plane, which is visible in Fig. 2.2

2.4 Curvature Effects

As discussed above, the curvature effect is similar to rotationally induced forces, although
in this case there will be no modification to the governing equation. A curved duct
produces a centrifugal force normal to the flow which is balanced by a pressure force. This
gives rise to either the stabilizing or unstabilizing effect as discussed above and modifies
the turbulence level of the flow. In a rotating U-bend, there is both the rotating-induced
and the curvature-induced modification to the turbulence level, which can produce a
severely complex flowfield.

2.5 Temperature Induced Forces

Inside the duct, there is a complexity of different physical forces that give rise to a tem-
perature variation and thus a buoyant term. There is both a temperature variance in the



plane normal to the flow and along the streamwise direction.

The variation in the streamwise direction is caused by the continuous heating of the
coolant. This decreases the density and produce a driving force, similar to that in a
natural convection case. This effect is normally denoted as the bulk buoyant term.

In the plane normal to the flow, there are three distinct features which produce tem-
perature gradients. The first is according to work load. Secondly the blades are not
optimized according to heat load, which creates a difference in blade temperature. Both
these effects give an uneven wall temperature inside the duct. The third feature has to
do with the fact that the coolant is heated only at the walls, and thus the core is much
colder than the fluid close to the walls. This also produces temperature gradients in the
plane normal to the flow. These three effects are commonly denoted as the local buoyant
term.

The temperature-induced forces are neglected in this thesis, although the temperature
field is predicted, with the associate heat transfer level being the major focus.

2.6 Secondary Flows

Secondary flow is a generic term which denotes flow that lies in the plane normal to the
main flow, the cross sectional plane. Generally, the secondary flow velocities are small
compared with the main flow, except perhaps close to a solid wall where they may be of
equal magnitude.

There are two different types of secondary flows, those of the first kind and those of
the second kind. Secondary flows of the first kind, appear owing to either curvature or
rotational effects, while those of the second kind are caused by gradients of the Reynolds
stresses. It is this latter mechanics that produces secondary flows, in a straight duct,
around the corners. Secondary flows of the first kind are produced by a force in the plane
normal to the streamwise, produced either by a centrifugal or Coriolis force. The Coriolis
force induced secondary flow originates from the variation in the streamwise velocity. The
Coriolis force is a product of velocity and the rotating velocity. Thus, where the velocity is
small, the Coriolis force is also small. Since the Coriolis force is strongest in the core, due
to the higher velocity, the fluid will flow towards the wall in the direction of the Coriolis
force, and then return along the wall where the Coriolis force is weak, due to the no-slip
condition at the walls. This produces two equal secondary flow patterns, mirrored at the
symmetry line, in the plane normal to the rotation vector, as can be observed in Fig. 2.2

2.7 Separation

Inside the serpentine ducts, see Fig. 1.3, ribs are employed to enhance the heat transfer.
The ribs, which are positioned normal to the flow at the opposing walls, break up the
flow and generate turbulence. This increase in turbulence level increases the heat transfer
rate as well. There is a downside however; the ribs also increase the pressure drop in the
duct, and thus the driving force needs to be higher.

As the flow encounters the ribs, it diverts and makes a small re-circulation zone up-
stream of the rib. Around the upstream upper corner, the flow separates and yields
another small re-circulation zone before it re-attaches again on the rib top. At the up-
per downstream corner of the rib, the flow separates again, this time making a larger
re-circulation region until the flow re-attaches again somewhere between the ribs?. This

2Depending on the configuration of the ribs and the Reynolds number, it may happen that the flow



flowfield, with repeated separations and re-attachments, will indeed increase the heat
transfer, which could become several times as high as for a smooth channel. This increase
in heat transfer is thus the gain paid by the increase in driving force.

does not re-attach again.



3 The Navier-Stokes Equation

After having discussed the physics in a rather general manner above, a discussion of its
implementation in the governing equation is found below. The main governing equation
for fluid dynamics is the Navier-Stokes equation, which is based on a number of funda-
mental physical principals with the addition of some sound physical reasoning.

The Navier-Stokes constitutes of two simple principles, that of the conservation of mass
and that of the conservation of momentum.

3.1 Continuity Equation

The continuity equation is based on the assumption of mass conservation, i.e. that mass
can neither be created nor destroyed. This is essentially correct for non-nuclear cases,
which are not addressed here. The differential continuity equation in tensorial form is,
see e.g. Panton [41]:

Op | Opu;

=0 (3.1)

3.2 Momentum Equation

The momentum equation or linear momentum equation, to distinguish it from the angular
momentum equation, is based on Newton’s second law:
dmu
dt
This formulation is a more general description than the more common equation, ma = F.
Dividing with volume and re-casting the substantial derivate of the velocity gives the
differential tensorial momentum equation:

=F (3.2)

Opu; 8pujui _ rbody 3fz'swf
ot T ox, Pl T oy (3:3)

The force, F, has been split into; the body forces, f***, and the surface forces, ff’"f ,
which both need some additional treatment. Note that these forces have been divided by

mass, m = pAzAyAz, ie. fi=F/m

3.3 Body Force

The standard body force is the gravitational force, which is an effect of the earth’s gravi-
tational field. This force field is directed towards the center of the earth and attracts any
mass element within its reach by a force equivalent to:

fiqrav =y (34)
Formally, this force depends on the distance from the mass element, i.e. the center of the
earth. However, the variation is very slight and can normally be neglected.

Apart from this force, the magnetic and electric body forces can be neglected in
fluid mechanics, and thus the gravitational force is the only proper body force which is
encountered. However, as will be seen later, the rotationally induced accelerations can
contribute to the body forces. These forces, which add extra acceleration terms to the
Navier-Stokes equation, can be considered as body force modifiers, with a magnitude
equal to the acceleration multiplied by the mass of the fluid element.
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3.4 Surface Forces

By adopting the Stokes postulation for a viscous fluid, the surface forces can be written as
the sum of pressure and viscous stresses. These are normally added together into a stress
tensor, T;;. The surface force is then the normal vectors of this stress tensor, according
to:

£ = n; T (3.5)

]

where the stress tensor is:
Tij = —pedij + Tij (3.6)

The viscous stress tensor (7;;) is decomposed into a volumetric dilatation term, and a
strain-rate dependent term, see e.g. Schlichting, [50]:

8u
Tij = a k5z] + 2/1311 (37)
Tk
With the Stokes relation between the bulk viscosity, A, and the molecular viscosity, u, i.e.
A= —2u/3 3, the surface forces can be written as:
2 auk
F77 = n, ( —Poij — 3 8—“517 + 2#%’) (3.8)

In an incompressible case, the middle term can be dropped due to the continuity equation?.

3.5 Navier-Stokes Equation
The Navier-Stokes equation is found by adding the body forces, Eq. 3.4, and surface

forces, Eq. 3.8, to the momentum equation above, Eq. 3.3:

8pui+8puju,~_ ~_Op 0 ( 2 Ouy

- i~ o Yij a_ [ 2 1 .
ot T om; P95 500 g \ T3Mam, 0 T “3’> (3:9)

The above equation is valid for incompressible and compressible flows, with variating
properties (viscosity), i.e. a general purpose Navier-Stokes equation. The pressure term,
Op/0z;0;;, can — by the use of the Kronecker delta, d;; — be rewritten as: dp/dz; which,
will be used hereafter.

3.6 Temperature Equation

The continuity and momentum equation governs the flow for isothermal conditions. How-
ever, when heat transfer and differential temperatures are involved, the energy equation
must be used to form a rigid set of equations. The energy equation can be changed into
a temperature, 6, dependent relation, which under the assumption of incompressible flow
with constant properties is:

00 ou,;0 o
=— 1
Pr ot T P o~ Oa, (310)

3This relation is rather controversial but generally accepted. There is little physics behind this relation.
4This can be done because duy/dzy = 0.
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The heat flux can be rewritten by the use of the Fourier’s law of conduction: the heat flux
due to conduction in a point is proportional to the temperature gradient from that point:

00

5o, (3.11)

g =—k

The proportional constant, k, is denoted the thermal conductivity. Using this relation for
the heat-flux and making a rearrangement gives the temperature equation:

00  Ouf 0 (1/ 80)

E + 81‘1 o 81’, (3‘12)

where Pr = c,u/k is the Prandtl number.
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4 The Rotationally Modified Navier-Stokes Equation

4.1 Rotating Coordinate Systems

In an analysis of fluids for a rotating structure such as are found in turbomachinery, the
use of an intermediate frame is not only advantageous — it is almost necessary. Consider a
region of fluid in Fig. 4.1 with P as the point of interest. If an Eulerian grid were fixed in
the inertial coordinate system (Newtonian frame, N), the Navier-Stokes equation would
be valid. P (in the intermediate frame, I) would move in and out of the grid however,
and this would make the analysis difficult. If the grid is shifted to the region outlined
in Fig. 4.1, the coordinate system would not be an inertial coordinate system, and thus
the Navier-Stokes equations are no longer valid. This complication is solved by adopting
a non-inertial coordinate system and adding terms in the Navier-Stokes equations to
compensate for this. Consider once again point P in Fig. 4.1. The position of point P

, RO

Figure 4.1: Rotating Coordinate System

relative to the Newtonian frame, N, is:
R=r+ RO (41)

where Ry is the position of the origin of the intermediate frame relative to the Newtonian
frame and r is the position of point P in the intermediate frame. If the positional vector
of the N-frame is derived with time, the velocity vector in the N-frame is found:

MR _ Mir | MRy
dt  dt dt

(4.2)
Here, the derivate is denoted with an N to explicitly state that the derivation is made

in the N-frame. The connection between the Newtonian, N-frame derivation and the
rotating intermediate, I-frame derivation is:

Na() _ ()
W—ﬁ—kﬁx() (4.3)
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Applying this to the relative I-frame position, r, of the above yields:

N I
%—%—i—ﬁxr—v#—ﬁxr (4.4)

and the derivation of the positional vector, Rg, of the intermediate frame is:

NdRg
dt

~V, (4.5)

where v is the velocity of P relative to I, Vj is the velocity of the origin of I relative to
N, and the cross product, €2 x r, is the tangential velocity of P in I owing to the rotation
of I relative to N.

The velocity in the N-frame can now be written:

\4 + Vo + Qxx (4.6)

inertial  local or1g1n tangential

where V is the velocity of point P relative to the Newtonian frame, N.
The time derivation of velocity yields the acceleration:

NGV Niv  Nav, Nd(Qxr)
=+ +

A= T & dt dt

(4.7)

Using the identity between the Newtonian frame, N, and the intermediate frame, I, Eq.
4.3 on the three acceleration terms of the above equation yields:

Ndv Idv L ax
dt  dt v
NV,
_A 48
Mo _ 4, (1)
N(Q xr) HQxr)
- Q x (Q
dt G TOx(@xr)

The last relation includes the term ‘d(Q x r)/dt, which can be changed to read:

) 0 I I 0

% Qx%+rx%—ﬂxv+rxa (4.9)
The time derivate of the rotational velocity, «, the tangential acceleration, is defined as:
a =1dQ/dt =N dQ/dt. The derivates are equivalent since Q x 2 = 0, see Eq. 4.3. The

accelerations terms are summed up below:

vv

A + AO +OXx(Axr)+20xv+ axr (4.10)
N ) —— ——
inertial local orlgln centripetal ~ Coriolis tangential

As stated above, we are looking for the Navier-Stokes equation in the intermediate frame,
I. The acceleration properties of P in the Newtonian frame, N, expressed in the interme-
diate frame, I, can now be written with the aid of equation 4.10:

NAP =TaP 4 Ag+Q x (Q xTrP) + 20 x"vF + a xTrP (4.11)
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where Ir, &P and ‘af are the positional vector, velocity vector and acceleration vector,

respectively, for point P in the rotating intermediate frame, I.
The local acceleration in I frame is simply the substantial derivate of the velocity taken
in the I frame:

LP_ IDvF
Dt
Now the acceleration of the point P, in the intermediate frame I, with compensation for

its non-inertiality is — drops all superscripts since all variables and derivates are taken in
the local frame, I, apart from Ajy:

(4.12)

D
A:F:+A0+Q><(er)+29><v+axr (4.13)

4.2 Newton’s Second Law of Motion in a Rotating Frame

In a non-inertial frame undergoing rotation, extra acceleration terms develop as is seen
above. These are known as the Coriolis and centripetal acceleration terms.
Consider the fundamental governing equation, Newton’s second law of motion:

mA =F (4.14)

The right-hand side (RHS) shows the forces from the outside, which generate an accel-
eration on the fluid element, the left-hand side (LHS). Note in this formulation that the
acceleration is the acceleration in an inertial coordinate system. If this acceleration is
changed to be the acceleration in a non-inertial frame, and assuming that the solid body
rotation is constant (i.e. non-accelerating) (— a = 0) and that the intermediate (non-
inertial) frame I in Fig. 4.1 is not accelerating relative to the Newtonian (inertial) frame
N (= Ay = 0), the Newton law is:

D
m F:—&—QX(er)—i—ZQXV —F (4.15)
The second term on the LHS of Eq. 4.15 is denoted the centripetal acceleration, and the
third term is the Coriolis acceleration.

4.3 Rotationally Induced Body Forces

How will the above reformulation of the acceleration change the Navier-Stokes equation?
The RHS of the Navier-Stokes equation, the forces, are unchanged and thus still consist
of body forces and surfaces forces, but the LHS, the acceleration terms, have been divided
into a relative acceleration term (the first term of the LHS) and two rotationally induced
acceleration terms (the centripetal, the second term on the LHS, and Coriolis accelera-
tions, the third term on the LHS of Eq. 4.15). If the Navier-Stokes formulation were
written with the absolute acceleration, this rewriting would not be necessary. However,
the problems involved in such a task far surpass the problems concerning the additional
acceleration terms from a formulation in a relative coordinate system. This rewriting also
benefits from the fact that the standard Navier-Stokes equation, written in the observed
coordinate system, i.e. the relative coordinate system, will be unchanged by the rotation.
In the case of a imposed solid body rotation the centrifugal force is:

F°=Q x Q Xr-mass (4.16)

]
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Changing to tensorial formulation and dividing with mass gives:

I = €ijkerim$ T, (4.17)

2

In a similar fashion, the Coriolis force is:
[i€ = 2e€515uy (4.18)

These terms should be included on the LHS of the Navier-Stokes equation, since they
originate from the acceleration modification and not from any force from outside. How-
ever, as these are formally treated as body forces, they are moved to the RHS, and thus
a negative sign is added:

fice = _eijkeklmQlexm (419)
[i% = —2€iup (4.20)

Note that these ’forces’ are not actually forces, since they originates as acceleration-
modifiers due to the imposed solid body rotation. The total body force is the sum of all
acceleration forces, the gravitational, centrifugal and Coriolis-induced forces:

fibOdy — fiqrtw + fice + fiCO (421)

Where the gravitional force is unaffected by the rotation.

4.4 Rotationally Induced Surface Forces

As indicated above, the rotationally induced body forces are not really forces but rather a
modification to the acceleration term, owing to the non-inertial coordinate system. With
this in mind, it is not difficult to understand that the surface forces — similar to the
gravitional force — are not affected by any solid body rotation.

4.5 Rotational Navier-Stokes Equation

Summing up the results from the above sections, the Navier Stokes equation, Eq. 3.9, for
a rotating incompressible case is:

Opu;  Opuju; dp 0
o % + ax.z t_ Py — a—xz — peijkeklmQlemm — 2€iijjuk + 8—,’1;‘] (2#81]) (422)
The above formulation is usually called the conservative form of the Navier-Stokes equa-

tion. With the help of the continuity equation this can be changed into the non-conservative
equation. Take the LHS of the above equation and change it according to:

Opu;  Opuju;  Oug dp Ou; Opu;

ot oz, ot Mar  Migr, T “ou

ou; ou; Op  Opu; ou; ou;

et ) N = L 4.2
"ot TP, T ’(at * auj> Pat TP, (4.23)

=0
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where the continuity equation gives the zero on the second line.
The non-conservative Navier-Stokes equation can then be written in short-hand as:

Op

N(uwi) = p—- + PUi B, oz, 0z, (2usi5) = 0

(4.24)

— pgi + PEijkErim L UTm + 2p€, Uy +

In the case of a incompressible flow with constant viscosity, the viscous term can be
re-written according to:

0 0 8u, 8Uj 82u,- 32uj 62ui
)= — = = 4.2
Ox; (2p15:5) Ox; [,u <8xj * oz; )} a (Bacjz * oz;xj K o2 (4.25)

J

where the continuity equation cancels the second term.

4.6 The Modified Pressure Equation

If the particular flow of interest can be considered incompressible with constant material
properties, the Navier-Stokes equation can be simplified. The similarity of: the pressure,
centrifugal force and the gravitational force, allows them to be lumped together. The
pressure field is naturally a potential function and forms the basis of the concept, in which
the other two are included. If the structure is rotating with a constant angular velocity
around a fixed rotational axis, the centrifugal force can also be written as a potential
function, since the force is dependent only on the distance to the center of revolution:

[ = —€ijkerimQi iz (4.26)

By assuming a negligible variation in gravitational acceleration, the gravitional force is a
conservative force and is thus also a potential function:

=g (4.27)
Adding them together with the pressure gradient yields:
Op* Op
"oz = "oz + pgi — PijkErim$ i UTm (4.28)

where p is the thermodynamic pressure. By integrating the above equation, the relation
for the reduced pressure [15], p*, is found as:

1

4.7 Rotational Vorticity Equation

In both rotating and non-rotating flows, the vorticity can be used to interpret the effect
of the viscous forces. Vorticity is equal to the angular velocity of a fluid element except
for a factor of 0.5, and hence it is an indicator of the solid body rotation of a fluid
element. Because neither the pressure nor the gravitional forces contribute to any solid
body rotation, the vorticity equation is well suited for studying the viscous forces. The
vorticity is defined as the curl of the velocity field:

8uk

Wi = €ijk 9z
J

(4.30)
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With the use of the momentum equation in the non-conservative form, Eq. 4.24, and by
rewriting the convective term, the dynamic equation for vorticity can be written. The
second term on the RHS of the momentum equation can be changed into a kinetic energy
and a rotation term with the following vector identity:

PU; =pa | Wl + peijrwjUg (4.31)
83:] Ox;
Substituting this into Eq. 4.24 yields:
paui—i-p 9 (1uu>+p6 w;u
3 Uj ijkWi %k =
o " om (4.32)

dp 0
Pgi — PEijk€rimSLi UTm — 20680 juy — . + 7. (2us45)
i j

To simplify the mathematical treatment, the pressure, gravitional force and centrifugal
force are substituted into a reduced pressure term:

op* Op

—(%i = pgi — PEijk€kimQiUTm — oz, (4.33)
where p* is the reduced pressure.
This equation is differentiated with 9/0z, and multiplied with €py;:
prqi& + Pepqgi A (1UJUJ) + Pf:oqii (eijrwiur) =
0t0z, (9 0 0z, (4.34)

2, % 82

0°p
2p€pqzemk (Q Uk) — €pqi 920z + €pqi 9701 (2ps45)
iUlq j0%q

The second term on the LHS above is zero because €,,; is antisymmetric and 0%/ 0z;0z,
is symmetric — the curl of a gradient equals zero. The reduced pressure term disappears
for the same reason. These identities reduce the equation to:

0%u; 0 0 0?2
Pepgi o 0 ooz, + Ppgi 0z, (eijkwjuk) = _2p€pqi€ijk6—$q (quk) + quim (QIUSU) (4.35)

The second term on the LHS can be rewritten as:

0 0 0 ow ou
Pepaiz — (eijpwjug) = P o (wpur) — p7— o, - (wjup) = Puka—wi — ija—; (4.36)
q

The second identity arises from the incompressibility assumption, where Quy/0x); and
Ow;/0z; are always equal to zero. The Coriolis force can be rewritten in a similar fashion:

o9, du,

0
2P€pq@fzyk8 (Qjug) = 2P’Uka 2 — 2000 — 92 (4.37)
j

Inserting these into the vorticity equation yields:

0%u; Owp, Ouy o0N ou 9?
' 4 7P _ P _ _9 _p_|_2 Q. —2 .
PEpqi dtoz, Puk oz, pwj dz; PUk ~ p -



With the assumption of constant viscosity, the viscous term can be changed to:

82 831,&1'
———— (2us;;) = i 4.
EPQ’L 833]'6113,1 ( us ]) ,LL€pq amiaxq ( 39)

With the definition of the vorticity, see Eq. 4.30, this can be written as:

82(.()1'
= py— 44

J

and hence the final result for the vorticity equation is:

ow; ow; 0% ou; Ou; 0%w;
Vi 2 = pwi—t 4+ 200 — : 4.41
P o —|—pu]8xj + 2pu; oz, pw]axj +2p i, +p 022 (4.41)
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5 Turbulence

5.1 Reynolds Averaging

The Reynolds averaging procedure is well known in fluid mechanics and is the procedure
that results in the Reynolds stresses. The Reynolds stresses (six different) are the unknown
in the governing equation and represent the reason for there being a discipline called
turbulence modeling. The Reynolds decomposition splits each quantity into its mean and
fluctuating part:

b= +¢ (5.1)

Applying the Reynolds averaging, the mean part is time-averaged according to®:

=7 [ v (52

Note that the mean part is written with either an overbar 9, or in uppercase letters, .
If p=®+ ¢ and v = ¥ + ¢/ are flow variables obeying the Reynolds-averaging rules,
the following applies:

=1, =9
ves Bt v (53)

Y =9 =

Ty =By =

5.2 RANS, Reynolds Average Navier-Stokes Equation

Applying the Reynolds decomposition to the incompressible conservative Navier-Stokes
equation, Eq. 4.22, with constant viscosity, Eq. 4.25, yields:

Op(Us 1)), p(U; + u3) (U + )
ot 8.’L’j
a(P+p/ ol
(P+y) , 0 (0t
(9:1),' 8.’Ii‘j 83?]'

(5.4)
PYi — PEijk€rimiNTm — 2062 (Up + uy,) —

where incompressible flow and constant solid body rotation are assumed.
The above equation is split into its mean and fluctuating terms and is time-averaged:

opU;  Opu,  0pU,U; N opU;u; n IpUiu; n Opuju; . @ B @ B
ot ot | oz, dz; dz; oz; P o ou (55)
8 [ ou; 8 [ oul '
fijkeklmQleiL'm — 2€iijjUk — 2€iijjU;c + (9—.’1,‘] <’u(9$j) + 6—301 (,anj>

5Here only time-average will be used. However, there also exists space-, ensemble-, mass, and
conditional-averaging procedures, see e.g. Hinze [19].
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Applying the Reynolds averaging rules, Eq. 5.3, to this equation yields the Reynolds-
averaged Navier-Stokes (RANS) equation in a constant rotating frame:

OpUs , 0pU;U;  Opujs _

oP 9 ([ aU; '
P9; — PEijk€kim i 0T m — 2p€i80; Uy — oz, + 5 oz, (Haxj>

This equation can be rewritten to the non-conservative form in a similar manner as for
the Navier-Stokes equation, Eq. 4.24, with its short-hand notation equal to:

8U 8U BP’U 8P 0 oU;
— PYi ij mQ i m 2p€;; Q a =
(5.7)

5.3 Reynolds Stresses

To produce an equation for the Reynolds stresses, the Navier-Stokes equation is used
according to the following:

wiN (u;) + wiN (u;) =0 (5.8)

where N (u;) is the Navier-Stokes equation according to Eq. 4.24.
Writing out the terms yields:

wN (uj) + uiN (u;) =
Ou, ou;
up—= ot L+ “zpuka—z — U;pg; + Ui PEjk1€1mn U Ty, +
8 ' 8 (9Uj
Ly Oui + 0z, +
UjpU — uj u’; pe €imn mLn
8t iP kS ™ PGi jPERIEL k

0 0 Ou;
u2p€ 0w + u;-—pcs,-k —u— <,u i >

axk ]Oa:k aik

where constant viscosity is assumed.
In order to make the mathematical treatment easier, the above equation is split into its
different terms.

5.3.1 Unsteady Term

Starting with the unsteady terms:

Ou, 8uz
5.10
Uip, L+ P 5 (5.10)
Inserting the mean and fluctuating parts, and splitting the terms yields:
oU; A oU; ou,
= A1
= uip g, T uip g T Ui T uip s (5.11)
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According to the Reynolds averaging rules, Eq. 5.3 the two terms including the mean
velocity are zero:

8u’ 8 ol
]
5.12
Using the product rule for derivatives in the two remaining terms yields®:
ouju',
= : 5.14
P~ (5.14)
5.3.2 Convective Term
The convective terms are:
ou; Ou;
i J ! 4
U —2 U — 5.15
U; PUK 2y + U pu D2y ( )
Inserting the mean and fluctuating part, and splitting the terms:
oU; u; oU; Bu’
= ulpUp =2 + upUy =2 + u, ipUr7— + uipUp
Ovy = “Om T Om z (5.16)
ul pu) 90; + ulpu) % + u'.pu; ] + ul.pu; Ou;
! kaxk ¢ k@xk J k@xk J k(‘?xk
Terms with only one fluctuating velocity are zero:
oU; oU;
= u;pu;a—m] + ujpuy, 63:1 +
el S L (5.17)
! / a ! !

u
szka— + u; PUk

The first two terms above are not changed. The next two sets of terms (2 x 2) can be
combined with the help of the product rule for derivatives in reverse:

ou;; ou! ou;; ou! ouju , Qugu;
upUk—HLpUka +upuk6—+upuk8 —pU,ca —{—pka (5.18)

ou ou;,
92y +uzpuka—+u puka s

0

Incompressible” flow is assumed for the final version, and thus the last term above can be
rewritten as:

oulu’; ou! ou' ul ’
- L+ puju Uiggr =P ;m (5.19)
A,_/ k

Adding this together, the convective terms gives:

A AP
ouju; N p@ukuiu]
J ’“8 axk 8.’L‘k

6The product rule for derivatives is used in the reversed order. However, it is usually easier to operate
it on the results and see whether the two terms are recovered:

8u§ 8 i , Oul
= pul
T T T
Later, this check is not made, and the reader is assumed to be familiar with the product rule, especially

its operation in reverse.
"If p is constant, the continuity equation gives du;/0z; = 0

——0U; U;
pu; uka— + puul, + pUy, (5.20)

(5.13)
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5.3.3 Body Force

The body forces are the gravitational, centrifugal and Coriolis forces:

_u'lipgj + ufipejklflmngkﬂmxn + 2U,Iip€jlek’u,l

(5.21)
—u;09i + U, P€ik1€mn e m T + 2u) pEik1pug

Without further treatment, the gravitational and centrifugal terms are zero owing to the
fact that they simply represent a fluctuating velocity multiplied by a constant amplitude®.
The Coriolis term is split into its fluctuating and mean part:

= 2u;p€jlekUl + 2u;pejklﬂku; + Qu;-pe,-lekUl + 2u;-peiklﬂku; (5.22)

The time-average of a fluctuating velocity multiplied by a constant amplitude will be zero,
and thus the only non-zero terms of the body forces are :

= 2ujpejrSu; + 2u)peir Qi (5.23)
5.3.4 Pressure term
The pressure terms are:
op op
r = ! 5.24
Ui 833]' + U] 83:1 ( )

Taking the mean and fluctuating part of the pressure:

oP ap oP ap'
= ul— + u} + u + u 5.25
Ui 633_7' Ui Ba:j ’U] 8132 ’U] 6.731 ( )
the mean pressure terms are zero:
op' op'
=ul— ! 5.26
Ui 833]' * u] (9:1:, ( )

The remaining terms are reformulated with the product rule for derivatives to yield:

8u'.p’ ou'’ 8u; P au;
— o ¢ —p—L 9.27

Collecting terms gives the commonly recognizable terms:

_ Oup' w00 Oy
N 81‘]‘ + 8113, —P 81‘1 +a:13j

(5.28)

The last term is the so called pressure-strain term, while the two first are the pressure-
diffusion terms.

8Note that with a fluctuating density this can not be done.
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5.3.5 Viscous Term

The last two terms to be dealt with are the viscous terms:

R T R WU
ujaxk 'uaiﬂk u’c’?wk 8$k

Splitting into its mean and fluctuating part:

_ e O (00 0 fu 0 (00, 0 (O

Terms with only one fluctuating velocity are zero:

_ e O (0 0 (0
- j@xk 8:vk ’&vk Ma.’L‘k

Using the product rule for derivatives in reverse gives °:

om0 (L) L, e

Applying the product rule in reverse on the two first terms of above gives:
) Bu b, ou} Puju
— U7 e ’U/;— = —U—

(9u ou, ?ulu’,
ity

The final result is:

8.’I3k Bxk 833k33k

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

where the first term is the viscous dissipation and the second is the viscous diffusion.

5.3.6 Reynolds Stress Equation

Collecting the terms from above gives the differential equation for the Reynolds stresses:

o Uau o 0U; 0,

ou;  ou Bzu’. ou 8u
=2 p (ejklu;ul + €1 u,) +p | =2 + ’ —2u
8213, ox T

_8u§p' _ Oupp! _pau' Uy
Ox; Ox; Oz,

6£L‘k$€k Bmk 833k

This equation is usually written in short-hand with the following symbols:

DR,']'

aD;; 0D
Dt "

(?xk 0$k

= Py + Gy + Ty — &5 +

9 Assuming constant viscosity.
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where the different terms denote:

DRij _ am U, am
Dt ot Oz
8U 8U~
Py = — (uju— l
i = =2 (ijlu'uz + eikluju;)
au ou
Hi' =
i~ (8:1:, " o j>
8u ou,
Cij = 8£Uk c’%vk
_ Uip W A
o
ii = "V o,

Convection

Production

Generation

Pressure-strain

Dissipation

Diffusion

Viscous diffusion

5.4 Turbulent Kinetic Energy Equation

The differential equation for the turbulent kinetic energy is easily derived from the above
Reynolds stress equation by simply taking the trace of the Reynolds stresses:

k= Em (5.37)
Applying this to the last form of the equation yields:
DRy 0D; 0Dy
“ =P+ Gii + 1 — e =4 5.38
Dt + + i + &cj &cj ( )
with
DRy  Oulu} duin; D2k
Dt ot " or; Dt
ouv; ——0U; ——0U;
Pii — 11 ¢ = _u ol ! u'
(“ Wi g, Ul 6wk> Y% o,
Gii = —2Qk (eikluiul + Gimm) = —4Qjez~jkuiuk =0

p [(Ou), Oul
Li=~|—"++"]=0
I (83:1- + o0x;

) o aui\
= 2u
8.’L’k 6.’L’k 8.’L‘j
ol e
p p
D — Oulul _ 02
Tg 8:17]'
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Writing the k—equation explicitly gives:

Dk 0
=P, —e+-— (D;+ D’ :
D = D s+axj( j + D) (5.39)
with
oU;
P, = —wu; o,

5.5 Equation for the Fluctuating Velocity

Below the exact dissipation rate equation will be derived. However, in that derivation, the
equation for the fluctuating velocity is needed. An equation for the fluctuating velocities
can be obtained by using the following operation with the Navier-Stokes equation:

N (u;) — N (u;) — Equation for u, (5.40)

thus taking the Navier-Stokes equation, Eq. 4.24 and subtracting the averaged Navier-
Stokes equation, Eq. 5.7.
This is done below term by term, starting with the LHS!:

pa(Ui + uf) oU; ou,

a0 "o Pat
U (A P Sl e 7NN § S RV 1 7% U, —i
,0( J + ’U/]) 8113] p ]8$j ,OU] 8:13] + ,OUJ 83:] + p ]axj
dpuju; Opusu;
3:v]- o 8a:j
and then the RHS!:
pgi — pgi =0

— €3k €himQUTm — (—pijr€rimUTm) =0

—20€;ik (Ur, + u}) — (—2p€55Ux) = —2peirQjup,
(P + ) oP\ oy

B ox; B (_8—:@) N _8:6,-

O [ AUi+u)\ 0 [ OU _ 8 ([ Oy
89[:]- a 6.73j 89[:j uaa?_, N 813]' Maxj

10The time-dependent term, the convective term and the Reynolds-stresses.
1 The gravitational, centrifugal, Coriolis and viscous terms.
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The resulting equation, which is written as A (u}), is:

ou oU; 8u’- ou,  Opuu}
N(ui) = p—° + pujo u; T Pigy —
! /4 (&
ik - - =
2peijitliuy, + Or; Oz, ( 8w]> 0

5.6 Dissipation Rate Equation

The dissipation rate, ¢, which appeared above in the turbulent kinetic energy equation,
is defined as

8u ou;
6:1:] oz;

€= (5.42)

To arrive at a transport equation for the dissipation rate, the following operation is made
with the Navier-Stokes equation:

Bu 0
8.’L‘k aiﬂk

u) =0 (5.43)

where NV (u}) denotes the fluctuating Navier-Stokes equation, as given in Eq. 5.41. Writing
this explicitly gives:

8u 0
833k 6l’k
8u ou , OU; , Ou; dpuju; ap’ 0 8u
et 206t + —— — ——
Pot T Pige, TP, T ey T amy Pt T g B Mo,
(5.44)
Below the terms divided by density are treated separately.
5.6.1 Unsteady Term
Performing the above manipulation on the unsteady term produces:
au 0 Oy
5.45

Applying the spatial-derivative to the time-derivative, rearranging the derivation order
and then substituting backwards through the product-rule, with two equal terms, yields:

2 " oul
8u 0%u 0 (6u,%>_8€ (5.46)

e 8t6xk = Vot \ oz, 01, ) ot
5.6.2 Convective Terms

It was seen above that the convective term in the Navier-Stokes equation actually becomes
three different terms in the equation for the fluctuating velocity. These three convective
terms are treated separately below.
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1:st convective term Starting with the first term, which includes the velocities U; and

!
o 2% O (Uaui) (5.47)

833k 81Bk ]833]'

This term produces two terms in the transport equation, the convective term and a
turbulent production term. Derivation of the above term yields:

ou; OU; Ou; ou, 0%u!
— % tIs. ? 5.48
8.’Ek 8:1:k 6(13] + Vaa:k U] 8:::]6:1:k ( )

The first term has already arrived at its final version, while the second term needs to be

rewritten.
ou, & (oul o [ ouloul\ de
I8 ) _ =Uj— 4
7wy Oz <8xk) Ui T 0x < Ozy 8$k> Ui O (549

where the first operation is a recognition of the product rule for derivatives. Summing up
the first convective term gives:

8u 0 ( 8u§>_U66 oU; u’; dul,

: REAR Wt R .
3xk 8$k Oz ! Ox; + Vawk 0z, 3@‘1 (5:50)

where the first term is the convective term and the second term is the turbulent production
term.

2:nd convective term The second convective term is the term involving v} and U;:

oul;, 0 oU;
2v_— L— 5.51
V@wk Oxy, (u] 83:,-) (5.51)

Performing the derivation yields the two production terms:

ou;, 3U oU; ou, = 0,
— % 2 vl ! 5.92
oxy, axk oz, * g 0z ;0xy, (552)

3:rd convective term The third term is the term that includes the velocities u; and

5, O ( 8u> (5.5

Oz Oz \ 7 0z,

This is somewhat more complicated. Start by performing the spatial-derivative on the
last term:
(9u Ou;; Ou] 5 ou: = 02u!

() i 54
6;rk Ba:k 0z, oxy, Y Oz ;0xy, (5.54)
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The first term is in its final form, while the second term need to be changed. Move w;
inside the last derivation, and subtract the missing term.

2v

2y ! o’
ou; , 0%*uj 8u o) (,émz) 5, Ou} Ou} Ou; (5.55)

!
oxy, Y Oz ;0zy, N Bxk oxy, jaxj 0wy, Oxy, 8;1:]
:o

where the the last term is zero due to the incompressible form of the continuity equation.
The term must still be changed. This is done in reverse. Starting with the final version
and then checking whether this is a correct form:

v

0 ( ,0ufoul\ 8u oul, Ou! f Loy Ou; 0 (O
Ox; I 9z Oy, 81:] Oxy, Ox, 83:] 3xj

:0

. (5.56)

The resulting term (LHS) can be rewritten with the definition of the dissipation to give:

0 , Oul Ou 0 —
”a—@ (uj Oy, 8wk> dx; (5¢) (5:57)
where
, 8u ou
€ 6:ck 9, (5.58)

Collecting the terms from the third convective term gives:

oul 9 ou’ Oul; Ou;; Qu] 0 ou!, Ou!
2u I~ 21 =2u — .
0z, Oxy, (u] 8:1:]-> oxy, 8xk Oz; + Vaxj ( I 9y, 8xk> (5:59)

These are the turbulent production and turbulent transport terms.

5.6.3 Body Force Term

The only body force that survives the manipulation of the above is the Coriolis force:

Vau 0
81Bk 833k

(€imnS2muy,) (5.60)
There is no simple rewriting of this term.

5.6.4 Pressure Term

Applying the operands on the pressure term gives:

8u 0 (1op
— 5.61
Start with the derivation:
T A%
_ v Ou O (5.62)

p 0xy, 0xpOx;
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Changing the derivation order for the pressure and moving the spatial-derivative of the
velocity, u}, inside the derivation with respect to z; and then subtracting the product

79
term gives:

Dl Anl 2, . /
_ oY 0 (0u1 8p>_2z 0°u; Op (5.63)

p 0x; \ Oxy, Oxy, p 0x;0xy, Oz,
=0

By changing the derivation order and assuming incompressible flow, the last term is zero.

5.6.5 Viscous Term

The viscous term is:

ou; 0 82
2v .64

Start by moving one of the derivations of the double derivation of ] outside the paren-
thesis:

ou. 02 ou!
= 22—t d 5.65
v 8113k 8$k8.’£] (633]) ( )

Now the first u; is moved inside the derivation, and something must thus be deducted.
This is most simply done when the answer is known and can be backtracked:

2 24 24
0 (au 8u)_2y2 2u 0% (5.66)

0z, 0z, \ 0z OT1, 0%, 0%y, OTLO0T,

Check the above operation:
0? Oul; Oul 0 0%ul ou)  Oul 02l
V2 — 1/2 % % + i | —
0zx 0z \ 0z, O, Oz \ 0r,0x,, 0T, O%,;, OXLOTy, ( )
_ 5.67
0,2 0 [ ou; 0% 9,2 ul 0%} Y ou;, 0 0%u,
0z \ 0z 00T, | 01,02, 01,0, 0Ty, 0z, \ 02102,y
Substituting the above equation into Eq. 5.66 gives Eq. 5.65.

The second term of Eq. 5.66 is now at its final version, whereas the first term of Eq. 5.66
needs to be rewritten with e:

0 0 ou! Ou 0 Oe
Oxy, (V&ck (Vamm axm>> = Oz (Va—xk> (5.68)

Summing up the viscous terms:

EYA) o%ul o [ O o\’
[ - — ] =2 .
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5.6.6 Dissipation Rate Equation

Adding the above together yields the transport equation for the dissipation rate:
De

Ft=Pj+P€2+P€3+PE4+GE+T€+H€+D;’—D€ (5.70)
with the following denotation and exact form:
0 0u oU;
P! = a;:k IR Mixed production
oU;
Pf = 8u O Production by mean velocity gradient
axk 0z; 6a:k
~ou, 9%
P? = i 8.:;9 925017 Gradient production
oul, Ou; 9
PE4 = 8;; e 8Z] Turbulent production
ou, 0
G. =4v 4i (€Eimnlmul,) Production by rotation
or k 8:17k
0
T, = —1/% (ugg) Turbulent transport
0 [ oul Op'
I, = —2% oz, ( 6;:; afk) Pressure transport
62
L =V 9, ;ﬂfk Viscous diffusion
o)\’
D, =2 <Vﬁ> Dissipation

5.7 Reynolds Average Vorticity Equation

In a similar way as for the Navier-Stokes equation, the vorticity equation can be trans-
formed into a turbulent vorticity equation by means of a decomposition of the variables
into a mean and fluctuating quantity. For the vorticity, the mean vorticity and the fluc-
tuating vorticity are defined as:

Inserting this identity'? and the velocity decomposition into the mean vorticity, Eq. 4.41,
and then time-averaging yields:
Ow; +p 8 + 0wl 8Q~ Oou; n ~oul 8u 82w,-
ot T Pipg, T iy, = i, T g, TR gy T g
Note that the sohd body rotatlon, Q,-, is assumed to be constant and does not possess
any fluctuating term. Both the fluctuating and mean vorticity are solenoidal (i.e. diver-
genceless) [52]:

(5.72)

Ow; 0w}
=t =0 (5.73)

12Dropping the overbar for the mean component.
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Using this in the turbulent vorticity equation, the turbulent terms can be reformulated:

e Ut = pwi— + 2000
Pot TP ag, T s, T P, T g, TP

8@ B 8@ n azwi
Ox; p Oz, H (9:16?

(5.74)

The term wwj is a transport term, while wiu; is a production term of vorticity caused by
stretching and rotation of the fluid elements.
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6 Turbulence Models

The above exact transport equations for the relevant properties include a number of
unknowns. The goal of turbulence modeling is to model these unknowns in terms of
known properties in a physically realistic way.

6.1 Boussinesq Hypothesis vs Second-Moment Closures

Reynolds averaging yielded a new unknown, the Reynolds stress tensor, R;; = uju’;, which
in fact, as it is a symmetric two-rank tensor, consists of six unknowns. This tensor has
been the fundamental problem in turbulence modeling, from its start by Boussinesq. He
proposed, in 1877 a model for these Reynolds stresses even before Reynolds himself derived
them in 1895. The assumption made by Boussinesq [4] was to introduce the concept of
a ’turbulent’ viscosity in such way that the Reynolds stress would be equal to a scalar

times a gradient. The Boussinesq hypothesis is thus:

)
K3

2 : - 2
Rij = Wy = <kéi; — v, (aU, +aUJ> -2

oz oz —k(5i]~ — 2VtSz'j (61)
j i

The terms within parentheses are equal to two times the strain-rate tensor, S;;, and the
coefficient, 14, is denoted the turbulent viscosity or eddy viscosity. The 2/3 is added to
make the relation invariant. The eddy viscosity was devised as a constant value by Boussi-
nesq, which however can only be expected if the turbulent field is at least homogeneous.
In more elaborated eddy viscosity models (EVMs) the turbulent viscosity is allowed to
vary depending on some turbulent property. However, the underlying assumption about
homogeneous flow can not be regarded as a general fluid flow case.

In second-moment closure models, the Reynolds stresses are not simplified and each
of the six stresses is solved with its own transport equation, as done in Reynolds Stress
Models (RSMs). A number of terms in these equations are then modeled, hence the
denotation second-moment closure models. The RSM are thus a more physical model
than the EVMs based on the Boussinesq hypothesis, although the RSMs are generally
plagued by being numerically stiffer and more prone to non-convergent solutions.

6.2 Algebraic Models

A model based on the Boussinesq hypothesis using an algebraic relation to compute the
turbulent viscosity, p, is called an algebraic equation model. Fifty years after Boussinesq,
Prandtl put forward the mixing length hypothesis, which is based on the local velocity
gradients, to model the turbulent viscosity:

vy =12,— (6.2)

where [, is the mixing-length and has been found to be a linear relation close to solid
boundaries. The relation coefficient is the von Karmén coefficient, k:

L = Ky (6.3)

where x has a value of around 0.42.
Despite its limited physical characteristics, a number of similar models, notably the
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Cebeci-Smith model (1967) and Baldwin-Lomax model (1978), see Wilcox [58], have later
been used in the aircraft industry.

The main problems with the mixing-length or algebraic equations are their locality
description of the turbulent viscosity, 4. Any non-locality in the eddy viscosity models
(EVMs) must enter through the use of a transport equation for a relevant velocity and/or
length scale. The basic ideas of such one- or two-equation models were initiated in the

1940s, by Prandtl (1945) [45], Kolmogorov (1942) [30] and Chou (1945) [8].

6.3 One-Equation Models

The natural velocity scale for eddy viscosity is the square root of the kinetic energy:

1
u=kY? = \/ S Uili (6.4)

With this quantity, in 1945 Prandtl introduce non-locality in the description of the eddy
viscosity:

v = kY21 (6.5)

A length scale is however needed in this model, which is its main drawback. The relevant
length scale must be taken through empirical arguments, and changed according to the
flowfield. This shortcoming, shared with the zero-equations, has set serious limitations
to the usefulness of these models. A new approach by Spalart-Allmaras (1992), see e.g.
Wilcox [58], uses a transport model for the turbulent viscosity itself, instead of the k-
equation. This is an interesting idea, although the transport effects, which have been
proven to be necessary for a physically valid model, can not be modeled with this model.

6.4 Two-Equation Models

The main drawback of the zero- and one-equation models is the need of a priori knowl-
edge, to estimate the correct length scale. In two-equation models, this is solved by
introducing an additional transport equation for the length scale or some other turbulent
quantity. This has proven to be a reasonable approach to yield generality in engineering
predictions in a large variety of flows. Thus a number of two-equation turbulence models
have been developed, starting with Kolmogorov in 1942. He based the £ — w model on
the kinetic energy, k, and the transport equation for the specific dissipation, w, which has
the dimension s !, i.e. inverse to time. However the most popular two-equation model is
that based on the transport equation for the dissipation, ¢, in addition to the k£ equation,
i.e. the k£ — ¢ model developed by Chou in 1945. There also exist models based on the
length scale itself, [, and time scale, 7, although they are not as common. In this report,
only two-equation EVMs based on the either the dissipation, e-equation, or the specific
dissipation, w-equation, are used.

6.4.1 k — e Model, Abid et al.

The k — € equation of Abid et al. [2] is a low-Reynolds number two-equation EVM based
on similar grounds as the standard k — ¢ of Jones and Launder [27] with only some slight
differences in the closure constants and boundary conditions.
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The modeled transport equations for the turbulent kinetics energy, k, and dissipation rate
equation, ¢, in this model are:

Dk 0 Vi ok
o p e+ L a2 el _
Dt , €+8wj [<V+Uk> 8:@} (6.6)
and
De € g? 0 v\ Oe
2 o CuiP = CafS 4 )= .
Dt = Caphi = Calp + 5, [(V+0€> aa:j] (6.7)

where P, = 21,5;;S;; is the turbulent production of &, using the Boussinesq hypothesis,
Eq. 6.1, with the turbulent viscosity defined as:

vy = C”; (68)

The constant C), = 0.088 was given a slightly lower value than the standard value = 0.09.
The closure coefficients are:

op = 1.0, 0. = 1.3, C.y = 1.39, C., =183 (6.9)

A damping factor, f, was introduced to remove the singularity of the dissipation equation
at the wall and was given the value:

f=1-exp <— Ry), Ry=@ (6.10)

12.5 v

The boundary conditions for the k£ and ¢ equation are:

W\
k=0, e=2 (8—y> (6.11)

6.4.2 Two-layer k£ — ¢ Model, Chen and Patel

The two-layer, or zonal k — & model of Chen and Patel [7] uses two different approaches
to compute the eddy viscosity, one in the main flow, or high-Reynolds number (HRN)
flow, and another in the near wall region, or the low-Reynolds number (LRN) flow. The
matching line between the two regions is set at y* ~ 50, where y* = yu, /v.

The HRN model is the standard k& — ¢ model, with k£ modeled as:

Dk 0 ve\ Ok
— =P — — — ) — 6.12
Dt k 6+8xj |:(V+O'k> 8.’)3]:| ( )
and ¢ as:
De k g2 0 v\ Ok
— =Cq—PFP,—Coo— + — — | — 6.13
Dt te k *k +8a:j [(V+05> 3@] (6.13)
The eddy viscosity, which is used in the Boussinesq equation, Eq. 6.1, is formulated as:
k2
Vy = Cﬂ? (614)
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The above HRN model is then combined with the LRN model close to the walls. This
model is the one-equation model by Wolfshtein [60]. The latter, unlike the LRN k — ¢
models, requires only the solution of one transport equation, the turbulent kinetic energy.
In the Wolfshtein model, the dissipation rate is set with the aid of a turbulent length
scale:
k3/2
Tl (6.15)
le =Ciy(1 - eXp(_Ry/AE))
where R, = Vky /v. The eddy viscosity is set as:
v = C,Vkl,
l, = Ciy(1 - eXP(_Ry/Au))
This concept removes the problematic boundary condition for the dissipation rate, with

the turbulent length scale being a simple relation of the wall distance.
The closure coeflicients involved are:

C, = 0.09, C.y = 1.44, C.p = 1.92, op =1 Kk = 0.435
0. = K2/(Cey — Ce1 /V/(C), A, =20, A, =10, Cy = kC, %"

€

(6.16)

(6.17)

6.4.3 k — w Model, Abid et al.

The k —w equation by Abid et al. [2] is based on the standard k —w model by Wilcox [56].
The main difference between the models is the definition of the specific dissipation. Abid
et al. use the true w in the sense that it is the dissipation divided by the turbulent kinetic
energy, w = ¢/k while Wilcox includes a closure coefficient in the definition, w = ¢/3*k.
This change in definition makes the closure coefficients different. Otherwise the two
models are essential equal. Note also that this definition does not affect the predicted v;.
One important characteristic of the standard £ — w model is that it can be integrated to
the wall without any damping function, and thus there is no need of any errornous wall
functions.

The modeled transport equations for the turbulent kinetics energy, k, and the specific
dissipation rate equation, w, in the Abid et al. model are:

Dk 0 v\ Ok
= P —wk+ — ) == 6.18
Dt b v +8(L’J |:(V+O'k> 8$]:| ( )
and
Dw w 0 v\ Ow
—— =C,—P, — Cw?+ — — ) == 6.19
Dt Clk k C2w +8$j [<V+Uw> 8.’11']:| ( )
with the turbulent viscosity defined as:
k
v = C“; (6.20)
The closure coefficients are:
o = 1.4, o, = 2.0, C,1 = 0.55, C.2 =0.83 (6.21)
The boundary conditions for the k£ and w equation are:
6v
k=0 =10 6.22
’ “ Cw2y2 ( )
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6.4.4 k —w Model, Peng et al.

The k — w model by Peng et al. [43] is similar to the LRN Wilcox [57], however with
a cross-diffusion term added in the w equation. Furthermore, the coefficients and the
wall-damping functions are re-tuned. The turbulent kinetic energy equation:

D
—k:Pk—ckfkwk—i-i |:<I/+ﬂ) ak]

Dt 8.’)3]' Ok 8—3[:]
R4 (6.23)
fe=1—-0.722exp |— <l—é>
and the specific dissipation rate equation:
Dw w 0 v\ Ow v [ Ok Ow
—:Cw w_P_Cw 2 a_ — | a8 Cw_ A A
Dt f K F 2 0z, [(V+ 0'u,> 63:]} * k ((%j Oa:j>
(6.24)

fo=14+4.3exp

R\ 2
(i3)
where R; = k/wv.

The cross diffusion term, 0k/0z;0w/0z;, in the w equation appears when the ¢ equation
is transformed to the w equation. Its effect is to enhance the predictions in the outer
region of the boundary layer where the standard k¥ — w has difficulties, [37]. The eddy
viscosity in the Peng et al. kK — w model is set as:

1—exp {— (%>/}] [0.975+ e {_ ( ] )}] (6.25)

The boundary conditions for the turbulent kinetic energy and the specific dissipation rate
are:

k
vy = Cﬂfﬂa

fu=0.025 +

k=0, w=—— (6.26)

The constants in this model are:
C, =10, Cr = 0.09, o, = 1.35, o, =0.8 C,=0.75 (6.27)
Co1 = 0.42, Cy,2 =0.075 '

6.5 RSM, Reynolds Stress Models

According to the discussion on second-moment closures and models based on the Boussi-
nesq hypothesis, the RSM is a more physically correct model. This is primarily due to the
exact representation of the Reynolds stress through their own transport models. With
knowledge of the Reynolds stresses, the production term can be described exactly, as can
the body generation term, which is of great advantage when predicting rotating fluids.
However, even with a second-moment closure model, there must be some modeling. This
is noted below. A symbolic description of the Reynolds stress transport equation is:

DR;; oD;; 9Dy
+ N
Dt 893k 3£Ck

= Pij + Gij + Hz’j — Ez'j + (628)
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where the terms are either exact or modeled according to:

oU;  ——0U;
Py =~ (“ U Dz +tu axk> (exact)
Gij = =20 (ejruju) + Gile) (exact)
p [(Ou; O
Iy = = ( 83:: + 3@) (modeled)
ou’; du} 0?ul

i = 2V - t deled

Fij = 8:1:k 8xk v Baskxk (mO ee )

A ul.p!
Dij = — (u;p dj + ;)p i + ufcu;u;> (modeled)

ouju,
Dj; = —1/# (exact)
Tk

In a standard form — Launder-Reece-Rodi [34] formulation — the Reynolds stresses terms
are modeled according to:
6.5.1 Pressure-strain Term, II;;

Generally, the pressure-strain term is composed of a slow part, II;; 1, a rapid part, II;;,
and a wall reflection part, II;;,,. The slow part is modeled according to Rotta [49]

€ ([ 2
The rapid part according to the Launder-Reece-Rodi (LRR!?) [34] formulation is:

cy+ 8 2 30¢cy — 2 802 2
M, =—2"°(p. _Zps,; | — 22" 2oks,. . P5,~- 6.30
7,2 11 ( J 3 5]) 55 S] 11 ( ]) ( )

where Pj; is defined as

Uy 6Uk> (6.31)

P.*. = — (ul ! + u UI
i ik k
Oz; oz;

The closure coefficient ¢, was found to be close to 0.4.
Launder et al. also devised a reduced form of the above rapid part, denoted ’isotropization-
of-production’ which is formulated as:

2
ijo = =7 (Pij - §P5ij) (6.32)
with v = 0.6.
The wall reflection part is modeled as:
k3/2 = 9 i
ILijw = [0 125k ( u; — gkc&j) +0.015(P;; — P,-j)] (6.33)

This wall reflection term was proposed in a different way by Gibson and Launder and is
currently more common. The total pressure-strain term is the sum of the slow part, rapid
part and wall reflection part.

13The Launder-Reece-Rodi pressure-strain model is commonly denoted LRR.
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6.5.2 Dissipation Rate Tensor, ¢;;

The dissipation rate tensor is modeled according to Kolmogorov’s assumption of isotropy
of the small scales:
2
Eij = 56,']'6 (634)
The scalar dissipation rate using the Reynolds stresses differs slightly from the EVM
dissipation rate equation. According to Hanjalic and Launder [17], the RSM dissipation
rate equation can be formulated as:

S Rubv vl 6.35
Coo— + Caukulawl ( )

De | wrrOUi &8 0 ( korroe
Dt - e1™i kk 8iL‘k k 893k

6.5.3 Diffusive Transport Term, D;;

The only part of the diffusive transport tensor that is modeled is the triple correlation,
which is modeled according to Hanjalic and Launder [17]:

k 0 0 0
D;; = —ulu' v, = c;— | vu,—ulv' + viu,—u' v, + viu,—utu! 6.36
J 1%k 56 klaxl [ Aad] zlaxl]k ]laxl k™ ( )

However, Launder et al. also used a trunked version, the GGDH ' of Daly and Harlow
[10]:

- k oulu’
Dy = —ulwlu), = c— | ujuj—— 6.37
J uzu]uk Cs € (ukul 81‘1 ( )

The majority of the Reynolds Stress Models developed are similar to the above formula-
tion, and thus this model can serve as the basis for later discussions.

6.6 ARSM, Algebraic Reynolds Stress Models

The classic Algebraic Reynolds Stress Model (ARSM) by Rodi [48] was developed from
the Reynolds Stress Model, with the assumption of a relation between the convective and
the diffusive terms in the Reynolds stresses with those in the equation for the turbulent
kinetic energy 15

- wut
Transport of ujuf; ~ Zk] - transport of k&
_ 6.38
Dupw; (D +Dy) _wiuj (Dk  (D;+ D) (6.38)

Simply this substitution would not be very valuable since the convective and diffusive
terms in the k equation (the RHS of above) are as difficult to model as the convective and
diffusive terms in the full Reynolds stress equation (the LHS above). However, by using

14GGDH=Generalized Gradient Diffusion Hypothesis.
15Gee Eq’s. 5.36 and 5.39 for an explanation of the individual terms.
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the identity of the k equation, Eq. 5.39, for the RHS and the Reynolds stress equation,
Eq. 5.36, for the LHS, the equation can be changed to:

ulu'

2 I (P, —¢) (6.39)

which is the hypothesis used by Rodi, where the production terms, P;; and P, and Gjy;
are exact while the rest must be modeled. Note that, in the ARSM formulation, an
equation for the turbulent kinetic energy is needed in addition to the Reynolds stress
equation and the dissipation rate equation. The k equation differs somewhat from the
eddy viscosity-based models, since the Reynolds stresses are known:

Pij+ Gij + 1lij —eij =

Dk 0 k——\ Ok
=t _p — — vl ) — 6.40
D e — €+ i [(V—I—ckgukul) 83:;} (6.40)
with the production term in its exact form as:
—— Uy,

The dissipation rate equation, the pressure-strain term and the dissipation rate term are
modeled in a similar fashion as for the Reynolds stress model.

6.7 EARSM, Explicit Algebraic Reynolds Stress Models

The implicit relation for the Reynolds stresses above has been found to be numerically and
computationally cumbersome, since there are no diffusion or damping terms present. The
basis of the EARSM follows the same ideas as in the ARSM, as postulated by Rodi; the
transport of Reynolds stresses is set equal to the normalized transport of kinetic energy.
However, in the explicit ARSM (EARSM), the Reynolds stresses are explicitly related
to the mean flow field, see Eq. 6.51. This makes the model more robust and reduces
the computational complexity level to that of a kK — ¢ model. Normally, the anisotropy
tensor is used instead of the Reynolds stresses in the turbulent transport equation. The
anisotropy tensor is defined as:

(AT
% - gaij (6.42)
Start by substituting the production term, P;;, in equation 6.39 with the help of the
anisotropy tensor:

ai]- =

—o0U; ——0U;
P = —u;u}ca—:mi - u;u%axk =
2 2
—k (aik + §5ik> (Sjk + Qjr) — k (ajk + 55]'1@) (Sir + Qux) = (6.43)

4
—k (aiijk + aijik + a,-ijk + aij,'k) — ng,

This may need some explanation. The mean velocity gradients, 0U;/0zy and 0U;/0xy,
are rewritten with the rotational tensor, €);;, and the strain-rate tensor, S;;, defined as:

1 [0U; U

sy 4 (26 2) »
1 /0Us oy

o 5( 5o, 6:13,-) (6.45)



Adding them together obviously cancels the right side of the terms.
Furthermore, the terms including the Kronecker delta, d;;, multiplied by the rotational
tensor disappear:

2 2 2

The last identity is due to the anti-symmetry of the rotational tensor.
The next term to be reformulated is the RHS of Eq. 6.39:

1,1

(P —e) = (aij 4 gaﬁ) (Pe— ) (6.47)

The Kronecker delta multiplied by the scalar dissipation rate is equal to the tensor dissi-
pation rate, see Eq. 6.34, while the turbulent kinetic energy production, Py, is twice the
trace of the Reynolds stress production, P;;, see the above result, Eq. 6.43':

2
6—5i]' = é‘ij
5 ) (6.48)
Pkg(sij = _kamnSmngéij
and hence the RHS can be changed to:
U 2
i (Pk — 5) = (Pk — 5) Qi3 — &5 — kamnsmn§5” (649)
Inserting the above relation and Eq. 6.43 into Eq. 6.39 yields:
(Py—¢) 215, — & (S + azs S s
=€) Qi = —gRoij — AikRjk T AjkRik — AmnOmn 5 04j
k Aij 3 kjk jkPik 3 7 (650)

—k (aiijk -+ aij,-k) + Hz’j + Gz’j

By applying some model for the pressure-strain term and the dissipation rate, defined in
the anisotropy tensor, the governing equation can be written in terms of the strain rate
tensor, Sj;, rotation rate tensor, (2;;, and the anisotropy tensor, a;;. The strain rate and
rotation tensor can be described from mean velocity gradients and are thus known. What
is left is the anisotropy tensor. This also needs to be modeled in some known parameters,
hence the denotation explicit ARSM. The most general form of the anisotropy tensor can
be described with ten tensorially independent groups expressed in \S;; and §2;;, where all
higher-order terms can be reduced with the aid of the Caley-Hamilton theorem:

1
a= S+ <52 - %IISI> + s <Q2 - gIIQI) + B4(SQ — QS) +

2 2
B5(S*Q — QS) + Fs (sm + Q%S — gIVI) + B4 (5292 +0282 — §V1> (6.51)

Bs(SQS? — SQS) + Bo(QSN? — Q?8Q) + B1o(QSQ2 — 02S2Q)

16The trace of the strain-rate tensor, Sj;, is zero with the help of the continuity equation and assuming
incompressible flow. The product a;;2;; is zero since the anisotropy tensor is symmetric and the rotational
tensor is anti-symmetric.
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where coefficients (3, is a function of the invariants of S and (2, which can be written as:

IIs = tr(S?) = SimSmk, IIq = tr(9?) = Qe ok, IIIs = tr(S*) = SkmSmnSnk
IV = tr(SQ?) = SkmQmn ks V = tr(S?Q?) = SkimSmnQnp i
(6.52)

a, S, (2 are contracted notation of the tensors a;;, Sij, ;;, and I is the identity matrix.
Eq. 6.50, described in the mean velocity gradients, using the anisotropy relation, Eq. 6.51,
together with the transport equations for the turbulent kinetic energy and the dissipation
rate, constitutes an EARSM.

6.7.1 Gatski and Speziale
In the EARSM by Gatski and Speziale [13], the explicit relation for the Reynolds stresses
is given as:

2
u; = ko

* * 1 * * * * * * * 1 * * (6'53)
—2Ck [(Sij - gskk‘sij) -+ ( Sl T ijm’) -2 ( ki — gsklskldiJ')]

In the above, the strain rate tensor, S;;, and rotational rate tensor, €2;;, are non-dimensionalized

and normalized according to:

79

. 1
Sij = 597’(2 — C3)Sij

6.54)
. 1 04 —1 (
Qz’j = 5g7’(2 — 04) |:Qij + (m) eminm:|

where 7 is the turbulent timescale. g is a function of the production-to-dissipation rate
according to:

1 P, -
9= (501 t_ - 1) (6.55)

while the others are a function of the pressure-strain model:
Launder, Reece and Rodi (LRR), [34]

O, = 3.0, Cy = 0.8, Cs = 1.75, Cy=1.31 (6.56)
Speziale, Sarkar and Gatski (SSG), [51]
C,=34+18P/e,  Cy=08—-13II,  Cy=125  Ci=04 (6.57)

where I, is the invariant (b;;b;;) of the specific anisotropy tensor'”. The production-to-
dissipation rate for the SSG pressure strain was set equal to 1.9, which is the value in
equilibrium homogeneous flows, while the invariant of the anisotropy tensor was set to
0.11, which is the value predicted in two-dimensional homogeneous turbulence.

17b,’j = (uiuj — 2/3]65”)/2,{3
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In the model by Abid et al. [2], this relation is used together with either a k — w EVM,
or a k —e EVM. In the case of a k — w model, the eddy viscosity is defined as:

Vv = c;;g (6.58)

and C}, depends on the flow:

o — [02—4/3} [ 3(1+7)+02(n°+¢°

H Cs—2 3+ 72 +6m2E2+ 662 +n6 + &6 (6.59)
772 = S;}S}‘j, 52 = Q;}Q;‘j

Note that the expression for the C}; has been changed in accordance with Abid et al. [1]
for reasons of numerical stability. In the expression for the eddy viscosity Eq. (6.58), two
additional transport equations is needed. In this report, the £ — ¢ and k£ — w of Abid et
al. [2] were employed. However, virtually any EVM can be used.

6.7.2 Wallin and Johansson

The description of the EARSM by Wallin and Johansson [25], [54], [55] is somewhat more
complicated than that of Gatski and Speziale and is derived in a similar manner as the
EARSM by Girimaji [14]. Their model is fully explicit using the full anisotropy expression,
which in the limit of 2D flow offers an exact solution and in 3D flow an asymptotic 2D
approximation. It is convenient to include the effects of rotation from the start, and
Wallin and Johansson define a new absolute rotation tensor for this purpose. The mean
rotation tensor is thus replaced by the absolute rotation tensor, Q;‘;, which is the sum of
the mean rotation tensor and the solid body rotation tensor according to:

Q= Qy + Q5 (6.60)
where ij is the solid body rotation tensor, defined as:

Q) being the constant angular velocity. The solid body rotation term, ij, is closely
connected with the Coriolis timescale; 2¢;;€);. Normally the Coriolis acceleration effects
enter the transport equation for the Reynolds stresses via the body force. However, in this

model, the Coriolis accelerations are split into two parts. The first part of this is included

in the above absolute rotation tensor, Qg‘;, which is included in the shear generation term,
see Eq. 6.43
B _ _dg Sk + S Qi — i 6.62
= = 3% — (@Sky + Siwars) + ainlly; — Qigar; (6.62)

and the second part of the Coriolis acceleration is included in the solid body rotational
generation term:
3
ij

k

= aikggj - Q%gkakj (6.63)

43



Apart from this change, the rapid part of the pressure-strain term must be modified.
Taking the Launder-Reece-Rodi model, the rapid part is:

9(22 +6
11

I
k

4 762 — 10

11 (azkgfj - Qf}cakj)

(6.64)

4 2
= gSij + (aikskj + Sikagj — gakmsmkdi])

where the absolute rotational tensor appears again, and thus the pressure strain term
changes as a result of the solid body rotational velocity. Now we may rewrite the ARSM,

Eq. 6.39:

wul /P k(P. G.. Tl Cix
el k 1] 1J vJ X
—=1)=—|—-— e 6.65
( ) € ( k * k * k ) € (6.65)

and insert the above Eqgs. 6.62, 6.63 and 6.64 together with the Rotta slow part, Eq. 6.29,
and the isotropic dissipation rate, Eq. 6.34:

1ol
’LLZUJ

(1) -

1/2
G (56‘”")

. Y
isotropic dissipation

k
+ —
9

4
—gs,ij — (aixSkj + Sirar;) + az’kgfj - Qfllcakj]

J/

shear generation

k
+ g [a,-kQ;jj — Q;-S}cakj}

~ 7

~—
rotational generation

k e [uu, 2

R ( Pl 55“)]

Rotta ST]:)W part ’

+ k [%Sij w (aikSkj + Sik@rj — gakmSmch,-j) + 76217;10 (aikaj — Q{}cakj)]

) LRR rz;I;id part ’
(6.66)

Substituting the Reynolds stresses to the anisotropy tensor:

# = a;; + §5ij (6.67)

LHS can be rewritten as:
uiu', (P P P 2
[l k k k
— —1)=a;|——=-1})+(——=1) =6;; 6.68
k ( € ) %ij ( € ) ( € > 3" ( )
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Furthermore, noting that the normalized Rotta term is actually the anisotropy tensor

multiplied by a constant:
k e [uwin; 2
g !_01E ( k‘ J 56”>] = —claij (669)

it can be moved to the LHS to yield:
P P, 2 2
— -1 — — 1) 26 = —0i;
<Cl " ) " ( : ) 379773

k| 4
_|_g |:_§Sij — (aikSkj + S,-kakj) + aikaAj zkak}

k
+€ [aszk] zkak]]

k [4 9¢cy + 6 2 Tcog — 10
+-— [gsz'j + 2171 (az’kskj + Sikar; — gakmsmkéij) + 2171 (aikﬁfj 1ka/kj
(6.70)
The 2/3 terms cancel out, while the Py /e term can be changed to:
P, 2 k 2
?kgézj = —— [amkSkmg(SU] (671)

The term in front of the RHS, k/¢, is the turbulent time scale, 7, and is used to normalize
the mean strain rate tensor and the mean rotation tensor:

§* =18y =4 (axj + &Ci) (6.72)
oU;  dU;

0 =0 = % <8w~ a ax7> * resinth &7
Vi K3

With this substitution, the equation is:

P 2 4
a (01 + ?k - 1) = gtr(aS*)I - ES* — (aS* + S*a) + aQ* — Q*a

9C2 + 6
11

762 — 10
11

4
+a0’ — Q%a + gS* + (aQ2* — Q*a)

(6.74)

2
(aS* + S*a — gtr(aS*)I) +

where the short notation for the identity tensor, I, and the anisotropy tensor, a, are used.
To get the final version of the implicit ARSM, the rotation rate tensor is rearranged and
the terms are added together:

P 1 — 2
<C1 -1+ ?k) a= —1—855* + fat? (" — Q") — e (aS* + S*a-— gt?“(auS*)I>

11 11
(6.75)

where QF is the effective mean rotation tensor which depends on the choice of pressure-
strain model. In the case of the above LRR, the effective mean rotation tensor is:

11 Te + 12
QS = Ty + 2T 208 (6.76)

QR:QA
+702+1 “ Teog + 1
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The constant, ¢y, was originally suggested, by Launder et al. to be 0.4 [34], although
recent studies have indicated a slightly higher value. Setting c; = 5/9 in Eq. 6.75 would
simplify the equation to:

P, 8 4
1+ )a=—28+ - (a0 - QR .
<cl + - ) a 155 + 9 (a a) (6.77)

Note that this still represents a non-linear ARSM relation since Py/e = —tr{aS}. In order
to formulate an EARSM of the above ARSM, the following steps must be performed [55]:
1. The general form of the anisotropy equation, Eq. 6.42, is inserted into the ARSM

2. The resulting linear equation system for the ( coefficients is then solved with the
aid of the Cayley-Hamilton theorem. The 3 coefficients are now functions of the
production-to-dissipation ratio, Py /e

3. The last step is to formulate the non-linear scalar equation for the Py /e.

In the 2D case, these steps are shown in the report by Dahlstrém [9]. For the general 3D
case, the non-zero (3 coefficients are:

N(2N? —T11g) 12NV
B =— ) fPs=——F7—
N @ (6.78)
B, = 2(N? — 21 1) B = 6N By = 6
4 Q ) 6 Q ) 9 Q
where the denominator is:
6
Q= g(N2 — 2115)(2N? — 1) (6.79)
and N is related to the production-to-dissipation ratio as:
9P 9
N:C'Il-i-z?, Cll = Z(Cl—l) (680)

The non-linear equation for N is then formulated, which in the general 3D case is a
sixth-order equation. For a 2D case, this is reduced to a third order equation:

2
N® — ¢/ N? — (1—3115 1 2UQ> +2c11Ig =0 (6.81)

which can be exactly solved. This also forms the approximation for the 3D case.
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7 Turbulence Models and Rotation

Modeling rotating turbulent flow naturally suffers from the same limitations as does
modeling non-rotating turbulent flow. Furthermore, the rotationally induced accelera-
tion terms that appear result in increased complexity. The following is from a paper by
Tacovides and Launder (1995) [23]

To be fair, we must acknowledge that research sponsorship of CFD applied
to internal cooling began at least a decade ago. It is however, a measure of
the complexity of the flows involved — from both physical and computational
points of view — that those 10 years have produced rather little in the form of
well-validated, user-oriented software.

This is mainly because the numerically stable and less CPU-demanding models do a fairly
poor job of predicting rotational effects. The still most commonly used turbulence models,
the eddy-viscosity models (EVM), are based on the k equation'®, which does not include
rotation. Hence, more advanced models are needed. However, the second-order moments
models (RSM), which do predict rotational effects, have severe drawbacks. They are
generally numerically cumbersome, and non-convergent solution can be the result.

7.1 EVM vs RSM

A profound result of strong Coriolis and centrifugal forces is the near-wall secondary flows.
As a consequence, turbulence models need to resolve the near-wall region accurately to
predict the overall flow. Thus the computationally efficient wall functions would not
perform as well in these flows, as they do in other simpler flows!®. Secondly, the strong
streamline curvature in these flows gives the models based on eddy-viscosity a rather
gloomy prospect for success.

Looking at the production terms in the transport equation for the Reynolds-stresses,
Eq. 5.36, clarifies this. For simplicity, consider a unidirectional flow (2D) undergoing
orthogonal mode rotation about the third axis. The production terms are, see [31]:

i=1j=1 |i=2,=2 |i=3,=3] i=1,j=2
Py | —2u'v'dU/dy 0 0 —W@/dy_
Gz’j 4QW —4QW 0 —29(’&'2 — 1)'2)

As can be noted from the above that the turbulent kinetic energy — which is the sum of
the wju] — is not affected by the rotation since G;; = 0. The generation of shear stress is:

Py, = —U'Q% —2Q <u’2 — v'z) (7.1)
The first term is either negative or positive and thus yields an increase of the shear stress
on the pressure side of the channel (where dU/dy > 0) and a decrease on the suction side
(where dU/dy < 0). In an eddy viscosity model, the second term in Eq. 7.1 is always zero,
because the fluctuating velocities are isotropic. However, in a Reynolds-stress model, this
term is present and is negative, providing that the streamwise fluctuations (u2) exceed

18Tn addition to the k equation, another transport equation is needed, such as the dissipation rate, ¢,
specific dissipation, w, or the turbulent time, 7
19The wall functions approach has severe limitations in other areas as well, e.g. heat transfer.
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the cross-stream (W) Thus the eddy viscosity model predicts the same result regardless
of whether there is a rigid body rotation, whereas a Reynolds stress based model with a
more complex description of the Reynolds stresses captures the rotational effects.

7.2 Rotational Modifications to the EVMs

As stated above, the eddy viscosity concept will not include any generation due to the
rotation. That is not to say that the secondary motions are not captured, since those are
directly affected by the Coriolis acceleration and the term 2¢;;,2;u in the Navier-Stokes
equation. Although the rotation does not affect the generation of the turbulent kinetic
energy, it does affect the dissipation rate, see Eq. 5.70, although in a more intricate
way. Normally this is neglected in the EVMs and thus the turbulence is not modified by
solid body rotation at all. This deficiency, which is actually an effect of the underlying
physics of the model, or rather lack of physics, has in some models been improved through
some ad hoc terms. This may seem horrifying to some purists, but as we are dealing
with turbulence modeling, it is yet another tuning process for the models. These ad hoc
modifications are made to either the k& equation or the ¢ equation or both. Below these
modifications are exemplified through three different models.

7.2.1 e — w? Model of Wilcox and Chambers

One model that includes some effects of streamline curvature and rotation through the
k equation was presented by Wilcox and Chambers [59]. Their model, which is a 2D
model for boundary layers, consists of the turbulent kinetic energy, e, and the specific
dissipation, w?. This model, which is not based on the ordinary k — ¢ theme, and not
even the, popular £k — w by Wilcox but rather on the e — w?, is essentially equivalent to
other models, except for one term, see [59]:

90U (7.2)

w Oy

This term is associated with the rigid body rotation and is an ad hoc modification suitable
for the k —e models. Wilcox and Chambers try to circumvent this fact, however by noting
that their turbulent kinetic energy is equivalent to:

e= 4v’ (7.3)
in difference to the equiproportional &k, which is:
1 /(— — — 3—
k= 3 (u’2 + 0% + w’2) = 5’0’2 (7.4)

Their reasoning is based on the fact that the near-wall behavior is anisotropic, and rela-
tions between the fluctuating energies are, see Hinze [19]:

u? v?iw?=4:2:3 (7.5)
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In the ¢ = 2,57 = 2 equation for the Reynolds stresses, the following Coriolis term is
evident, see table on page 47:

By assuming the Boussinesq hypothesis (2D):

au
—pu'v = v— 7.8
puv =ug (7.8)
the following term appears in the v”2 equation :
— au
—4Qu'v' = 4Qth—y (79)

Thus, in the e equation, the term would be (9/4 - v? -equation):

90— 7.10
Vi dy ( )
as found above, with vy = e/w. This term makes the model depend on the solid body
rotation and it does predict some of the turbulent rotational effects. A general 3D variant
of the above model adapted to a k — ¢ based eddy viscosity was used by Howard et al.
[20]. In this report, the additional term, 9Qu;,dU/dy, is used together with the EVMs of
Abid et al..

7.2.2 The k — ¢ Model of Launder et al.

It was stated above that the non-modified turbulent kinetic energy equation is not affected
by rotation of the coordinate system. However, the dissipation rate equation will change,
although it is not certain how it will change. The Coriolis term in the dissipation rate
equation, ¢ is, see Eq. 5.60:

04 0
6$k 6xk

2 (2€imnQmul) (7.11)
It can be argued that this term should be dependent on the background vorticity, 22,
and the mean shear vorticity, —dU/dy, for an orthogonally rotating 2D flow [31]:

20)
S =075, (7.12)

This ratio can also be considered as a gradient rotational number. Bradshaw [5] used
this ratio to define a Richardson number or, alternatively according to Tritton [53], the
Bradshaw number as:

Ri=or B=S(5+1) (7.13)

Launder et al. [33] choose this parameter as the modifier to their ¢ Eq.:
oU oU\*
Ri= -2 — —2Q — 7.14
Z ( 9y ) / <5y> (714
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where the rotation is around the z—axis. This equation can be simplified according to
Johnston et al. [26] to:

2Q

Ri= =508y

(7.15)

in the near-wall region, which is used in the paper by Howard et al. [20]. This modifica-
tion actually gave better agreement with experimental data than did the non-simplified
Richardson number. The denominator of Eq. 7.14, (8U/dy)?, has the dimension (time) 2.
Launder et al. proposed to replace this with the turbulent time scale, defined by:

T=- (7.16)

Thus the two Richardson numbers would be:

Ri = —20 (5)2 (%—Z - 29) (7.17)

€

K\ oU
Ri=-2Q(—-| — 7.18

Z (6) 9y (718)
Following similar reasoning as above, Launder et al. conclude that the k£ equation should
be left as it is, thus turning to the ¢ equation:

The € equation itself is very much a black-box equation and there are, there-
fore, no clear guidelines as to whether, in the £ equation, the coefficient of
the generation term (that containing mean strains) or the primary decay term
(that containing Cs) or both should be modified. ... On the grounds of seeking
the simplest possible form the present work has assumed that effects of cur-
vature on the length scale can be accommodated by making only the effective
value of C; depend on the Richardson number.

Thus, from this, the postulated modified ¢ equation would be:
De k g2 0 v\ Ok
— =C,q—P, — Ces(1 — C.Ri))— + — — | =— 7.19
D = Cag P Call = CRi) 1+ 5 - [(V+05> axj] (7.19)

where factor C, is a closure coefficient. Using several tests, this was optimized at C, = 0.2,
in [33]. The above ¢ equation together with a standard k equation defines the Launder et
al. model.

7.2.3 Richardson Number Modifications According to Hellsten
Boussinesq eddy viscosity models which are modified according to system rotation are

mostly based on the assumption that the turbulent length scale is corrected according to:

0 .
= 1 CCRZ orl lo( CCRZ) ( 0)

Hellsten [18], following the approach by Launder et al. used the second turbulent quantity
(in this case the w equation) to implement the length scale correction. The Richardson
number used in the above Launder et al. £ — ¢ model could not be used, however, since
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it is not generalized to three dimensions, as noted by Khodak and Kirsch [29]. Instead,
the general Richardson number definition of Khodak and Hirsch is used:

Ri= = () 1910y - 1) (7.21)

In the case of a 2D rotating duct, this reduces to:

. k\?|oU ouUu| |o
m== () 15— (55115 -) e

U
Ay
Hellsten noted that this definition performed reasonably well in a 2D fully developed
rotating channel. However, it deteriorated in a general 3D flow, where a new definition
of the Richardson number was necessary:

: \Qz‘j\<\9w‘| )
Ri =l (Ll (7.23)
1Si| \ 1S4l

Using the length scale correction equation 7.20 and the definition of the Richardson, the
dissipation/destruction term in the w equation is multiplied by the following factor:

1

— 7.24
1+ C..Ri (7.24)

The closure coefficient, C,., was calibrated in the 2D fully developed flow in a rotating
channel and given the value: C,, = 3.6. Hellsten used this modification with the SST
k — w model of Menter [38]. In this report, this modification is used with the Abid et al.
EVMs without any change to the constant. The modification factor has also been used
in conjunction with the dissipation rate equation (¢ or w equation) in the EARSMs, to
enhance the predictions in rotating structures.

7.3 Rotational Modifications to the RSMs

The Reynolds Stress Models (RSM) that have an exact formulation of the production
terms also include the Coriolis-induced turbulence in a natural way, since this is also de-
scribed exactly by the use of the Reynolds stresses in the body generation term. However,
the substantial derivative of the Reynolds stresses, D(W) /Dt, is not frame invariant,
Launder et al. [35]. When a fixed body rotation is applied to this model, it thus causes
a problem. The substantial derivative can however be made frame-invariant in several
ways. One way is to add the production term, P;;, to either side of the transport equation
for the Reynolds stresses:

Du;u;
Dt + P =2P; + G + ... (7.25)

or assign half of the rotation generation to the convective terms 2°:

Dulu!, 1 1
’ ]——Gi':f)i' _Gi' 726
Dt 2 J J + 9 J + ( )

20This was done in the EARSM of Wallin and Johansson, see above.
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Either way, the effective generation due to rotation is only half as great relative to the shear
generation. The above rewriting might seem cosmetic, but it will affect the pressure-strain
terms. The rotational effect produces an additional term, II;; 3, which can be written in
a similar manner as the ’isotropizy-of-production’ rapid part, II;; o, as:

1 1 1
ILijs = _025 (Gij - gdiijk) = _c2§Gi]’ (7.27)

The last identity is due to the zero trace of the rotational generation, see Eq. 5.39. The
additional factor of 0.5 is according to the above reasoning. The rotationally induced
term and the rapid term can thus be added:

1 1
Hij,2 + Hij,3 = —Co <P” -+ §G” — gdekk> (728)

The constant c; is assigned the same value as the II;;, term because both terms originate
from similar generation terms.

7.4 Rotational Modifications to the EARSMs
The rotational modifications to the EARSMs are included in the expression for the

Reynolds stresses above. In the case of the Gatski and Speziale model, the non-dimensionalized
rotational rate tensor is:

1 Cy—4
Q;‘; = 597'(2 — 04) [Qij + (ﬁ) ijiQm:| (7.29)

where (2, is the solid body rotation, which thus changes the expression for the Reynolds
stresses. This is contrary to the EVM based on the Boussinesq hypothesis, where the
turbulence level is not affected by the rotation. In the case of the Wallin and Johansson
EARSM, the solid body rotation enters simply through a modification of the mean rotation
rate tensor:

where Qf; = €;ik{d, and (2 is the solid body rotation. In addition to this modification, a
body generation term is added:

3
k

= aikaj — kaakj (731)
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8 Heat Transfer Models

Less attention is generally given to the heat transfer models, and they are mostly of
less complexity than the turbulence models used in conjunction with the Reynolds av-
erage Navier-Stokes equation. Using the same decomposition as for the velocities, the
temperature can be written as:

6=0+¢ (8.1)

Inserting this relation into the temperature equation, Eq. 3.12, and time averaging yields:

@+8Ui®: 0 <L69_W> (8.2)
ot ox; Ox; \ Pr ox;

The resulting new unknown, W, is denoted the turbulent heat flux, and causes the same
problems for the temperature equation as the Reynolds stresses do for the momentum
equation. The turbulent Prandtl number, Pr;, generally varies with the flow, see e.g. Kays
[28]. In most turbulent Prandtl models a constant value is however used and is normally
set to: Pr; = 0.92. In this report, this last option has been used for all heat transfer
predictions, although a turbulent Prandtl number depending on the wall approximate as
devised by Kays was also tested.

8.1 Turbulent Prandtl Number Based Models

One approach toward modelling the turbulent heat flux is to assume that the Boussinesq
hypothesis is equally valid for the temperature-velocity fluctuation as for the velocity-
velocity fluctuations:

00
8132'

ulf = —ep (8.3)
with ¢, is denoted the eddy diffusivity of heat in a similar manner as the eddy-viscosity,
v¢. In order to distinguish the different phenomena from each other, the eddy-viscosity is
sometimes denoted as the eddy diffusivity of momentum, €,,. From the above definition

of eddy diffusivities, a turbulent Prandtl number can be defined:
Pr, =" (8.4)
€h

With knowledge of the turbulent Prandtl number, the heat transfer model is defined. Sub-
stituting the Boussinesq assumption and the definition of the turbulent Prandtl number
into the averaged heat transfer equation, Eq. 8.2 yields:

(8.5)

Pr ' Pr,

(9_@ n ou;e 0 v v, \ 00
ot or; Oz Oz;

with v, = ¢, in the definition of the turbulent Prandtl number.
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8.2 Reynolds Stress Based Models

In the case that a second order moment model is used for the turbulent transport equation,
and the Reynolds stresses are thus known, it is possible to utilize the Generalized Gradient-
Diffusion Hypothesis (GGDH) of Daly and Harlow [10]:

.
—uif = couguggg—e) (8.6)
Zj

where cy = 0.3. However, in the flows investigated in this report, it was found by Raisee
[46] that the GGDH does not improve the predictions of heat transfer.
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Outlet

Figure 9.1: General Outline of the Test Cases

9 Numerical Aspects

9.1 Solver

The code with which all the following computations are made is a domestic Finite Volume
Method (FVM) code: CALC-BFC, developed by Davidson and Farhanieh [11]. The
code employs collocated variables using Boundary Fitted Coordinates (BFCs), on a non-
orthogonal coordinate system. SIMPLEC is used for the pressure-velocity coupling. The
code uses Hybrid discretization scheme for the turbulent quantities and QUICK for the
momentum equations. A Tri-Diagonal Matrix Algorithm (TDMA) is employed to solve
the discretised differential equations.

9.2 Periodic Flow Condition

The cases examined here have a geometrical pattern which identically repeats itself after
a certain distance in the stream-wise direction, i.e. the flow is periodic. These geomet-
rical modules, with a generally appearance as in Fig. 9.1, have identical inlet and outlet
flow data except for the pressure and temperature field. This makes it possible, after
modifications, to perform the calculations for only one of these modules, with a corre-
spondingly reduced computational effort. The governing equations, Eqs. 3.3 and 3.12,
however need to be modified. The reason for this is that pressure and temperature do not
repeat themselves in each module, since they will continuously decay/increase along the
stream-wise direction. In a periodic flow regime, the pressure, P, and temperature, ©,
can be decomposed into a fluctuating term and a linearly varying term in the stream-wise
direction [42]. In a 2D case with the periodic condition in the z-direction, the following
will apply:

O(z,y) = O(z,y) + %w
) iP (9.1)



where the fluctuating terms, P(z,Y) and ©(z,y), identically repeat themselves in each
module. The linear temperature increase is given by the heat flux and mass flow:

o  Q

dz e,

(9.2)

The level of the pressure gradient must be found iteratively. Apart from the substitution of
the above fluctuating pressure, P, and temperature, ©, additional source terms are needed
in the momentum equation (dP/dz6;;) and in the temperature equation (—pU;dO/dzd;1),
both of which appear on the right-hand side of Eq. 3.3 and Eq. 3.12, respectively.

9.3 Boundary Conditions
9.3.1 Cyeclic

The inlet and outlet have periodic boundaries, as noted above, with the identity given as:
¢(ni) = ¢(2)
¢(1) = ¢(ni — 1)

where ¢ will be the velocity components, U;, the fluctuating pressure, P, temperature, O,
and the turbulent properties, k, ¢ or w.

(9.3)

9.3.2 Walls

The walls were set at no-slip condition, where zero values of velocities were enforced.
In the case of temperature predictions, this was set as uniform heat flux on the walls.
The heat flux on the rib faces, face AB, BC and CD in Fig. 10.5, was set to 1/3 of the
nominal heat flux to yield a constant total heat flux through the base area of the lower
wall. This simplified heat flux wall condition may have resulted in some discrepancies in
the predicted Nusselt number.

The turbulent properties were set to zero (k and Reynolds stresses) apart from the w
in the kK — w equations. Due to the definition of the specific dissipation, the value of w
goes to infinite at the walls. This is not applicable in a numerical scheme, however, and
an approximate value is needed. According to Wilcox [56] and Menter [38], the boundary
condition of w is inversely proportional to the wall distance squared:

w = constant

v

9.4
Cw2y2 ( )
This approximation is valid for y* < 2.5, according to Wilcox [58]. For a mesh-independent
solution, there should be seven to ten nodes within this range, which is an unrealistic de-
mand in the present predictions, especially for higher Reynolds number cases. As will be
shown in the next section, this demand can be eased and still result in grid-independent
results.

9.4 Implementation Considerations

The code CALC-BFC uses a systematic approach when solving the different variables,
which, can be generalized according to:

0 0 0 0
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This differential equation is used for velocities, turbulent quantities (k, £/w) and tem-
perature. The source term, .S, includes all remaining terms in the equations, such as the
production and dissipation term in the turbulent differential equations. In the case of
an EARSM, the solution method is to solve the Reynolds stress equation in a separate
routine. The stresses then affect the momentum equation through a split operation. The
Reynolds stresses are divided into an eddy viscosity part and a remaining part which, in
the case of the Gatski and Speziale EARSM, are as follows:

2 1

. J/

EVM
* * * * * * * 1 * *
—2Ck (Si ki T Sk ri) — 2 ( KOk — gSlekl5i1'>:|

- 7

OT

where OT is short for other terms. The EVM part is included in the momentum equation
through the eddy viscosity in a similar way as an model based on the Boussinesq hypoth-
esis, while the other terms are included in the source term of the momentum equation.
This operation is made for reasons of numerical stability, which is necessary in more com-
plex flow geometries. Note also that the EARSMs use the standard k and e, w equations
in addition to the Reynolds stresses, which makes the implementation of the EARSM
very similar to that of the EVMs. The additional computational effort for solving the
Reynolds stresses explicitly is fairly small, which makes the EARSM very attractive for
an EVM-based code.

The solution of the EVMs is straightforward, apart from the zonal or two-layer k — ¢
model, which uses two different solution techniques depending on where in the flowfield the
solution is required. Close to the walls, the one-equation low-Reynolds number (LRN)
model is used, and further out in the flowfield the model reverts to the standard two-
equation k — ¢ high-Reynolds number (HRN) model. A profound problem with this
is to decide where the partition line between the HRN model and LRN model should
be. In the following computations, a pre-selected grid line was chosen, which makes the
implementation easier and numerically more robust, although a trial-and-error method
was needed since the correct partition line could only be obtained from a converged
solution, and thus several runs were needed for each test case. According to Chen and
Patel [7], the one-equation model should be used for nodes which have a y* of 50 or less.

The number of nodes at which the boundary condition for the w — in the k£ —w models
— is fixed, through Eq. 9.4, is also pre-selected. This is a much smaller problem than
for the zonal, since w is fixed only for a very small number of nodes?', which even in a
separated flow regime do not depart a great deal from the desired number of fixed nodes.

9.5 Meshes

In all numerical simulations, the mesh plays an important part in the computational
considerations. A good mesh is sometimes essential to reach convergence. In most cases,
the computational effort increases with the size of the grid and, generally, the finest grid

21Tn these test cases, one to three nodes are used.
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Figure 9.2: Nusselt Number, 2D Ribbed Channel

also gives the most correct results. In other cases, only a very coarse mesh can give
a converged solution and, in these cases, the results should be treated very carefully.
The conclusion to be made from such a simulation should perhaps be that, for such a
combination of model and test case, a converged solution could not be reached, even
though some results were achieved for a particular mesh. Three important parameters
of a mesh are the aspect ratio, the skewness ratio and the stretching factor. The aspect
ratio defines the ratio between one side of the control volume with respect to another side.
Generally, the nodes should be as close to a square as possible. The skewness ratio is an
indicator of the angle in the corners and, because squared cells are preferable, an angle of
90° is desirable. Since the computational mesh in this thesis is orthogonal, the skewness
ratio is always one. The stretching factor defines the change in size of the nodes from one
position to another. A factor of 1.2, indicating an increase of 20% for the cell length from
one cell to the next, is generally regarded as an upper limit.

For a certain mesh, it is very difficult to conclude whether it is good enough, and
often it does not help to compare with experiments or other results. To be certain of the
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quality of the mesh, a grid-independent check must be made. In this case, a number of
runs on different meshes are made and the solutions are then compared. If the results
from the finest and the next finest mesh are nearly equal the results are considered to be
grid-independent. That is not to say that the results are correct, but at least that they
are not dependent on the mesh. A number of mesh checks were made, and only two of the
test cases are shown here, the Rolls-Royce 2D ribbed channel and the UMIST 3D ribbed
channel (stationary).

40
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(c) Fine mesh

Figure 9.3: y™ Values for First Nodes, 2D Ribbed Channel

The 2D ribbed channel, Rolls-Royce case, has a Re = 122400%%, which is fairly high
and thus needs a relative fine mesh to be grid-independent. The variable that is compared
is the Nusselt number??, which is the most grid-sensitive variable solved. Three different
meshes were employed: the coarse mesh measuring: 55 x 60, the medium mesh, 110 x 120
and the fine mesh, 140 x 180. Four different turbulence models are used: the Abids et al.

22Gee the results section for further details.
23The Nusselt number is the non-dimensional heat flux.
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k — w [2], the Peng et al k — w [43], Chen and Patel two-layer k — ¢ [7] and the Gatski
and Speziale EARSM [13], based on the Abid et al. Kk —w EVM. Fig. 9.2 shows the grid
sensitivity of the different turbulence models, where the results on the different meshes
are compared.

For all turbulence models, a grid-independent solution is reached with the medium
mesh. In the case of the zonal model, even the coarse mesh gives a fairly good outcome.
In the case of a k —w based model (including the EARSM), the boundary condition for the
w is an important matter for correct wall behavior and thus a grid-independent solution.
As stated above, the w value for the wall proximate node(s) is fixed through an equation
based on the wall distance, see Eq. 9.4. In this case, the number of nodes used for fixing
the w are: one, two and three nodes for the coarse, medium, and fine mesh, respectively.
The Peng et al. model is used to visualize the difference in the y™ value of the near-wall
nodes. Fig. 9.3 shows the first three/four nodes for the lower ribbed wall and their y*
value along the surface.

If the medium mesh can be accepted as a grid-independent mesh, c.f. Fig. 9.2(b),
then it seems sufficient to fix only two nodes — if these are within roughly y* < 2.5. The
Wilcox [58] condition of seven to ten nodes within y* < 2.5 is clearly a very restricted
requirement, although there is of course a difference between a correct w value and a
correct Nusselt number, which obviously depends on more than only the w equation.
Comparing the coarse mesh 9.3(a) and the medium mesh 9.3(b), it can be seen that the
y* value for the second node is fairly similar over most of the channel, while the Nusselt
number predicted by the coarse and medium mesh differs a great deal. This indicates
that fixing only one node, as is done for the coarse mesh, even though the y* value is in
the correct range, is not sufficient for capturing the heat flux. It must be admitted that
this is not the only difference between the meshes. However, from other predictions, it
has also been seen that fixing at least two nodes is required when using a £ — w model.
From Fig. 9.3 it can also be noted that the y* value approaches zero at several points.
These are the points at which the flow either separates or re-attaches??. If some of the
terms, such as damping terms, in a turbulence model are based on y*, the prediction of
the model at these points will be inadequate.

The second case is the UMIST 3D ribbed channel case, with a Reynolds number of:
Re = 100000. This case has a staggered rib configuration, which adds complexity2°. The
grid independency computations were made on a 2D mesh, symbolizing the centerline
of the square duct. This was made to save time, since a 3D computation is much more
computer resource demanding. The meshes for the course, medium and fine grid were:
60 x 60, 120 x 120 and 150 x 150, respectively. The turbulence models used in this
computation were: the Abids et al. k — w [2], Chen and Patel two-layer k — ¢ [7] and the
Gatski and Speziale EARSM [13] based on the Abid et al. k —w EVM. In Fig. 9.4, the
grid sensitivity of the different models can be compared.

Contrary to the Rolls-Royce case, this case does not reach grid-independent solutions
for all turbulence models. In the case of the k —w and EARSM models, probably not even
the computation on the finest grid can be considered grid-independent. This is obviously
a problem later on when a 3D computation is made on this case with a rather coarse
mesh. The zonal k — ¢ model reaches however a grid-independent solution, and even the
first coarse grid gives a fairly reasonable grid-independent result — which is not to say

24Gee further discussion in the results section
25For further details see the result section.

60



500
400
300

Nu 200

100

o

oarse
+ Xp
-100 ‘ ‘ ‘ —100 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
z/P z/P
(a) Abid et al k —w (b) Zonal k — ¢
500 ‘
IR +++ /ftt**+
S -
SN, +++//
400 SO e w7 o
h RN . \\\ vrirr /) ///
300 N v 1
N / /
Nu 200 . 1
/
100 h 1
Fine
0 Medium 1
oarse
Xp
-100 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1
z/P
(c) EARSM

500

4001

T
LTy

Figure 9.4: Nusselt Number on Centerline, 3D Ribbed Channel

that the prediction and the experimental results agree!
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10 Results

This section presents a number of test cases which have been tested with several different
turbulence models. It could be concluded that this is a turbulence model test, and in
some way it is — however the main point is to test the models and state which model(s)
performs best in these environments. This is not often based on only one test case; some
real conclusions can be drawn about the performance of a turbulence model — and hence
the models are tested in this thesis against different complex test cases.

There are two geometrically distinct differences between the test cases: they are either
two-dimensional (2D) or three-dimensional (3D). In the case of a 2D calculation, the third
axis has an enforced symmetrical boundary condition, which essentially means that the
channel is infinitely wide. A judgement of how close this asymptotic condition may be
achieved in either applications or in experimental rigs is left to the reader. The predictions
are of course made in strict 2D, but it is reasonable to believe that the deviation between
a 2D prediction and a wide 3D prediction is fairly similar for all turbulence models. Thus
conclusions and discussions of the performance of the turbulence models can be closed
without any hesitation regarding the two-dimensionality. It should also be noted that it is
arranged in most of the 'two-dimensional’ experiments that the side-wall effects are small,
and thus any data points extracted from the centerline can be treated as two-dimensional
data. The other geometrical case, the 3D cases, do not need this approximation, however,
instead of experimental problems, the 3D cases are numerically more troublesome. The
meshes increase greatly in size when a 3D calculation is done instead of a 2D and, hence,
whenever possible, a 2D calculation is performed. For the three dimensional calculations
included the meshes are not refined on the same level as for the 2D calculations. This is
due to the very great increase in computational resources needed, which should be kept
in mind in comparisons of the fairly good results of a 2D run with the less good results
of a 3D run.

There are a few repeatedly used parameters which should be discussed before they are
used. The first is the Reynolds number, Re = UH /v. The velocity is commonly taken as
the mean or bulk velocity, U,,, U,. The length scale for a channel should be the hydraulic
diameter, Dy = 4A/P, although it can also be based on the channel height, H, or the
channel half-height, A. In a duct with a square cross-section, the hydraulic diameter and
the channel height are identical, which in all other cases they differ. In the 2D limit, the
hydraulic diameter is D, = 4HB/(2H + 2B) = 2H, although the channel height is used
in most cases. Notations Rep, Rey and Rej thus indicate a Reynolds number based on
the hydraulic diameter, the channel height and the channel half-height, respectively.

The second parameter which is the rotational number, Ro = QH/U, which is the
inverse of the Rossby number. €2 is the angular velocity, and U is the streamwise velocity.
H is a characteristic length which is taken either as the channel height, H, or the hydraulic
diameter, Dy,.

The third parameter is the Nusselt number which, for a prescribed heat flux at the
wall, gy, is Nu = 2¢, PriH/pcy(0y — 6p), where Pr is the molecular Prandtl number, H
is the channel height (or hydraulic diameter), 6,, is the wall temperature and 6, the bulk
temperature. This is the fundamental heat transfer parameter, which is used whenever
heat transfer is calculated.
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10.1 Test Cases

Some characteristics of the different test cases is briefly given below.

2D Rotating Channel: Two test cases are made for the 2D rotating channel, one in
comparison with DNS data of Kristofersen and Andersson [31] and the other with an
experiment by Johnston et al. [26].

DNS-data | Reg = 5800 | Roy =0.2 | [31]
Experiment | Rey = 11500 | Rog = 0.21 | [26]

2D Ribbed Channel: There are a total of six different 2D ribbed roughened test cases.
They are denoted according to where or by whom the experiment was made:

Drain, Martin(H) | Rep =12600 | P/e=72| e/H =02 |[12]
Drain, Martin(F) | Rep =37200 | P/le="7.2| e/H=0.2 | [12]
Baughn, Yan | Reg = 50000 | P/e = 10 | ¢/H = 0.0625 | [3]
UMIST(a) | Remw = 100000 | P/e=10 | e/H =01 | [39]
UMIST(b) Rem = 40000 | P/le=10 | ¢/H=01 |[39]
Rolls-Royce Rey = 122400 | P/e=10 | e/H =0.1 | [24]

In all cases except the Drain and Martin(F) case, there exist only Nusselt data with which
to compare. The Drain & Martin(F) test case includes only velocity data?®.

3D Rotating Channel: In the section on 3D rotating channel, only one comparison is
made, with a LES computation of Pallares and Davidson [40]. In addition to the rotating
case, a stationary case is also presented. The Reynolds number is Rey = 4000, and, in
the case of rotation, the rotational number is Rog = 0.1.

3D Ribbed Channel: In the case of a three dimensional ribbed channel, two different
experiments are used to make comparisons with the predictions:

Baughn | Rez = 50000 | Roz =0 | P/e =10 | e/H = 0.0625 | [3]

UMIST | Rey; = 100000 | Roy =0 | Ple=10| e/H =01 | [22]
UMIST | Rey = 100000 | Royy =0.2 | Ple=10 | e/H =0.1 | [22]

10.2 2D Rotating Channel

This section gives a specific feature of the turbulence models: whether or not they are
capable of modifying the predictions due to rotational induced forces. Since the test cases
are 2D with infinite width, see Fig. 10.1, the otherwise very dominant Coriolis force is not
present and thus only second order effects are captured. In the case of a standard eddy
viscosity model, the velocity profiles are fully symmetric even though both DNS data and
experiments show an increasingly asymmetric profile with higher rotational numbers. To
mimic the features shown in the experiments, a number of modifications are possible for
the standard EVM; these are adding non-linear terms, as in EARSM, or modifying either
the k-equation or the €, w or both.

These modifications add up to a large variety of possible turbulence models. The
models used in this section are listed below:

26Notation F is for Flowfield and H for Heat transfer
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Figure 10.1: Geometry of 2D Rotating Channel

e Standard k — w, Abid et al. [2] (Std k — w)

e k —w with modification to the k-Eq., Wilcox and Chambers [59] (k — w mod k)
e k — w with modification to the w-Eq., Hellsten [18] (k — w mod w)

e Standard k — ¢, Abid et al. [2] (Std k —¢)

e k — ¢, with modification to the k-Eq., Wilcox and Chambers [59] (k — & mod k)
e k — ¢ with modification to the e-Eq., Hellsten [18] (k — ¢ mod ¢)

e Gatski and Speziales’ [13] EARSM based on Abid et al.’s [2] kK — w with the SSG
pressure-strain model. (SSG-EARSM(GS)-k — w)

e Gatski and Speziales’ [13] EARSM based on Abid et al.’s [2] kK — w with the SSG
pressure-strain model and modification to the w-Eq., Hellsten [18] (SSG-EARSM(GS)-
k —w mod w)

e Gatski and Speziales’ [13] EARSM based on Abid et al.’s [2] k — ¢ with the SSG
pressure-strain model. (SSG-EARSM(GS)-k — ¢)

o Gatski and Speziales’ [13] EARSM based on Abid et al.’s [2] kK — w with the LRR
pressure-strain model. (LRR-EARSM(GS)-k — w)

e Johansson and Wallin’s [55] EARSM based on Abid et al.’s [2] k — ¢ with the LRR
pressure-strain model. (LRR-EARSM(JW)-k — ¢)

Two different test cases are used in this section, one a DNS prediction [31] and the other
an experiment [26].
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10.2.1 DNS Test Case, Rey = 5800, Rog = 0.2

In the case of the DNS comparison the Reynolds number based on the channel half-
height is Re = U,,h/v = 2900, which is equivalent to a wall-shear Reynolds number of
Re, = u;h/v = 194. The computation was made on mesh measuring 30 x 100, with
100 nodes in the wall normal direction, giving enough nodes to achieve a y™ value of less
than one for the first node. 30 nodes were used in the streamwise direction, even though
the flow is fully developed and essentially a 1D prediction could have been done. The
extra nodes in the streamwise direction were used to smooth out any iteration fluctuations
in the massflow rate. The DNS database has a number of different rotational numbers,
although only Rog = 2Qh/U,, = 0.2 has been used for comparison here. This rotational
number was chosen because it is in the range found in turbine blades in gas turbines
and it is high enough to clearly indicate the problems the different turbulence models
have in predicting the flowfield. The most striking difference between a rotational and a
stationary 2D duct prediction is the amplification of the turbulent kinetic energy on the
unstable side, and the reduction of the same on the stable side for the rotating case. This
changed level of turbulent kinetic energy affects the mean velocity profile as well through
a stabilization process on the stable side and a more sharp gradient on the unstable side
— as can be seen on the schematic figure, Fig. 10.1. One of the fundamental important
parameters closely connected to this process is the friction velocity, u,, at the two walls.
A table comparing the predicted friction velocity from the different turbulence models
and from the DNS data is shown below:

Model Un/tr | Un/trs | Un[try
DNS 15.23 18.54 10.76
Std k£ —w 15.33 15.33 15.33
k — w mod k 14.63 18.85 12.37
k — w mod w 15.09 20.12 12.59
Std k — ¢ 17.14 17.14 17.14
k — e mod k 11.12 14.96 9.24
k—e¢mode 14.52 21.86 11.63
SSG-EARSM(GS)-k — w 16.21 18.60 14.55
SSG-EARSM(GS)-k — w mod w | 15.12 19.71 12.73
LRR-EARSM(GS)-k — w 16.02 18.36 14.40
SSG-EARSM(GS)-k — ¢ 15.98 17.05 15.11
LRR-EARSM(JW)-k — ¢ 20.16 25.28 17.26

The model is abbreviated according to the above list; u, is simply the RMS value of the
friction velocity on the stable (laminar) side, (u,s), and the unstable (turbulent) side,
(Ury): ur = 4/0.5(u2, +u2,). A high U,,/u,, and thus a low u,, indicates a low value of
the turbulent kinetic energy which can be found on the stable side of the channel and vice
versa on the unstable side. Apart from the non-modified, i.e. standard £ — ¢ and k& — w
models, all models predict higher levels of u, on the unstable side than on the stable side.
The two standard EVMs predicted equal friction velocities on both sides, clearly a large
discrepancy of the non-modified EVM. None of the models yield good agreement with the
DNS data. However, although there is a relative large discrepancy for the wall quantities,
reasonable mean properties could still be predicted as seen below.

The velocity profiles normalized with mean friction velocity, U(y)/u,, are depicted
in Fig. 10.2. Note that the friction velocity was taken from the DNS predictions. In
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the graphs, the wall-normal coordinate (y) is found on the abscissa and the streamwise
direction (U) is on the ordinate. The 2D duct is rotating (positively) around the z-axis,
and thus the stable (laminar) side is found at y = +1 and the unstable (turbulent) side
at y = —1. Both the k¥ — w model, see Fig. 10.2(a), and the £ — ¢ model, see Fig.
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Figure 10.2: Velocity Profiles, Rotating 2D-duct

10.2(b), predict similar velocity profiles. In the case of the standard model without any
modifications, they predict a fully symmetric velocity profile which renders them more or
less useless in these cases. Adding the modification to the k-equation gives quite a large
shift in turbulent kinetic energy, see later figures. However, without any modification to
the length-scale equation (w, ¢), the asymmetry of the velocity profile becomes too small.
If instead the length-scale equation is modified, the velocity profile agrees with the DNS
data more closely, although the slope of the velocity profile in the center of the channel is
somewhat off. The slope of the velocity profile is connected to the stability criteria and
is thus an important parameter. Neutral stability is found where Ri = 0, see Johnston et
al. [26], which is equivalent to the 2Q — du/dy = 0 — found as a part of the numerator in



the Richardson number definition.

The EARSM generally predict the slopes rather well, see Fig. 10.2(c), although they
predict too high a laminarization process on the stable side, although the near-wall be-
havior (u,s) is rather close to the DNS data in most case, see table above. Changing the
pressure-strain model causes only a very slight change in the velocity profile or the friction
velocity. Neither does substituting the length-scale equation from w to € make any great
difference in the velocity profile. Using the Wallin and Johansson EARSM instead of the
Gatski and Speziales EARSM alters the velocity profile so that it is greater agreement
with the DNS data. However, the only way to predict very good agreement is to add
a Richardson number modification to the length-scale equation as can be seen in Fig.
10.2(d). In this figure, the Richardson number modifications®’ added to the EARSM(GS)
k —w and k — € were compared. All three do a fairly reasonable job, although only the
EARSM yields the correct slope of the velocity profile. The velocity profile is the most
important parameter in any engineering flow and is of great value when discussing the
turbulence models. Still in order to quantify the turbulence models, a turbulent quantity
is necessary. In this case, the turbulent kinetic energy was chosen, although the shear
stress or some other Reynolds stresses could also have been chosen.

The turbulent kinetic energy profiles, normalized with the friction velocity, k(y)/u2,
are shown in Fig. 10.3. The figures are oriented in the same way as the velocity profiles,
and thus the stable (laminar=low k) is found at y = +1 and the unstable (turbulent=high
k) side is found at y = —1. The first striking discrepancy is the awful prediction of k using
the modified k-equation in both the EVMs in Figs. 10.3(a) and 10.3(b). Almost equally
bad is the k-profile using the non-modified EVM, which is once more fully symmetric
around the centerline of the duct. By adding the simple Richardson number modification,
the k-profiles improves quite a bit and there is a larger deviation only close to the walls.
On the unstable side, both models fail to predict the peak in turbulent kinetic energy,
although with fairly good agreement overall. The agreement is less good on the stable
side, where the k-level away from the wall drops too low. Comparing the two EVMs, it
seems that the £ — w model is more suitable as a basis, since the wall condition of the
w-equation captures some of the turbulent kinetic energy on the laminar side whereas the
k — ¢ fails to yield any turbulence at all on the same side.

Moving on to the EARSM, Fig. 10.3(c), the three EARSM(GS) do not greatly change
the symmetric profile of the standard EVM which can be explained by the rather small
anisotropy values captured by these models. Since the model is constructed in such a way,
that only small anisotropy values are allowed, it is only reasonable to achieve a slightly
asymmetrical profile of the turbulent kinetic energy. What can be observed is once more
that the pressure-strain model is less important than the EVM on which the EARSM
is based. A comparison of the EARSM(GS) and the EARSM(JW), shows some larger
differences. The EARSM(JW) is able to capture more of the re-laminarization process on
the stable side, and the peak on the unstable side is a bit higher. However, it is necessary
to add the Richardson number modification to the EARSMs as well to reach satisfactory
agreement, which can be observed in Fig. 10.3(d). From this figure, it is completely
clear that the most important change is the Richardson number modification, because
the difference between the EARSM(GS)-k — w mod w and k£ — w mod w is very small. It
can also be observed that the length-scale equation affects the prediction, especially close
to the walls. This is most likely an effect of the difference in boundary condition of the w

2"That is, modifications to the length-scale equation, w or «.
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Figure 10.3: Turbulent Kinetic Energy, Rotating 2D-duct

and the €. The k — ¢ gives overall higher k-levels than the k — w apart from on the stable
side, where the solution fully laminarizes in disagreement with the DNS data.

10.2.2 Johnston, Rey = 11.500, Roy = 0.21

In addition to comparisons with the above DNS data, some of the turbulence models were
tested against an experiment by Johnston et al. [26] that used a higher Reynolds number.
This was done because it was feared that the DNS data were achieved for too low an
Re-number making the value questionable. The Reynolds number based on the channel
height for the experiment done by Johnston et al. is Rey = U, H/v = 11500, with a
rotational number very close to that above, Rog = 0.21. The computational mesh was
similar to that for the DNS comparison, although with a more stretched 30 x 100, grid
allowing the first node to be within y* = 1 for this higher Reynolds number case.
Starting with the k& — w based modifications, see Fig. 10.4(a), the k — w with a
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Figure 10.4: Velocity Profiles, Rotating 2D-duct

modified k-equation does the worst job, although it is of course slightly better than the
non-modified k£ — w, which predicts no modification at all due to rotation. (This model
is not included in the figure.) Once more, the EARSM seems to be needed in order to
capture the correct slope of the velocity profile in the center part of the channel. Focusing
on the stable side of the channel, where the largest discrepancies are found, the standard
EARSM yields too low a value around y/H = 0.8, where the two Richardson number
modified models over-predict the streamwise velocity. Further to the center, the EARSM
starts to over-predict, while the two Richardson number modified models under-predict.
In the center part of the channel, the EARSM with Ri-mod under-predict all the way
with a correct slope, while the k¥ — w mod w has too gentle a slope and achieves values
closer to the experiment on the unstable side of channel. The k£ — w mod k, which has
the flattest slope, also comes very close to the experiment on the unstable side, although
the prediction overall is rather poor. The two EARSM under-predict on the unstable side
but in general agree well with the experimental data, and whether the Ri-modification
should be used or not is open to discussion.

Fig. 10.4(b) compares the Gatski and Speziale EARSM with the SSG pressure-strain
model based on either the £ — w or the £ — e EVM. As can be observed in the figure, the
non-Richardson-number modified EARSM predicts more or less the same velocity-profile
independent of the EVM, which is in contrast to what was found from the lower Reynolds
number predictions. There are some slight differences — but they are much smaller than
for the low Reynolds number case. Adding the Richardson modification to the length-
scale equation reveals a much larger difference between the two EVMs. Both get the
correct slope, but the £k — ¢ more severely over-predicts on the stable side than does the
k — w, indicating too low a value for turbulent production. In the center part, the £k — ¢
under-predicts more severely than the £ —w, and thus it can be concluded that the £ — w
based EVM is more suitable for this Richardson number modification.
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Figure 10.5: Geometry of 2D Ribbed Channel

10.3 2D Ribbed Channel

This section gives a number of different test cases, all with a schematic configuration as
shown in Fig. 10.5. All of the below test cases have a rib attached to the lower wall
to enhance the heat transfer through an increase in turbulence level. The geometrical
condition from test case to test case varies slightly, with the blockage effect from the rib
being fairly small — less than 20%. Two different geometrical parameters are used in
describing these test cases:

e P/e, the pitch-to-rib height ratio. This is the distance between two repeating ribs
over the side length of the rib.

e ¢/H, the rib height-to-channel height ratio. This is the side-length of the rib over
the channel height (non-blocked).

It should be noted that all ribs are of a square cross-section, i.e. the rib length is equal
to the rib height. In addition, the ribs are used normal to the streamwise flow. Apart
from these geometrical parameters, the most important flow parameter is the Reynolds
number. In this section, all of the computations are made on a two dimensional mesh with
a symmetric boundary condition in the z-direction?®. This would relate in the physical
world to an infinitely wide channel, which naturally does not exist. Depending on how the
experiments are done, this condition is more or less fulfilled. The computation is made
with a periodic boundary condition, where essentially all variables are cycled from outlet
to inlet. This is the same as computing a fully developed flow, where all disturbance from
any inlet is neglected. In the case of a ribbed channel, the fully developed regime occurs
after a few rib intervals [16] and was achieved in all experiments.

The periodic boundary condition is both advantageous and disadvantageous from a
computational point of view. The advantage is that the initial flowfield is unimportant for
the converged solution. The disadvantage is that the convergence rate is slower because
of the trial-and-error iteration scheme for the unknown pressure gradient coefficient, 3,
through the channel.

The general characteristics of the flow through these 2D ribbed channels can be viewed
in Fig. 10.6. This figure is taken from the computation of the Rolls-Royce case with the
medium mesh and the Peng et al. turbulence model. Fig. 10.6(b) shows the flowfield just
upstream of the rib. What is notable in this picture is the small re-circulation bubble
on top of the rib behind the upper upstream corner. This is produced by the separation

28 The streamwise direction is the z, the wall normal is y and z is the third symmetric direction.
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Figure 10.6: Flowfield, Rolls-Royce 2D Ribbed Channel

from the corner and, depending on the turbulence model, the length of this re-circulation
bubble varies. Not as clearly visible is the small re-circulation bubble in front of the rib,
which can also be seen in Fig. 10.6(a). The rib acts as a blockage for the flow, forcing
the fluid to separate from the lower wall some distance upstream of the rib, producing
this re-circulation zone. Moving to the downstream side of the rib in Fig. 10.6(c), the
upstream half of the large re-circulation bubble is visible and, furthermore, a counter-
rotating smaller bubble is observable near the lower downstream corner of the rib. The
re-attachment point depends on the turbulence model and, in the case of Peng et al., this
is close to /P = 0.95, according to the pictures, which is equivalent to 4.5 step heights
downstream of the rib. A close-up of the flow around the re-attachment point is shown
in Fig. 10.6(d). The separation and re-attachment points are not very easy to detect
from a visualization of only the flowfield according to Fig. 10.6. To capture these points
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accurately, some other parameters are needed. One of these has in fact already been
presented in the section regarding meshes and grid-independency. This section discussed
the importance of the near-wall y™ values for the cell nodes. In the definition of the y™,
the friction velocity at the wall, u,, is used in the numerator. Whenever the flow separates
or re-attaches, the friction velocity is zero at the wall, and hence the y*-value is zero.
Re-capturing the y* values for the medium mesh for the Peng et al. turbulence model,
Fig. 9.3(b), in Fig. 10.7 more clearly indicates the separation and re-attachment points.
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Figure 10.7: y*, Rolls-Royce 2D Ribbed Channel

All the above discussed separation and re-attachment points are visualized through
the y* values in a very neat way. From this picture, the re-circulation bubble in front of
the rib can be estimated to be /P = 0.08 long, while the smaller counter-rotating vortex
behind the rib is somewhat smaller. The re-circulation bubble on the rib top measures
roughly 35% of the rib length for this turbulence model. The above figures were shown
only to visualize the flowfield, and this is neither the time or place to make a similar
graphical presentation of the four turbulence models in the above Rolls-Royce case nor in
all the test cases below. This detailed analysis of the flowfield will be resumed only when
there is adequate experiment data with which to make comparisons, e.g. in the Drain &
Martin(F) case.

10.3.1 Rolls-Royce, Rey = 122400

The first obvious test case to be presented is the Rolls-Royce case, which has already
been discussed in some detail above. The test case is denoted Rolls-Royce since the
experiment was performed at Rolls-Royce, but the experimental data for this report were
taken from the paper by Tacovides and Raisee [24]. The Reynolds number based on the
channel height is Re = 122400, and the geometrical conditions are a pitch-to-height ratio
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of P/e = 10 and a height-to-height ratio of e/H = 0.1, indicating a blockage factor of
0.1. The experiment was set up with heaters along the lower wall, including the bottom
face of the rib. This is the same as having a constant heat flux through the wall and was
implemented in the code. The upper wall was set to be adiabatic. The computations were
made on three different meshes, coarse: 55 x 60, medium: 110 x 120 and fine: 140 x 180.
The grid independence check can be seen in Fig. 9.2, and from this it can be concluded
that the medium mesh gives detailed enough results and is thus used in the results below.
The four different turbulence models used for this test case are: Peng et al. k — w [43],
Abid et al. k — w [2], Chen and Patel zonal k — ¢ [7] and the EARSM of Gatski and
Speziale [13] using the £ — w of Abid et al.. The only available data from the experiment
is the Nusselt number along the lower wall. Around the rib, only the Nusselt number at
the rib top was measured. In Fig. 10.8, the Nusselt number for the different turbulence
models is compared with the experiment made at Rolls-Royce. In the figure, the rib is
positioned between /P = 0.45 and /P = 0.55, i.e. in the center of the computation, as
seen in Fig. 10.5.

800
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— = Abid k —w
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200
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Figure 10.8: Nusselt Number, Rolls-Royce 2D Ribbed Channel

The two k — w turbulence models predict similar behavior throughout the channel.
Both models over-predict the Nusselt number, apart from just upstream of the rib, where
a slight difference in the profile of the Nusselt number can also be observed between
the models. In the mid-interval between the ribs, the Abid et al. model gives an over-
prediction of roughly 30%, while the Peng et al. over-predicts by as much as 50%. On the
rib top, the two models give almost identical results, with a fairly large over-prediction.
The reason why the Peng et al. gives higher values of the Nusselt number should be
traced to the low-Reynolds number formulation of that model and probably not to the
extra cross-diffusion term that appears in the model. The Abid et al. k — w is essentially
a standard Wilcox k& — w model, which does not add any damping functions due to wall
proximity, as the low-Reynolds number version of Peng et al. does.
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The denotation high- and low-Reynolds number versions of the £ — w is somewhat
unfortunate and does not correspond to the same denotation of the k£ — e models. A high-
Reynolds number k — ¢ usually refers to a model that uses wall-functions close to solid
walls, while the low-Reynolds number version adds damping functions, which enables the
model to be integrated to the wall. In the case of a £ —w model, both the low- and high-
Reynolds number versions can be integrated to the wall — and the denotation indicates
only whether or not any damping functions are involved.

The damping functions in the model of Peng et al. raise the turbulence level through a
damping of the dissipation term in the k-equation close to the wall. Since the heat transfer
is directly connected to the eddy viscosity through the heat transfer model, see Eq. 8.5,
an increase in turbulence level inflicts an increase in heat transfer. This is visualized in
Fig. 10.8 through the higher Nusselt number for the Peng et al. kK — w model than the
Abid et al. ditto. This was also observed by Peng et al., which noted that the standard
Wilcox k —w [56] — which is essentially identical to the Abid et al. model — quite severely
under-predicts the near-wall profile of turbulent kinetic energy, [43].

Comparing the EARSM with the Abid et al. k—w enables us to estimate the influence
of non-isotropic Reynolds stresses in the 2D ribbed channel. As can be seen in the figure,
the EARSM generally raises the Nusselt number as compared with the isotropic and linear
EVM, apart from in the re-circulation region behind the rib. Overall, the differences
are slight and in any case move the predictions away from the experiment. The only
notable improvement is the more gentle rise after the rib, which is in agreement with the
experiment. It should however be noted that the EARSM of Speziale and Gatski does not
predict high levels of anisotropy, and thus a great deviation from the EVM k£ — w would
be unlikely.

The last turbulence model, the zonal, or two-layer k —e of Chen and Patel, differs quite
a bit from the other three. Firstly, the overall predicted Nusselt number is much below
the other three and also far below the levels found in the experiment. Apart from that,
the main difference is in the upstream region of the rib, where the zonal k£ — ¢ captures the
physics from the experiment and raises the Nusselt number just in front of the rib, which
the other three models fail to do. On the downstream part of the rib, the two-layer model
raises the Nusselt number too quickly and then flattens out prior to what was found in
the experiment. On the rib-top the predictions of this model agrees very well with the
experiment.

Overall, the predictions of the zonal model are preferred, apart from some minor
disagreement regarding the profile of the Nusselt number downstream of the rib, where
the EARSM yields the most favorable result.

10.3.2 UMIST(a) and UMIST(b), Rey = 100000 and Rey = 40000

Both UMIST cases are treated in this section. They have identical geometrical conditions
to each other and the above Rolls-Royce case, i.e. a pitch-to-height ratio of P/e = 10 and
a height-to-height ratio of e/H = 0.1. The experiments were done by a M.Sc. student of
Dr. Iacovides, Mr Nicklin [39] at UMIST (University of Manchester Institute of Science
and Technology). The experiments were made in a channel of similar appearance as is
shown in Fig. 10.5, with the rib located in the center part of the calculation domain on
the lower wall. The Nusselt numbers were measured in this experiment, at both the upper
and lower wall. Heaters were attached to both the lower and upper wall, introducing heat
through a constant heat-flux boundary condition. The rib itself was isolated from the
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heater, and thus a zero heat-flux was obtained over the rib. The experiments were made
with two different Reynolds numbers, Rey = 100000 and Rey = 40000, both based
on the channel height. In the predictions, the same mesh was used for both cases and
measured 112 x 122. Three different turbulence models were used, the £ — w by Abid et
al. [2], the EARSM by Gatski and Speziale [13] based on the above EVM and the zonal
k — ¢ of Chen and Patel [7]. The Nusselt numbers predicted with the three turbulence
models are compared with the experimental data along the lower wall in Fig. 10.9.

250

(a) Rey = 40000 (b) Rex = 100000

Figure 10.9: Nusselt Number, Lower Wall, UMIST 2D Ribbed Channel

Starting with comparing the results of the two experiments, the Reynolds number
dependency of the Nusselt number can be clearly seen, where the increase from Rey =
40000 to Rerm = 100000 gives rise to an increase in the Nusselt number of over 50%. In
a flat plate with uniform heat-flux warming the flow, the Nusselt number dependency on
the Reynolds number and Prandtl number for a large range of values was compiled into
the Dittus-Boelter relation, given by McAdams [36] as:

Nu = 0.023Re®® Pr®4 (10.1)

The ratio of the Reynolds number raised to 0.8 gives a factor of 2.08 in favor of the higher
Reynolds number, which is more than is shown from these experiments, approximately
1.7 in the mid-range between the ribs.

Comparing the predictions obtained by the different turbulence models at the specific
point of z/P = 0 and relating these to the experiment, the following table can be compiled:

Experiment | EARSM | Abid & — w | Zonal
Nu(100K): 357 307 377 244
Ratio Pred/Exp: - 1.11 1.06 0.68
Nu(40k): 204 190 183 118
Ratio Pred/Exp: - 0.93 0.90 0.59
Ratio(100/40): 1.75 2.00 2.06 2.07

The rows are: the predicted/measured Nusselt number for the higher Reynolds number
case, the ratio of the predicted Nusselt number with the measured, the predicted /measured
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Nusselt number for the lower Reynolds number case, the ratio of the predicted Nusselt
number with the measured and, finally, the ratio of the predicted/measure Nusselt num-
ber for the higher to the lower Reynolds number. A very interesting point is the last row,
where all models yield exactly the same ratio as the Dittus-Boelter relation, Eq. 10.1 for
a flat plate. The experiments show a much lower dependency on the Reynolds number,
which is equivalent to: Nu ~ Re™5!| close to the Nu ~ Re?? found by Richardson [47]
in similar configurations.

Apart from the difference in the level of the predicted Nusselt number for the two
Reynolds number cases, the overall profiles of all turbulence models are the same for the
low and high Reynolds number cases, as can be seen in Figs. 10.9(a) and 10.9(b).

The EARSM and the Abid et al. k — w model have very similar results, which also
agree rather well with the experiments. The largest deviation is behind the rib, where
the turbulence models predict too large a drop in the Nusselt number, which could not
be found from the experiment. It should be noted however, that for Regy = 100000
the experiment and the predictions indicate a more similar behavior than for the lower
Reynolds number case, although the measured decrease in the Nusselt number is not
nearly as large as those predicted. For the two & — w-based turbulence models, there is
also a drop in the Nusselt number in the upstream region of the rib, although with an
increase just in front of the rib. This variation in Nusselt number is not at all visible from
the measurements.

In the case of the zonal model, the overall profile shows less agreement, especially
upstream of the rib, where there is a relative large increase in Nusselt number prior to
the rib, contrary to what is found in the experiments. In addition, the overall level of the
Nusselt number is severely under-predicted in both cases. As for the Rolls-Royce case,
the zonal model yields a rather flat profile in the mid interval between the ribs, with
a maximum Nusselt number too close to the rib. In fact, the zonal model predicts the
overall maximum Nusselt number just in front of the rib, which is clearly erroneous when
compared with the measured data.

Switching to the upper wall, the differences between the turbulence models are very
slight, as can be seen in Fig. 10.10.
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Figure 10.10: Nusselt Number, Upper Wall, UMIST 2D Ribbed Channel
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All three turbulence models under-predict the heat transfer on the upper wall, more
severely so for the low-Reynolds number case. In addition the small variation from the
experiment can not be seen in the predictions, although this is most likely a defect in the
measurements and should not be tried to be discussed with relevance to e.g. the position
of the rib, which is graphically shown with two broken lines. In addition to the above
calculations, the turbulence models were used to predict the Nusselt number in a smooth
channel at the same Reynolds numbers. The results for the upper wall in the UMIST case
and those for the smooth channel are compared with both the experimental data and the
calculated Nusselt number with the Dittus-Boelter equation, Eq 10.1, in the table below:

DB | Experiment | EARSM | Abid k —w Zonal
Nu(100k): 199 255 160/239 161/235 171/245
Ratio Data/DB: - 1.28 0.80/1.20 | 0.81/1.18 | 0.86/1.23
Nu(40k): 96 140 79/119 | 78/111 84/114
Ratio Data/DB: - 1.46 0.81/1.24 | 0.81/1.16 | 0.88/1.19
Ratio(100/40): | 2.04 1.82 2.03/2.01 | 2.06/2.12 | 2.04/2.15

The data in the table are given as, the first row: Dittus-Boelter (=DB) — Nusselt calculated
for a flat plate using the Dittus-Boelter equation, Experiment — Nusselt number on the
upper wall (non-ribbed) from the above experiment, EARSM #/# — the first number is
the predicted Nusselt number with the EARSM for a smooth channel, and the second is
the predicted Nusselt number for the upper wall in the ribbed channel. Similar notation
for the Abid et al. model and the Chen and Patel zonal model. As in the previous
table, the Nusselt number is given for both the higher and lower Reynolds number cases.
However, here, the ratio is based on the Nusselt number given by the Dittus-Boelter (DB)
equation instead of the experiment.

One can first note that, it is clearly so that the increase in the general level of tur-
bulence by the ribs promotes the heat transfer on the non-ribbed wall as well. For the
measured Nusselt number the increase for the upper non-ribbed wall in UMIST case com-
pared with a smooth wall is 28% in the higher Reynolds number case and as much as
46% in the lower Reynolds number case. In the predictions the increase are roughly equal
for both Reynolds number with between 43% and 49% for the higher Reynolds number
case and between 35% and 50% for the lower Reynolds number case. The increase is
highest with the EARSM and lowest with the zonal model. Furthermore, one can note
that the k£ — w based models under-predict the Nusselt number in smooth channels. This
is associated with the fact that the standard £ — w models yield too low a value of the
turbulent kinetic energy in the near-wall region, which hence affect the heat transfer to
give a lower value.

For these two cases, a number of specific detailed near-wall data are plotted below.
These are the streamwise velocity, U, the turbulent kinetic energy, k, specific dissipation,
w, and the total viscosity vy, = v; +v. Since there are no experimental data, these figures
can be discussed only with relevance to each other, and no conclusion as to which set of
data is the correct one can be made. Despite the lack of any measured data, there are
some benefits in making the comparisons below. The turbulence model chosen for these
comparisons is the Abid et al. £ — w. Apart from comparing the two Reynolds numbers,
the predictions have been made with a different boundary condition for the w equation.
The w is either fixed only for the first node or for the first two nodes. The influence of
this boundary condition can then be seen on the different parameters.
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The flowfields for the two Reynolds numbers are shown in Fig. 10.11. There is only
a very small change in the flowfield between the two Reynolds number, where the higher
Reynolds numbers case yields a re-attachment point further upstream. A streamline is
plotted in both Reynolds number cases which starts on the upper downstream corner of the
rib and is then allowed to follow the flowfield. The streamline almost re-attaches for both
cases, more closely for the higher Reynolds number case. This can be explained through
the boundary layer, which in the higher Reynolds case is thinner and thus produces
more turbulent kinetic energy, see Fig. 10.13 later in this section. This higher level of
turbulent kinetic energy increases the exchange of momentum between the shear layer
and the re-circulation region, which moves the re-attachment point further upstream.
Argumently the difference is very slight. However, the reasoning behind the variation in
the predictions is fruitful, and it is comforting to know that the turbulence model behaves
as physics demands.
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Figure 10.11: Streamlines, UMIST 2D Ribbed Channel

The data are extracted along certain z/P coordinates, where z denotes the distance
from the LHS of the computation domain. In e.g. backward-facing step flow, an impor-
tant quantity is the distance from the step height. For a ribbed channel, this would be
equivalent to the distance from the downstream corner of the rib, which in this case is
located at /P = 0.55, since the rib is centered in the domain, as seen in Fig. 10.5. There
are four different points where the data are compared, at /P = 0.75, which is two step
heights from the rib, /P = 0.95 four step heights, /P = 0.05 five step heights and,
finally, /P = 0.35, which is at eight step heights. For this case the main re-attachment
point is located between z/P = 0.95 and z/P = 0.05, see Figs. 10.11(a) and 10.11(b).
The first point is thus in the large re-circulation zone, and the last one is in the attached
flow in front of the next rib.

The non-dimensionalized velocity profiles are shown in Fig. 10.12. First note the
scale, where the ordinate covers only from the wall to y/h = 0.007, i.e. detailing only the
very near-wall region. The first cell centers are located at: 0.0013,0.0041,0.0079,0.013,
etc., see also the figure, where each node is indicated with a small jerk in the profile.
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Because we are looking at the flow in re-attachment regions, it is inappropriate to use
y* values. However, if someone is more familiar with plotting near-wall quantities in y*
values, these vary for the lower Reynolds case from 5 to 130, with slightly higher values for
the Rey = 100000 case. See also the grid-independence test, 9.3, where the y* values are
plotted along specific grid-lines, owing to the orthogonality of the mesh along specific wall
distances. There is obviously a fairly large difference between the two Reynolds number
predictions, where a change in the size of the re-circulation bubble can be concluded from
Figs. 10.12(a) and 10.12(b). The higher Reynolds number shifts the minimum velocity
towards the wall, and moves the re-attachment point further upstream, as also can be seen
in Fig. 10.11. There is only a very slight change in the mean velocity profiles due to the
imposed boundary condition on the w equation. The largest deviation is associated with
the re-attachment point, where the case with w fixed for two nodes yields a re-attachment
point further downstream, which is best visible in Fig. 10.12(c) for Regy = 100000 case.
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Figure 10.12: Velocity Profiles, UMIST 2D Ribbed Channel
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To track some influence of the boundary condition for the w equation, the turbulent
kinetic energy, k, is plotted in Fig. 10.13. The first striking difference between the Rey =
100000 and Regy = 40000 case is that the higher Reynolds number case produces more
turbulent kinetic energy. Apart from that, there is only a marginal difference between
the cases with w fixed for two nodes and those where w is fixed for one node. When w is
fixed for two nodes there is slightly more turbulent kinetic energy, which indicates either
less production of turbulent kinetic energy or more destruction of w, i.e. higher w values.
To find out which is the case w must be plotted as well.
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Figure 10.13: Turbulent Kinetic Energy Profiles, UMIST 2D Ribbed Channel

The non-dimensionalized specific dissipation rate (w) is plotted in Fig. 10.14. It is
non-dimensionalized with the viscosity and channel height according to: w* = wv/H?.
Since the specific dissipation rate, spans such a vast range, it is favorable to use the
logarithm as well besides the non-dimensionality

From these graphs it can be concluded that fixing two nodes reduces the near-wall
specific dissipation rate, although only close to the wall — not including the fixed node(s),
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Figure 10.14: Profiles of Specific Dissipation, UMIST 2D Ribbed Channel

which is obviously identical. The reduction of turbulent kinetic energy is thus an effect
of larger destruction and not less production. This could also have been assumed by
looking at the velocity profiles, which indicate more or less equal gradients for either case,
and hence the production should be equal. The reduction in the turbulent kinetic energy
further away from the wall is however not a result of a local small specific dissipation rate,
as seen in Fig. 10.14, but must be a result from a transport of k.

The parameter which effects the Nusselt number most is the viscosity. The viscosity
profiles normalized with the molecular viscosity, according to: v+ = (v+v;)/v, is plotted in
Fig. 10.15. The normalized viscosity is one at the wall, indicating zero turbulent viscosity.
There is obviously a large difference between the high and low Reynolds number cases,
where the higher Reynolds case produces much more turbulent viscosity through its higher
turbulent kinetic energy. The difference is almost four-fold away from the near-wall region.
The highest levels of viscosity occur around the re-attachment point, see Figs 10.15(b)
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Figure 10.15: Near-Wall Viscosity, UMIST 2D Ribbed Channel

and 10.15(c). When comparing the one to the two node fixed boundary condition for the
w, it can be seen that the predictions in which the w is fixed to two nodes produce the
highest level of viscosity, although the difference is very small. It is revealing to compare
the viscosity predictions with the Nusselt number predictions, since the latter is directly
affected by the viscosity. Thus, in addition to being presented in the table on page 75,
data from the predictions with Abid’s et al. k —w, and fixing only the first node, are also
shown in the following table:

Experiment | Abid k —ww=1| Abidk —w w =2
Nu(100k): 357 362 377
Nu(40k): 204 179 183

The small difference in the viscosity for the lower Reynolds number case is directly shown
in the comparable Nusselt number predictions, and likewise for the higher Reynolds num-
ber case, where the viscosity for the two predictions departs more and hence yields a
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larger difference in the Nusselt number. While it can be concluded from this that the
importance of the boundary condition increases with the Reynolds number, this is not
entirely true. On the basis of earlier findings, it is more correct to state that: if the
mesh permits only a small number of nodes to be within, say, y* < 10, then it is more
important to fix two to three nodes for the w boundary equation. On the other hand, if
there is no limit to the number nodes in the near-wall region, then it is irrelevant whether
one, two or seven to ten nodes is fixed in the case of predicting heat transfer. There
is obviously a little sway in this statement; if only a few nodes can be afforded in the
near-wall area, then how should two to three nodes be fixed with Eq. 9.4, which is only
valid for y* < 2.57 There is no good answer to this, which is a problem associated with
the k — w equations. Generally it is better to fix two nodes than to be terrified of the
condition that fixed nodes should be within y* = 2.5. Note also the y* values of the first
nodes in Fig. 9.3 and compare with the predictions in Fig. 9.2.

10.3.3 Baughn and Yan Re = 50000

The Baughn and Yan test case differs from the above cases in two important matters:
the geometrical parameters is changed and there are ribs on both the upper and lower
walls. The Baughn and Yan [3] case has a smaller rib as compared to the channel height,
with a height-to-height ratio of e/H = 0.0625. However, as there are ribs on both sides
that stand opposite each other, the effective blockage effect is larger, 13.5%. The pitch-
to-height is however the same P/e = 10, as in the above test cases. The Reynolds number
based on the channel height is: Rey = 50000. Owing to the symmetry condition in
this test case, it is legitimate to perform the calculation on only half the channel. In
these predictions, the lower half was chosen with a symmetry condition applied on the
centerline. Thus, with this simplification, even this case can be treated with the general
appearance of the calculation domain as in Fig. 10.5. Due to the symmetry line on
the upper part of the calculation domain, this test case is very numerically efficient to
calculate, since there is only need of mesh refinement near the lower wall. The mesh used
in the predictions displayed is: 112 x 82, which doubles in the y-direction for the full
channel. The turbulence models used in this test case are the same as in the previous test
case, thus: k —w by Abid et al. [2], the EARSM by Gatski and Speziale [13] based on the
above EVM and the zonal k — ¢ of Chen and Patel [7]. The heat-flux in the experiment
was applied as for the Rolls-Royce case, with a heater along the lower (and upper) wall.
The rib was made of highly conductive material transmitting the heat-flux to the flow.
In the predictions, this was simulated with equal heat-flux from the three faces of the rib.
Due to the uniform heat-flux and continuity?®, the heat-flux from the faces of the rib was
set t0 Gface = qu/3-

Since the geometry condition is changed, it is interesting to display the flowfield from
this calculation. Fig. 10.16 depicts the predictions with the £k — w model. The variation
in the different turbulence models is very slight, and hence it is sufficient to compare
only one of the turbulence models; the Abid et al. model is chosen along the line of the
above UMIST test case choice. Fig. 16(a) shows the streamlines; notable is the increased
re-attachment length with this smaller rib, where the re-attachment point is found at 5.5
step heights downstream the rib. This can be compared with Fig. 10.11 — the UMIST
case — where the re-attachment point is located at 5.2 for the Rey = 40000 case and 4.9
step heights for the Rey = 100000 case. Fig. 10.16(b) plots the velocity vectors on the

29The sum of the heat-flux from the faces must be equal to that through the base area.
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(a) Streamlines (b) Detail of rib-top

Figure 10.16: Flowfield, Baughn and Yan 2D Ribbed Channel

top of the rib. The re-circulation bubble from the upstream corner of the rib increased
from roughly 0.3 rib lengths in the Rolls-Royce case, see Fig. 10.6(b), to 0.6 rib length in
this case.

The Nusselt number along the lower wall, including the rib top for the turbulence
model and the experiment, is depicted in Fig. 10.17. The general trend from the previous
test cases is repeated. The EARSM and the k —w have a similar profile as the experiment,
while the zonal model deviates somewhat. All models overall yield too low a Nusselt
number, and much more so for the zonal model.

Comparing the £ — w with the EARSM, the EARSM predicts a slower increase of the
Nusselt number downstream of the rib, in agreement with the experiment, and captures
the right position of the peak heat transfer, although not the right level. The k — w
predicts the maximum Nusselt number earlier, with a quicker increase behind the rib.
Upstream of the rib, both models predict a small bump, which could possible be traced in
the measurement, although the predicted bumps are much larger with a predicted Nusselt
number level below the measured.

The zonal predicts a rather large increase in the Nusselt number behind the rib, much
more than the k£ —w models, once more in disagreement with the experiment. Upstream of
the rib, the bump predicted by the zonal model is larger with a higher predicted Nusselt
number than is given in the £ — w model, although still below the measured.

The terrible part in this test case is the predicted Nusselt number on the rib top. None
of the turbulence models are even close to capturing the values of the experiment. Even
the profiles fail, although there is a small question regarding the validity of the experiment
which can not be guaranteed.

The difficulties in measuring local heat transfer are well known and, although the
appearance of the profile in the interval of the ribs looks fine, the very sharp gradients on
the rib top could possible be a result of some measuring discrepancy. However, without
a possibility to compare the velocity field on the rib top, it is difficult to speculate as to
where the large predicted discrepancies originate. A reasonable guess is that the size of
the re-circulation bubble on the rib top is severely under-predicted because — judging from
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Figure 10.17: Nusselt Number, Baughn and Yan 2D Ribbed Channel

the measured Nusselt number — it should extend over the whole rib top, with a maximum
heat transfer at the re-attachment point close to the downstream corner of the rib top.
The predicted re-attachment point is roughly located at midway on the rib top, see Fig.
10.16(b). The high heat transfer level on the upstream corner of the rib top is a result
of the separation and is captured in most test cases with the turbulence model, although
it is generally over-predicted, and not under-predicted as in this case. Regardless of the
results over the rib top can be trusted, the £ — w based model behaves rather well, with
the EARSM achieving the best agreement with the measurements.

10.3.4 Drain and Martin Test Cases, Rep = 37200 and Rep = 12600

Drain and Martin [12] carried out two experiments, one in which they measured velocity
profiles and the other where they measured the Nusselt number. The predictions from
the different turbulence models are compared with the results of the former experiment
in the section below, while the comparison with the latter experiment is made in the
next section. The Reynolds number for the flowfield is Rep = 37200, based on the
hydraulic diameter®®, while the Reynolds number for the Nusselt number measurements
is Rep = 12600. The predictions were made with four different turbulence models: two
k — w models, one by Abid et al. [2], and the other one by Peng et al. [43], the EARSM
by Gatski and Speziale [13] based on the above EVM and the zonal k£ — ¢ of Chen and
Patel [7]. Three different meshes were used, coarse: 84 x 72, medium: 84 x 122, and
fine: 166 x 162. Only the medium mesh is used in the comparisons displayed below. A
mesh-independent check with the Peng et al. K — w model can be found in the paper by
Bredberg and Davidson [6].

30Hydraulic diameter is twice the channel height for a 2D case.
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(a) Streamlines (b) Detail of inter-rib region

Figure 10.18: Flowfield, Dean and Martin (D&M) 2D Ribbed Channel

The Drain and Martin experiments have very different geometric parameters, as com-
pared to the above test case. The height-to-height ratio is e/H = 0.2, and the pitch-to-
height ratio is P/e = 7.2. The ribs are thus much larger than in the above test cases —
with a blockage effect of 20% — and hence the flowfield is changed as compared to those
above. In addition to the rib being larger, the distance between the ribs is smaller, both
conditions making it difficult for the flow to re-attach between the ribs. The flowfield for
the Rep = 37600 case, computed with the Peng et al. k£ — w model, is displayed in Fig.
10.18, where a close-up around the expected re-attachment point is also included. The
range of the abscissa in these figures originates from a scaling process where the channel
height was fixed to 1 with a pitch of: P/e-e/H = 7.2-0.2 = 1.44. This ratio is later used
as a positional indicator in Figs 10.19 and 10.20. In Fig. 10.18(a), it may seem that the
re-attachment point is located around z/H = 0.3. However the enlargement of this area
in Fig. 10.18(b) reveals that there is in fact no proper re-attachment point along the lower
wall. Although only the flowfield from the Peng et al. kK — w model is displayed, none of
the turbulence models used predict a re-attachment point located in the inter-rib region.
According to the experiment, however, the the re-attachment length is z/e = 4.32, with
x measured from the downstream upper corner of the rib. The velocity profiles at this
specific point are displayed in Fig. 10.19(d).

Flowfield, Rep = 37200: The quantities measured in this experiment were streamwise

velocity, U, and the Reynolds stresses, u/u/, v'v/, u'v’. Here, only the streamwise velocity
together with the shear stress is displayed, since these are the most relevant parameters.
Fig. 10.19 shows the normalized velocity profiles at selected points. The normalization
is made with the bulk velocity. If the extracted points (z/H values, see Fig. 10.18 for
the location of these points) are changed to values normalized with the rib height and z
measured from the upper downstream corner of the rib, then the profiles are extracted at,
Fig. 10.19(a), «/H = 0.64 — z/e = —0.9, which is close to the upstream upper corner
of the rib, where separation occurs, Fig. 10.19(b), z/H = 0.72 — z/e = —0.5, which
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is centered on the ribtop, Fig. 10.19(c), z/H = 0.02 — z/e = 3.18, somewhere in the
re-circulation bubble behind the rib, and Fig. 10.19(d), at 2/H = 0.24 — z/e = 4.32,
which is the re-attachment point found in the experiment.
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Figure 10.19: Velocity Profiles, D&M 2D Ribbed Channel

Overall, the different turbulence models predict the same velocity profiles and rather
close to those measured. This is also in agreement with the previous statement that the
flowfield from any model can be used.

Focusing on the rib top, Figs. 10.19(a) and 10.19(b), it can be seen that all models
under-predict the near-wall velocity, out to y/H = 0.4. Close to the upstream corner of
the rib, Fig. 10.19(a), the zonal model differs from the other models, with a higher near-
wall velocity — in better agreement with the experimental data. Otherwise, the models
behave equally. There is a small question regarding the measured data however, since the
velocity profile around the upstream corner of the rib, see Fig. 10.19(a), is rather strange.
The increase in the measured near-wall velocity — at y/H = 0.25 — is quite difficult to
comprehend, and the only reasonable explanation is an error in the measured data. Note
also that there is a slight over-estimation of the velocities on the opposite wall, which is
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less obvious for the EARSM.

In the re-circulation region, Fig. 10.19(c) the EARSM and Abid et al. models predict
too large a back flow, the largest being for the EARSM. Both the zonal and the Peng et
al. are in closer agreement with the measurements, although the deviations are generally
rather small.

At the re-attachment point, Fig. 10.19(d), the EARSM still predicts a rather large
back flow, indicating too large a predicted re-circulation bubble. The zonal model gives
the closest agreement with the experiment, whereas the two k — w models return velocity
profiles between those of the EARSM and the zonal. Note however that none of the
models capture the re-attachment point correctly, all predicting back flow along the wall.
This is probably because this rib configuration is on the limit of yielding a re-attachment
point at all. The lack of any re-attachment point in the prediction would then simply be
a result of the behavior of the models.
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Figure 10.20: Shear Stress Profiles, D&M 2D Ribbed Channel

In Fig. 10.20, the shear stresses u'v’ are plotted at the same selected points. The
shear stresses are normalized with the square of the bulk velocity.
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The turbulence models have most difficulties atop the rib, especially at the upstream
corner, see Fig. 20(a). None of the models predict the near-wall shear stress to be as
large as is given by the measurements but, close to the rib top, instead predict large shear
stresses of the opposite sign. The models are based on the Boussinesq hypothesis (the
EARSM is essentially an extended EVM) and would yield large negative shear stress where
there are large positive velocity gradients. The shear stresses are modeled, according to
Boussinesq, see Eq. 6.1, as:

— ou oV
u' = —uy (33/ + 8:6‘) (10.2)
The positive gradient of the velocity profiles on the rib top, see Fig. 19(a) would give a
large negative shear stress. The results found in the predictions are however the opposite,
close to the walll The reason for this is the second term in the Boussinesq expression,
0V /0z, which is usually neglected with a good approximation in boundary layer flows.
In separated flows, as found around the rib, this can not be done.
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Figure 10.21: Velocity Gradients at z/H = 0.64, D&M 2D Ribbed Channel

In Fig. 10.21, the two parts of the shear stresses are shown individually for the Peng
et al. k —w model. As can be seen in this figure, there is a very strong 0V/dzx close
to the rib top, which is greater than the positive streamwise velocity gradient. The dip
at y/H = 0.25 in Fig. 10.21(a) is the result of the re-circulation bubble. Owing to the
circulating velocity field of the vortex, the streamwise velocity gradient is smallest for wall
coordinates equal to the location of its center, which thus in this case is found at roughly
y/H = 0.25.

Returning to Fig. 10.20, the model that behaves most closely to the measurements is
not surprisingly the EARSM, which adds some anisotropy description to the shear stress
predictions. Equally reasonable is that the zonal model gives the worst results, since that
model includes only a length scale correction in the near-wall region.

Further downstream on the rib top the predictions improve, and especially the EARSM
and the Abid et al. £k — w model yield a similar profile as the measurement data. The
zonal model once more predicts a rather large deviation in the shear stress.
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In the re-circulation region, see Fig. 10.20(c), the Peng et al. k — w model achieves
rather close agreement with the experiment and the EARSM deviates more. This latter
is most likely a subsequent effect of the larger re-circulation bubble predicted by the
EARSM.

At the re-attachment point, Fig. 10.20(d), the same results can be observed. It is
interesting to compare the similarity in agreement between the prediction of a certain
model and the experiment with respect to the velocity profiles and the shear stress. The
Peng et al. model yields the closest velocity profile for the velocity profile and, as can
be seen in Fig. 10.20(d), for the shear stress also. In the case of the EARSM, the
reverse is true; it deviates most of the models for both the velocity profiles and the shear
stress. This finding is a direct consequence of the strong coupling between the velocity
profile/gradients and the shear stress, as indicated through the Boussinesq equation.

Heat Transfer, Rep = 12600: The heat transfer measurements were made at a differ-
ent Reynolds number than were the flowfield measurements. Although there is a ratio
of almost three between the two Reynolds numbers, the two flowfields have the same
characteristics, and hence there is no need of any additional streamline plot. The heat
was introduced through a heater along the lower wall. The rib was made of highly con-
ductive material, thus transmitting the heat-flux to the flow without any resistance. The
predictions were made with the same turbulence models as for the flowfield and with the
same mesh. The measured and predicted Nusselt number is plotted in Fig. 10.22. The
Nusselt number measurements were made on all sides of the rib, including the east and
west side. This makes the plotting axis slightly different than in the other cases. Since all
three faces were included, the proper parameter would be the surface parameter, s, which
includes all wetted areas. The abscissa in this case is thus the pitch length, P, plus two
rib heights, e. The pitch-to-height ratio was P/e = 7.2, and adding two rib heights yields
a total length of P/e = 9.2. The abscissa in Fig. 10.22 is however normalized with the
height-to-height ratio, e/H = 0.2, giving a normalized surface coordinate ranging from
0 to P/H = 1.84, where the rib top is located from P/H = 0.82 to P/H = 1.02. The
vertical broken lines are where the rib top corners are located, i.e. at P/H = 0.82 and
P/H =1.02.

The Nusselt number profiles for the models are reasonable accurate, apart from the
zonal model. The levels are generally under-predicted, especially at the rib top and the
east side (downstream side). The Peng et al. k —w model yields the largest values, while
the zonal model the lowest — much as has been previously observed. The bump in front of
the rib, which has been seen before, has almost disappeared, apart from the predictions
by the zonal model. Since the Nusselt number is an indicator of the turbulent viscosity
— through the heat transfer model applied in this thesis — it can be concluded that there
is either less turbulent production or larger destruction in this region compared to earlier
test cases. As there is no reason to believe that there is a higher value of w or €, there must
be less k in this area. The production of k£ originates from velocity gradients through the
Boussinesq hypothesis, and large velocity gradients are found in strong vortices. Hence
the smaller predicted Nusselt number for this case is a result of a weaker vortex formed
in front of the rib. One interesting new aspect in this test case is how well (or poorly) the
models predict the west and east side of the rib. On the west side (upstream of the rib),
all models behave equally well, or poorly — with the, Nusselt number under-predicted by
as much as 50% close to the upper corner. The models differ on the east side, although
all of them under-predict the Nusselt number.
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10.4 3D Rotating Channel

The results of the computations of a smooth 3D rotating channel were used mainly to com-
pare the performance of different turbulence models with each other and a Large-Eddy-
Simulation (LES). It is very valuable to compare the results with the basis of vorticity.
However, before using the vorticity equation, 5.74, it may be reduced to simplify an under-
standing. The streamwise vorticity can be found from either taking the z-component of
the Reynolds average vorticity equation, Eq. 5.74, or, more simply, making an operation
on the the Reynolds average momentum equation, Eq. 5.7. If the latter approach is used,
then the Reynolds average momentum equation is derivatived with respect to 9/0z, and
multiplied by the Levi-Cevita tensor, €4, to yield:

o —

o —
€123 =—N (u3s) + €132 =—N (u 10.3
1285, (us) + €132 Bzs (u2) (10.3)
where the first index (1 = z) of the Levi-Cevita tensor gives the streamwise component.
The same operations were made with the rotational vorticity, equation Eq. 4.41, starting
from the rotational momentum, equation Eq. 4.24. Below the streamwise component of
Eq. 4.41 is written:

6(4)1 8(.&)1 891 8U1 6U1 62(4)1
T ot 4 2pu et = pwi et 4 2t + et 10.4
Pt TP Ox; TP oz;  ou; e 7 O, TH ox? (10.4)

This is identical to the mean part of the Reynolds averaged vorticity equation, without
any terms owing to the fluctuating part of velocities — i.e. the Reynolds stresses in the
Reynolds averaged Navier-Stokes equation. In the case of constant angular velocity around
the z-axis, ; = (0,0,Q3), and when only stationary flowfield (9/9t = 0) is considered,
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this is reduced to:

Owq Ouy 6u1 32601
- L 20
PUite; ~ P om; TP 0y T e

(10.5)

The difference between the momentum equation and the Reynolds average equation is the
term including the Reynolds stresses, W Taking the above equation as the foundation
and adding the result of the Reynolds stresses would yield the time-averaged streamwise
vorticity equation. Eq. 10.3, applied to the Reynolds stress term gives:

0 [0 o [0 —
61238—132 [8—3:] (“3%’)] +61328 [&cj (upu; )} (10.6)
expanding the j-index yields:
O N0 oy Oy + 9 (w2 00 mrany + O (w2 4 O
Oxs | Oz (u3u1) + 0z (u3u2) + 0xs (u3) Oxs | 0xy (uzul) + 0z, (uz) * 0x3 (u2u3)
(10.7)

Adding together the mean part, Eq. 10.5, and the Reynolds stress part, Eq. 10.73!, and
dropping the streamwise derivation components? thus yields:

dor O dun O (O P\ Puy
P 00y = 1 0a, * P00s * B (a7 —uf) + 03~ 023) " T g2
(10.8)

This equation forms the basis for later discussions, especially the impact of the Coriolis
force on the streamwise vorticity. In the case of a non-rotating duct, the Coriolis force
production of the above equation is of course dropped, and thus only Reynolds stress
interactions can produce any streamwise vorticity. For a square duct, these interactions
produce, in a rather complex way, eight corner vortices [21], two in each corner of the
duct. These eight vortices are fully symmetric, with symmetry lines along the diagonals
and the centerlines, making a total of eight identical vortices, although with alternating
signs. Fig. 10.23 shows the secondary flows in the cross-section. This result is taken from
a LES (Large-Eddy-Simulation) computation [40] and is depicted for the lower left hand
corner. Note however that the computation was made on a whole duct and — purely for
clarity — only one of the corners is shown.

As can be seen in Fig. 10.23, the two vortices are symmetrical along the diagonal.
A positive vortex is created on the LHS of the diagonal with inflow towards the corner
along the diagonal symmetry and outflow along the left sidewall. This vortex has its
counterpart on the other side of the diagonal with inflow along the diagonal and outflow
along the lower sidewall.

In the case of rotation, the Coriolis force adds a production term in the streamwise
vorticity equation, 2p§2,0u/0z, see Eq. 10.8. This term will increase the vorticity wherever
the cross-stream gradient of the streamwise velocity gradient is positive and likewise
decrease where it is negative. For a rotation around the z-axis, it is thus the z-wall
normal which is important. Hence, along the walls at z/H = 0 and z/H = 1, an increase
or decrease of vorticity will occur.

31Changing signs since the Reynolds stresses are moved from the LHS to the RHS of the equation.

32This can be done, since the flow is fully developed, and any streamwise derivate is negligible, see
Perkins, [44]
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Figure 10.24: Cross-stream Velocity Vectors, and Streamwise Contours, Rog = 0.1, [40]

Fig. 10.24 is taken from the LES by Pallares and Davidson [40], with a positive rotation
around the z-axis. The rotational number was set to: Roy = QH/U,, = 0.1. The LHS of
the figure shows the cross-stream velocity, and the streamwise velocity contours are shown
on the RHS. Due to the non-slip condition at the walls, the streamwise velocity is zero
at z/H =0 and z/H =1 and increases toward the center. The gradient is thus positive
on the LHS and negative on the RHS of the duct, producing a strong positive vortex on
the LHS and an equally strong negative vortex on the RHS, as is clearly indicated on
the LHS of Fig. 10.24. Depending on the rotational number, these larger rotationally
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The main reason was to compare the effects of the
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Taking the LES computation as a comparison several computational runs were made

with different turbulence models.



Coriolis forces and the Reynolds stresses. In order to do that, the Abid et al. k — w
[2] model is compared with the Gatski and Speziale EARSM [13] with the non-linear
Speziale-Sarkar-Gatski (SSG) pressure-strain model [51]. It should be stressed that the
EARSM is based on the same k& — w model, and thus the differences that are shown are
purely a Reynolds stresses effect. The computational data were a mesh with 5 x 50 x 50
nodes and a Reynolds number based on channel height Rey ~ 4000 approximately equal
to a Reynolds number based on the friction velocity, Re, = 300. These values are close to
those used for the large eddy simulations of above. Two sets of computations were made,
one stationary and one with a rotational speed of Rog = 0.1. It was found that, using the
EARSMs, the secondary flows in the cross-stream plane were in fact unstable, and the
only reasonable way to achieve a trustworthy result was to make a transient calculation
and time-average the results.

Fig. 10.25 shows the cross-stream velocity field for the two turbulence models, on
the LHS the £ — w and on the RHS the EARSM. Fig. 10.25(a) is a rather dull picture,
although it is included to clarify that the EVMs are useless in computing the secondary
flows in a 3D duct of a square cross-section. For the EARSM computation, the Reynolds
stress induced secondary flow can clearly be seen, and it is interesting to observe the
similarities with the LES above, see Fig. 10.23.

Fig. 10.26 shows the cross-stream velocities for the rotating case. For the £ — w,
the results have improved very much, which may be explained by the Coriolis induced
term in the vorticity equation, Eq. 10.8, 2p£2,0u/0z. This term, which is the dominating
vorticity producing term, is not a part of the turbulence model. Hence, even with a
laminar case, these two large vortices will appear in a rotating duct. In Fig. 10.26, the
small contributions of the Reynolds stresses are difficult to see in this higher rotational
number case. It is thus not surprising that both the £k —w and the EARSM yield reasonable
results compared to the large eddy simulations [40], see Fig. 10.24.

Figure 10.27: Geometry of the UMIST 3D Ribbed Channel Test Case
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10.5 3D Ribbed Channel

The first of the three test cases in this section was also predicted in the 2D ribbed channel
test case, where the flow was assumed to be two-dimensional. The experiments are all
obviously done in 3D, although in certain cases it can be assumed that there exist good
approximate 2D measurement points in the channel. For example, in a channel with a
large aspect width-to-height aspect ratio it can be assumed that there is approximately
a 2D flow on the centerline. In such cases, it is indeed a great benefit to make a 2D
computation instead of a 3D one. The major difference between the predicted 2D and the
3D ribbed channel cases is the large increase in computer resources, which necessitates
the 3D meshes to be much coarser than for a 2D calculation, which will thus result in less
accurate predictions. Even though there is a suitable channel configuration which could be
simplified to a 2D predictions, there exists other reasons for performing a 3D computation.
In the case that the channel is rotating around one of its axes, the rotational forces induce
secondary flows which affect the flowfield to such that it loses its 2D characteristics,
making a 3D computation the only possible solution.

The geometric configuration of the Baughn and Yan [3] test case can even for the 3D
computation below be represented by the figure in the 2D ribbed channel section, Fig.
10.5, although the extent in the z-direction is not included. However, the two UMIST [22]
cases (stationary and rotating), which are — note — not the same experiment as the 2D
case, are less well represented by the same picture. Instead the geometry of the UMIST
experiments is depicted in Fig. 10.27, with the appropriate calculation domain shown as
well.

10.5.1 Baughn and Yan, Rey = 50000, Rog =0

This test case is a repeat of the Baughn and Yan 2D ribbed channel. But with the
calculation extended into the third, z-dimension. The geometry condition for this case is
a pitch-to-height ratio of P/e = 10 and a height-to-height ratio of e/H = 0.0625, with a
Reynolds number based on the channel height of Rey = 50 000.

As previously stated, this case has ribs on both sides, opposite to each other, making
possible a calculation on only half the channel, see section of Baughn and Yan in 2D ribbed
channel. The top wall in Fig. 10.5 is thus a symmetry wall in this test case. Furthermore,
for the 3D computation, the channel is symmetric in the z-direction as well, and hence
the computation need only be extended to half the width of the channel. In total, it is
necessary to compute only one-fourth of the channel, using a symmetry condition on the
other sides. The mesh used in this prediction measures: 66 x 50 x 20 which, due to the
symmetry conditions, is a relative fine mesh, and hence reasonable results are expected.

The turbulence models used for this case are the Abid et al. k — w model [2], the
Gatski and Speziale [13] EARSM based on the Abid et al. kK — w model with the LRR
pressure-strain model, and the Chen and Patel zonal k£ — ¢ [7].

The flowfield for this test case is well represented by the 2D case, see Fig. 10.16.

The data measured in the experiment is the Nusselt number on the centerline, which
is depicted in Fig. 10.28 along with the predictions of the three turbulence models. The
predicted Nusselt number has essentially the same characteristics as for the 2D case, with
the zonal model severely under-predict along the whole channel, while the two k£ — w
based models are closer in agreement with the measured data. As for the 2D case, the
models predict a bump upstream of the rib, which is larger in the case of the zonal model,
and is not found in the measurements. Downstream of the rib, the zonal increases the
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Figure 10.28: Nusselt Number, Baughn 3D Ribbed Channel

Nusselt number too quickly, while both the EARSM and the k — w predict a similar
slower increase, more as was found in the experiment. There are some small jerks in
the Nusselt number profile for the EARSM, which is most likely a result of the not fully
converged solution®3. The inter-rib peak magnitude in Nusselt number is not captured by
any of the models, although the £ — w based models yield the maximum Nusselt number
at the correct location, which the zonal model misses quite dramatically at approximate
one rib-height downstream the rib (excluding the bump in-front of the rib). The same
discrepancy as for the 2D case is found on the rib top, and it is clear that a more refined
mesh is necessary in this area to capture the large gradients found in the measurement.

Since this case was also computed in the asymptotic 2D case, a comparison between
the two predictions can be fruitful. Fig. 10.29 shows the comparisons between the 2D
calculations and the 3D calculation for the Abid et al. and EARSM models. There is
only a minor difference in the predicted Nusselt number between the two cases for both
the depicted turbulence models. There is a slight under prediction, of the 3D case as
compared with the 2D case, which agrees with the previously seen phenomena in the
k — w based models, which predict a lower Nusselt number with a coarser mesh. On the
rib top, the 3D computations return a higher Nusselt number than the 2D computations.
The reason for this is not as obvious, although it is most certainly related to the rather
coarse mesh in this area.

33This test case converged very slowly, especially for the EARSM predictions. The residuals for the
EARSM predictions shown in the graphs, are not below 1% - which is otherwise the minimum demand
in this report. In most cases the residuals were below 0.001.

97



450 w

+ + LRR-EARSM-3D
400F A LRR-EARSM-2D;
Y - k—w3D
350 + o+ k—w-2D 7
300
250
Nu
200
150
100
50
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

z/P
Figure 10.29: Nusselt Number, Baughn 3D /2D Ribbed Channel

10.5.2 UMIST, Rey = 100000, Rog = 0.2 and Rog =0

This and the following test case have exactly the same properties apart from that one is
stationary and the other is rotating. For a general overview of the geometric conditions,
Fig. 10.27 is of help. As indicated in that figure, these test cases have ribs on both
walls, which however are staggered in relation to each other, opposed to what was the
case for the Baughn and Yan, where the ribs were in line. For a staggered configuration,
the calculation domain is increased because the symmetry condition on the centerline can
not be applied and hence both the upper and lower wall with the ribs must be included
in the computation. However there exists a symmetry line in the third z-direction, which
thus enables the calculation domain to be reduced to half — even for the latter rotating
case3* — although it still represents a fairly large part of the duct and quite a large mesh is
necessary. For these two cases, there were two different computation meshes, the medium
mesh which measured 60 x 60 x 25 and the fine mesh of 96 x 96 x 40. For the stationary
case, a grid-independence check is graphically shown for two of the turbulence models in
Fig. 10.30.

The data are extracted at /P = 0, which is at the inlet of the duct, and the profiles
shown are for the streamwise velocity, U, the shear stress, u/v’, and the two normal
stresses, u/u/ and v'v’. The results are very encouraging, and it seems likely that the
medium mesh is comfortingly fine and is thus used in the forthcoming presentation.

The measured data [22] — which are not the same as in the 2D UMIST ribbed channel
test case — are: the streamwise velocity, U, the cross-stream velocity, V', the shear stress
uw'v’, the normal stresses, u/u’ and v'v/, and the Nusselt number along the lower wall3’,

34 Although there are rotating induced secondary flows in the rotating channel, they are symmetric
through the centerline plane (y — z-plane), see also the schematic Fig. 2.2
35Not for the case of the rotating channel.
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Figure 10.30: Medium-Fine Mesh Comparison at /P = 0, UMIST 3D Ribbed Channel

in Fig. 10.27. The Reynolds number based on the channel height for both test cases is
Rey = 100000, and the rotating number also based on the channel height for the rotating
case is Rog = 0.2. In the case of the velocity field the data are taken from four selected
points, at the rib tops and in between the ribs. These four points are equivalent to /P
ratios of /P = 0 (at the inlet, centered on the first rib on the upper wall), /P = 0.25
(in the middle between the first upper rib and the lower rib), /P = 0.5 (at the ribtop of
the rib on the lower wall) and, finally, at /P = 0.75 (in the middle between the rib on
the lower wall and the second rib on the upper wall). The Nusselt number was measured
along the lower wall excluding the rib. The heat-flux is transmitted through an electrical
heater fixed at both the upper and lower walls. This enables a constant heat-flux at the
walls to be achieved, which is also the boundary condition used in the computations.
The geometric condition for these test cases is the same as for the 2D UMIST case and
the Rolls-Royce case. Thus there are a pitch-to-height ratio of P/e = 10 and a height-to-
height ratio of e/H = 0.1. The blockage effect is a bit tricky to estimate, however, since
these test cases have staggered ribs on the upper and lower walls. Taking the mid-rib
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Figure 10.32: Nusselt Number, UMIST 3D Stationary Ribbed Channel

on the lower wall as the point of reference in the channel, the blockage would be 10%.
However, due to the intervening upstream and downstream ribs at the opposite wall — the
upper wall — the actually blockage effect is higher.

The turbulence models used are: the Abid et al. k —w model, the Gatski and Speziale
EARSM [13] based on the Abid et al. kK — w with either a SSG or a LRR pressure-strain
model and, finally, the Chen and Patel zonal k — & model [7].

The stationary and rotating cases are presented separately below, starting with the
stationary case.

Stationary: The experimental and predicted Nusselt numbers with the four turbulence
models for the stationary case are depicted in Fig. 10.32. Fig. 10.32(a) shows the Nusselt
number with the medium mesh, and Fig. 10.32(b) for the fine mesh. In the latter
case, only the Abid et al. and the EARSM based on the LRR pressure-strain model
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Figure 10.33: U-Velocity Profiles, UMIST 3D Stationary Ribbed Channel

are computed. Starting by comparing the returned Nusselt number for the medium and
fine mesh, it can easily be seen that the medium mesh can not be considered mesh-
independent. The conclusion drawn from the velocity field is thus not valid in the case of
a heat transfer prediction, where a finer mesh is needed to resolve the important near-wall
characteristics for heat transfer predictions. This was somewhat discomforting, especially
considering an even finer mesh than the 96 x 96 x 40. Using the fine grid, the computation
time needed for each iteration was approximately one minute. The number of iterations
needed for a converged solution, depended on the initial flowfield and turbulence model,
and was close to 10000, i.e. one week’s computation for each model! Progressing to a
finer grid would mean a month of computation — not an interesting perspective.

Despite this rather discouraging result, the first observation of the velocity field is still
valid, and even though the levels for the Nusselt number prediction usually change with
mesh refinement, the profiles are more or less similar. In this case, the Nusselt number
increases by about 50 units from the medium to the fine mesh, and — although this is
just speculation — the levels achieved with a even finer mesh would not change as much,

101



1
0.9r N 0.9 ’ +,
0.8f ’ * 08 :

07— SSG-EARSM 07
P e LRR-EARSM 06
- Abidk —w

y/H os %}(}){1;)&1 k—e 05
0.4f 0.4
0.3f 0.3
0.2f 0.2
0.1f 0.1
82 015 -0.1 ~0.05 0 0.05 -0.02 0.08 0.1

V/U,
(a) z/P=0.0
1 1
0.91 + 1 0.9F +
0.81 - 0.8f o
0.71 0.7-
0.6 0.6f

y/H 0.5 0.5F
0.4t 0.4t
0.3t 0.3f
0.2 v : 0.2t e
0.1 © 7 0.1+ N T i::/ii‘:::::?:ﬁ;\

-0.05 0.1 0.15 0.2 Qo8 006 ~0.04 +—o.‘oz ) \o 0.02
V/Uy V/Uy
(c)z/P=05 (d) z/P =0.75

Figure 10.34: V-Velocity Profiles, UMIST 3D Stationary Ribbed Channel

although a slight increase might be expected, see also the grid independence check for
the 2D ribbed channels, where a mesh of 110 x 120 was sufficient for the Rolls-Royce
case3®. Without making any conclusion regarding the predicted Nusselt number levels,
the profiles are generally reasonable. The same conclusion as for the 2D ribbed channels
could be drawn here, that the zonal model under-predicts more than the & — w based
models. The bump upstream the rib is still present, with the zonal model predicting a
larger one. The three £k — w models return similar profiles from z/P = 0 to the rib,
but deviate somewhat on the downstream side. The LRR-EARSM?3" and the Abid et
al. k — w predict much the same profiles, with the LRR-EARSM recovering the Nusselt
number more slowly. Switching to the SSG-EARSM, the recovery is much slower than
in the other two £ — w based models, in agreement with the measurements. The peak is
predicted at the same point however, which is roughly in the middle between the ribs.
However the increased performance on the downstream side of the rib of the SSG-EARSM

36Which is — agreeably — a slightly simpler test case even for an asymptotic 2D case.
37This is the EARSM used in most cases and for all 2D ribbed channels.
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Figure 10.35: u/v'-Shear Stress, UMIST 3D Stationary Ribbed Channel

is compensated by a rather large predicted bump in front of the rib. This is in fact even
larger than the zonal model — and is a severe discrepancy as compared to the measured
data. For the EARSM models, there are some distinct fluctuations around the mid-range
interval between the ribs. These are most likely a result of the rather stretched mesh
in this area and, in the case of the fine mesh, see Fig. 10.32(b), these fluctuations have
decreased notably.

Moving on to the velocity field comparisons, there is great amount of data, that it is
possible to point to only certain more interesting figures. There are in total 20 figures
with five different velocity variables, at four different locations along the channel. For a
general view of the velocity field in this test case, see the streamline plot in Fig. 10.31.
The flow is characterized by a large re-circulation behind each rib, with a smaller bubble
in front of each rib, much as in the case of the 2D ribbed channel. The streamwise
velocity profiles normalized with the bulk velocity are plotted in Fig. 10.33, where the
most notably difference among the models is the over-prediction of centerline velocity
for the zonal model. Apart from that, all models achieve similar velocity profiles as the
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Figure 10.36: u'u’-Normal Stress, UMIST 3D Stationary Ribbed Channel
experiment.

Fig. 10.34 depicts the normalized cross-stream velocity, V. In the two figures that
show the V-velocity on top of the ribs, Fig. 10.34(a) and 10.34(c), the turbulence models
return similar profiles, although they are not in total agreement with the experiment?.
However, in the interval plots, Figs. 10.34(b) and 10.34(d), the difference among the
models is notable. Discouragingly enough, the more advanced model, the larger the
discrepancy!

The shear stresses, u/v', are depicted in Fig. 10.35. All models return a rather good
result for the important shear stress, which is the main influential Reynolds stress on the
mean flow.

Fig. 10.36 shows the streamwise normal stress, normalized with the squared bulk
velocity. As can be seen in these figures, the EARSMs achieve the best agreement with
the experimental data, which is not surprising since the two EVM do not predict any

38Note the scale of the abscissa and, even though the relative difference is large, the absolute is rather
small.
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Figure 10.37: v'v'-Normal Stress, UMIST 3D Stationary Ribbed Channel

anisotropy for either of the normal stresses.

The cross-stream normal stress, v'v’, normalized with the bulk velocity, are seen in
Fig. 10.37. The major discrepancy in these plots is the rather poor presentation of
the SSG-EARSM, where the v'v’ fluctuates violently behind the ribs. The reason for
this behavior is most likely a mesh-dependent result. The mesh, which is orthogonal,
is severely stretched at the rib top, and these stretched grid lines continue out in the
flowfield, behind the rib. When the flow crosses these grid-lines transversely, as they
do in the re-circulation zone behind the ribs, it results in a poor representation of the
cross-stream normal stresses when predicting with the SSG-EARSM. This can be seen
most clearly in Figs. 10.37(b) and 10.37(d), in the re-circulation zone behind the upper
first rib and, the lower rib, respectively. In the first case the fluctuations are strongest
at y/H = 0.9 and in the second case at y/H = 0.1, thus at the location of the rib
tops. Further downstream, the fluctuations decrease, as does the cross-stream velocity in
these areas, hence the conclusion regarding this phenomena. The reason why only the
SSG pressure-strain model and not the LRR pressure-strain model behaves in this way
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Figure 10.38: Velocity Profiles at /P = 0, UMIST 3D Clock-wise and Counter-Clock-
wise Rotating Ribbed Channel

is beyond the scope of this report. An attempt will be made to circumvent this problem
by changing to a non-orthogonal grid with a more appropriate mesh disposition in the
future.

Rotating: For the rotating UMIST case, there are two sets of measurement data: veloc-
ity data for either a positive rotation at Rog = 0.2 or a negative rotation of Rog = —0.2.
The predictions were made in both the clock-wise and the counter-clock-wise directions of
the channel, i.e. rotation around both the positive and negative z-axes. The rotationally
induced forces shift the flowfield either to the upper wall (negative rotation) or the lower
wall (positive rotation). Due to the staggered symmetrical arrangement of the channel,
the predictions from a positive and negative calculation can easily be compared. Since
the rotation shifts the flowfield, the prediction of either the positive or negative rotating
channel the velocity profiles can be mirrored along the centerline, and then — because
of the staggered arrangement of the ribs — shifted either upstream or downstream the

106



osp—————— ]

orp——————————————— |
06 — ]

,\
y/H os ?

—
,\
04 Q\\
q

] e ——
=
Ria———

°z/P
Figure 10.39: Streamlines, UMIST 3D Rotating Ribbed Channel

distance z/P = 0.5. Fig. 10.38 shows the predicted velocity profiles at /P = 0 with
the Abid et al. K — w model and the EARSM with the LRR pressure strain, using either
negative (CCW=counter clock-wise) or positive (CW=clock-wise) rotation. Included in
the graphs are also the two measurements. As can be seen in the figures, the predicted
velocity profiles from the two rotational directions overshadow each other for both models.
However, depending on the rotational direction, the measurements deviate. This is not a
surprising result — the opposite, would in fact be very surprising. All experiments include
some errors and, for any two sets of measured data, there will always be some deviation.
In addition to this, the experimental rig was not fully symmetric since the test section was
part of a U-bend. The measured data were taken from an inter-rib region upstream the
bend and, even though the bend is located further downstream, there is a possibility that
there would be some transported effects from the bend to the test section. The differences
in Fig. 10.38 can thus be seen as an error estimation for the the experimental data. This
section was included simply to clarify any doubts regarding the implementation of the
models for rotating structures. Some mistake during the implementation may have re-
sulted in a model dependent on the direction of the angular velocity — especially the case
for the EARSMs, where €); is included in the description of the Reynolds stresses. The
results shown are very satisfying, see also the predicted symmetry of the velocity field in
the cross-stream plane in Fig. 10.25.

Although there are several measured velocity profiles available, there are unfortunately
no measured Nusselt numbers, although the Nusselt number was nevertheless predicted,
as can be seen in Fig. 10.40. In this picture, the comparison between the medium and
fine mesh is shown, Figs 10.40(a) and 10.40(b). Fig. 10.40(c) together with 10.40(a) can
be used to compare the difference between the upper wall — which in the case of positive
rotation is the stable side — and the lower wall — the unstable side. The Abid et al.
model is used to visualize the main difference between a rotating and a stationary case
in the predicted Nusselt number, as seen in 10.40(d). The Nusselt number for the upper
wall in the stationary case would simply be a half inter-rib shift of the lower wall and was
excluded in the figure. The predicted Nusselt number for the Rotating case is abbreviated
R and for the Stationary case as S in this latter figure.

Similar to the stationary case — evident by comparing the graphs for the medium mesh
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Figure 10.40: Nusselt Number, UMIST 3D Rotating Ribbed Channel

Fig. 10.40(a) with that for the fine mesh Fig. 10.40(b) — the medium mesh is not grid-
independent. Whether or not the results can be trusted is hard to say — since there is no
experimental material to compare with — but it is reasonable to believe an accuracy on
the level of that found in the stationary case. Maybe the discrepancy might be somewhat
higher for this rotating case, owing to the increased complexity of the flowfield. The main
difference between the predicted Nusselt number for the rotating case as compared with
the stationary case is the shift of the Nusselt number on the lower wall (increased) and
upper wall (decreased), as can be seen in Fig. 10.40(d). The decrease on the upper wall is
very slight, however, especially in middle part between the ribs, where the decrease is less
than 10%. On the lower wall the increase is much more dominant and amounts to roughly
30%, which is surely a desired affect. From this it can be concluded that the rotation
increases the general level of heat transfer in ribbed channels. The relative change of the
heat transfer is of course associated with the increase in turbulent kinetic energy on the
unstable side (lower) and a similar decrease in the turbulent kinetic energy on the stable
side (upper). Through the heat transfer model used in this report, equation Eq. 8.5, the
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Figure 10.41: U-Velocity Profiles, UMIST 3D Rotating Ribbed Channel

eddy viscosity is directly related to the heat transfer, and thus an increase in turbulent
kinetic energy would yield a higher Nusselt number and vice versa, see Fig. 10.40(d).

Apart from the change in the magnitude of the Nusselt number, the profiles are es-
sentially the same, and the same conclusion as was made for the stationary case can be
drawn regarding the performance in front of the rib and behind the rib. However, in
this case, there are of course no experimental data to compare with, and hence no true
conclusion can be made about the performance of the models.

Moving on to the velocity field, the streamlines for the Abid et al. turbulence model
are shown in Fig. 10.39. Comparing the rotating case, Fig. 10.39, with the stationary
case, Fig. 10.31, the latter has a repeatedly symmetric behavior, where the flowfields on
the upper wall and the lower wall are essential the same, although shifted half a pitch.
However, the rotating case loses this symmetry, and the rotationally induced Coriolis force
(—2Q,u) shifts the velocity field downwards, as can be seen from the streamlines in Fig.
10.39. For this reason the re-circulation region behind the upper first rib is much larger
than that behind the lower rib. See also later figures. As in the earlier cases, there is a
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Figure 10.42: V-Velocity Profiles, UMIST 3D Rotating Ribbed Channel

re-circulation bubble in front of the ribs as well, although this is very much suppressed
on the lower wall toward the wall, while it is increased on the upper wall.

The normalized streamwise velocity profiles are depicted in Fig. 10.41. The described
differences in the re-attachment point behind the upper and lower rib is shown in this
figure, although it is perhaps graphically more clear in the streamline plot of Fig. 10.39.
Compare the differences in Fig. 10.41(b) and 10.41(c) where the flow is still flowing
backwards along the upper wall five step heights downstream of the upper rib (see Fig.
10.41(c)), slightly dependent on the turbulence model, where the zonal model predicts
almost zero back-flow. Along the lower wall, however, the flow is attached five step heights
downstream of the rib (see Fig. 10.41(a)). In Fig. 10.41(d), it can be seen that, despite
the downward shift of the flowfield, the flow still re-attaches along the upper wall and
thus the pitch in this ribbed channel is sufficiently large to enable increased heat transfer
— through higher turbulence levels — even in this rotating case. The smaller re-circulation
bubble in front of the upper and lower ribs is evident in Figs 10.41(b) and 10.41(d), where
the near-wall velocity is much higher 2.5 step heights upstream of the lower rib (former
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Figure 10.43: u/v'-Shear Stress, UMIST 3D Rotating Ribbed Channel

figure) than at the same distance upstream of the upper rib (latter figure).

The largest deviation in the predictions is the relatively large over-prediction by the
zonal model around y/H = 0.2 at all positions. This is associated with an under-
prediction in other areas, since the mass flow is the same for all models. The other
models however predict the downward shift of the velocity field accurately, with a maxi-
mum velocity around y/H = 0.4 slightly changing from one part of the channel to another
owing, to the alternating blockage effect of the ribs. Despite the deviation of the zonal,
the overall behavior of the models is satisfying. In the case of the k — w based model,
they all performed well none being able to be considered as the most prominent.

Fig. 10.42 depicts the cross-stream velocity, normalized with the bulk velocity. Gen-
erally, the EARSM models capture the measured profile more closely. The predictions
deviate most at the two first figures, where all models under-predict the velocity profiles
by up to 50%. Although the magnitude of the EARSMs is as badly as the EVMs, the
profiles of the EARSMs are much better. This is also evident in Fig. 10.42(d). Comparing
the two EARSMs, seems as though the LRR pressure-strain based model agrees better
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Figure 10.44: u/u/-Normal Stress, UMIST 3D Rotating Ribbed Channel

than the SSG pressure-strain based model.

The normalized shear stress, u'v/, is shown in Fig. 10.43. The agreement between the
predictions and the measurements have decreased as compared with the stationary case,
see Fig. 10.35, and there is also a larger difference among the turbulence models. The
most notable problematic area is atop the lower rib, in Fig. 10.43(c), where none of the
models capture either the correct profile or the correct level. Moving further up in the
channel at this position, the experiment shows almost a linear relation of the shear stress
between the lower and upper wall, which none of the models captures. The deviation is
larger for the EVMs, although the profiles of the EARSMs act rather strangely — in the
center part of the channel, the EARSMs predict zero shear stress, which is not found in
the measurements.

Fig. 10.44 shows the wall normal stress, normalized with the square of the bulk
velocity. As for the stationary case, the EARSMs return the best agreement, which
reflects the increased physics involved in these models, enabling the models to deviate
from the isotropic relation of the Boussinesq hypothesis.

112



1 ‘ e
0.9 e 1 0.9r e
0.8 e 1 0.8f :
0.7t 0.7t
SSG-E
0.6F k%%_% 1 0.6t
idk—w
y/H osf Zonal k — £ 1 05t
Exp
0.4f 1 0.4f
03f 03f .
0.2 +‘:‘+\*\+\+ ) ] 0.2 n# .
0.1- LT 0.1r PR R
% 005 01 o015 02 025 03 035 % 005 or o015 02 025 03 035
! JUR v JUE
(a) z/P =0.0 (b) z/P =0.25
1
0.9f
0.8}
0.7t
0.6f
y/H ost
0.4t
0.3f
0.2t
01
% . . 0.35
v'v' JUE v'! JUE
(c)z/P=05 (d) z/P =0.75

Figure 10.45: v'v'-Normal Stress, UMIST 3D Rotating Ribbed Channel

The cross-stream normal stress is shown in Fig. 10.45. The same results as for
the stationary case can be seen, with severe fluctuations in the predictions by the SSG-
EARSM. However, in this rotating case, the LRR-EARSM also starts to behave badly,
with fairly large dips around the area of grid stretches. The conclusions from this are the
same as in the stationary case. The remedy may be a more evenly distributed mesh, and
this will be tested in the future. Owing to this effect, the EVMs perform better in this
case, although there is no reason to believe that the EARSMs would deviate very much
from the profiles predicted by the EVMs, as can be seen in Fig. 10.45. The results atop
the ribs support this conclusion, where the flowfield does not cross the mesh transversely,
and hence the grid stretch does not effect the predictions of the EARSM in any negative
way. As can be seen in the upper part of Fig. 10.45(a) and the lower part of Fig. 10.45(c)
the predictions of the EARSMs and the EVMs are similar.
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11 Conclusions

e In the case of rotating 2D channels, the standard two-equation models (such as k—¢
and k—w) do not alter the symmetrical velocity profiles found in a non-rotating case.
The most prominent modification found was the Richardson number modification.
The EARSM also improves the prediction in these cases. However, without the
Richardson modification, the prediction by EARSM can not be considered adequate.

e The most promising turbulence model for the 2D ribbed channel was the £ — w
model. The EARSM extension to this model can also be considered. However, if
only mean parameters such as heat transfer and velocity profiles are included, the
extra computational resources needed with the EARSM do not seem worthwhile.
In the case of specific details of the Reynolds stresses (especially normal Reynolds
stresses), the EARSMs improve the predictions.

e EARSMs are needed when the Reynolds stress induced secondary motions are im-
portant, such as in stationary 3D ducts — where nothing simpler than a second-
moment closure model can be used. The EARSMs are however notably more un-
stable than the two equation models and, in the case of the 3D ducts, a transient
prediction was necessary to be able to converge the solution. It should also be
noted that, to reach convergence with the EARSM, an initial converged solution of
the two-equation k£ — w is normally used, and hence the computational time for an
EARSM is at least twice that of an EVM.

e Reynolds dependency of the Nusselt number was found to be incorrect for all models,
with a tendency to over-estimate the Nusselt number at high Reynolds numbers.
In the case of the £ — w based models, the best agreement was achieved around
Rey = 100 000.

e In the case of heat transfer prediction in ribbed channels, it was found that it is suf-
ficient to fix only two to three nodes for the boundary condition for the w equation
in k — w based models. This is in contrast with the severely more restricted criteria
of Wilcox [58], which state that w should be fixed for 7 to 10 nodes.

In summary, the k¥ — w model will be used in the future to predict heat transfer and
flowfield inside turbine blades. An attempt will be made to correct the faulty Reynolds
dependency for this model and some other versions of the low Reynolds number based
k — w will also be evaluated.
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