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Prediction of flow and heat transfer in a stationary two-dimensional
rib roughened passage using low-Re turbulent models
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:<;>=@?BAC:EDF?

GIH�JLKNM�OQPNJ3RTSVUXW�SYH�J9U7Z�Z\[]UXW�^`_aJ6[�HNU9bXJdc J6J3WVe�[`J3S�fTg6Z]J3S
OhfiZ\H
_aM*j"[�S�fiklJ6[]J6W�Z�Z\j�[`c�j�RTJ3W�g6Jnm�MoS�J6Rp^6q
M*WrZsOLM@S"fTk J3[]J6W
ZY[`fpcotu[]M*j"v*H�J3W"J3Swg&HNUXW�W"J3Rp^6xyGIH�J�Z]j�[]c"j�RpJ6W�g3Jym�MoS�J6Rp^zj"^]J3S{OnJ6[]J�U}|3M*WNU7R�~��
� m�M�S�J6R,qdZsOLM�S"fTk J3[]J6W
Z�~�����m�M�S�J6Rp^}UXW"S�UXW�J��oe�RTfpg3fiZ}UXRTv*J3c"[\UXfTg��hJ6��W�M*RTS�^-^`Z][]J6^]^�m�M�S�J6R
����� ���o�{�&x�GIH�J�H�J3U7Z�Z][\UXW"^`_aJ3[�m�M�S�J6RhOnUX^}U{v*[\U7S�fpJ6W�Z���[\UXW"S"Z\R�W�j"m�c J6[�m�MoS"J3R,x�GIH"J�Z\J6^`Z
g3UX^]J6^�fpW"g3Rpj"S�J3S�M*W�J{RpM�Odts��J��oW"M*RpS�^�W�j�m�c�J3[6q � ¡�¢ £�¤X¥X¦*¦§UXW�S¨U§H�fTv*Hot��hJ6��W�MXRpS�^}W�j�m�c�J3[6q
� ¡�¢©£�¤*¤7¦*¦*¦d[]fTcots[`M*j�v*H"J3W�J6S�¤XªQg&HNU7W�W�J3R�x�GIH�J�e�[`J3S�fTg6Z]J3S«KNM�O¬PNJ6RpS«^]H�M�OLJ3SVUIv*M�M�S«UXv*[]J6J3m�J3W
Z
OhfiZ\H­J��"e�J3[`fpm�J3W
Z&U7Rn[]J6^]j�RiZ\^6xrGIH�J-e�[`J3S�fTg6Z\J6SQH�J9U4Z�Z\[]UXW�^`_aJ6[
OnUX^3q�H�M�OLJ6b*J6[3q�W�MXZ�UX^�v*M�MoS¬UXW�S
S�fiklJ6[]J6S®U-RTMXZ c�J6ZsOLJ3J6W®Z\H"J�Z\j�[`c�j�RpJ6W�g3JVm�M�S�J3RT^3x�¯�M}c J6W�J6P"Z$OnUX^«^]J6J3Ww_a[]M*m°j�^`fpW�v}Z\H"JVm�M*[`J
g6M*m�e"RpJ�� ��� ���"�¬qNc�j"Z�m�J3[`J3RT�-UXS�S�fiZ\fTM*WNUXR g3M*m�e�j"Z\U7Z\fTM*WNUXR e�[]M*c"RpJ3m�^3x

± ²�³ ?BAC´Cµ·¶ D¸? ² ´ ³

¹ UX^dZ\j"[]c�fTW�J3^dOhH�fTg&H�U7[]J M*e�J3[]U7Z\fTW�vyU7ZhH�fTv*H}v
UX^dZ]J3m�e J6[\U7Z]j�[]J MX_ºZ]J3W�W�J6J3S�g6MoMXRpfpW"v
MX_�S�fTk J3[`J3W
Z
^�Z\[]j"g6Z\j"[]J3^
fpW®Z]H�J�J6W�v*fTW�JXx�GIH�fp^Ye�[]M�»`J3g6Z
fp^«_aMog6j�^]J6SQM*W®Z]H�J�fTW
Z\J3[`WNUXR�g3M�M*RpfTW�v�MX_dZ]H�J�Z\j"[]c�fTW�J
c�RpUXS�J6^3x/GIH�J6^]J«c�R¼U7S�J3^Iv*J6W�J3[]UXRpRi��HNU9b*J$UV[\U7Z]H�J3[dg6M*m�e�RpfTg9U7Z]J3S-fTW�Z]J3[`WNUXRlvXJ3M*m�J6Z][`�*x/GIH"J$g6MoMXRpfpW"v
UXfT[IJ3W
Z\J6[]^hZ\H�[`M*j�v*H�Z\H"JY[`MoMXZhM7_�Z\H"J$c"R¼UXS�J7q½UXW�S�Z\H�J6W@KNM�Oh^�UXRpMXW�vy^]J3[`e J6W
Z\fpW"JYS�j"g6Z\^�UXW�S�J��ofiZ\^
Z]H�[]M*j"v*H�J6fTZ\H"J3[IPNRpmVtsg6MoMXRpfpW"v�H�M*RTJ3^hM*[�U7ZhZ\H�J$cNUXg&¾�MX_�Z\H�JYc�R¼UXS"JXxn¿sW"^]fpS"J$Z]H�JYS"j�g6Z3q�Z][\UXW�^�b*J6[]^]J
[`fpc�^�UX[]JYJ3m�e�RpM��XJ3SÀq½OhH�fpg&HrJ6W�HNUXW"g3J
Z]H�J
H�J3U7Z�Z][\UXW"^`_aJ3[6x�GIH"J3^]J
[]fpc"^3q½OhH�fpg&Hrg3UXj�^]J$Z\H�J$KNM�OÁZ\M
^`J3eNUX[]U7Z\J7q/[\UXfT^]JyZ\H�J�Z\j�[`c�j�RpJ6W�g3J�UXW�S­H"J9U7Z�Z][\UXW"^`_aJ3[YRpJ�b*J3RT^3x�ÂnJ3g3UXj�^]J�Z\H�J-c"R¼UXS�J6^�UXRT^]M@[]MXZ\U7Z\J7q
Z]H�J3^`JYg6M*W�S�fiZ\fpMXW�^hUXS�S�j�e�Z\M�UybXJ3[���g3M*m�e�RpfTg9U7Z]J3S�J3W
b�fp[`M*W�m�J3W
Zh_aM*[hUVZ\j�[`c�j�RpJ6W�g3J«m�MoS"J3RpJ6[3x/¿sW
Z]H�fp^�^`Z\j"S"�*qÃUX^�fpW�W�j�m�J3[`M*j�^ J3UX[]RTfpJ3[�^`Z]j�S�fTJ3^3q Z\H�J�vXJ3M*m�J6Z][`��fp^z^`fpm�e�RpfiPNJ3S�Z\M-U�¤XªÄS�j�g�Z9qlOhfiZ\H
^`Å�j�UX[]J�[]fpc"^�W"M*[]m�UXR�Z\M«Z\H"J�KNM�O�S�fT[]J6g6Z\fTM*WÀx�¿sW-UXS�S"fTZ\fTM*WyM*W�Ri�V^`Z\U7Z\fTM*WNUX[��Vg9UX^`J3^IU7[]Jhg3M*W"^]fpS"J3[]J6SÀx

¿sWYZ]H�fp^�e�UXe J6[3q�Z\H�J�KNM�OdtuP�J3RpSYUXW�S$H�J3U7ZÃZ\[\U7W�^`_aJ6[ÆOLJ3[`JLe�[`J3S�fTg6Z]J3S
c
� Z]H�J�j�^]J�MX_�RTM�Odt��hJ6��W�M*RTS�^
W�j�m�c�J3[ �,Ç ��¯ �dZ]j�[]c�j"RpJ3W"g3J�m�MoS"J3Rp^6q�OhH"fpg&HrHNU9b*JVe"[]J6b�fTM*j�^]Ri��c J6J3WwW�MXZ]J3S�Z\M�c JYW�J3g6J3^]^]UX[`��fpW

È ¥*É



Z]H�J3^`J}g9UX^`J3^3q�� ¥���x�GIH�J-H�fTv*Hots��J��oW"M*RpS�^YW�j�m�c�J3[ ��� ��¯«�zZ]j�[]c"j�RpJ6W�g3J}m�MoS"J3Rp^6q�OhH�fTg&HQj�^]J-OnUXRTR
_aj�W"g6Z\fTM*W�^�HNU9b*J�c�J3J6W ^]H"M�OhW�W"MXZ�Z]M¬g3UXe"Z\j"[]J@Z]H�J�W"J9UX[�tuOnUXRpRIc�J3HNU9b�fpMX[-UXg6g3j�[]U7Z\J6RT�*qLOhH�fpg&H fT^
W�J6g3J6^]^\U7[`�¬OhH"J3WQe�[`J3S�fTg6Z\fTW�v�H"J9U7Z�Z][\UXW"^`_aJ3[6x�¿sW¬Z]H�J�e"[]J3^`J3W
Zy^`Z]j�S"�Xq Z\H�[`J3J-MX_nZ\H�J-m�M�S�J3RT^YU7[]J
cNU7^]J3S M*W§Z\H�J�J3S�So��b�fT^]g3MX^]fTZs�­g3M*W�g6J3e"Z-UXW�S�M*W�J�fp^yUXW � �"e"Rpfpg6fTZ � Rpv*J6c�[\U7fpg��hJ6��W�M*RTS�^-��Z\[]J6^]^
��M�S�J6R ����� ���"�{�\x

GIH�J�m�U7fpWyS�J6P�g3fpJ6W�g6�yM7_lZ\H"J � S�S"����fp^`g3M*^`fTZs�y��M�S�J6Rp^ ��� � �@^��/fT^ Z\H�J�fp^`MXZ\[`M*e�fTgIS�J3^`g3[]fTe"Z\fTM*W
MX_�Z\H"J}W�M*[]m�UXRI�hJ6��W�MXRpS�^V^�Z\[]J6^]^`J3^3qdOhH"fpg&H�fp^VUrS�fT[]J3g�Z�J6k J3g6Z�MX_�Z\H"J�ÂnM*j�^`^]fpW"J3^]ÅQH
��e�MXZ\H�J6^]fT^3x
� ^�U�[`J3^]j"RTZYMX_dZ\H"fp^
S"J6PNg6fpJ3W"g6�®[]J3^`j�RTZ]^
fTW®Z\H�U7Z
Z]H�J3^`J�m�MoS�J6Rp^$g9UXW¬W�MXZ�e"[]J3S"fpg6ZY[]M7Z&U7Z]fpM*W®UXW�S
g6j�[`b7U7Z]j�[]J J�klJ6g6Z9q�UXW�S�S�MyU
_�UXfT[]RT��cNU7SY»`M*c-OhH�J3W�e�[`J3S�fTg6Z\fTW�vVUXg6g3J6RpJ3[]U7Z\fTW�v
KNM�Oh^6x � e"H���^`fpg9U7RpRT�
m�M*[]J
g3M*[`[]J3g�Z$H���e�MXZ\H"J3^]fT^3qÃfp^�Z\M�m�M�S�J6R�Z\H"Jy��J��oW"M*RpS�^ ^�Z\[`J3^]^`J3^$Z\H�[`M*j�v*HrZ\H"J3fp[�M�OhWwZ\[]UXW�^`e M*[�Z
J6Å�j�U7Z\fTM*WÀq�UX^�fpW@��J��oW"M*RpS�^���Z][]J3^`^z��M�S�J6Rp^ � ���"�{�&x½GIH�J6^]JYR¼U7Z`Z\J3[hm�MoS"J3Rp^hJ6W�HNUXW�g6JYZ]H�JYÅ�jNU7RpfTZs�
MX_nZ\H�J�e�[]J6S�fpg�Z\fTM*W�^$fpW{m�M*[`J�g6M*m�e�RpfTg9U7Z]J3SwJ3W
b�fp[`M*W�m�J3W
Z\^6q H�M�OnJ�b*J6[VU7Z
U@g3MXW�^]fTS�J3[]UXc�RT�wH"fpv*H�J6[
g6M*^`Z�fpW	�n��
htuZ]fpm�JXqNg6M*m�c�fTW�J3S�OhfTZ]H@W�j�m�J3[`fpg9U7R�^`Z\fiklW"J3^]^�UXW�S@H�fpvXH@g6M*m�e"RpJ��ofiZs�*x�GIH�J ��� ���"�
fT^I^]J3J6W�UX^�UXW�fTW�Z]J3[`m�J6S�f¼U7Z]Jz^`Z]J3e@c J�ZsOnJ6J3W�Z]H�J � �z��^�UXW�S�Z\H�J$���"��^6x

��M*^�ZIMX_�Z]H�J Ç ��¯ � � ��^Ij�^`J3S�fpW�Z\H�J�RpfTZ]J3[]U7Z\j�[`J�U7[]JzcNU7^]J3S}MXW-Z\H�Jz~«� � m�M�S�J6R,x � m�U�»`M*[
S�J�PNg3fTJ3W�g��wMX_nZ]H�J3^`J�m�M�S�J3RT^ fp^ Z\H�Jyj�W"g3J3[�Z&UXfTW
Zs�wMX_d^`e J6g3fT_º��fTW�v}Z\H�J�S�fp^`^]fTeNU7Z\fTM*Wr[\U4Z\JXq � U4Z$Z]H�J
OnUXRpRT^3x

GIH�Jz|6M*WNUXR�M*[�ZsOnM7tuR¼U9�*J6[nm�MoS"J3R�MX_��nH�J6W�UXW�S-��U7Z\J6R
� É��lj"^]J3^dU
g3M*m�e�M*^]fiZ\J�UXe�e�[`M
UXg&H�Z]M
Z\H�fT^
e�[`M*c�RTJ3m�x�¿sWyZ\H�fT^/m�M�S�J3R�qXZ\H"J�J6S�S"�Vb�fp^`g3M*^`fTZs�VfT^/g9UXRTg3j�RpU7Z\J6S�fTWVZ\H�JhW�J3UX[�t,OdUXRTR�[]J6v*fpMXWyOhfiZ\H�U M*W�J
J6Å�j�U7Z\fTM*W}m�M�S�J6R MX_��®M*RT_a^`H
Z\J3fTW���£9¥���q"OhH�J3[`J9UX^IfTW-Z\H�J�M*j"Z\J6[I[]J6v*fpM*WlqofiZI[]J�b*J3[�Z\^IZ\MYZ\H�J ^�Z&UXW�S�UX[]S
~�� � m�M�S�J3R�x

� W"MXZ\H�J6[�OnU��$Z\M�g3fT[]g3j"m
b*J6W�Z�Z\H�JdS"fp^]^`fpeNU4Z\fpMXWY[]U7Z\JLe�[]M*c"RpJ3m�q4fp^ÃZ\MzS�fT^]g3UX[]S
Z]H�JI~ � � g6M*W�g6J3e"Z
UXRiZ\M*vXJ6Z\H"J3[3x�GIH�fT^zHNUX^�c J6J3WrS�M*W"J�^]j�g6g3J6^]^`_aj"RpRT��c
����fTRpg3M9��fTW�[]J6g3J3W
Zz�XJ9UX[`^zOhfTZ]H�Z\H�JYS�J6bXJ3RTM*eot
m�J3W
Z MX_/Z]H�Jy~y�§� m�MoS"J3R���£9É��,q
��£����,x � ^]e�J3g3fpUXRpRi��U7Z]Z][\UXg�Z\fib*JY_aJ3U7Z\j"[]J�MX_/Z]H�J Ç ��¯ b*J6[]^]fTM*WrMX_
Z]H�Jy~��Q� m�MoS�J6R,q�fp^�Z\HNU7Z�Z\H�J�S�UXm�e"fpW�v�_aj�W�g6Z]fpM*W"^zM*W�Ri�@S"J3e�J3W�SwM*W�Z]H�J
Z\j"[]c�j�RTJ3W
Z«�hJ6��W�M*RTS�^
W�j�m�c�J3[6q�����x�¿uZdfp^�Z\H�j�^LOnJ6RpR�^]j�fiZ\J3S�_aM*[Lg6M*m�e�RpJ���vXJ3M*m�J6Z][]fpJ6^�OhH"J3[]J�Z\H�J�OdUXRTR½S�fp^�Z&UXW�g6Jzm�U��yc�J
S�f���g3j�RiZ�Z]MYMXc"Z&UXfTWÀx�¿sW�Z\H�fT^�eNUXe�J3[/ZsOnM
S�fTk J3[`J3W
Zn~��-�§m�MoS�J6Rp^�UX[`Jhj�^]J6SÀx�GIH�J���J3W�v������ ��!"��£�¦#�
~«�w� m�MoS�J6R fT^dcNUX^`J3S�M*W}Z\H"J Ç ��¯�bXJ3[`^]fpMXW�M7_���fTRpg6M�� q$��£����,q"c�j"ZhUXS"S�^hU�g3[`M*^]^�tsS�fiklj�^`fpM*W-Z]J3[`m
fTW�Z]H�J$m�M�S�J3RTJ3S-� J3Å�jNU7Z]fpM*WÀx�GIH�J$^]J6g3M*W�S�~y�¬� m�MoS�J6R�fp^IcNU7^]J3S@M*W�Z\H�J$^`Z\UXW�SNUX[`S�bXJ3[`^]fpMXW�MX_
��fTRpg3M9�%��£�É#�,qN^`J3J � c�fTS&���'� ��!�� ¤���x

GIH�J ��� ���"� fp^VcNUX^`J3S�M*WQZ\H�J�U7^]^]j"m�e"Z]fpM*W"^Vm�UXS"J}c��­��M*e�J&��£*£(�,q/OhH�J6[]J�Z\H�J��hJ6��W�M*RTS�^
^�Z\[]J6^]^`J3^�U7[]JwJ��oe�[`J3^]^`J3S J��"e"Rpfpg6fTZ]RT�*x ��M*e�J*) ^@fTS�J9U7^�OLJ3[`J®vXJ3W�J6[\UXRTfp|3J6S�Z\M�É*ª c�� ¹ U7Z]^]¾�f«UXW�S
�oe�J3|6f¼UXRTJ+�-,��,x/GIH"J$m�M�S�J3R j�^]J6S@H�J6[]J«fp^dU�¤7ª bXJ3[`^]fpMXW@MX_ÃZ]H�J ��� ���o� c
� ¹ U7Z]^]¾�f�UXW�S@�oe�J3|6f¼UXRTJ
OhfiZ\H�Z]H�J � c�fpS%���.� ��!�~ �@��m�M�S�J6R�_aM*[�Z\H"JzJ3S�So��b�fp^`g3M*^`fTZs��S�J3^`g3[`fpe"Z]fpM*WÀx�GIH�JzJ3Å�jNU4Z\fpMXW�_aM*[LZ]H�J
g6MoJ/��g6fpJ6W�Z10324 fpW�Z\H�JYJ3S�So��b�fT^]g3MX^]fTZs��g6M*W�g3J6e"Zzj"^]J3S�H�J3[`J
fp^hZ\H"JYm�MoS"fTPNJ6S�bXJ3[]^`fpM*W�c�� � c�fpS5���
� ��!���£���x/GIH�fT^�m�M�S�fTPNg3U7Z\fTM*W�OnUX^hm�U7S�J _aM*[IW�j�m�J6[]fTg9UXRÀ^�Z&UXc"fpRpfiZs��[`J9UX^`M*W�^6x

¿sWrv*J6W�J3[]UXR,ql���"�@^ UXW�S ��� ���"�@^«UX[]J�¾�W�M�OhW�Z]M}c JY^]j�e�J3[`fpM*[�Z\M � � �@^ fpW�[`MXZ&U7Z]fpW�v�KNM�O«q
OhH�J6[]J�Z\H�JIZ\j"[]c�j�RTJ3W�g6J�fT^/H�fpv*H"RT�VW�MXWotsfT^]MXZ][]M*e�fTgXxÆ¿sW�Z]H�fp^�eNUXe�J3[�fiZ�OhfTRpR�c�JhfpW
b*J6^`Z]fpv
U7Z]J3S�OhH�J6Z]H�J3[
Z]H�J3[`JVUX[]J�UXW
��c�J3W�J�P�Z\^z_a[`M*m°j�^]fTW�v�Z\H"J�m�MX[]J�U7S"b7UXW�g3J6SrZ\j�[`c�j�RpJ6W�g3J
m�M�S�J3RT^�M*WwU�^`Z&U4Z\fpMXWNUX[`�
¤Xª�g9U7^]JXq
OhH�fTg&H�m�fpvXH�Z�c�Jdb�fpJ�OnJ6S-UX^�g9U7^]JIOnJ6RpRN^`j�fTZ]J3Sy_aM*[ Z\H�JhJ6S�S"�Vb�fp^`g3M*^`fTZs�V[]UXW�v*JIMX_ m�MoS�J6Rp^6x

È ¥*�



� ��� ´�� ���C¶ : ? ² ´ ³ =

	�

� �������������
�������! �"$#%�&����'
GIH�J
fpW�g6M*m�e"[]J3^`^]fTc�RpJY��J���W�M*RpS"^ U9b*J3[]UXv*J6SrJ3Å�jNU7Z]fpM*W�^�_aM*[�m�UX^`^3qlm�M*m�J3W
Z\j"m>U7W�S�Z\J6m�e�J3[]U7Z\j"[]J
UX[`J)( *,+�-*/.%- ¢ ¦ � £7�

0�1 +�-132 ¢ � *�4*/.%-65 **/.87:9/; *<+�-*/.87 � 0 = - = 7?> � ¤��

13@1A2 ¢ **�.%-CB ;4ED * @*/.%- � 0 = - 2GF � É��

OhH�J6[]J 1IH)132 ¢ * H * 2 5 +,7J* H *�.87 x}¿sW¬Z\H�J�m�M*m�J6W
Z\j�m UXW"S®Z\J6m�e�J3[]U7Z\j"[]J�J3Å�jNU7Z]fpM*W�^Y^]J�b*J3[]UXR
j�W"¾�W"M�OhW"^�UXe�e�J9UX[6qIS�j�J�Z]M®Z\H"Jr��J���W�M*RpS"^�t�U9bXJ3[\U7v*fpW�v®e�[]M�g3J6S�j�[`JXx¨GIH�J6^]JwUX[`J@Z]H�J��hJ6��W�M*RTS�^
^�Z\[]J6^]^`J3^3q = - = 7 UXW�S«Z\H�J�Z\j�[`c�j�RTJ3W
ZÆH�J9U7ZÆKNjo�oJ6^3q = - 2 q�OhH�fTg&HYOhfpRTR*c�J�m�M�S�J3RTJ3S«fpW«Z\H�J�W�J���Z ^]J6g6Z]fpM*W�^6x	�
K	 LNM�M�OP�Q�&'SRT��'U�K#)OPV�"W'U��MX#/ ��/VY �Z[���\#^]��!M���Z['
¿sW­Z]H�J-J3S"S"�¬b�fp^`g3M*^`fTZs�¬m�M�S�J3RT^$Z]H�J��hJ6��W�M*RTS�^�^`Z][]J6^]^]J6^�UX[]J-m�M�S�J3RTJ3S­c
�{Z\H�J�ÂnMXj�^]^`fpW�J6^]Å¬H
�
t
e�MXZ\H"J3^]fT^3q�OhH�fTg&H@g6M*W�W�J6g6Z]^�Z]H�J«j�W�¾�W�M�OhW�^�Z\[]J6^]^`J3^�OhfiZ\H@UXW�UXe�eNU7[]J3W
Z�J3S"S"�}b�fp^]g6M*^]fiZs�*q�_#�K(

= - = 7 ¢ ¤
É ~S` -a7 ��¤b_��dc -a7 � �o�

OhH�J6[]Jec -a7 ¢ ¦Sf , � *,+�- H */.87 5 *,+,7 H */.%- �\x ¿sW Z]H�Jwm�M*^�Z}g3MXm�m�M*W�Ri� j�^`J3S � �z��^3q�Z\H�JwJ3S"S"�
b�fp^`g3M*^`fTZs� fp^-c�UX^]J6S�M*W ZsOnMQZ]j�[]c�j"RpJ3W"g3J�e�[`M*e�J3[`Z]fpJ6^3qIZ\H�J�Z]j�[]c"j�RpJ6W�Z-¾�fTW�J6Z]fpg@J3W�J6[]vX��~ UXW�S�U
Z]j�[]c�j"RpJ3W
Z$RpJ6W�vXZ]H{^`g9UXRTJhgIM*[ fTZ]^ J3Å�j�fTb7UXRTJ3W
Z9qÆ^]j"g&H­UX^ Z\H"J�S"fp^]^`fpeNU4Z\fpMXW{[]U7Z\J7q � qÃM*[zZ]H�J�^]e�J3g3fiPNg
S�fT^]^`fpeNU7Z]fpM*Wlq���x�¿sW�Z]H�fp^heNU7e J6[hZ]H�[]J6J Z\j�[`c�j�RpJ6W
Z�m�M�S�J3RT^IcNUX^]J6S�M*W�Z\H"J$J6S�S"�}b�fp^`g3M*^`fTZs�}g6M*W�g6J3e"Z
UX[`Jzj�^`J3S<(/Z\H"J$~$�r� m�M�S�J3R�MX_Æ��J6W�v������ ��! � ��ª � �"��£�¦#�jioZ\H�J$~«�w� MX_ � c�fpS������ ��! ��� � ¹ �"� ¤���q
UXW"S�Z]H�J ZsOnM7tuR¼U9�*J6[�~V� � m�M�S�J6RÀMX_��nH�J3W@UXW�S�� U7Z]J3R �jk M*WNUXRa��� É��,x
l6mon�p%q�~�� �Yr mTs�tuq GIH�JnZsOLM7tsRpU��XJ3[6q*M*[Æ|3M*WNU7R,q
~�� � m�M�S�J3R � É��oj�^]J6^�ZsOnM�S�fTk J3[`J3W
Z/UXe"e�[]M
U7g&H�J3^
Z]M­g3M*m�e�j"Z]J�Z\H"J�J3S"S"� b�fp^`g3M*^`fTZs�o({M*W�J�fTW Z\H"J�m�U7fpW K�M�O«qhM*[�H�fpvXHot��hJ6��W�M*RTS�^�W�j�m
c J6[�KNM�O«q
UXW"S§UXW�MXZ]H�J3[VfTW­Z\H�J}W�J3UX[
OnUXRpRn[]J3vXfpM*WÀq�M*[�Z\H�J�RpM�Odt��hJ6��W�M*RTS�^�W�j�m�c�J3[�K�M�O«x®GIH�J�m�U4Z\g&H�fTW�v
RTfpW�J-c�J6ZsOLJ3J6W Z]H�J-ZsOnM{[]J6v*fpMXW�^Vfp^�^`J6Z�U7ZhvSwyx ,X¦"q/OhH�J6[]JzvSw ¢Xv =/{ H _ x­GIH�J � ��¯¸m�M�S�J6R
fT^�Z]H�J{^`Z&U7W�SNUX[`S ~r� � m�M�S�J3R�q�OhH�J6[]J3UX^@Z]H�J Ç ��¯ m�M�S�J3R fT^}Z\H�J{M*W�J�tsJ3Å�jNU4Z\fpMXW m�MoS�J6Rzc
�
�®M*RT_a^`H
Z\J3fTW � £�¥���x�GIH�J
RpU7Z]Z]J3[3q�UX^�M*e�e�M*^]J6S�Z\M Ç ��¯ ~�� � m�MoS�J6Rp^6q�MXW�RT��[`J3Å�j�fp[`J3^�Z\H�JY^]M*RTj"Z\fTM*W
MX_ÆM*W"J�Z\[]UXW�^]e�M*[�ZIJ3Å�jNU7Z]fpM*Wlq"Z\HNU4ZIv*M�b*J6[]W�fTW�v�Z\H�JzZ]j�[]c"j�RpJ6W�Zh¾�fTW�J6Z]fpgzJ6W�J3[`vX�*x�¿sW-Z\H"fp^dm�MoS"J3R Z]H�J
S�fT^]^`fpeNU7Z]fpM*W�[]U7Z\J$fp^�^]J�Z�OhfTZ]H@Z]H�J
U7fpS�M7_/U�e"[]J3^`g3[`fpc�J3S�Z]j�[]c�j"RpJ3W"g3J
RTJ3W�v7Z\H�^`g9UXRTJXxIGIH�fT^�g6M*W�g6J3e"Z
[`J3m�M�bXJ3^�Z\H�J�e�[]M*c"RpJ3m�U7Z]fpgIc�M*j�W�SNU7[`�yg3MXW�S�fTZ]fpM*Wy_aM*[�Z\H�J�S�fT^]^]fTeNU7Z]fpM*Wy[\U4Z\JXq�OhfTZ]H�Z]H�J�Z]j�[]c�j"RpJ3W"g3J
RTJ3W�vXZ]H�^]g9U7RpJ«c J6fpW�vyUy^]fTm�e"RpJ�_aj�W"g6Z\fTM*W�MX_ÆZ\H�J OnUXRpRÀS"fp^`Z\UXW�g6JXx

|~}~� ~��­� r m<s�t8q GIH�J � c�fTS ��� � ��!�m�MoS"J3R�� ¤#��fT^�cNU7^]J3SrMXW�Z\H�JY^`Z\UXW�SNUX[`S	��fpRTg3M9��~��­�
m�MoS"J3R.� £�É���qNH�M�OnJ�b*J6[�OhfTZ]H�Uy[`J6_aM*[`m�j�RpU7Z\fTM*W}MX_ÆZ\H�J«^]e�J3g6fTPNg«S�fT^]^`fpeNU7Z]fpM*Wlx/¿sW�^`Z]J9UXS�MX_ j"^]fpW"vyZ]H�J
��fTRpg3M9�-S�J6PNW"fTZ\fTM*W<(��Q¢ � H ��� 2]~½�&q � 2L¢�¦Uf ¦ È q�UVZ][]j�J«^`e J6g3fTP�gYS�fT^]^`fpeNU7Z]fpM*W�OdUX^�j�^`J3S<(/��� � H ~�x��fiZ\H}Z\H�fT^Ig&HNUXW�vXJXq 0 4 fp^IvXfTb*J6W}Z\H�J OLJ3RpR�t�UXg6g3J6e"Z\J6S�b7UXRTj�J MX_�¦Uf ¦ È fTW}Z\H�J«RpMXv7tsRpU��XJ3[6x

È ¥ ,



����� ~���� r mTs�tuq GIH�Jr~���� m�M�S�J6RIc��§��J3W�v ��� � ��! � £�¦#��fT^V^]fTm�fTR¼UX[$Z\MwZ\H�J Ç ��¯FMX_
��fTRpg3M9�5� £��*��qlH�M�OLJ6bXJ3[zOhfTZ]HrU�g6[]M*^`^�tuS�fTk j�^]fTM*W�Z]J3[]m°UXS"S�J3SrfTW@Z\H"JY��J3Å�jNU4Z\fpMXWÀx��Nj�[�Z\H�J6[]m�M*[]J7q
Z]H�J«g3M�J(��g3fTJ3W
Z\^�UXW�S}Z\H"J«OnUXRTRitsS�UXm�e"fpW�v
_aj"W�g6Z]fpM*W�^hU7[]J«[]J�tuZ\j"W�J3SÀx

	�
�� L
	��YZ&�&R��K#�
 Z&� ��V��/" �&R�� �TOQ����Z&M�'�� #%�/��'U'�� � M���Z�� L�
������ �
GIH�J$cNUX^`fp^I_aM*[IZ\H"J ��� ���"�Efp^IZ\H"J«Z][\UXW"^]e�M*[`Z�J3Å�jNU4Z\fpMXW�_aM*[IZ]H�J$��J��oW"M*RpS�^�^`Z][]J6^]^]J6^3x��NM*RTRpM�OhfpW"v
Z]H�J«^\UXm�J fpS�J3UX^hUX^h�hMoS"f,qoZ]H�J Z\[]UXW�^]e�M*[�ZhMX_ �hJ6��W�MXRpS�^h^`Z][]J6^]^]J6^�fT^d^]J�Z�J6Å�jNUXR�Z\MVZ\H"J W�M*[]m�UXRTfp|3J6S
Z][\UXW�^`e MX[`Z�MX_�¾�fpW"J6Z\fTgLJ6W�J3[`vX�*x � S�S�fTW�v�U�RpfTW�J9U7[�[]J3RpU7Z\fTM*W«_aM*[�Z\H�JLe�[]J6^]^]j"[]J�tu^`Z][\UXfTW
Z\J6[]m�qXU�J��oe�RpfTg3fiZ
[`J3R¼U4Z\fpMXW-_aM*[dZ\H�J$�hJ6��W�M*RTS�^h^`Z][]J3^`^]J6^�fp^IvXfTb*J6W�UX^ (

= - = 7 ¢ ¤
É ~S` -a7

�z¤b_ 2� B 9 c -a7 � £
É c���� ` -a7J> 5 �"!� � c - �$#%� 7 5 c 7 �&#%� - �Æ� �('� 9 c - � c�� 7 � £

É c���) c���) ` -a7J> F � ,��

OhH�J6[]J*# - 7 ¢�¦Uf , � *,+�- H */.87 � *,+<7 H */.%- �&x/¿sW�Z]H�J�m�M�S�J3R½c
� � c�fpS ���.� ��!�� ¤���Z\H�fT^L[`J3RpU7Z\fTM*W�fT^Lj"^]J3S
Z]M*v*J6Z]H�J3[IOhfiZ\H�UXW@~y�{� � � �®q½OhH"J3[]J Z]H�J«J3S�S"�}b�fT^]g3MX^]fTZs�-fp^IS�J�PNW�J3S�UX^ (

_ 2� ¢ 0 24
~
� � ¥��

UXW"S	0 24 S�J3e�J3W�S"^�M*W}Z\H"J«K�M�OY(
0 24 ¢ �,+

É � £ 5.-0/ � 5 ¦Uf ¤ � -01�53241 �É 5.- / 5 ¥ - / 2 / 5 ¥ 2 / 5.- 1 532 1
- / ¢ � /

c - 7 c - 7
� / 5 2 / ¢ �76

# - 7 # -a7
� /

�98 �

¯�MXZ\J�Z]HNU7Z�Z\H�JwJ��"e"[]J3^`^]fTM*W _aMX[ 0324 HNUX^�c�J3J3W g&HNUXW"v*J3S Z\M�UXv*[`J3J�OhfTZ]H � c�fTS ��� � ��! ��£/� _aM*[
W�j�m�J3[`fpg9U7R�^`Z\UXc�fpRTfTZs�Y[]J3UX^]M*W"^3x/GIH�Jhg3MXW�^`Z\UXW
Z\^ �

�:+ 5 � / 5 �76 5 �(!
UXW"S
�('
�ÆS�J3e�J3W"S�M*WVZ\H"J�e"[]J3^`^]j�[`J�t

^�Z\[\U7fpW�m�M�S�J3R�q�OhH"fpg&H}fpW�Z\H�fT^n^�Z\j�S"��OnUX^dg&H�M*^`J3W}Z\M
c J�Z\H�J Ç ����m�M�S�J3R�c
� Ç UXj"W�S�J3[1���.� ��!pq$� 8 ��x
¿sWrZ\H"J�J��oe�[`J3^]^`fpM*Ww_aM*[�Z]H�J�J6S�S"��b�fp^`g3M*^`fTZs� � Å½x � ¥��\qlZsOLM@U7S�S�fTZ]fpM*W�UXRÆZ][\UXW"^]e�M*[`Z J6Å�jNU7Z\fTM*W�^ U7[]J
W�J6J3S�J6SÀxV¿sWrZ\H�fT^zeNUXe�J3[6qÀZ\H�J � c�fpS ��� � ��!�m�MoS�J6R � ¤�� OnUX^ J3m�e�RTM��XJ3SÀx � M�OnJ�b*J6[3qÃbofT[`Z]jNUXRpRi�@UXW
�
� � �°g3M*j"RpSyc Jhj�^`J3SÀq�OhfTZ]H�U«e�[`M*e J6[�[]J�t,Z\j�W"fpW�v«MX_�Z\H�J�g3MXW�^`Z\UXW
Z\^LUXW�S�UXW
�ySNUXm�e�fpW�vz_aj"W�g6Z]fpM*W�^6x

	�
<; = ��"$#�>A�/" ��'@??����� � M���Z
¿sWrZ\H"fp^ eNUXe�J3[�Z\H�JVZ\j"[]c�j�RTJ3W
Z«H�J3U7Z KNjo�oJ3^6q = - 2 U7[]JVm�MoS�J6RpJ6S�OhfTZ\HwU}^`fpm�e�RpJYv*[\UXS"fpJ3W
Z [`J3RpU7Z\fTM*W
j�^`fpW�v�U�Z\j"[]c�j�RTJ3W
Z���[\UXW�SoZ\R�W�j�m�c�J3[ (

� = - 2 ¢ _#�4ED � * @*�.%- �<A �

GIH�fT^�m�MoS"J3R�fp^Æj�^]J6S�_aM*[Æc MXZ]H
Z\H"J � � ��^ UXW�SYZ]H�J ��� ���"�¬q4J6bXJ3WVZ\H"M*j�v*H$Z\H�J ��� ���o�¸e�[]J6S�fpg�Z\^
Z]H�J-�hJ6��W�M*RTS�^
^�Z\[`J3^]^`J3^yUXW"S¬Z\H�j�^VU�m�MX[]J�J3R¼U7c M*[]U7Z\J6S¬m�MoS"J3R�g3M*j"RpS¬c�J�_aJ3UX^]fTc�RpJ7q�^`j�g&H§UX^YZ]H�J
v*J6W�J3[]UXRpfT|3J6S�v*[\U7S�fpJ6W�Z�S�fiklj�^`fpM*W�H���e�MXZ\H"J3^]fT^ � ¹$¹ ª � �&xB�N[]MXm°e"[]J6b�fTM*j�^z[`J3^]J3UX[]g&HwfTW@Z\H"J3^]J�K�M�O
g6M*W�S�fiZ\fpMXW�^3qlUXW
�rUXS"b7UXW
Z\UXv*J3^ M7_�Z]H�J ¹$¹ ª � M�bXJ3[zZ]H�J�Z\j�[`c�j�RTJ3W
Z ��[\UXW"S"Z\R W�j�m
c J6[ HNU9b*Jyc J6J3W
^`RpfpvXH�ZVUXg3g6M*[]S�fTW�vrZ\M{��UXfp^`J3JXq � £�¤���qnUXW"S§Z]H�J3[`J6_aM*[`J}Z\H�J ¹$¹ ª � OnUX^�W�MXZyg6M*W�^]fTS�J3[`J3S�H�J3[`JXx �
Z]j�[]c�j"RpJ3W
Z«��[\U7W�S"Z\R�W�j�m�c�J3[ MX_ 4YD ��¢Ä¦Uf È ¤�OnUX^ g&H�M*^`J3WÀq�OhH�fTg&Hwfp^zg6M*m�m�M*W�_aMX[zW�J9U7[�tuOnUXRTR UXfT[
KNM�Oh^6x

È ¥*¥



� ³ ¶�� �ÁA ² DB: � : =�� �ÄD¸?¸=

�\

� �!��Z[�����
� PNW"fTZ\J�b*M*RTj�m�J�^]M*Rib*J3[6q � �zÇ ��t�Â � � � ���,qoOdUX^hJ6m�e�RTM��*J3Slq�OhH�fpg&H�^]MXRTb*J6^dZ\H�J KNM�O�J3Å�jNU7Z]fpM*W"^IfpW
UyP"�oJ3S��dUX[�Z\J3^`f¼UXW@g3M7tuM*[]S"fpWNU7Z]J«^`��^`Z]J3m�x�GIH�J
g3M�S�JYj"^]J3^zU�W�M*W�tsM*[�Z\H�M*vXM*WNUXRTRT�-g6M7tsRTMog3U7Z\J6S@vX[]fpSlq
OhfiZ\H�c MXj�W�SNUX[��-P�Z`Z\J3S�g3M�M*[`S�fpWNU4Z\J3^6x��o¿���� Ç�� � fp^Ij�^`J3S@_aMX[dZ\H�J«e�[`J3^]^`j�[]J�tubXJ3RpM�g3fiZs�}g3MXj�e�RpfTW�v�x

�\
K	 �N�����[�!MY�[R��Y�	� �
] �YZ&��] ����#U"$#/�[����'
GIH�Jyg3UX^]J6^$J��"UXm�fTW�J3SrH"J3[]JyHNU9bXJ�U-vXJ3M*m�J6Z][]fpg3UXR�e�U7Z]Z]J3[]WrOhH�fTg&Hw[]J3e�J9U4Z\^ fTZ]^]J6RT_LU7_ºZ\J6[ U}g3J6[`Z&U7fpW
S�fT^`Z\UXW�g3JyfTWwZ]H�Jy^`Z][]J9U7myt,Ohfp^]JVS"fp[]J6g6Z]fpM*WÀqlf,x JXx�Z\H"JyK�M�OÄfp^ e�J3[]fTMoS"fpgXxYGIH�J3^`J�v*J6M*m�J6Z\[`fpg3UXR�m�MoS�t
j�RTJ3^YHNU9b*J}fpS"J3W
Z\fTg9UXR�fpW�RTJ6Z
UXW�S­MXj"Z\RTJ6Z
K�M�O�SNU4Z&U"q J��og3J3eoZV_aM*[YZ]H�J-e�[`J3^]^`j�[]J�U7W�S¬Z\J6m�e�J3[]U7Z\j"[]J
PNJ6RpSÀx�GIH�fp^dm�UX¾7J3^dfiZn^`j�fTZ\UXc�RpJ7q"U4_ºZ\J3[Lm�M�S�fiPNg9U7Z]fpM*W"^3q*Z\M
e J6[`_aM*[`m�Z]H�J�g3UXRpg6j�R¼U7Z]fpM*W"^�_aM*[�M*W�Ri��M*W�J
MX_nZ\H�J6^]J-m�MoS"j�RpJ6^3q�OhfiZ\H¬U@g3MX[][]J6^]e�M*W�S�fTW�v*Ri�®[`J3S�j"g3J3SQg6M*m�e�j"Z&U4Z\fpMXWNUXR/J6k M*[�Z9x�GIH�J�v*M�bXJ3[]W"fpW�v
J6Å�j�U7Z\fTM*W�^3q � Å�^3x � £7�\q � ¤��$U7W�S � É��\q/H�M�OnJ�b*J3[�W�J6J3SQZ\Mrc�J}m�M�S�fiPNJ3SÀxwGIH�J}[`J9UX^`M*WQ_aM*[
Z]H�fp^�fT^
Z]HNU7Zhe�[`J3^]^`j�[]J
UXW�S�Z\J6m�e�J3[]U7Z\j�[`J«S�MyW�MXZ�[]J6e J3U7ZhZ\H�J6m�^`J3RTbXJ3^�fpW�J9U7g&H@m�MoS"j�RpJ7q�^]fTW�g3J Z\H"J6��g3MXWot
Z]fpW�j�M*j�^`RT��S�J3g3U���
7fTW�g3[`J9UX^`J�U7RpM*W�v}Z]H�Jy^`Z\[`J9UXmVtuOhfT^]JVS�fT[]J6g6Z\fTM*WÀx�¿sW®U}e J6[]fTMoS�fTg
KNM�O [`J3v*fTm�J
Z]H�J
e�[`J3^`^]j�[`J 4 U7W�S{Z]J3m�e J6[\U7Z]j�[]J @ g9UXW{c JVS"J3g3MXm�e�M*^]J6S¬fTW�Z]M�U�K�j�g6Z]jNU7Z\fTW�v}Z\J6[]m UXW"S¬U}RpfTW�J9U7[
b7UX[��ofTW�vYZ]J3[`mBfTW�Z\H�J�^`Z][]J9U7myt,Ohfp^]J�S�fp[`J3g�Z\fpMXW � È �,x/¿sW�U�¤Xª g9U7^]J�OhfiZ\H-e�J3[`fpM�S�fpg�g3M*W"S�fTZ]fpM*W�fpW�Z]H�J. tuS�fp[`J3g6Z]fpM*W-Z]H�J _aM*RpRTM�OhfpW�vVU7e�e�RT�o(

@ � . 5 vN��¢ �@ � . 5 vN� 5 
 @
 . .4 � .
5
v½��¢ �4 � .

5
v½��� 
 4
 . . � È �

OhH�J6[]J-Z]H�J�KNj�g�Z\jNU4Z\fpW"v�Z\J3[`m�^6q��4 � .
5
vN�«UXW"S��@ � . 5 vN�&q fTS�J3W
Z\fTg9UXRTRT�r[`J3e�J9U7Z
Z\H�J6m�^`J3RTbXJ3^VfTW­J9UXg&H

m�MoS"j�RpJ7x GIH�J«RpfTW�J9UX[LZ\J3m�e�J3[\U4Z\j�[`J$fTW�g3[`J9UX^`J«fp^Iv*fib*J3W�c
�-Z\H"J$H"J9U7ZhKNjo��UXW�S�m�UX^`^IKNM�OY(

 @
 . ¢ ��

��������
� £9¦��

GIH�J
RpJ6bXJ3R�MX_ Z\H"J�e�[]J6^]^`j�[]JVv*[]UXS�fTJ3W
Z�H�UX^�Z\M�c J$_aM*j�W�S�fiZ\J6[\U7Z]fTb*J6RT�Xxz�oj"c�^`Z]fTZ\joZ\fpMXW�MX_/Z]H�JVUXc�M�b*J
KNj"g6Z\j�U7Z\fTW�v
e�[`J3^`^]j�[`J��4 UXW�S�Z]J3m�e J6[\U7Z]j�[]J��@ q"UXS"S�^n^`M*j�[]g6J�Z\J6[]m�^LfTW�Z]H�J�m�M*m�J3W
Z\j�m J6Å�jNU7Z\fTM*W
� 
 4 H 
 . ` - + �IU7W�S�fpW�Z\H"JYZ\J6m�e�J3[]U7Z\j"[]J
J6Å�jNU7Z\fTM*W � � 0 +�- 
 @QH 
 . ` - + �&q�c M7Z\H�M7_ OhH�fpg&H@OhfpRpRÃU7e�e J3UX[
M*W}Z]H�J«[]fpvXH�Z�tsHNU7W�S�^]fpS"J3^hMX_ � Å½x � ¤��LU7W�S � Å½x � É���[`J3^`e J6g6Z\fib*J6RT�*x

�\
�� ���� ���M�"W�%OPRT����MY�K#%�&����'
� ^�S"fp^]g6j�^]^`J3S�UXc M�bXJXqNe�J3[]fTMoS"fpgzc�M*j�W�S�UX[]fTJ3^dOLJ3[]J«J6W"_aM*[]g6J3S�U7ZdZ\H"J$fTW�RpJ�ZhUXW�S�M*joZ\RpJ�Z9x/GIH�J OnUXRpRT^
OLJ3[`Jn^]J�Z/UX^�W�M7tu^]RpfTe«g3M*W�S"fTZ\fTM*W�^6x 
�W�fT_aM*[`m H�J9U4Z�KNj��
MXWYZ\H"JnRpM�OLJ3[ÃOdU7RpR�UXW�SVU7S�f¼UXc�U7Z\fTg/c M*j"W�SNUX[��
g6M*W�S�fiZ\fpMXW�M*W�Z]H�J�j�e"e J6[�OdU7RpRÃOnJ6[]JVUXe"e�RpfTJ3SÀx�GIH�J�H�J3U7ZzKNjo��M*W�Z]H�J
Z]H�[]J6J�[]fTc�_�UXg3J6^3q S�J3W�M7Z\J3S
� Â�q�Â � UXW�S&�dª fpW ��fpv�xV£*q OdUX^«^`J6Z Z\Mr£ H É�MX_�Z\H"JVW�M*m�fpWNUXRÆH�J3U7Z KNjo� qÀZ\M-��fTJ3RpS�U-g3M*W�^�Z&UXW
Z
Z]MXZ&UXRLH�J9U4ZVKNjo�­Z]H�[]MXj�v*HQZ\H�J}c�UX^]J�UX[`J9U�MX_hZ\H"J}RpM�OnJ6[�OdU7RpR,x{GIH�fT^V^]fpm�e�RTfTPNJ6S¬H�J3U7ZVKNjo�QOnUXRTR
g6M*W�S�fiZ\fpMXWQm�U9�Q[`J3^]j"RTZ�fpW§^]MXm�J}S�fT^]g6[]J3e�UXW�g3fTJ3^�fpWQZ\H"J�e"[]J3S"fpg6Z]J3S ¯�j�^`^]J3RiZ�W�j"m�c J6[ � ^]J6J@RpU7Z\J6[
S�fT^]g6j�^]^`fpM*W �\x

ªzj�JzZ]M�Z\H�J�_�U7g6ZIZ\H�U7Zn� fpW�Z]H�J$~Y�r� m�M�S�J3R�fp^nfpW�S�J�PNW�fiZ\J U7ZnZ\H�JzOnUXRpRT^nZ\H"JzW�J9U7[dOdUXRTRlg6J3RpRT^
OLJ3[`JY^`J6Z�UX^ (

�§¢�g6M*W�^�Z&UXW
Z _
0��
/
v / � £X£7�

È ¥ 8



DOMAIN

INLET OUTLET

CALCULATION

�
� �

�
�

�

�
��J £�¤*¤7¦*¦*¦ É 8 ¤X¦*¦ £�¤X¥*¦X¦
��[ ¦"x 8 ¤ ¦"x 8 ¤ ¦"x 8 ¤
��
7J £�¦ 8 x ¤ 8 x ¤
� 
7J £�¦ , ,

� �oeÀx�ª U7Z\U � ¥�� � A � � A �

��fTv*j�[]JV£)( �zp�� p
	jm��
����t�� t������ p�� t��
OhH�fTg&H fT^�b7UXRpfTS­_aM*[ v w�� ¤Sf ,�q1� £#,#��x � g6g3M*[`S�fpW�vrZ]M���fTRpg3M9� q�^]J�b*J3W Z\MrZ\J6W W�M�S�J6^�^`H�M*j�RTS�c�J
OhfiZ\H�fTW�Z\H�fT^/[\UXW�vXJXq*OhH�fTg&H�g6M*j�RpSyW�M7Z�c Jd_aj�RiPNRpRTJ3S�fTWVZ\H�JIe�[`J3^`J3W
Zne"[]J3S"fpg6Z]fpM*W"^3q
J3^`e J6g3fpUXRpRi�Y_aM*[ Z]H�J
H�fTv*H�J6[I��J���W�M*RpS"^IW�j"m�c J6[Ig9UX^`J3^6x �NM*[LZ\H�JzZsOLM7tsRpU9�*J3[�~$� � m�M�S�J3R�qoZ]H�J eNUX[�Z\fTZ]fpM*W�RpfTW�J�c�J6ZsOLJ3J6W
Z]H�J � ��¯ m�M�S�J3R�UXW"S Ç ��¯ m�M�S�J6R½OnUX^de"[]J�tu^]J6RpJ3g�Z\J6S�Z\M�g6M*fpW"g3fpS"J�OhfiZ\H�g6J3[�Z&UXfTW�v*[`fpSotuRpfpW"J3^3xÆGIH�J
[`J3^]j"RTZ\^I_aM*[dZ]H�J«W�M�S�J3^IOhfTZ]Hzv w�� ,X¦�OLJ3[]J«Z\H"J3[]J�_aM*[]J$M*c"Z\UXfpW"J3S}OhfTZ]H�Z]H�J Ç ��¯¨m�MoS"J3R,x

� A � =@¶ � ?¸=

GdOLM-S�fiklJ6[]J3W
Z�[]fpc�ts[]MXj�v*H�J6W�J3S@g&HNUXW�W�J6Rp^�OLJ3[`J
j�^`J3S�Z]M�J6b7UXRTjNU7Z]J$Z]H�JYZ]j�[]c�j"RpJ3W"g3J
m�M�S�J3RT^3xIGIH�J
g6M*W"PNv*j"[\U7Z]fpM*W�^dUX[]JzS"J3e�fTg6Z\J6S�fpW ��fTv�xd£*x ª U7Z&UY_aMX[nZ\H�JzZ]H�[]J6JzS�fiklJ6[]J3W
Zhg3UX^]J6^hUX[]J U7Rp^]MV^`H�M�OhW�fpW
��fTv�x £*q�OhH�J3[`J 4

5
� U7W�Sr¡VUX[`J�UX^�fpW�S�fTg9U7Z]J3SÀxhGIH�J
��J���W�M*RpS"^zW�j�m�c�J3[�fT^�c�UX^]J6SrM*W�J6fTZ\H"J3[�Z]H�J

g&HNU7W�W�J3R�H�J6fpv*H
Z � � ¡�¢ £�¤*¤X¦*¦X¦-g9UX^`J4��M*[zZ\H�JyH
��S�[\U7j�RpfTgVS�f¼UXm�J6Z]J3[ � Z\H�JyMXZ]H�J3[«g9U7^]J3^�� U7W�S{Z]H�J
c�j"Rp¾Vb*J6RpM�g3fTZs�Xx � �oe J6[]fpm�J3W
Z\UXR S�U7Z&U�U7[]J�MXW�RT�yv*fib*J6W�_aM*[LZ]H�J�K�M�Odt,PNJ3RTS-fpW�Z\H�J�� ¡z¢ É 8 ¤X¦*¦«g9UX^`JXq
UXW"S@M*W"RT��_aMX[dZ\H�J$¯�j"^]^]J6RTZ�W�j�m�c�J3[hfpW}Z]H�J«MXZ\H�J6[dZsOnM�g9UX^`J3^6x

GIH�J
� ¡ ¢ É 8 ¤X¦*¦yUXW"S�� ¡«¢ £�¤X¥X¦*¦Vg9UX^`J3^�OLJ3[`J
g6M*m�e"j"Z\J6S�M*W�Z\H�J$^\UXm�J«m�J6^]HÀq����! "�$#�¢
A ¦% £�¤X¦"qLOhH"J3[]J3UX^�Z]H�J@� ¡¬¢ £�¤*¤X¦X¦*¦{g3UX^]J�j�^`J3^-U&�'�( )�$# ¢ £*£�¦� �£�¤X¦wm�J3^]Hlx � vX[]fpS�t
fTW�S�J3e�J3W"S�J3W�g6J
g&H�J6g&¾�fp^h^]H�M�OhWÀqN_aM*[hc�MXZ\H}Z]H�J
� ¡z¢ £�¤X¥*¦X¦�U7W�S�Z]H�JY� ¡z¢ £�¤*¤7¦*¦*¦
Z\J6^`Z]g9UX^`JXq�fpW
��fTv�x�¤ox GIH�Jhg3M*UX[]^`J�m�J3^`H�J3^�m�J9UX^`j�[]J6S A ¦* 8 ¦ � � ¡z¢Á£�¤X¥*¦*¦ g3UX^]J�� U7W�S�¥X¦+ 
¥*¦ � � ¡�¢ £�¤*¤X¦X¦*¦
g3UX^]J���OhH�fTRpJIZ\H"JhP�W�J�m�J3^`H�J3^Lm�J3UX^]j"[]J3S@£�¥*¦+ -£�¥*¦$UXW�S�£��
¦+ -£ A ¦$[]J3^`e J6g6Z]fTb*J6RT�Xx/GIH�J�e"[]J3S"fpg6Z]J3S
¯�j�^]^`J3RTZÆW�j�m�c�J3[�OhfiZ\H«Z\H�J���ª � ~�����m�MoS"J3R*fT^�U7Rpm�M*^`Z�fTW�S�fT^`Z\fTW�v*j�fT^]HNU7c�RpJ�c J�ZsOnJ6J3W
Z]H�J/PNW�J�UXW�S
Z]H�J m�J6S�fpj"m�vX[]fpSlx GIH�J g3M*UX[]^`J v*[]fTS-[]J6^]j�RiZ\^IS�fiklJ6[]^dc
�}U7c M*joZ £�¦�e�J3[]g6J3W
Zh_a[]M*m Z\H"JzMXZ\H"J3[dZsOLM�x
GIH�J«m�J3S�fTj�m m�J3^`H}OdUX^�g3MXW�^]fTS�J3[`J3S@UX^Iv*M�MoS}J6W�M*j�v*H@UXW�S�j�^`J3S@fpW-Z\H"J«_aMXRpRpM�OhfTW�v�e�[`J3S�fTg6Z\fTM*W�^6x
¯�MXZ\J«Z\HNU4Z�Z]H�J
U7c�^]g6fp^]^]U�fTW�Z]H�J�� ¡«¢Ä£�¤X¥X¦*¦Vg9UX^`J
fp^hS�J�PNW�J6SwUXRpM*W"vyZ]H�J�U7g6Z\j�UXR�^]j�[�_�UXg3JYM*W@Z]H�J
RTM�OLJ3[�OdU7RpR,qNZ]HNU7Z�fp^3q�fTZ�_aM*RTRpM�Oh^�Z]H�J
[`fpc@^]j�[�_�UXg3J7qÀUXW�S�fpW�g6Rpj�S�J6^�Z]H�J
^`j�[`_�UXg6J�S�J6W�MXZ\J6S � Â �dªÄfpW
��fTv�x�£*x � UXg&H�M7_�Z\H"J3^]JYg3M*[`W�J3[`^�U7[]J$fpW�S�fTg9U7Z]J3S�fpW
��fTv�xd¤ � c �LOhfTZ]H�UyRpfTW�JXqN^�Z&UX[�Z\fpW"v�_a[`M*m¸RpJ�_ºZhZ\M
[`fpv*H
Z9q UX^zg6M*[]W"J3[]^ � q Â�q �¨UXW"Swª�x GIH�fT^�J��"e"R¼UXfTW�^�Z]H�J�g3M�M*[`S�fpWNU4Z\J$[\UXW�vXJ
fpW���fpv�x�¤ � c �&q�OhH�fpg&H
W�MX[]m�UXRpfT|3J3SVOhfiZ\H
�>^]H"M*j�RpS�c�J�_a[`M*m . H �°¢ ¦ Z\M . H �>¢©£ f �*��x � M�OLJ6bXJ3[6q�fpW�g6Rpj�S"fpW�v Z\H"J�_�UXg6J3^
� Â�UXW"S	�dª UXS�S�^�¦Uf ¤ 5 ¦Uf ¤
_aM*[hU�Z\MXZ\UXRÀMX_L£*x A ��x

GIH�J�[\U7Z]H�J3[Yc�fpv�S�fTk J3[`J3W�g6J�c�J6ZsOLJ3J6W­Z\H�J�g3M
U7[]^]J�m�J6^]HQU7W�S®Z]H�J�M7Z\H�J6[YZsOLM�q�fT^
U�[]J3^`j�RTZYMX_
Z]H�JzOdU7RpRlg6M*W�S�fiZ\fTM*W�_aM*[nZ]H�J ^]e�J3g6fTPNg S"fp^]^`fpeNU4Z\fpMXWÀx �NM*[nZ]H�JzZ\H"[]J3J S"fTk J3[]J6W
Zhm�J6^]H�J6^3q�Z\H"J ^]e�J3g3fiPNg
S�fT^]^`fpeNU7Z]fpM*Wy[]U7Z\JIOnUX^�Po�"J6SÀq"j"^]fpW"v � Å½xI£*£*q*_aM*[/Z]H�J�P�[]^`Z � g6M
UX[`^]J�m�J6^]H �\q�Z]H�JhPN[]^�ZLZsOLM � m�J6S�fpj�m
m�J3^`H �hUXW"S@PN[`^`Z�Z]H�[]J6J
W�M�S�J6^ � P�W�J
m�J3^`H �&q�[]J6^]e�J3g6Z]fTbXJ3RT�Xx�GIH"fp^�fT^�fTW�UXg6g3M*[`SNUXW�g6JYOhfiZ\H���fTRpg6M��
� £#,���OhH"M$j"^]J3^/Z]H�JI[]J6R¼U7Z]fpM*W�fTW � Å½xd£X£Ij�e�Z]M�vUw�¢¨¤uf ,ox�¿sWVZ\H�JIe�[`J3^`J3W
Zng6M*m�e�j"Z&U4Z\fpMXW�^ H�M�OLJ6b*J6[3q
M*W"RT�yW�M�S�J3^�OhH�fpg&H�OnJ6[]J�OhfiZ\H�fTW v w x £�OLJ3[]J�P"�oJ3SÀx/¿uZn^]J3J6m�^Lj�W�RTfp¾XJ6RT�VZ]HNU7Z�P"�ofpW�v$Z\H�J�^]e�J3g3fiPNg
S�fT^]^`fpeNU7Z]fpM*W®_aM*[Vj�e§Z\Mr^]J�b*J6W M*[VJ6bXJ3W§Z\J6W W�M�S�J6^3qLUX^y^]j�v*vXJ3^`Z]J3S c��5��fpRpg6M9�lq�fT^�[]J6Å�j"fp[]J6SÀxQ¿uZ
g3UXW�c JzW"MXZ\J6S�Z]HNU7Zd_aMX[nZ\H�J m�J3S"fpj�m�m�J6^]HÀq ,
W�MoS"J3^3q½É�W"MoS�J6^hUXW�S@¤
W�M�S�J3^6q�[]J6^]e�J3g�Z\fTbXJ3Ri�-OnJ6[]J
OhfiZ\H�fTWev w ¢ ¤Sf ,�_aM*[$Z\H�J�Z\H�[`J3J�Z]J3^`Z
g9UX^`J3^6q�� ¡@¢ £�¤7¥*¦*¦"q�� ¡�¢ É 8 ¤X¦*¦"q�UXW�S­� ¡@¢ £�¤X¤X¦*¦*¦"x
�Nj�[�Z\H�J6[]m�M*[]J7q�Z]H�J�P�[]^`ZLZsOnM
W�MoS"J3^LOLJ3[`J�OhfTZ]H�fpWAvSw � £�_aM*[�Z\H�J�RpM�OLJ3[n��J��oW"M*RpS�^LW�j�m�c�J3[�g9UX^`JXq

È ¥ A



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

100

200

300

400

500

600

700

¯�j

. H �
�����

�����	��
 �
� ��
������
� �����

� ��������� �"!�!$#	#�#

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.5

1

1.5

2

2.5

3

3.5

4

. H �

�%���

���&�$�'
 �
� ��
������
� �����

�)( �����*�+�"!	,	#	#

��fTv*j�[`J$¤S( � �.-ds/-�n$s�t10 tun�s�tun � t"� t����12:� ��� ~��¬� r mTs�t8q ��£9¦��
UXW"S¬U7Z«RTJ9UX^�Z$M*W�JyW�M�S�JVOhfTZ\H v w � £y_aM*[zZ]H�JyH�fpv*H"J3[«�hJ6��W�M*RTS�^«W�j"m�c J6[Yg3UX^]J6^3x+��H�J3W®j�^]fTW�v
Z]H�JV|3M*W�UXR�~�� � m�MoS�J6R,qÀc�J6ZsOLJ3J6WQ¤ ,-U7W�S§£�¦}W�MoS"J3^zOLJ3[]J�g9U7Rpg3j"R¼U7Z]J3S�OhfTZ]H�Z\H�JyM*W"J�tsJ6Å�jNU7Z\fTM*W
m�MoS"J3R,qo^]RTfpv*H
Z\Ri��_aJ�OnJ6[�W"MoS�J6^I_aM*[dZ\H�J«H�fTv*H�J6[h��J��oW"M*RpS�^hW�j�m�c�J3[hg3UX^]J6^3x

GIH�J-^�Z\[`J9UXmVtuOhfT^]J�bXJ3RTMog6fTZs�{e�[]M7PNRpJ6^Y_aM*[$Z\H�J�� ¡@¢FÉ 8 ¤X¦*¦@g3UX^]J-U7Z�S�fiklJ6[]J6W�Z
RpM�g9U7Z]fpM*W"^YU7[]J
e�RTMXZ]Z]J3S�fpW ��fTv�x Éox GIH�Jz[`J3^]j"RTZ\^dUX[]J�b*J3[���^`fpm�fpRpUX[ _aM*[dU7RpR½m�M�S�J6Rp^LUXW�S�Z]H�J6��UXv*[`J3J�OLJ3RTR�OhfiZ\H�Z]H�J
J��"e�J3[`fpm�J3W
Z&U7R�S�U7Z&U"qoUXeNU7[`Z�_a[]M*mÄZ]H�J�W�J3UX[LOnUXRTR�[`J3v*fTM*W�M*W�Z\H"J�[]fTc�Z]M*eÀq�^]J6J*��fpvX^LÉ � U�� UXW�S�É � c �\x
GIH�fT^ÃfpW�S�fTg9U7Z]J3^�Z\H�U7ZÃZ\H�J�[]J6g3fp[`g3j�RpU7Z\fTM*W«c�j�c�c"RpJ�M*W«Z\H�J�[]fTc$Z]M*eYm�U9� W�MXZÆc�JnU7g3g3j"[\U7Z]J3RT�zg9UXe"Z]j�[]J6SÀx
GIH�J«m�M*^`ZhW"MXZ&UXc"RpJ S�fiklJ6[]J3W"g3J$c J�ZsOnJ6J3W@Z]H�J«m�M�S�J6Rp^Ifp^dZ]HNU7ZIZ]H�J ��� ���o� v*fib*J3^�UV[\U4Z\H�J6[IR¼UX[`v*J
[`J3g3fT[]g6j�R¼U7Z]fpM*Wy[`J3v*fTM*W�S�M�OhW�^�Z\[`J9UXm�MX_ÀZ]H�J�[`fpcÀq�fpW�g3M*W
Z][\UXS�fTg6Z]fpM*W�OhfTZ\H�Z\H�J�J��oe�J3[]fTm�J6W
Z9q�^]J3J���fpv�x
É � S �&x

� J3U7Z
Z][\UXW"^`_aJ3[Ye�[]J6S�fpg�Z\fTM*W�^�U7[]J�j"^]jNUXRTRT�rb�fp^`jNUXRTfp|3J6S¬fTW®Z\J6[]m�^YM7_IZ\H�J�¯�j�^`^]J3RiZ�W�j�m�c�J3[6x�¿sW
Z]H�J«g9UX^`J$M7_ Uye�[]J6^]g6[]fpc�J3S�H�J3U7ZhZ\[\U7W�^`_aJ6[�U4ZIZ\H�J OnUXRpR�q43�5�qNfTZdfp^IS�J�PNW�J3S�UX^ (

6 = ¢ ¤73�5 4YD �; ��� � @ 5}� @�8:9 ) ��� � £�¤��

OhH�J6[]J � fT^�Z\H�Jrg&H�UXW�W�J6RzH�J3fTv*H
Z9q 4ED Z\H"Jr��[]UXW�S"Z]R�W�j�m�c�J3[6q�_ Z]H�J�b�fp^]g6M*^]fiZs�*q @ 5�Z\H�J�OnUXRTR
Z]J3m�e J6[\U7Z]j�[]J«UXW"S @�8:9 ) �zZ]H�J«c�j�Rp¾�Z\J3m�e�J3[\U4Z\j�[`JXx��[]J6S�fpg�Z\J3S�UXW�SVJ��oe J6[]fpm�J3W
Z\UXRN¯�j"^]^]J6RTZ�W�j�m�c�J3[`^�UXRpM*W"v�Z\H�JIRTM�OnJ6[ OdUXRTRo_aM*[�Z\H�Jh� ¡�¢ £�¤*¤X¦X¦*¦
g3UX^]J�UX[`JI^]H�M�OhW�fpW ��fpv"x � � U��&x�GIH�Jhv*J3W"J3[\U7R"Z\[`J3W�S�fp^ g3UXe"Z]j�[]J6S�OhfiZ\H�UXRpRom�M�S�J6Rp^3q7OhfTZ\HVZ]H�JI|3M*W�UXR
m�MoS"J3R�e J6[`_aM*[`m�fTW�v�c J6^`Z9x � M�OLJ6b*J6[3q
Z\H"JLb7UXRpj"J3^�e"[]J3S"fpg6Z]J3S
OhfiZ\H
Z]H�JI~ �«�wcNUX^`J3SVm�MoS�J6Rp^ÆUX[`JLZ\M�M
H�fTv*HÀq"OhH"J3[]J3UX^I_aM*[dZ\H"J$|6M*WNUXRlm�M�S�J3R Z\H�J���UX[]JzZ]MoMyRTM�O«x/GIH"fp^IH�fTv*H���J��oW"M*RpS�W�j�m�c�J3[IZ\J6^`Zhg3UX^]J
e�[`M�b*J3SrZ]M-c J�U-S�f ��g3j"RTZ�Z\J3^�Z9x«GIH�JVH�J3U9bofTRT��^`Z][]J�Z\g&Hwv*[]fTSÀqlJ6W"_aM*[`g3J3Src
�@Z\H�J�RTM�O v w g6M*W�S�fiZ\fTM*W
U7ZIZ]H�J OdU7RpR,qom�U9�}c�J Z\H�J«[`J9UX^`M*W�_aMX[Ie M�M*[dg6M*W
b*J3[`v*J3W"g3JVUXW"S�c�UXS@[`J3^`j�RTZ]^3x
�NM*[/Z\H�J�� ¡�¢ £�¤X¥*¦X¦«g3UX^]J7q�Z]H�J�¯�j�^`^]J3RiZ�W�j"m�c J6[LfT^�W�M*[]m�UXRTfp|3J6S�OhfTZ]H�Z]H�JhJ3m�e�fp[`fpg9U7RNªzfTZ`Z\j�^�t

ÂnM�J3RiZ\J6[d_aM*[]m�j"R¼UU(
6 =�; ¢ ¦Uf ¦
¤XÉ=<�� ¡�>"? @A< 4ED >"? ! � £9É��

GIH�J«[`J3^]j"RTZh_aM*[dZ\H"JY� ¡�¢©£�¤7¥*¦*¦Vg9UX^`J«fp^I^]H"M�OhW@fpW
��fTv�x�� � c �&x
� �og3J3eoZ�_aM*[ Z\H�J�[]fTc{Z]M*eÀqÆZ\H�J�[]J6^]j�RiZ\^«_aM*[$Z]H�J��Lª � ~�� � UX[]J�[\U7Z]H�J3[$v*M�MoSlx�GIH�J�[]J9U7^]M*W

_aM*[«Z\H"J�RpM�O ¯�j�^]^`J3RiZ�W�j�m�c�J3[$M*W¬Z]H�J�[`fpcÀqÆ_aM*[YUXRpR/e�[`J3S�fTg6Z]fpM*W�^6q�m�U9�wc J�U�[]J6^]j�RiZ
M7_Ic M7Z\H®Z]H�J

È ¥ È



−0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

v

=

� � � ���������
��� � �	��

����
 �	��

� ����� �
�%���

� �&�����������������! #"$�&%'�(�*),+-��.#/0� �214365

−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

v

=

� � � �0�7�8���
� � � �8��

����
 �8��

� ����� �
�����

�)( �9�������7�:�����; '"$�<%=����),+-��.#/0� �>173@?

−0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

v

=

� � � ���������
��� � �	��

����
 �	��

� ����� �
�%���

�(A �9�������7�:�����; '"$�<%=����),+-��.#/0� �CB�365�D

−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

v

=

� � � �0�7�8�E�
��� � �8��

����
 �8��

� ����� �
�����

� 
 ���F���(�7�����G�; #"$�&%'�(�*),+-��.#/0� �H?I3KJIL

��fTv*j�[`J�ÉS(�MEt8qdm � - �0N+0 �bmPO�q�t��Ep$�EQ%p$�.-�mSR �Eqdm � p$��-�m�n �Xq } ty¢UTWVPXPYSYÃx[Z - � r t8p��*R � tus)	 � m r
����tHR 0 ��� � t8p r � m�� n�t �]\_^ -dna` -cbed;fPg

e�[`J3^`g3[]fTc J6SQH�J9U4Z�KNjo�­UXW�S­Z]H�J-S�fT^]g3[`J3eNU7W�g6�¬fpW¬Z]H�J�b*J6RpM�g3fiZs�®e"[]MXPNRTJ3^�H"J3[]J7xrGIH�J-J��"e�J3[`fpm�J3W
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