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a b s t r a c t

A low Reynolds number (LRN) formulation based on the Partially Averaged Navier–Stokes (PANS) model-
ling method is presented, which incorporates improved asymptotic representation in near-wall turbulence
modelling. The effect of near-wall viscous damping can thus be better accounted for in simulations of
wall-bounded turbulent flows. The proposed LRN PANS model uses an LRN k–e model as the base model
and introduces directly its model functions into the PANS formulation. As a result, the inappropriate
wall-limiting behavior inherent in the original PANS model is corrected. An interesting feature of the PANS
model is that the turbulent Prandtl numbers in the k and e equations are modified compared to the base
model. It is found that this modification has a significant effect on the modelled turbulence. The proposed
LRN PANS model is scrutinized in computations of decaying grid turbulence, turbulent channel flow and
periodic hill flow, of which the latter has been computed at two different Reynolds numbers of
Re = 10,600 and 37,000. In comparison with available DNS, LES or experimental data, the LRN PANS model
produces improved predictions over the standard PANS model, particularly in the near-wall region and for
resolved turbulence statistics. Furthermore, the LRN PANS model gives similar or better results – at a
reduced CPU time – as compared to the Dynamic Smagorinsky model.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

The PANS model was developed with an intention to smoothly
simulate turbulent flows using a hierarchic rank of modelling ap-
proaches from RANS to Direct Numerical Simulation (DNS). The
model was derived from a parent RANS k–e model based on the ra-
tio between modelled and total turbulence quantities. Its formula-
tion is closely related to two parameters: the unresolved-to-total
ratio of turbulence kinetic energy (fk) and of its dissipation (fe)
(Girimaji, 2005). The resulting PANS model equations hold the
same form as in the parent RANS k–e model but the model coeffi-
cients are different. It is thus easy to implement the model in an
existing RANS solver, where only the model coefficients need to
be changed in relation to the choices of fk and fe.

With fk = 1.0, for example, the PANS model will render a RANS
solution. Provided that a sufficiently fine grid is used to resolve
all turbulent scales, on the other hand, setting fk = 0 will remove
all modelling and give a DNS solution. Setting a value between 0
and 1 for fk, the PANS model may produce partially-resolved turbu-
lent structures and leaving the unresolved part modelled. With a

successively refined grid and a correspondingly reduced value of
fk, the resolved turbulence energy increases with decreasing mod-
elling effects. On a LES-comparable grid, the PANS model behaves
in a manner similar to an SGS model, yet being distinct from typical
LES in, most noticeably, that the flow decomposition is based on
turbulence energy content rather than explicit wavenumber cutoff
(Girimaji, 2006).

The PANS model has been evaluated in typical turbulent sepa-
rating flows. Girimaji (2006) applied the PANS model to flows past
a square cylinder and over a surface-mounted cube. The model was
further investigated by Girimaji and Lavin (2006) in simulations of
a turbulent square jet, demonstrating reasonable capabilities in
capturing jet physics. Basu et al. (2007) employed the PANS model
to a cavity flow with varying values of fk as a function of local grid
spacing and turbulent length scale. Frendi et al. (2007) compared
three modelling approaches (DES, URANS and PANS) and showed
that the PANS model gives promising predictions for a turbulent
flow over a backward facing step. In simulations of the flow past
a square cylinder, Song and Park (2009) investigated the determi-
nation of parameter fk and proposed an equation to evaluate this
parameter. It was demonstrated that, for separated turbulent
flows, the PANS approach is able to yield accurate predictions on
a relatively coarse grid. The influence of the PANS parameter fe
was also investigated, and it was shown that the range of resolved
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scales decreases with decreasing fe (Frendi et al., 2007). Basara
et al. (2009) combined the f–f model with the PANS model and ap-
plied it to the flow around the Ahmed body. A model similar to the
PANS model is the PITM model (Schiestel and Dejoan, 2005).

The derivation of the original PANS model is stemmed from the
standard RANS k–e model (Girimaji, 2005, 2006), which has its
roots in the context of modelling high Reynolds number turbu-
lence. As noted by its developer (Girimaji, 2006), the PANS model
will inevitably inherit much of physics from its parent RANS clo-
sure. It is well known that the standard k–e model in the context
of RANS modelling cannot be integrated directly to the wall surface
because of its incorrect near-wall asymptotic behavior. This draw-
back is inherited by the resulting PANS model equations. In simu-
lations of flows over a bluff body, the effect of near-wall
asymptotic properties of the turbulence model may be insignifi-
cant. For attached boundary layer flows, however, appropriate
modelling of near-wall turbulence may become essential to render
an accurate representation of overall flow physics. One of the
major purposes of the present paper is to develop a low Reynolds
number (LRN) variant of the PANS model so that it is feasible to
apply the LRN PANS model to both attached and separated turbu-
lent flows with improved near-wall behavior in the modelling.
Another purpose is to investigate the effect of the turbulent
Prandtl numbers in the k and e equations, rk and re. A unique
feature of the PANS model is the modification of rk and re com-
pared to the RANS k and e equations. They are both multiplied by
f 2
k =fe. This modification is found to have a strong effect on the

modelled turbulence.
An LRN formulation of a turbulence model accounts for both

viscous and wall-damping effects in the wall layer. It should enable
proper modelling performance when the model is integrated to the
wall surface. LRN RANS models usually employ empirical damping
functions in the model equations, which ensure that viscous stres-
ses take over turbulent Reynolds stresses at low Reynolds numbers
and in the viscous sublayer adjacent to solid walls. There are a
number of LRN RANS models, of which many are based on the
k–e models, see e.g. Jones and Launder (1972), Hoffmann (1975),
Chien (1982), and Nagano and Tagawa (1990). Abe et al. (1994)
(hereafter called the AKN model) further improved the LRN k–e
model by Nagano and Tagawa (1990), using the Kolmogorov
velocity scale, ue � (me)1/4, in the damping function. The AKN model
was validated in simulations of turbulent flows in a channel and
over a backward step. Hsieh and Chang (1996) applied the AKN
model to pipe expansion flow with satisfactory results. Of the
existing LRN k–e models, the AKN model has shown reasonable
performance in modelling different flows.

The present work proposes an LRN variant of the PANS model
using the LRN AKN k–e model as the base model. The derivation
of the LRN PANS formulation is similar to the original PANS model
(or the ‘‘standard PANS model’’), but the model coefficients are
adapted to the LRN effect in order to account for near-wall turbu-
lence. The behavior of the proposed model is examined in simula-
tions of decaying grid turbulence, fully-developed turbulent flows
in a clean channel and in a channel with hills mounted periodically
on the bottom wall. The hill flow has been computed at two differ-
ent Reynolds numbers, Re = 10,600 and 37,000, respectively. The
LRN PANS model has been compared with the standard PANS mod-
el in these computations, as well as with LES using the Dynamic
Smagorinsky model. The proposed LRN model has shown overall
improved wall-limiting behaviors in the wall layer in comparison
with the standard PANS model.

In what follows, we first present the modelling formulation in
Section 2. In Section 3 the numerical methods used in the compu-
tations are briefly described, including an introduction to the test
cases and computational set-up. The results are then presented
and discussed in Section 4, and conclusions are drawn in Section 5.

2. Modelling formulation

The PANS method uses the so-called ‘‘partial averaging’’ con-
cept, which corresponds to a filtering operation for a portion of
the fluctuating scales (Girimaji, 2006). The ‘‘partial averaging’’
operation is assumed to be constant preserving and to commute
with spatial and temporal differentiation.

For an instantaneous flow variable, F, we use �f to denote the
partially-averaged part, namely �f ¼ PðFÞ, where P denotes the
partial averaging operator. We consider incompressible flows.
Applying the partial averaging to the governing equations gives

@�ui

@xi
¼ 0 ð1Þ

@�ui

@t
þ @ð

�ui�ujÞ
@xj

¼ � 1
q
@�p
@xi
þ @

@xj
m
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@xj
� sij

� �
ð2Þ

where sij is the central second moment resulting from the partial
averaging for the nonlinear terms, that is sij ¼ ðPðUiUjÞ � �ui�ujÞ,
where Ui indicates instantaneous velocity components. This term
is similar to the Reynolds stress tensor resulting from the
Reynolds averaging in RANS or to the subgrid scale (SGS) stress
tensor after the spatial filtering in LES. For simplicity, we also
use the terminology of Reynolds stresses for the term sij in
Eq. (2).

To close the system of the partially-averaged Navier–Stokes
equations, as in RANS and LES, a model is needed for sij. Girimaji
(2006) proposed using the conventional eddy viscosity concept
so that sij ¼ �2mu�sij, where �sij is the strain-rate tensor of the com-
puted flow and mu is the PANS eddy viscosity.

In order to formulate the PANS eddy viscosity, Girimaji (2006)
defined another two quantities, the partially-averaged turbulent
kinetic energy, ku and its dissipation rate eu, so that mu ¼
Clk2

u=eu. In the derivation of the transport equations for ku and
eu, two parameters, fk and fe, have been introduced, relating
the unresolved to the resolved fluctuating scales. Parameter fk

defines the ratio of unresolved (partially-averaged) turbulent ki-
netic energy (ku) to the total kinetic energy (k), and fe is the ratio
between the unresolved (eu) and the total (e) dissipation rates.
These give

k ¼ ku

fk
and e ¼ eu

fe
ð3Þ

The extent of the resolved part is now determined by fk and fe. In his
PANS derivation, Girimaji (2005, 2006) employed the standard k–e
model as the base model. The resulting model is thus termed here
the Standard PANS model.

Below, we re-formulate the PANS model based on an LRN k–e
model in order to attain improved near-wall asymptotic behavior.
Incorporating empirical damping functions, an LRN k–e RANS mod-
el can often be cast in a general form, of which the k-equation can
be written as
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and the e-equation is given by
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where Pk is the production term of turbulent kinetic energy

Pk ¼ mt
@Ui

@xj
þ @Uj

@xi

 !
@Ui

@xj
ð6Þ

J.M. Ma et al. / International Journal of Heat and Fluid Flow 32 (2011) 652–669 653



Author's personal copy

In a low Reynolds number RANS k–e model, the RANS eddy viscos-
ity, mt, often takes the following form.

mt ¼ Clfl
k2

e
ð7Þ

It should be noted that the RANS mean velocity field is denoted by
Ui in these equations. As indicated by Girimaji (2005), one should
have Ui ¼ h�uii, with the angular brackets indicating the time-
averaged flow quantities.

Using the same damping function, fl, as for the LRN model, the
PANS turbulent viscosity, mu, in the LRN PANS model is defined in
terms of ku and eu, viz.

mu ¼ Clfl
k2

u

eu
ð8Þ

Introducing Eq. (3) into the relation for the RANS turbulent eddy
viscosity, mt, Eq. (7), gives the following relation.

mt ¼
fe
f 2
k

mu ð9Þ

In the derivation of the ku and eu equations for the LRN PANS model,
the same procedure has been invoked as for the standard PANS par-
adigm (Girimaji, 2005, 2006). Parameters fk and fe have also been
assumed to be constants. Without repeating all the details of the
PANS formulation, as discussed in Girimaji (2006), we directly write
the resulting transport equation for ku in the LRN PANS model,
which takes the same form as in the standard PANS model. This
gives
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where the production term, Pu, is expressed in terms of the PANS
eddy viscosity, mu, and the strain rate of PANS-resolved flow field,
viz.

Pu ¼ mu
@�ui

@xj
þ @

�uj

@xi

� �
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ð11Þ

Note that, in deriving Eq. (10), a relation of Pu–eu = fk(Pk–e) is im-
plied (Girimaji, 2005). With e = eu/fe, this relation can be re-written
as

Pk ¼
1
fk
ðPu � euÞ þ

eu

fe
ð12Þ

Eq. (12) has been exploited to derive the eu-equation in the PANS
model. With an LRN model as the base model, the e equation in-
vokes model functions, f1 and f2, in the production and destruction
terms, which are kept in the model coefficient for the resulting eu

equation. This led to the following expression.
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The diffusion term is re-written using Eq. (3)
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In the same way, the production and destruction terms are
re-formulated as (using Eqs. (3) and (12))
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where

C�e2 ¼ Ce1f1 þ
fk

fe
ðCe2f2 � Ce1f1Þ ð16Þ

The eu equation in the LRN PANS model now takes the following
form
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where reu is given in Eq. (14)
It should be noted that, in deriving Eqs. (10) and (17), the addi-

tional term related to ð�uj � UjÞ has been neglected, as was done by
Girimaji (2006).

The PANS equation for ku, Eq. (10), was derived by multiplying
the RANS equation for k by fk which was assumed to be constant in
space and in time. By referring to Eqs. (9) and (10), the turbulent
diffusion term was obtained as

fk
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The expression on the right-hand side of Eq. (18a) suggests that the
turbulent transport for the PANS-modelled turbulent kinetic en-
ergy, ku, is actually formulated in terms of the RANS turbulent vis-
cosity from the base model. This is different from the turbulent
diffusion in subgrid scale (SGS) modelling of LES with a one-
equation ksgs model, which reads

@

@xj

msgs

rk

@ksgs

@xj

� �
ð19Þ

In Eq. (19) the SGS turbulent viscosity is invoked for the transport of
ksgs, whereas on the right-hand side of Eq. (18a) the total (i.e. the
RANS) turbulent viscosity has been used for ku. Eq. (18a) shows that,
when used as an SGS model, the modelled turbulent diffusion in the
PANS formulation is a factor of ðrku=rkÞ�1 ¼ fe=f 2

k larger than in one-
equation SGS models, comparing Eq. (19), to Eqs. (10) and (18b).
With fe = 1 and fk = 0.4, for example, this factor is larger than six.
The modification of the diffusion coefficients, rku and reu, is a un-
ique property of the PANS model. In the PITM model (Schiestel
and Dejoan, 2005), for example, the sink term in the e equation is
modified, but not the diffusion term. The effect of the diffusion coef-
ficients, rku and reu, in the ku and eu equations will be investigated
in the present work.

Eqs. (8), (10) and (17) form the proposed PANS formulation
based on an LRN RANS k–e model. Obviously, to bring the formula-
tion into an LRN PANS model, many existing LRN k–e models in the
context of RANS and being cast in line with the general form as gi-
ven in Eqs. (4)–(7), can be considered. In the present work, we have
adopted the Abe–Kondoh–Nagano LRN k–e model (Abe et al., 1994)
(the LRN AKN model) as the base model. The LRN PANS model con-
stants thus take the following values.

Ce1 ¼ 1:5;Ce2 ¼ 1:9;rk ¼ 1:4;re ¼ 1:4;Cl ¼ 0:09 ð20Þ
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With f1 = 1, the other two model functions, fl and f2, hold the same
forms in the LRN PANS model as for the AKN LRN model. They read,
respectively,

fl ¼ 1� exp � y�

14

� �� �2

1þ 5
R3=4

t

exp � Rt

200

� �2
" #( )

ð21Þ

f2 ¼ 1� exp � y�

3:1

� �� �2

1� 0:3 exp � Rt

6:5

� �2
" #( )

ð22Þ

The variables, Rt and y⁄, are now defined in terms of ku and eu for the
LRN PANS model, namely,

Rt ¼
k2

u

meu
and y� ¼ Uey

m
with Ue ¼ ðeumÞ1=4 ð23Þ

The model coefficients in the proposed model are different from
these in the standard PANS model (Girimaji, 2006). The introduction
of the damping functions has indeed enabled the resulting LRN
PANS model to have improved asymptotic properties when inte-
grated to a wall surface. Approaching the wall surface, the LRN
PANS model suggests that fl / y�1. Consequently, the modelled tur-
bulent quantities hold uv / y3; ku / y2; eu / y0 and mu / y3 in the
vicinity of the wall surface, as desired. It is thus expected that the
resulting LRN PANS model will improve the near-wall representa-
tion of modelled turbulence and, as a result, the near-wall turbu-
lence should also be better resolved, as compared with the
standard PANS model.

3. Computational set-up

An incompressible, finite volume code was used (Davidson and
Peng, 2003). The second-order central differencing scheme was
used for spatial discretization of all terms except the convection
terms in the ku and eu equations, for which a hybrid central/upwind
scheme was employed. The temporal advancement was approxi-
mated using the second-order Crank–Nicolson scheme. The
numerical procedure was based on an implicit, fractional step tech-
nique with a multigrid pressure Poisson solver (Emvin, 1997) and a
non-staggered grid arrangement.

The proposed model was examined in computations of three
different flow problems. For reference, the standard PANS model
and the Dynamic Smagorinsky model were also employed in the
computations.

In order to highlight any possible effect on the resolved spectral
behavior due to the introduced low-Reynolds number modifica-
tions, decaying homogeneous, isotropic turbulence (DHIT) is first
computed. DHIT is a typical test case for SGS turbulence models.
The computational domain is a cubic box with dimensions of
2p � 2p � 2p. Two meshes are used, one with 32 � 32 � 32 cells
and another with 64 � 64 � 64 cells. Periodic boundary conditions
are prescribed at all boundaries. The time step is 5 � 10�3.

The second test case is a fully-developed turbulent channel flow.
Note that previous PANS simulations have usually been conducted
for bluff-body flows. The test case is selected to highlight the feasi-
bility of the PANS model in computations of attached boundary layer
flows, particularly, the modelling behavior in representing near-
wall turbulence. The Reynolds number is Res = 950, based on the
friction velocity, us, and half of the channel height, d = ymax/2. The
computational domain has the dimensions of xmax = 3.2, ymax = 2.0
and zmax = 1.6. A 64 � 80 � 64 mesh has been used in the stream-
wise (x), wall-normal (y) and spanwise (z) directions, respectively.
Table 1 summarizes the computational parameters for the channel
flow computations. DNS data was taken from the work by Hoyas
and Jimenez (2008).

The third and fourth test cases concern flow separation in a
channel with periodic hills mounted on the bottom wall in the
streamwise direction. The periodic hill flow is characterized by tur-
bulent flow separation, recirculation, reattachment and flow accel-
eration. The geometry and mesh of the hill flow are shown in Fig. 1.
The computational domain starts from one hill crest and extends to
the next, separated by a distance of L = 9h. The upper and lower
sides are bounded by flat plane and curved wall surfaces, respec-
tively. The extension in the spanwise direction is zmax = 4.5h. This
flow has been computed for two different Reynolds numbers,
Re = 10,600 and 37,000. The Reynolds number is based on the hill
height, h, and the bulk velocity, Ub, above the hill crest. For
Re = 37,000, the computational mesh consists of Nx � Ny � Nz =
160 � 160 � 60 cells in the streamwise, wall-normal and spanwise
directions, respectively. For Re = 10,600 every second grid line is
omitted in the wall-normal direction and the number of cells in
the spanwise direction is reduced by almost 50%, giving a compu-
tational mesh with Nx � Ny � Nz = 160 � 80 � 32 cells. The time
step was set to Dt = 6.0 � 10�3. After 20 flow-through times, statis-
tical analysis was made over a time period of a further 20 flow-
through times. The results were also averaged in space over the
spanwise direction.

For all computations of wall-bounded flows, no-slip conditions
were specified on the walls for the velocity components. The values
of ku and eu on the wall surface were set by ku,w = 0 and
eu;w ¼ 2mku;1=y2

1, respectively, where ku,1 is the value of ku at the
first near-wall node with a wall distance of y1. Periodic boundary
conditions were imposed on the streamwise and spanwise
boundaries.

4. Results and discussion

This section presents the computations with the LRN PANS
model for DHIT, channel flow and periodic hill flow in comparison
with the standard PANS model and the Dynamic Smagorinsky
model of Germano et al. (1991). The main purpose is to verify
the performance of the proposed LRN PANS model in turbulence-
resolving simulations for both attached and separated turbulent
flows. The results are compared to available DNS, LES or experi-
mental data.

By the definition of fk and fe, it is obvious that these two
parameters should vary with the grid resolution in correspon-
dence to the resolved kinetic energy and dissipation rate. As pro-
posed by Girimaji (2005), nonetheless, we have set fe � 1 in all
the computations. For the same grid resolution, different values
of fk are then tested to observe the effect of this parameter on
the modelling.

Table 1
Spatial resolution and time step in computations of turbulent channel flow.

Res Dy+ Dx+ Dz+ Dt

950 0.62–103 47.50 23.75 6.25 � 10�4

y

x

L = 9 

H

h

Fig. 1. Schematic of the hill flow configuration and computational grid in a 2D slice.
The grid was plotted with every other line. h = 1.0, H = 2.035h, L = 9h, zmax = 4.5h.
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4.1. Decaying homogeneous, isotropic turbulence

The simulations for this test case are compared with the exper-
iment by Comte-Bellot and Corrsin (1971). In the experiment the
turbulence spectra were measured at three downstream locations
corresponding to the times tU0/M = 42, 98 and 171. The initial
velocity is obtained by inverse Fourier transformation using the
experimental spectrum at tU0/M = 42. At time tU0/M = 171 the
spectra resulting from the simulations are compared the experi-
mental spectrum. The initial velocity field is generated by a widely
used computer program from the group of Prof. Strelets in St.
Petersburg.

Initial boundary conditions must also be given for ku and eu in
PANS computations. In Menter and Egorov (2010) they computed
the initial ku and eu fields by solving the steady ku and eu transport
equations using the frozen initial velocity field. It was noted how-
ever that ku and eu (and mu) go to infinity (Menter and Egorov,
2010). The same problem is encountered with the PANS model in
our computations.

In the present work another approach is chosen to prescribe ini-
tial conditions for ku and eu. Using the initial velocity field, the re-
solved turbulence energy, kres = 0.5hu0iu0ii (h.i denotes space
averaging over the entire domain), is computed and the initial
modelled turbulence is set as ku = fkkres. The initial SGS length scale,
‘sgs, is estimated from the Smagorinsky model as ‘sgs = CsD, where
Cs = 0.1 and D is the grid spacing. The initial modelled dissipation
is then approximated from eu ¼ C3=4

l k3=2
u =‘sgs. Since the flow does

not involve any wall boundaries and the wall distance is thus set
to be infinite, the first part in the damping functions, fl in Eq.
(21) and f2 in Eq. (22), becomes one, respectively. Consequently,
fl and f2 play a role in the modelling only as function of the turbu-
lent Reynolds number, Rt. Obviously, f2 approaches to 1.0 at fairly
small values of Rt. For example, f2 takes its instantaneous smallest
value of 0.995 (with Rt � 13) at tU0/M = 171 for the fine mesh with
fk = 0.2. The second part of fl yields larger values than 1.0. In the
parent RANS LRN model, this part in fl was designed to entail a cor-
rect near-wall asymptotic relation of fl ? 1/y (as y ? 0) for wall-
bounded flows (Abe et al., 1994). Away from the wall, fl should
be limited by 1.0 in computations of any turbulent shear flows.
In consistence with this, we have thus set fl = 1.0 in the DHIT
computations.

Fig. 2 presents the predicted spectra on the two meshes at the
computational time t = 2, which corresponds to tU0/M = 171 in
the experiment. Predictions using four different values of fk are
presented, namely fk = 0.2, 0.4, 0.6 and 0.8. As can be seen, the
value of fk hardly imposes any influence for low wavenumbers

(j < 6). For higher wavenumbers, large fk values give more dissipa-
tion, as expected. The effect of fk becomes even more significant at
increasing wavenumbers when the grid is refined from 323 to 643.
fk = 0.6 gives good agreement with the experiment on the coarse
grid, whereas a reduced value of fk renders too little dissipation.
On the fine mesh, both fk = 0.2 and 0.4 give reasonable agreement
with the experiment. The observation is consistent with the funda-
mental argumentation in PANS modelling, namely, the ratio of
modelled-to-total turbulence energy, fk, is related to the grid reso-
lution. For comparison, the result computed by the Dynamic Sma-
gorinsky model is also included in Fig. 2, which gives good
agreement on the coarse mesh but is slightly more dissipative on
the fine mesh at large wavenumbers.

Figs. 3 and 4 present the resolved (kres) and the modelled (ku) ki-
netic energy versus time. With increasing fk, as expected, ku increases
and kres decreases. As shown in the predicted spectra, the dissipation
is not sufficient for fk = 0.2. This has also been reflected by a relatively
slow decay of the resolved turbulent kinetic energy (Fig. 3).

4.2. Turbulent channel flow (Res = 950)

The following values were tested for fk in the simulation of
channel flow, namely, fk = 0.1, 0.3, 0.4, 0.5, 0.6 and 1.0. As expected,
the smaller the value of fk is, the smaller becomes the effect of the
model on the resolved flow. With the current grid for the channel
flow (Table 1), it was found that for fk 6 0.3, the model plays an
insignificant role in the simulation, i.e. mu ’ 0. In the following dis-
cussion, only results computed with fk = 0.4, 0.5 and 1.0 are pre-
sented. Note that with fk = 1.0, both the standard and the LRN
PANS models should return to their respective base models in
the context of RANS modelling.

Fig. 5 compares the mean streamwise velocities, computed
using the standard PANS model and the proposed LRN PANS model
with the DNS data by Hoyas and Jimenez (2008). For fk = 1.0, the
computations give steady RANS solutions. The LRN PANS model re-
turns to the AKN LRN k–e model, while the standard PANS model
becomes identical to the standard k–e model. This has indeed been
reflected in the predictions, as illustrated in Fig. 5 for fk = 1.0. The
poor prediction by the standard k–e model is not surprising, since
the model has been integrated to the wall surface on a low Rey-
nolds number grid.

The velocity profiles using fk = 0.4 and fk = 0.5 are also shown in
Fig. 5. The standard PANS model with fk = 0.5 has produced an
overall erroneous velocity distribution from the viscous sublayer
to the logarithmic layer, but the prediction in the central part is
closer to the DNS data. The LRN PANS model is able to give a
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Fig. 2. DHIT using the LRN PANS model and the Dynamic Smagorinsky model. Resolved turbulence energy spectra. : fk = 0.2; : fk = 0.4; - . -: fk = 0.6; j: fk = 0.8;
.: Dynamic Smagorinsky model; : Experiments by Comte-Bellot and Corrsin (1971).
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generally improved tendency of the profile, in spite of an over-
prediction in the logarithmic layer. The improvement is particu-
larly obvious in the viscous sublayer, due to the correct asymptotic
properties inherent in the LRN PANS formulation. Using fk = 0.4,
the standard PANS and the LRN PANS models have produced very
similar results that are in reasonable agreement with the DNS data.

As shown in Fig. 5, the results are fairly sensitive to the value of
fk. A value of fk = 0.5 gives worse agreement with DNS data than
fk = 0.4. The reason is that the modelled turbulent viscosity, mu, in-
creases by a factor of about two when fk is increased from 0.4 to
0.5. This is further illustrated in Fig. 6, where the modelled turbu-
lent viscosity, mu, is presented. As expected, mu increases for increas-
ing fk. It is noted here that a similar sensitivity to fk was also
observed in the computation of hill flow. With the LRN PANS mod-
el, the turbulent viscosity reaches approximately 3.5 and 7 in the
center of the channel for fk = 0.4 and fk = 0.5, respectively. The
LRN PANS model gives very small values of hmui/m in the near-wall
region (it is close to zero in the viscous sublayer for both fk = 0.4
and fk = 0.5, see Fig. 6b).

Using fk = 0.4 gives the best predictions for both the standard
and the LRN PANS models. To highlight the modelling performance
for near-wall turbulence in channel flow computations, the results
computed with fk = 0.4 are presented below for the resolved turbu-
lence statistics. Note that, as shown in Table 1, the grid is fairly fine
and it is suitable for wall-resolved LES. It is thus expected that the
PANS formulation, with both the standard and the LRN models,
should produce LES-comparable predictions.

Fig. 7a compares the resolved turbulent normal stresses to DNS
data. It is shown that the resolved turbulent fluctuations computed
with the LRN PANS model are in reasonable agreement with DNS
data. In general, the LRN model shows better performance than
the standard model. This is particularly true in the vicinity of the
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Fig. 3. DHIT using the LRN PANS model and the Dynamic Smagorinsky model. Resolved turbulence energy decaying with time, kres ¼ 0:5hu0iu0ii. : fk = 0.2; : fk = 0.4; - . -
: fk = 0.6; j: fk = 0.8.
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Fig. 4. DHIT using the LRN PANS model and the Dynamic Smagorinsky model. Modelled turbulence energy decaying with time. : fk = 0.2; : fk = 0.4; - . -: fk = 0.6;
j: fk = 0.8.

Fig. 5. Turbulent channel flows at Res = 950: Distributions of streamwise velocity.
: LRN PANS model; - . -: Standard PANS model; : DNS data (Hoyas and

Jimenez, 2008).
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wall surface, namely, over the viscous sublayer for y+
6 10. Fig. 7b

shows fk computed from the predicted resolved and modelled tur-
bulence kinetic energy. It is seen that, due to the LRN modifica-
tions, the predicted fk is much smaller than the prescribed one,

mainly because ku in the near-wall viscous sublayer is dampened
as it should.

Fig. 8a shows the resolved Reynolds shear stress, �hu0v0i, with
fk = 0.4 in comparison with DNS data. The turbulent shear stress

Fig. 6. Modelled turbulent eddy viscosity, <mu>/m. : LRN PANS, fk = 0.4; : LRN PANS, fk = 0.5; - . -: PANS, fk = 0.4; : PANS, fk = 0.5.

Fig. 7. Turbulent channel flow at Res = 950: Turbulent normal stresses with fk = 0.4. : LRN PANS model; - . -: Standard PANS model; : DNS data (Hoyas and Jimenez,
2008).

Fig. 8. Turbulent channel flow at Res = 950: Turbulent shear stress with fk = 0.4. : LRN PANS model; - . -: Standard PANS model; : DNS data (Hoyas and Jimenez, 2008).
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obtained with the standard PANS model in the viscous sublayer
and up to y+ � 50 is smaller than that predicted with the LRN mod-
el. This is closely associated to large values of the modelled eddy
viscosity and modelled shear stress (see Fig. 8b) by the standard
PANS model in the near-wall region. The results, as illustrated in
Figs. 7a and 8a, show that the LRN formulation has indeed intro-
duced better wall-limiting behavior into the modelling compared
with the standard PANS model. It is also demonstrated that correct
near-wall asymptotic modelling improves the predictions of the
resolved turbulent Reynolds stresses and turbulent kinetic energy.

The PANS modelling represents the effect of the unresolved part
on the resolved turbulence. In both the standard and the LRN PANS
models, fk (with fe � 1.0) is the only parameter that differentiates
the PANS formulations from their respective RANS base models.
It is thus interesting to explore the effect of fk on the budget of
the modelled turbulence transport equation. This is shown in
Fig. 9 for the equation of the modelled turbulent kinetic energy,
ku, for channel flow at Res = 950. Fig. 9a and b present the ku budget
for the standard PANS and the LRN PANS models for fk = 1.0 and the
budget of k for DNS data is shown in Fig. 9c. As compared to the
standard k–e model, the improvement achieved by the AKN LRN
model is apparent in comparison with the DNS data. Very close
to the wall surface, both the dissipation term and the molecular
diffusion term have been over-estimated with the standard PANS
model in Fig. 9a and under-predicted by the LRN PANS model in
Fig. 9b. This may largely be attributed to the boundary condition
of eu on the wall surface, which has been approximated in the com-
putations from the balance of the two terms in the vicinity of the
wall surface.

As an example, the ku budgets with fk = 0.4, where both the
standard and LRN PANS models have produced the best predic-
tions, are plotted in Fig. 10. The values of budget terms are in the
near-wall region much lower with the LRN PANS model than with
the standard PANS, see Fig. 10a and b. The reason to the small pro-
duction term in Fig. 10b is the small turbulent viscosity, mu, see
Fig. 6b (it is very small for y+

6 20), which has been mainly caused
by the damping functions, fl and f2. The incorporation of f2 into the
sink term in the eu equation has modified the C�e2 coefficient, see Eq.
(16), rendering large values of eu and hence small ku and mu. Be-
cause of the small mu, the production with the LRN PANS model
is significantly reduced in this region, whereas it reaches its max-
imum with the standard PANS model. As a consequence, the loca-
tions of the peak values for both the production and the dissipation
terms have with the LRN PANS model moved out of the buffer re-
gion. The reduction in the production of the LRN PANS model has
entailed reduced viscous and turbulent diffusion terms. Neverthe-
less, in the outer region, the budgets of the standard PANS and LRN
PANS are very similar, see Fig. 10a and d. Here, both models have
indicated a balance between the modelled production and dissipa-
tion, implying that local equilibrium holds approximately in both
PANS models.

We have so far explored in channel flow simulations the perfor-
mance of the proposed LRN PANS model in comparison with the
standard PANS model. With the present grid resolution (see
Table 1), both PANS models have actually enabled LES-like perfor-
mance. It is desired that the PANS modelling in the simulation
should present turbulence-resolving capabilities equivalent to
SGS modelling in LES. It is then interesting to compare the LRN

Fig. 9. Turbulent channel flows at Res = 950: Budget for the ku equation with fk = 1.0.
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PANS model with one of the best available SGS models, namely, the
Dynamic Smagorinsky model. Fig. 11 presents a comparison of the
time-averaged streamwise velocity and the resolved velocity fluc-
tuations obtained, respectively, with the Dynamic Smagorinsky
model and the LRN PANS model. As seen, the LRN PANS (with
fk = 0.4) gives slightly better agreement with DNS data than the
Dynamic SGS model. This suggests that the proposed LRN PANS
model has indeed enabled LES-like performance on an LES grid. It
should be mentioned, moreover, that the required CPU time is

actually somewhat lower for the LRN PANS model than for the dy-
namic model that has invoked additional test-filtering operations
to compute the model coefficient.

4.3. Periodic hill flow (Re = 10,600)

The periodic hill flow was computed to verify PANS perfor-
mance in modelling turbulent flow separation and reattachment.
For this test case, the simulation is compared with an accurate

Fig. 10. Turbulent channel flows at Res = 950: Budget for the ku equation with fk = 0.4.

Fig. 11. Turbulent channel flow at Res = 950: Mean velocity and resolved turbulent velocity fluctuations. : LRN PANS model; - . -: Dynamic Smagorinsky model; : DNS
data (Hoyas and Jimenez, 2008).
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wall-resolved LES (Fröhlich et al., 2005). It is noted here that the
present grid, 160 � 80 � 32 cells in a domain of 9h � 3.035h �
4.5h, is much coarser than the wall-resolved LES mesh using
196 � 128 � 186 cells in a domain of 9h � 3.035h � 9h. The mean
flow and the resolved turbulence statistics presented below were
obtained by time-averaging and spatial-averaging over the span-
wise direction.

With the same mesh, a number of computations were made
using various values of fk, with fk = 0.4, 0.5, 0.6, 0.8 and 1.0, in order
to explore the effect of fk. In comparison with the LES result, it was
found that the PANS computation with fk = 0.4, using either the
standard or the LRN model, produced the best prediction of the
separation bubble on the lee-side of the hill in terms of the loca-
tions of both the separation and the reattachment. The streamlines
of the time-averaged flow from PANS computations are shown in
Fig. 12, in comparison with the LES solution (Fröhlich et al.,
2005). The LES result indicates that the flow is separated at
xs = 0.2h shortly after the hill crest and is reattached at xr = 4.7h
after the hill foot. The recirculation bubble extends over almost
50% of the domain in the streamwise direction. As shown, both
models produced reasonable predictions of the mean flow.

The locations of flow separation and reattachment, xs and xr,
respectively, are plotted in Fig. 13a and b as function of fk. As seen,
the LRN PANS model produces accurate predictions of xs and xr

with fk = 0.4, whereas the standard PANS model shows a somewhat
earlier flow separation and the reattachment is slightly delayed.
With increasing values of fk, the location of flow separation is
shifted downwards along the lee-side of the hill, and the reattach-
ment location is first delayed and then moves back toward the hill
foot. With fk = 1.0, both models produce incorrectly overall at-
tached flow over the hill and between the hills, namely, xs = xr = 0,
as shown in Fig. 13. It should be noted that, for fk = 1.0, both mod-
els return to their respective RANS base models, giving steady solu-
tions based on the standard k–e model and the AKN LRN k–e model.

We present below only the computations obtained with fk = 0.4,
for which both the standard and the LRN models have produced
the best predictions. Fig. 14a displays the y+ values of the wall-
adjacent nodes and the friction coefficient along the bottom wall.
Most of the wall-adjacent nodes are located at y+ � 1.0 or below,
except for some points around the hill crest having relatively large
values of y+ but, in general, within y+ < 3. The value of y+ increases
along the windward side of the hill due to an increase in the wall

Fig. 12. Turbulent periodic hill flow, Re = 10,600: Streamlines of time-averaged flow from PANS computations in comparison with wall-resolved LES data (Fröhlich et al.,
2005).

Fig. 13. Periodic hill flow, Re = 10,600: Locations of separation and reattachment, xs and xr, versus parameter fk used in PANS computations. Standard PANS gives xs � 0.18 and
xr � 5.0, and LRN PANS gives xs � 0.2 and xr � 4.7 with fk = 0.4, compared to the LES data xLES

s ¼ 0:2 and xLES
r ¼ 4:7. : LRN PANS; h: standard PANS; : LES data.
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shear stress. The friction coefficient distributions on the lower wall
are presented in Fig. 14b. The reverse flow in the separation bubble
on the lee-side of the hill is shown with negative values of Cf. Ow-
ing to a slightly more extended separation bubble, the standard
model produces a somewhat more extensive reverse flow. Down-
stream of the reattachment, the recovery of the boundary layer
flow is deterred by the presence of the next hill, where the friction
coefficient shifts toward zero at the foot and then rises rapidly on
the windward hill side due to flow acceleration.

To observe the capability of PANS modelling in resolving
turbulent flows, the distributions of the mean flow and resolved
turbulence statistics are compared in the following. The profiles

were extracted at locations of x = 0.05h, 2.0h, 6.0h and 8.0h, respec-
tively. The mean velocity components, h�ui and h�vi, in the stream-
wise and vertical directions, respectively, as well as the resolved
turbulent Reynolds stresses are compared with the LES data by
Fröhlich et al. (2005). The first position, x = 0.05h, is located imme-
diately after the hill crest, which may help to highlight any possible
influence of the upstream flow prior to the separation onset. The
second location, x = 2.0h, in the center of the recirculation bubble,
is particularly interesting, since this position includes a free shear
layer above the bubble, a reverse flow over the lower wall and a
boundary layer on the top wall. After the reattachment, the profile
at x = 6.0h may highlight the flow recovery in the channel before

Fig. 14. Periodic hill flow, Re = 10,600: Near-wall grid spacing and friction coefficient along the bottom wall. : LRN PANS model; - . -: Standard PANS model; : Wall-
resolved LES data.

Fig. 15. Periodic hill flow, Re = 10,600: Comparison of mean velocities. : LRN PANS model; - . -: Standard PANS model; : Wall-resolved LES data.
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reaching the windward side of the next hill. At x = 8.0h, the flow
accelerates due to the contraction on the windward portion of
the hill.

The mean velocity profiles are presented in Fig. 15 in compari-
son with the LES data. It is shown that both the standard and the
LRN PANS models have produced very reasonable predictions,
but some relatively large discrepancies are observed in the predic-
tion by the standard model. Near the lower wall, as well as in the
free shear layer (at x = 2.0h), the standard PANS has somewhat

over-predicted the magnitude of h�ui. The results are consistent to
the Cf distribution shown in Fig. 14b.

Fig. 16 presents the distributions of the resolved Reynolds stres-
ses in comparison with the LES data. It is shown that, at x = 0.05h
before the separation occurs, the proposed LRN PANS model gives
good prediction for the streamwise velocity fluctuations near the
wall (the same for the spanwise velocity fluctuations, not shown
here), whereas the standard model over-predicts the near-wall
peaks of hu0u0i. In the recirculation region (at x = 2.0h), the resolved

Fig. 16. Periodic hill flow, Re = 10,600: Profiles of resolved Reynolds stresses. : LRN PANS model; - . -: Standard PANS model; : Wall-resolved LES data.

Fig. 17. Periodic hill flow, Re = 10,600: PANS-modelled turbulent viscosity. : LRN PANS model; - . -: Standard PANS model.
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streamwise fluctuation is over-estimated around the peak at
y/h � 1, especially by the standard PANS model. The LRN model
presents better predictions of hu0u0i over the recirculation bubble
at x = 2.0h. After the reattachment of the separation bubble, at
x = 6.0h and x = 8.0h, the LRN model produces generally better or
similar predictions, as compared to the standard PANS model. For
hu0u0i, the proposed LRN model has shown improved turbulence-
resolving capabilities in the attached boundary layer near the top
and bottom walls and even in the near-wall reverse flow of the
recirculation region (e.g. at x = 2.0h). For the resolved turbulent
shear stress, hu0v0i, the improvement over the standard PANS model
in the predictions by the LRN model is also promising, particularly

in the recirculation region and in the free shear layer. Near the top
wall, hu0v0i is under-predicted. Although not shown here, it is
indicated that, when the modelled part is included, the total turbu-
lent shear stress in the wall layer agrees much better with the LES
data.

The time-averaged PANS-modelled turbulent viscosities are
shown in Fig. 17. Both models show very similar tendencies of
change in the distributions of mu. Nonetheless, the standard PANS
model produces larger values of eddy viscosities than the LRN
PANS model, in general by more than 40% in off-wall regions. This
is similar to that observed in turbulent channel flow computations
(see Fig. 6), as a consequence of the LRN formulation.

Fig. 18. Turbulent channel flow at Res = 950: Mean velocity and turbulent viscosity. : LRN PANS model; - . -: LRN PANS–r model; : Coarse DNS (no model); : DNS
data (Hoyas and Jimenez, 2008).

Fig. 19. Periodic hill flow, Re = 10,600: Comparison of mean velocities. : LRN PANS–r model; - . -: Dynamic Smagorinsky model; : Wall-resolved LES data.
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4.4. Effect of turbulent Prandtl numbers in the LRN PANS model

One of the major purposes with the development of PANS mod-
elling was to enable the model to produce turbulence-resolving
predictions, as a modelling approach compromised between RANS
and LES. There have been other models developed for similar pur-
poses, such as the PITM (Schiestel and Dejoan, 2005). In addition to
modifying the sink term in the eu equation, the PANS modelling has

further re-formulated the turbulent Prandtl numbers, rku and reu,
in the resulting ku and eu equations, respectively, as given in Eqs.
(10), (14) and (17). In order to investigate the influence of the tur-
bulent Prandtl numbers in PANS modelling, we have carried out
simulations with the LRN PANS model without modifying rku

and reu, taking the values from the LRN RANS base model by set-
ting rku = rk and reu = re. We denote this model LRN PANS-r. In
both LRN PANS models we have set f� = 1.0 and fk = 0.4, which

Fig. 20. Periodic hill flow, Re = 10,600: Profiles of resolved Reynolds stresses. : LRN PANS–r model; - . -: Dynamic Smagorinsky model; : Wall-resolved LES data.

Fig. 21. Periodic hill flow, Re = 10,600: Modelled turbulent viscosities. : LRN PANS–r model. - . -: Dynamic Smagorinsky model.
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means that the modelled turbulent diffusion for ku and eu in the
LRN PANS model is larger than that in the LRN PANS-r model by
a factor of f�2

k ’ 6.
For channel flow using the grid resolution in Table 1, the influ-

ence of rku and reu is shown in Fig. 18. The LRN PANS-r model has
produced a turbulent viscosity that is about 35% larger than the
LRN PANS model, resulting in a slightly larger mean velocity in
the buffer layer and in the logarithmic region. The increased turbu-
lent viscosity by the LRN PANS-r model has been caused by its re-
duced turbulent diffusion for both ku and eu as compared to the
LRN PANS model. Although not shown, it is indicated here that
the resolved Reynolds stresses by the two models are almost iden-
tical. The predicted velocity profile with no model, i.e. by DNS on a

coarse grid, has also been included for comparison. As shown in
Fig. 18a, the result obtained with no model is surprisingly good,
in some respects actually better than those with the PANS models
and with the Dynamic Smagorinsky model in Fig. 11a. However, a
close inspection of the velocity profile reveals that, with no model,
the slope is incorrect in the logarithmic layer. Similar results were
also found in Davidson (2009) where, on the same mesh, simula-
tion with no model (i.e. DNS) gave very good agreement with
DNS data at Res = 500.

For the computation of hill flow at Re = 10,600, Fig. 19 presents
a comparison of the velocity profiles predicted by the Dynamic
Smagorinsky model and by the LRN PANS-r model. Both models
have produced similar results that are in good agreement with

Fig. 22. Periodic hill flow, Re = 10,600: Profiles of total (i.e. resolved and modelled) turbulent Reynolds shear stresses. : LRN PANS–r model; - . -: Dynamic Smagorinsky
model; : Wall-resolved LES data.

Fig. 23. Periodic hill flow, Re = 37,000: Comparison of mean velocities. : LRN PANS–r model; - . -: Dynamic Smagorinsky model; : Experimental data.
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wall-resolved LES. Referring to Fig. 15, moreover, the velocity pro-
files obtained with the LRN PANS-r model are very similar to those
obtained with the LRN PANS model. However, when comparing the
resolved Reynolds stresses in Figs. 16 and 20, the resolved stresses
predicted with the LRN PANS-r model are much smaller than with
the LRN PANS model. This is due to the fact that the modelled tur-
bulent viscosity is much larger with the LRN PANS-r model than
with the LRN PANS model, as illustrated respectively in Figs. 21
and 17. This can be attributed to the large value of modelled turbu-
lent diffusion in the LRN PANS model, which, as mentioned above
and as compared to the LRN PANS-r model, have induced more
extensive diffusion of ku and eu. In the present hill flow the largest
values of ku and eu occur in the shear layer on the lee-side of the
hill. With the LRN PANS model these peaks are strongly smoothed
by turbulent diffusion, whereas they prevail with the LRN PANS-r
model. It was found that the peaks of both ku and eu are approxi-
mately five times larger with the LRN PANS-r model compared
to the LRN PANS model and, consequently, the peak turbulent vis-
cosities are approximately five times larger than with the LRN
PANS-r model (see Figs. 17 and 21). The Dynamic Smagorinsky
model, on the other hand, has shown a rather different behavior
in resolving turbulent fluctuations and shear stresses. On the hill
crest (x = 0.05h) and at the location where the separation bubble
exists, the dynamic model under-estimates hu0u0i, but gives very
good predictions of the resolved turbulent shear stress, hu0v0i, in
the whole channel, as shown in Fig. 20. The modelled SGS eddy vis-
cosity given by the Dynamic Smagorinsky model is much smaller

than the LRN PANS-r model (Fig. 21), and is about a half of, or less
than, that by the LRN PANS model (Fig. 17).

The large turbulent viscosities obtained with the LRN PANS-r
model give rise to large values of modelled turbulent stresses.
Fig. 22 presents the total shear stresses, namely, the sum of the re-
solved and modelled shear stresses. Comparing with Fig. 20, it can
be seen that the modelled shear stress has made a significant con-
tribution to the total shear stresses.

4.5. Periodic hill flow (Re = 37,000)

The LRN PANS-r model has also been applied to the same hill
flow as above but with a higher Reynolds number of Re = 37,000.
The predictions are compared with the experiments in Rapp
(2008) and in Rapp and Manhart (2011), as well as with the com-
putation using the Dynamic Smagorinsky model.

Fig. 23 presents the mean velocity profiles. The mean stream-
wise velocity predicted by the LRN PANS-r model is in better
agreement with the experimental data than the dynamic model.
However, at the positions between x/h = 2 and 6 (not shown), the
LRN PANS-r model predicts a relatively extended separation
bubble compared to both experiments and to the Dynamic
Smagorinsky model. This has led to a somewhat slower flow recov-
ery after the reattachment, as shown in Fig. 23c. The Dynamic
Smagorinsky model gives a somewhat more accurate prediction
of the separation bubble, which may partly be explained by the fact
that the model has under-predicted the near-wall velocity peak on

Fig. 24. Periodic hill flow, Re = 37,000: Profiles of resolved Reynolds shear stresses. : LRN PANS–r model; - . -: Dynamic Smagorinsky model; : Experimental data.

Fig. 25. Periodic hill flow, Re = 37,000: Profiles of total (i.e. resolved and modelled) turbulent Reynolds shear stresses. : LRN PANS–r model; - . -: Dynamic Smagorinsky
model; : Experimental data.
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the hill crest prior to the separation onset, see Fig. 23a. This has
caused a less intensive flow recirculation region, as indicated by
the relatively weak reverse flow shown in Fig. 23b. In general,
the LRN PANS-r and the Dynamic Smagorinsky model predict
the mean flow equally well. Although not shown, it is noted here
that the LRN PANS-r model has produced somewhat closer agree-
ment with the experimental data, as compared with the LRN PANS
model for this test case.

The resolved turbulent shear stresses by the LRN PANS-r model
are presented in Fig. 24 in comparison with the experimental data
and with the prediction computed by the Dynamic Smagorinsky
model. As shown, the results by both models are in reasonable
agreement with experimental data, except at x/h = 2 where the re-
solved shear stress has been sensibly under-predicted by the LRN
PANS-r model. Similar to the results for Re = 10,600, due to large
values of the modelled turbulent viscosity, the modelled shear
stresses with the LRN PANS-r model has accounted for a larger
part of the total shear stresses than with the Dynamic Smagorinsky
model. This is illustrated in Fig. 25 for the total shear stresses and
in Fig. 26 for the modelled mu. It is interesting to note that the mod-
elled turbulent viscosity is smaller at this high Reynolds number
compared to Re = 10,600 (see Fig. 21). With the Dynamic Smago-
rinsky model, this is attributed to the fact that the grid cell size
is smaller for Re = 37,000 compared to Re = 10,600. Although the
grid cell size does not appear explicitly in the PANS formulation,
the LRN PANS-r model has also responded to the finer grid
resolution.

5. Conclusions

A low-Reynolds-number PANS formulation is proposed in order
to improve the near-wall modelling behavior of the original (stan-
dard) PANS model. A general LRN form of k–e model has been taken
as the RANS parent model in the derivation, incorporating viscous
and wall-damping effects in the model coefficients. The resulting
formulation can thus lead to different LRN PANS variants, upon
the choice of the LRN k–e base model. In the present work, the
AKN LRN model was taken as the platform in the verification of
the LRN PANS modelling performance, in which two damping func-
tions were introduced. Computations were made for, respectively,
a decaying homogeneous, isotropic turbulence, the turbulent chan-
nel flow at Res = 950, and the periodic hill flow at two different
Reynolds numbers at Re = 10,600 and Re = 37,000. For comparison,
predictions obtained by the Dynamic Smagorinsky model, have
also been included.

One of the main purposes has been to investigate the capabili-
ties of the proposed model in predicting both attached and sepa-
rated flows, when adopted as a turbulence-resolving modelling
approach. With the same grid resolution for the different test cases
considered, the effect of the PANS modelling parameter, fk, as well
as of the PANS turbulent Prandtl number, rku and reu, was investi-
gated. The results, computed by both the original and the proposed
LRN PANS models, have been compared with available DNS, LES or
experimental data.

In the computation of DHIT it is shown that the LRN modifica-
tion imposes insignificant effects, giving about 0.5% reduction in
the destruction term of eu for the smallest fk (=0.2) at the fine mesh.
Different fk values were evaluated on two grids (323 and 643). It
was found, as expected, that a refined grid requires a reduced value
of fk to get the best prediction of energy spectra. When fk is chosen
appropriately (fk = 0.6 on the 323 grid and fk = 0.2–0.4 on the 643

grid), the LRN PANS is able to produce predictions that are similar
to, or better than, the Dynamic Smagorinsky model.

For the channel flow computations on an LES grid, the LRN PANS
model is able to produce improved predictions for both the mean
flow velocity and the resolved turbulence statistics, as compared
to the original PANS model. The model also demonstrates a reason-
able response to the change of parameter fk. In contrast to the inap-
propriate wall-limiting behavior inherent in the original PANS
model, the LRN formulation introduces correct asymptotic proper-
ties in the modelled turbulence quantities, which have conse-
quently enabled improved predictions of resolved turbulence
statistics in the wall layer. The LRN PANS model is able to give im-
proved predictions, as compared to the Dynamic Smagorinsky SGS
model.

The function of the PANS method is well demonstrated for the
hill flow. Both the standard and the LRN PANS models produce
good predictions for the mean flow and the resolved turbulent
quantities. Nonetheless, the improvement resulting from the LRN
formulation is sensible and, as intended, this formulation has ren-
dered generally better predictions in near-wall regions than the
standard PANS model.

It is noted that the PANS formulation modifies the turbulent dif-
fusion terms in the ku and the eu equations, by multiplying a factor
of fef�2

k to the turbulent Prandtl numbers, namely, rku ¼ rkf 2
k =fe

and reu ¼ ref 2
k =fe. Investigation was conducted in the hill flow

computation using rku = rk and reu = re (denoted the LRN PANS-
r model) in comparison with the LRN PANS model with
rku ¼ rkf 2

k =fe; reu ¼ ref 2
k =fe and fk = 0.4. It was found that the LRN

PANS-r model increases the peaks in ku and eu by approxi-
mately a factor of five compared to the LRN PANS model and,

Fig. 26. Periodic hill flow, Re = 37,000: Modelled turbulent viscosities. : LRN PANS–r model. - . -: Dynamic Smagorinsky model.
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correspondingly, increases the turbulent viscosity and the mod-
elled Reynolds stresses. The difference in the mean flows predicted
by the two models was small. Along with the modelling of sink
term in the e equation, the option of modifying the turbulent diffu-
sion terms in the modelled turbulence equations is interesting in
exploration of turbulence-resolving modelling approaches.

In comparison with LES using the Dynamic Smagorinsky model,
the LRN PANS model yields similar or somewhat better results in
all three wall-bounded flows computed in the present work. Fur-
thermore, it was observed that the required CPU time is slightly
less for the LRN PANS model compared to the Dynamic Smagorin-
sky model. Moreover, the former model is numerically more feasi-
ble than the latter which invokes additional test-filtering
operations and usually ad-hoc local averaging and/or clipping in
the dynamic determination of the model coefficient, particularly
when dealing with flows in complex geometries using unstruc-
tured grids.

In previous validations and applications, the PANS method has
shown encouraging performance for an appreciable range of differ-
ent flows. Being an engineering modelling approach, this method is
based on a unique physical argumentation in deriving its formula-
tion that is different from conventional DES and hybrid models. In
searching for improved model-based turbulence-resolving ap-
proaches, PANS has provided an alternative way, by which a num-
ber of available (and relatively robust) RANS models can be readily
tested in the framework of the PANS formulation.

As compared to many existing SGS models in LES, the LRN PANS
formulation does not invoke the grid cell size, and can thus avoid
any ad-hoc determination of the subgrid scale in the model when
a stretching/skewing grid is invoked. With this feature, similar to
RANS computations, the LRN PANS model may potentially reach
a grid-independent solution with successively refined grid at a
constant value of fk. This feature can help to get rid of unphysical
effect of grid arrangement, as being present in some existing turbu-
lence-resolving methods which use the local cell size to justify the
RANS-LES switching.

Of the emerging turbulence-resolving modelling approaches,
the PANS method is relatively new. Needless to say, much investi-
gation on some of the above and other aspects has to be conducted
for further verification and improvement of the modelling. This is
however out of the scope of the current work. Using the turbu-
lence-resolving capabilities, the LRN PANS model will in future
work be further developed as a zonal method coupled with RANS.
The model is presently being used in an embedded LES formulation
(Davidson and Peng, 2011). The LRN PANS model offers an elegant
way of switching from RANS to LES by setting the value of param-
eter from fk = 1 to an appropriately small value of fk.
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