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1 Introduction

This report treats implementation of a £k — ¢ turbulence model into a two-
dimensional finite volume code [12], [9]. The code solves the time averaged
continuity equation p, the momentum equations pu, pv, and the equation for
total energy pe,; the pressure is calculated using the gas law. The main
features of the code are:

e explicit, cell-centered finite volume, central differencing, local time
stepping

e four stage Runge-Kutta scheme for the mean flow equations

e the k and ¢ equations are solved using a semi-implicit solver (hybrid
central /upwind scheme, ADI)

e fourth-order numerical non-homogenous dissipation term in all mean
flow equations [14]

Initially attempts were carried out to solve the k£ and ¢ equations explic-
itly using the existing Runge-Kutta solver. However, no stable convergent
solutions were obtained. The main cause for these problems was probably
the large source terms. These terms contain the ratio €/k which in regions of
weak turbulence (laminar regions) causes problems since both £ and ¢ tend
to zero. In order to remedy these stability problems a semi-implicit solver
has been implemented for solving £ and ¢.
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2 The k — ¢ Turbulence model

The k£ — ¢ model has the following form [13]:
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The Reynolds stress tensor is given by
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and turbulent viscosity is calculated as
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The constant c,, and the turbulent Prandtl numbers are set to their
standard values: ¢, = 0.09, o, = 1.0, 0. = 1.3 (see below for the remaining
constants and damping functions).

Note that Eqgs. 1, and 2 are in steady form. At each time step the steady
equations are solved using an under-relaxation factor of 0.5 (see [10]).

2.1 Walls

There are two main types of wall boundary conditions that can be used for
k and e.

e Wall-functions (assumptions of local equilibrium in the logarithmic law
region) in which k£ and ¢ are fixed at the points adjacent to the walls
can be used. This way of treating the boundary conditions is simple
and computationally cheap as very few grid lines are needed in the
boundary layer. However, it is normally less accurate than using low
Reynolds number models.



e In low Reynolds number k& — & models [11] the whole boundary layer,
including the viscous sublayer, is resolved. In order to account for
the viscous effects, damping functions are introduced and additional
sources are, in some models, also added. The advantage of this type
of treatment of the near wall flow is that it is fairly accurate, but, of
course, more expensive than wall-functions.

2.1.1 Wall-functions

In the wall functions implemented in the code k and e-equations are not
solved at the node adjacent to the wall. Instead k£ and ¢ are fixed according
to the hypothesis of the logarithmic law of the wall and equilibrium between
the production and dissipation terms in the k-equation. The following ex-
pressions are obtained [13]:

_—1/2,2

k = ¢, "u;
u
£ = —
KN

where u, denotes the friction velocity which is obtained from the logarithmic
law of the wall, n denotes the normal distance from the wall, and x denotes
the von Karman constant (= 0.41).

Standard values on the constants have been used ¢; = 1.44, ¢ = 1.9, and
the damping functions are set to one, f, = fo = 1.

2.1.2 Low Reynolds number £ — ¢ model of Chien

The model of Chien [2] is presented below. The damping functions and the
additional source terms in Egs. 1 and 2 have the form:

fu = 1—exp(—0.0115n")
fo = 1—0.22exp{—(Rr/6)°}
Sk = 2/,6—

S = 2uiexp(—().5n+)
n

where
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The constants are set according to [2]: ¢; = 1.35, ¢co = 1.8.
The boundary conditions at the walls are £k = ¢ = 0.
2.1.3 Low Reynolds number k£ — ¢ model of Jones & Launder

The model of Jones & Launder [7] is presented below. The damping functions
and the additional source terms in Eqgs. 1 and 2 have the form:

3.4
Ju = ewp(_(1+o.02RT)2)
fo = 1—0.3exp(—R32)
Wk, OVE
Sy = 2 ? 2
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where
2
g = P
J4E

The constants are set according to [7]: ¢; = 1.44, ¢o = 1.92.
The boundary conditions at the walls are £k = ¢ = 0.

3 The discretization

Let ® denote a general variable (® = k,¢). Equations 1 and 2 can then both
be written as

0 0 0d —d
%(PUm‘I’) = %(%M)‘FS (3)

where S° denotes source per unit volume. If a flux vector J,,, containing
convection and diffusion is defined as
0P

In = m® —T'e—— 4
pun® ~ Ty (@

Eq. 3 can be written as:

0J,, —®
0Ly



In vector notation the equation reads:

v-y =35°

Integrating this equation over a volume (with volume V and bounding surface
A) using Gauss’ law, gives:

/AJ-dA - /VS‘I’dV

which for a control volume gives (in, for simplicity, one dimension)
{(J-Aliip+{I- A}y = S° (5)

where S?® is the total source in the control volume.

Note that for Cartesian coordinates (where u > 0) the positive sign in
front of the contribution for the low-I (i — 1/2) is turned into a negative one
because the scalar product between the two vectors (J - A) is negative.

3.1 Convection

The convection, which is the first part of the flux vector J in Eq. 4, is the
scalar product of the velocity vector and the area vector multiplied by the
density and the variable ®. For the high-I face it gives (see Fig. 1):

{m®@}titie = {pu-A®}irip (6)

3.2 Diffusion

Diffusion is the second part of the flux vector J in Eq. 4, and it has the form:
D = (J-A)ysr=-TsA-VO
For the high-I face, for example, it gives in Cartesian coordinates (x,y)

0o 0d
_{F¢A . Vq)}i+1/2 = —{F@(A_,E% -+ Aya—y)}i+1/2

and in curvilinear coordinates (&1, &2) [4]
s L0) s 0]
—{A . V(I)}H_l/g = —{A . gz’g”—}i+1/2 = _{‘ A ‘ n- gig”—}i-l-l/Q (7)
0 9;

The covariant (=tangential) base vectors g; and gs correspond to the I and
J-grid lines, respectively. The metric tensor appears because the components
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of the product A - g; and the derivative 0®/0¢; are both covariant, and the
product of their (contravariant) base vectors is not equal to zero or one
(as in Cartesian coordinate systems) since they are non-orthogonal to each
other [6]. In order to further illustrate this take two arbitrary vectors, r and
t, in a non-orthogonal coordinate system. The product of these two vectors
is

r-t=(rig")(t;g’) =rit;(g" - g’) = rit;g"

where g'! # 1, ¢*2 # 1, ¢** = ¢'2 # 0. The components of g“ in Eq. 7 have
the form (see p. 196 in [5]), [4]

gt = l
Y
g2 = cosu
9
gt = g2
g = 1-— cos’a

where o denotes the angle between g; and g,. The normal vector in Eq. 7 is
equal to the cross product of g, and g3, i.e.

n=g,xg3=g'

which means that

n-g, = 0
Equation 7 now gives
0P 0d
—{A-V®}isip=—{|Aln- 8191]—}i+1/2 =—{|A[n-g(¢" - +9" 5
0; 0&1

The equation can be rewritten so that

0%
93

)Yiv1y2 (8)

{TsA-V®}it1/2 = Driv1/2(®iv1 — i) + Dyigayo(Pitr/2,41/2 — Pryij2,5-1/2) (9)

where the D’s contain all geometrical terms and the diffusion coefficient,
and subscript I denotes coordinate direction /. The term associated with
Dri41/2 in Eq. 9 represents the orthogonal diffusion, and the last term in
Eq. 9 represents the non-orthogonal diffusion (which is zero in Cartesian
coordinate systems).



3.3 Source terms

The source terms are taken as constant in the control volume, i.e.

/ $%dV = 525V = §°®
\%

3.4 The discretized equation
Combining Egs. 5, 6 and 9 gives
{mi+1/2q>i+1/2 - DI,i+1/2((I)i+1 — )} — {mi—l/Q(bi—l/Q - DI,z'—l/Q(‘I)z' —-®;_ 1)} = Sq)(lo)

where the non-orthogonal diffusion terms have been included in the source
term. The problem now arises for the convection terms: how to estimate
®;11/2 7 It is well known that second order central differencing causes un-
physical occilations in Euler calculations where no viscous damping effetcs
are present. However, when the diffusive (viscous) transport is of the same
order as the convective transport the use of central differencing poses no
problems. The upwind scheme (®;;1/, = ®; if ;112 > 0 and ;119 = P4
otherwise) is always stable but only first order accurate. The compromise
chosen in this work is the, in code based on SIMPLE-methods commonly
used, hybrid central/upwind differencing [10]. In this scheme central differ-
encing is used when diffusion is large enough (Peclet number smaller than
two), and upwind differencing otherwise (the Peclet number P, is the local
Reynolds number based on the cell size, P, = Udz/(v; + v)). The switch
from central differencing to upwind differencing is chosen at P, = 2 in order
to ensure the coefficients in the linearized equation (Eq. 13) to be positive.
For the east face, for example, one obtains

{convection — dif fusion}iiija = {m®}it1/2 — Driv1/2(@iy1 — ;) =
max{%miﬂp + Driv1/2,0,Mi41/2} ;5 — maﬂ?{—%miﬂp + Driv1/2,0, =412} Pi41(11)
Equation 11 into 10 gives

max{%mﬂ—lﬂ + Drit1/2,0, 41721 Pi — maw{—%miﬂm + Driv1/2,0, =172} @i
—maﬂf{%mi—lﬂ + Dri—1/2,0, mi—1/2}(1)i—1 + m(m{—%mi—lﬂ + Dri—1/2,0, _mi—l/Z}(I)i = Sq)(l?)

This can be rewritten, using the continuity equation (12;11/2 — 1M;_1/2 = 0)
and linearizing the source terms as S* = SR® — S¢ (subscript P denotes
Proportional, C' denotes Constant), so that

ap;®; = apiPi1 +aw,; Pi1 + Sg,i (13)
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where

1. .
g = max{_§mi+1/2 + Drit1/2,0, _mi+1/2}
1. .
aw = mafﬁ{imiqﬂ + Dri1/2,0,m_1/2}
ap = aw +ag — Sp

Index P, E, W denote Point, Fast and West, respectively. The source terms
for, for example, ® = k contain the generation and dissipation terms (see
Eq. 1) as well as the non-orthogonal diffusion. The first and the last contri-
butions are included into the constant part Sc whereas the dissipation term
is linearized using the expression for the turbulent viscosity

—pe = cufup’k? [
and included into Sp so that
Sp = —Cufup’k/mdV
Sc = Dyipip(kiziyogi1/2 — Kkiv1y2,-1/2) — Daic12(kiciy2,541/2 — kic1/2,j-172) + PudV

The extension to two dimensions is straight-forward and the resulting
form of the discretized equation reads

P
apii®i; = ap;jPit1; + awij®io1; + an,ijPiji1 + s, Pij-1+ Sc;
1, )
apig = maz{=gmivija; + Drir1j25,0, =1itisisa,}
1. )
awij = maz{gmi-ijz;+ Dii-1725,0,Mio12;5}
1. )
angj = max{—§mi,j+1/2 + Dyjsjt1/2,0, _mi,j+1/2}
1. )
aSaiaj = max{Em%]_l/Q + DJ,i,j—l/Q, O’mlyj_l/z}
apij = Awyj T 0E,ij+ asij+ N — Spi; (14)

where index 7, j has been added as to remind that the a-coeffcients and the
source terms are matrices.

4 Solver

A tri-diagonal solver is used, and since it solves linear equations along lines
(say I-line), Eq. 14 is rewritten so that the contributions to point (i, j) from



(i,7—1) and (4, j + 1) are transferred to the rigth-hand-side, which in matrix

form gives
ap; —0ag,1
—aw,2 apg2 —OEg,2
—Qw,;
where

ap;

—Qwni APni

bi = Sciij + N, i Pijt1 + s, Pij—1

51 b
d, b
& |~ | Wb
(I)m bm

Eliminating the ap-element by adding to row 2 row 1 multiplied with

awze/ap1 gives

ap1 —Oga1
AP,Q —QEg,2
aw,; ap; —OE,;
—Aw,ni  GPpni
where
aw,2b1
BQ - b2 + :
ap
aw,20E,1
Apa=app — ——*—
ap1

by

Doing this for each row, and thereby eliminating the lower diagonal, gives

ap1 —Aag;

App

where

01

@,

AP,i —Qg, ;

AP,m (I)m
aw,z'bz—1

AP,ifl
aw,i0F i—1
AP,ifl

by
By

=1 5 |09
Bm'

(16)



Equation 15 can be written as
Ap’i(bi — aE,i(bi—l—l = BZ (]_7)

where Ap; and B; are defined in Eq. 16. The linear equation system in Eq. 14
can now be solved along each i-line by first calculating all Ap; and B; defined
in Eq. 16, and then calculating ®;,; from Eq. 17.

Above in this section expressions have been derived to solve the linear
equation system in Eq. 14 along I-lines. For solving Eq. 14 along J-lines ,
Eq. 14 is rewritten so that the contributions to point (7,j) from (i — 1, )
and (i + 1,7) are transferred to the rigth-hand-side, and the subsequent
expressions are derived in exactly the same way as above. In this way Eq. 14
can be solved, alternating, along I-lines and J-lines.

At each time step the k-equation is solved twice (once along I-lines and
once along J-lines), and then the e-equation is solved twice, and, finally, the
turbulent viscosity is calculated.

The current practice is to first calculate the case with the Baldwin-Lomax
model. Then a restart is made, using the results obtained with Balwin-Lomax
model; the first 500-1000 time steps only the £ and e equations are solved.
If a low Reynolds number model is used, the high Reynolds number model
(with wall-functions) is used during the first few (say 10) time steps in order
to create turbulence in the whole field (k£ and ¢ will otherwise stay frozen at
the initial values, close to zero). When this somewhat complicated procedure
is used, k£ and ¢ need not to be initialized to any ”sensible” values, but one
can initialize k and ¢ to some small value (say 1-10719).

The additional CPU time required for the £ — ¢ model is rather modest:
for the test case below one Runge-Kutta time step requires, on a FX/80 Al-
liant (with parallel and vector options), 3.08s, while the k£ — ¢ model required
0.51s. Furthermore, the £ — € model was solved only every second time step,
which means that the ¥ — & model only requires 9 % additional CPU time.

5 Test case

The low Reynolds number model of Chien [2] has been used for calculating
the transonic flow in a plane channel with a bump [3]. In this report the flow
around a single profile is calculated using the the same model.

A C-mesh is used (see Fig. 2), which was generated at Aerospatiale [1].
There are 64 nodes in the direction normal to the profile, 256 nodes around
the profile, and 2x50 in the wake. The y* values for the first grid line close
to the wall is close to one, and approximately seven grid lines are situtated
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in the region where y™ < 20, except near the trailing edge close to the upper
surface where the boundary layer is thicker.

The Reynolds number is 2.1-10°, the Mach number is 0.15 and the angle
of attack is 13.1°%; experiments have been carried out by Aerospatiale in two
different windtunnels (F1 and F2).

Pressure iso-contours are presented in Fig. 3, and as can be seen the
pressure is fairly regular except near the trailing edge where some pressure
occilations appear, which can be due to that the grid is too coarse there.
There is a rapid change in the calculated viscosity in the region of the trailing
edge: in the boundary layer close to the surface it is small since the f,-
function is small, but once the flow enters the wake the viscosity increases
rapidly, which maybe explains the pressure occilations here.

There are also some irregularities in the pressure contours close to the
upper surface at x/L = 0.12 (which even causes separation!); this is where the
transition is imposed. The transition is imposed by setting, for /L > 0.12,
the turbulent viscosity to 1 % of the laminar one. It seems that this way
of imposing transition is too crude and too abrupt. It should be noted
that the transition at the lower surface is imposed at /L = 0.3, but that
the production of turbulence is not suffient here (the velocity gradients are
smaller than at the upper surface), and the flow does not become turbulent
until /L ~ 0.7.

It can also be seen small ”bumps” in the pressure contours in the bound-
ary layer on the upper surface near the trailing edge. These are due to the
—2/3pk-term in the stress tensor, i.e. the last term in the expression below

. ou; oUu; 2. 0U, 2
puitly = “t(axj + o0x; 35” 8xm) + 35” Pk

If the last term is removed the ”bumps” in the pressure contours dissappear.
This means that the turbulent kinetic energy is large compared to the other
diffusion term in the momentum equations in this region, which also maybe
indicates that the grid should be finer here in order to damp the turbulent
kinetic energy by the presence of the wall.

The stream-lines are shown in Fig. 4; no separation occurs which should
be compared with the experimental value /L = 0.94. The iso-contours of
the turbulent kinetic energy in Fig. 5 show how the turbulent boundary layer
grows, and, after the profile, is goes over in a turbulent wake. The cp and
cr curves are compared with experimental data in Figs. 6-7. The predicted
cr values are, however, too high compared to the experimental values. In
Fig. 7 the predicted negative cr values show the small separation zone which
was discussed above. The calculated Cj;y; is 1.60 which should be compared
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with the experimental values 1.55 and 1.49 in the F1 and F2 windtunnel,
respectively.

6 Conclusions

Two versions of low Reynolds number £ — ¢ models have been implemented
(the model of Chien and the model of Jones & Launder). Since no stable,
convergent solutions could be obtained using the explicit Runge-Kutta solver,
a semi-implicit solver has been implemented for solving the k£ and € equations.

The model of Chien is used for calculating the flow around a single airfoil
(Re = 2.1-10% M = 0.15, a = 13°). The predicted ¢, values agree rather
well with experiments, whereas the predicted cg’s are too high compared
with experiments.

Some problems were encountered when imposing transition on the upper
surface which caused separation at the position where transtion was imposed.
Further work will be carried out to investigate this problem.

Work is currently going on calculating the same flow using the model of
Jones & Launder. In the future work on the k£ — ¢ models will be undertaken
in order to test streamline curvature correction [8], and corrections of the
near-wall turbulent length scales [15].
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