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SUMMARY

The development of a pressure-based Euler scheme, based on a collocated grid arrangement and solving
for Cartesian mass flux components is described. An implicit numerical dissipation model, which includes
second and fourth difference terms expressed in pressure, is demonstrated. A smoothing function, which
includes a two-level filter, is used to adjust the second order-dissipation. The successful calculations for the
inviscid transonic aerodynamic flow around airfoil NACAOOl2 are presented. The transonic quasi-one­
dimensional flow calculation in a converging-diverging nozzle is chosen as an example of an internal flow
simulation.

KEY WORDS: Pressure-based method, collocated grids, numerical dissipation modeling, transonic flows,
inviscid internal/external flows.

1. INTRODUCTION

A wide variety of solution schemes for the Euler equations have been developed during
the last two decades. The extensive numerical experiments have shown that whether or
not a scheme is efficient depends largely on the type of flow.

For transonic flow, density based methods (or time-marching schemes), for example
the methods developed by Jameson t, Rizzi? and Pulliam? have proved to be successful
and powerful, especially for transonic aerodynamic flow simulations. However, for
flows with very low Mach numbers, this type of method has to use artificial compressi­
bility" to avoid the stiff problem, since density is nearly constant in these regions.

For incompressible flow, pressure-based methods, for example SIMPLES,
SIMPLER5 and PIS06 have been widely used for many industrial applications.
However, a problem, the poor shock capturing properties, arises when the methods are
extended to compute transonic flows with shock discontinuities 7.8. Even though the
pressure-based method has been advanced and improved in many aspects recently,
there are still few reports for inviscid transonic aerodynamic flow simulations in the
literature. This paper presents the performance of a pressure-based Euler algorithm for
transonic flows with good shock capturing properties.
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t70 G. ZHOU AND L. DA VIDSON

For any type of scheme, proper artificial dissipation has to be introduced into the
discretized transport equations, because the Euler equations do not provide natural
dissipation mechanism that eliminates high frequencies caused by nonlinearities: For
the density based methods, an artificial dissipation model which includes the second
and fourth difference of the dependent variable, is widely used. However, for pressure­
based methods, the task of finding a mechanism for introducing just enough artificial
dissipation to damp the destabilizing effect arising from the elliptic nature of the
pressure correction equation, while without smearing the physical discontinuity at
shocks, is still a challenging task.

In earlier efforts 7 - '0 where pressure-based methods were applied to transonic flows,
the velocity components (U, V) were used as the primary variables rather than, as in
density based methods, the mass flux components (pU, p V).Since the former variables
vary much more rapidly across shocks than the latter, more numerical errors are
included in solution. This results in heavy smearing in shock regions. Solving for the
mass flux components is expected to reduce the discretization errors in the shock
regions. McGuirk and Page", and more recently Lien and Leschziner'", have shown
that using mass flux components as the primary variables for the continuity and
momentum equations, together with the retarded pressure or retarded density!", is
a wise choice. The mass flux component option allows for a direct relationship between
momentum and pressure. The use of the retarded density concept with a certain filter
makes it possible to introduce enough artificial dissipation so that both satisfactory
stability and accuracy can be achieved.

In this paper, details of a recently developed calculation procedure are presented.
The method is based on a finite volume code CALC-BFC t4

, originally developed to
solve the incompressible Navier-Stokes equation in a collocated grid arrangement,
with Cartesian velocity components. The new algorithm uses the mass flux components
as the transported variables. An implicit artificial dissipation model, which consists of
a second-order and fourth-order differencing term of pressure, is used in all equations.
This model is a combination of Rhie-Chow? type interpolation for mass flux and the
retarded density concept. Different types of boundary conditions are adopted in the
proposed scheme, depending on whether the flow is internal or external.

For external inviscid transonic airfoil flows, to our knowledge, few computations
have been made using pressure-based methods. In this paper, successful computations
of the internal quasi-one-dimensional flow in a converging and diverging nozzle, and
the external flow around the NACAOOl2 airfoil are presented.

2. COMPUTATIONAL ALGORITHM

The Eulerequations in integral form for an arbitrary stationary control volume iivwith
boundary Ml, and outer normal unit vector n at surface element ds, in a Cartesian
reference frame, can be written as

f ~<J>dv +f Fonds = f S~dv
liv l em ilL'

(I)
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PRESSURE-BASED TRANSONIC EULER SCHEME 17\

Here <1> is the vector of the conserved dependent variables, F is the flux tensor, S~ is the
source term, p, P are the fluid density and pressure, V = [U, VY where U, and V are the
velocity components in the x and y directions, respectively. The Eq. (I) must be solved
in conjunction with the perfect gas relationships,

P=pRT

In the two-dimensional steady adiabatic flow with enthalpy H = constant at infinity for
external flows and at the inlet for internal flows, the correct steady-state solution can be
obtained without solving the energy equation. So it is acceptable, as is done in the
present work, to replace the energy equation by the assumption of constant enthaply
H = H o- In the present scheme the continuity equation is transformed into a pressure
correction equation by using the truncated momentum equations. After the pressure
correction is obtained, the pressure and mass flux component <1> are updated using the
pressure correction. Then the density p can be related to pressure by the equation

(2)

2.1 Spatial Discretization

The physical domain is divided into quadrilateral control volumes. Since we use
collocated stationary grids, all the geometrical properties of the transformation from
physical domain to computational domain are calculated and stored.

To assure that a steady state solution independent of the time step, a semidiscrete
approach which separates the space and time discretization can be used, where the
spatial derivatives are approximated first.

All properties in the control volume are assumed to be averages. The volume
integrals in Eq. (I) are expressed as

f
aa<1> dv = aa<1>f dv = aa<1> ov,

6v t t 6v t
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172 G. ZHOU AND L. DA VIDSON

The surface integral Eq. (I) over the boundary (if! of the control volume is approxi­
mated by assuming the mean-value of the flux tensor on each side.

(3)

where m refers to each face of the quadrilateral control volume. The flux F includes the
convecting velocity V and the dependent variables <1>. All variables are located in the
center of the cell (the control volume), while the flux (F' A) has to be expressed at
cell face m.So one needs some discretization approximations to get the cell-face values
from the neighbouring cell-center values of <1>. In the implicit solution algorithm, the
dependent variables <1> and the convecting velocity V could be expressed using different
schemes.

For the value of dependent variables <1> in Eq. (3) at each cell faces, either the
first-order upwind l.second-order upwindl ", MUSCL16,or third-order QUICK 17 and
CHARM 18 schemes can be used.

For the convecting velocity V, there is less choice than for <1> because of difficulties of
discretization. A most convenient scheme is direct interpolation from cell-center values
of <1>. However, oscillation in the solutions would be observed. It is attributable to the
decoupling between velocity and pressure. To avoid this problem, one has to use either
staggered grids" - 7 or a proper artificial viscosity model. This work uses an implicit
artificial dissipation model which consists of second and fourth-order differences of
pressure in all equations described later. The fourth-order terms of the numerical
dissipation model are due to the use of Rhie-Chow interpolation", and the second­
order terms are due to the use of retarded density 12.13, which is equivalent to the
retarded pressure concept 11.

Since our interest is only in steady state without concern for time accuracy, we simply
use a backward Euler implicit scheme for the time differencing. It is well known that
a varying time step 19

. [~X ~y ]M<mm ------
- c+IUI'c+1V1

(4)

(c denotes speed of sound) which corresponds to a uniform CFL number for the whole
flow field can be used to enhance stability and the convergence rate for explicit schemes.
The physical significance of this approach is that the varying time step ~t must be
adjusted to less than or at most equal to the time required for a sound wave to
propagate between two adjacent grid points. The use of the varying time step is also
viewed as a way of the under-relaxation for the iterative scheme. Since the time
dependent terms in this present algorithm are treated in an implicit fashion, practical
time steps are set to

~t = K[min(~t~,~l.)]

where
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PRESSURE-BASED TRANSONIC EULER SCHEME 173

where the constant K could be larger than unity. ~ and 'I are the curvilinear coordinates
~ and ~ are unit vectors along the curvilinear coordinates.

All the discretizations described above are introduced into Eq (I), and we get the
discretized equation as

(5)

where <1>0 is the value at previous time level.
The final discretized equation can be cast into standard form

(6)

where subscript nb denotes neighbour and

The coefficients anb contain contributions from convection. s~ contains the source
terms attributable to the pressure derivative and (jv//it<1>°, and st, contains the
convecting errors and the time dependent terms. Note that since the convecting error,

(7)

does not include density in this variable option, Eq. (7) refers to "volume errors" instead
of "mass errors". It should be pointed out that in order to balance the second-order
artificial viscosity appearing in numerical dissipation model, the retarded density p(see
Eq. 8) should be used here.

2.2 Numerical Dissipation

A variety of numerical dissipation models are used to suppress the spurious odd and
even point oscillations and to dampen nonphysical overshoots near shock waves.
Numerical dissipation models have to fulfill the requirements of determining how
much of the dissipation should be included and when or where the different terms
should be switched on or off. Most of them use a combination of second-plus-fourth
order terms 1 - 3.20.21, either explicitly or implicitly. All of these second-plus-fourth
order models have the common feature that they are expressed in the dependent
variable <1>, (p, pU, p Vand pEl, used in the concerned <1>-equation. In this work we use
an implicit numerical dissipation model which includes the second-plus fourth-order
terms expressed in pressure for all transport equations. The fourth-order terms of the
numerical dissipation model come from the use of Rhie-Chow interpolation", and the
second-order terms are due to the use of retarded density expressed as

(8)

where c is the sound speed, J1 is a smoothing function, p~ is upwind biased difference
with respect to ~.
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174 G. ZHOU AND L. DA VIDSON

To get fourth-order difference of pressure, we first subtract the pressure gradient
(iJP/a~) from the pU-equation at the cell-center which gives (pU)". Then we interpolate
(pU)# to the cell-face, and add the pressure gradient (ap/a~).The same strategy is used
for p V-equation. It can be shown that this procedure of subtracting and adding the
pressure gradient is equivalent to adding third-order pressure derivative, i.e.

(9)

where

IX = bv/4!:!.xap

<:j3p= -(P'+ 2 .-3P·+ 1 .+3P.. -P. I')I ,J I,J t,} I-.J

where ap is the diagonal coefficient in the discretized <I>-equation (see Eq. 6), and V 3 Pis
a third-order central differencing term. After this treatment, the convecting velocity at
the face can be obtained from the relation

U _ (pU)i+ 1/2.j
i+I/2.j-

Pi+ 1{2.j

where p is retarded density expressed in Eq. (8).
The final artificial dissipation model for uniform grid and two-dimensional flow, for

example, can be explicitly written as:

(10)

where DxP and DyP are the contributions for the two coordinate directions, respec­
tively, which have the form (for U., U ~ > 0):

DxP = {d i+ 1{2.j - di - 1{2 .J ;

(II)

The d's in the above equation can be written (see Appendix)

where A and B are coefficients imposed by momentum and state equations. This model
with a special smoothing function has been found to satisfy the requirements for both
internal and external flows.

The traditional smoothing function in Eq. (8) has the form 7.11.12

J1.?+ 1{2 =max {O.,Ko[1 - (~)2J}
Mi+ 1/2

(13)

which is used to enhance the stability at supersonic regions. For this function, we found
that M'd has to be chosen smaller than sonic Mach number, otherwise oscillations or
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PRESSURE-BASED TRANSONIC EULER SCHEME 175

even stability problems occur. On the other hand, too small M"r gives smearing at
shocks. Consequently, using the traditional smoothing function either introduces
excessive dissipation, (M"r < I.), leading to smearing ofthe sharp physical discontinui­
ties at shocks, or gives too little dissipation, (M"r = I.), resulting in unphysical
oscillations. In order to avoid this problem a second smoothing function has been
chosen to suppress the oscillation when M"r is set to close to sonic.

The second-level filter has the form

/1i\I/2 = max{0.,K 1 [ - (~)2J}
Yd 1/2.}

where

Yi+ 1/2.i = max(Yi+ l.i' Yi)

and

At last a two-level filtering smoothing function is designed as

(14)

(15)

where Ko and Klare the first-level and second-level filtering constants. The first-level
filter is used to enhance the stability in supersonic region. The second-level filter is used
to dampen the nonphysical oscillation at the shock regions. Note that when the
second-level filter is switched on the first-level filter will be switched off to make sharp
physical discontinuities.

The implicit dissipation model used in the present study is implemented according to
Eqs. (8,9) and (15).Above we have shown that this implicit dissipation model is similar
to the model of Jameson I. There are two main differences between the present
dissipation model and Jameson's model:
i) In Jameson's model, the dissipation terms are explicitly expressed in <1> (p,pU,pV

and pEl when used in the relevant <1>-equation, whereas in the present scheme
di + 1/2.i is expressed in P only.

ii) In Jameson's dissipation model, both second and fourth differences need adjusting
of the numerical constant and the fourth difference terms have to be switched off at
shock wavesj ': in the present scheme only the second difference term needs
a numerical constant to ensure proper shock capturing properties.

The numbers for Ko K 1 M"f and Y"r arc 1.0,0.2-0.5, - 1.0 and 0.125 respectively.
The numerical investigations have shown that this model gives good discontinuity
resolution at shock waves for both internal and external flows.

The details of the present model are given in the Appendix.
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176 G. ZHOy AND L. DAVIDSON

2.3 Pressure Correction Equation

The advantage of the pressure-based schemes is that they are efficient for both
compressible and incompressible flows. Therefore, they are often argued to be an
algorithm for all speed flows7.15.

To obtain the pressure correction. equation, the flux for mass conservation law in
Eq. (I) can be divided into one previous time step value rit°, and one correction rit' so
that

m= rit° + tit' (16)

The mass flux corrections on the control volume surfaces can be approximated by
truncating the momentum equations to get a relationship of mass correction and
pressure correction as follows l'!"

The mass flux at east face, for example, becomes

rit;+ 1/2 = (A·(pu)~l.+ 1/2 = - (c5V A·V p') .
Q p i+ 1{2

Substituting Eqs. (16) and (17) into the continuity equation we obtain

(17)

(18)

where 6rit p is the continuity error. Note that the term (pp - p~) represents the density
correction p~ at the center of the control volume during the time step. It is assumed that
density correction can be related to pressure correction according to Eq. (2), i.e..

, yP'
p =(y-I)(Ho - O.5IW )

(19)

Of course, this manipulation gives the pressure correction equation a hyperbolic
appearance with respect to time. Note that as Mach number becomes small and density
gradients become negligible, the quasi-time-dependent term disappears and the scheme
degenerates to the standard iterative scheme for incompressible flow. In the curvilinear
coordinates, the diffusion term of Eq. (18) forms
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PRESSURE-BASED TRANSONIC EULER SCHEME

which can be rewritten so that

177

where the D's contain the metrics of the grid. The last term which represents non­
orthoganal effect is neglected. This is permissible, since the pressure correction
equation is a correction equation with the sole object of satisfying continuity equation,
i.e. achieving D.mp =0 (see Eq. 18).The discretized equation for P' can also be cast into
the form

(20)

where Sc is mass resid uaJ.

3. BOUNDARY CONDITIONS

Generally speaking; the boundary conditions for inviscid internal and external flows do
not necessarily need to be different. The common treatment is a combination of the
given physical boundary conditions and numerical boundary conditions according to
the theory of characteristics. At a solid surface, only pressure is required, since the the
normal component of velocity is identical to zero. The pressure derivative 8Pj8n at the
solid surface can be determined from the normal momentum equatiorr':'. Then the
pressure at the wall can be estimated by extrapolation from the pressure at the adjacent
values, using the known 8Pj8n.

Inour experience, a first-order extrapolation, e.g., assuming the second derivative in
the normal direction to be zero, for both pressure and tangential component of velocity,
is sufficiently accurate for the present test cases. The density at the wall then can be
extracted by enforcing constant free stream enthalpy at the wall:'.

It is generally required that the far-field boundary (or outlet boundary for internal
flow) should be far enough, so that the far-field flow can be considered to be
undisturbed, or where some known properties can be specified along the boundaries,
such as pressure at outlet in internal flows. This region is in fact very large for external
flows. Some numerical experirnents:' show that the far-field boundary should be set 98
or more chord length away from the airfoil, to ensure adequate accuracy for airfoil
flows.

In this paper, a non-reflectingj" far-field boundary condition is used for the airfoil
flow. The boundary conditions are based on the theory of characteristics for locally
one-dimensional inviscid flow. For supersonic inflow or outflow, the local one­
dimensional Riemann invariants, entropy and tangential velocity component,

2 2
Rt=V'n---c R2=V'n+--cy-I' y-I

D
ow

nl
oa

de
d 

by
 [

C
ha

lm
er

s 
U

ni
ve

rs
ity

 o
f 

T
ec

hn
ol

og
y]

 a
t 0

0:
12

 0
6 

Se
pt

em
be

r 
20

17
 



178 G. ZHOU AND L. DA VIDSON

are given from outside or inside the computational region, respectively. For sub­
sonic inflow, R" R3, and R4 are given from outside and R 2 from inside, while for
subsonic outflow, R 2, R 3, and R4 are determined from inside and R, from outside.
These four quantities provide a complete definition of the flow at the far-field
boundary.

Since the computation domain is a finite region, the blockage effect of the airfoil
influences the free stream velocity at the far-field boundaries. This can be taken into
account by using the far-field circulation correction to modify free stream veloc­
ity l - 3 .23 . According to the compressible potential vortex solution, the compressible
potential, with reference to a polar coordinate system centered at the hydrodynamic
center of the airfoil, reads

where the circulation r = 112M",BCL> B is the chord length, C1. the coefficient of lift at

the surface, ex the angle of attack, p=J I - M ~ and r, 0 are polar coordinates with
origin at the hydrodynamic center, which is located at the quarter chord point on the
NACAOOI2.

The perturbed free stream velocity can then be obtained as

r psin(O)
U",=IV1cos(ex)+2 1 M 2 ' 2(0 )nr - ",Sin - ex

. r pcos(O)
V", = IVlsIn(ex) + 2 I M 2 ' 2 (0 )ttr - ",Sin -ex

For the internal test case presented, to get better convergence, the traditional
boundary conditions are used. At the inlet, the total temperature and velocity are
specified with the extrapolation of the pressure. The pressure is specified at outlet, and
the remaining variables are extrapolated.

The boundary conditions for the pressure correction P', either at the wall or at
far-field boundaries, are obtained using first-order extrapolation.

4 RESULTS AND DISCUSSION

To validate the proposed scheme, two test cases are presented, one internal flow and
one external flow with various free stream conditions.

4.1 Internal Flow Simulation

For bounded transonic flow, we present the computational results for a quasi-one­
dimensional flow in a converging-diverging nozzle which is an excellent and revealing
test case. Other computation results for internal flows have been reported in Ref. 29.
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Figure 3 Pressure distributions from 2D·solution.
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180 G. ZHOU AND L. DA VIDSON

The cross-section area" S of the chosen nozzle is given by:

I ( X)2S=I+- 1--
2 5'

Unlike most papers which have presented quasi-one-dimensional results, we compute
this flow in two-dimensional fashion with the grid distribution 100 x 5 for a piece of
prism, because of axial symmetry, which has the varying cross-section area according
to the above formula. The Mach number and pressure distribution at the center line of
the nozzle are presented in Figures 2 and 3.

The initial conditions for U, P and Twere obtained by linear interpolation between
the exact inflow and outflow values. At the inlet, the total temperature To = 300 K, and
the Mach number Mo = 0.241. The static pressure is specified to be Poullel = 0.85 x 105
at the outlet. All other properties are extrapolated from the internal field. The
continuity error scaled by total incoming mass flux is used as convergence criterion,
which is 10- s. The first-order upwind scheme is used for this computation. The
agreement between calculations and the analytical solution is excellent.

4.2 External Flow Simulation

An unbounded flow over airfoil NACAOOl2 is chosen to demonstrate external flow
simulation. The inviscid flowcases around this airfoil have been extensively studied
using many density-based methods. Unfortunately no calculations using the pressure­
based method have been reported in the literature.

Figure 4 C-grid 196 x 62, Enlargement in vicinity of surface.
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PRESSURE-BASED TRANSONIC EULER SCHEME

Figure 5 C-grid 250 x 78, Enlargement in vicinity of surface.

181

The two-dimensional parabolic Cvmeshes" which are used in this study are shown
in Figures 4 and 5. The far-field boundaries of mesh are located approximately - 6
chords from the airfoil for the mesh of 250 x 78 cells and 3.5 chords for the mesh or
196 x 32 cells. 100cells for the mesh or250 x 78 and 120nodesforthemeshorl96 x 32
are located at the surface of the airfoil. The calculations are initialized with a uniform
free stream flow at the prescribed Mach number and angle or attack. The convergence
criterion is given as

-1 .2

-0. 8

-0. 4

C. 000

O. 4

0 8

2

0.0 O. 5 1 .0
,Ie

Figure 6 Surface pressure distribution, M ~ = 0.85, a: = 0.0.
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182 G. ZHOU AND L. DA VIDSON

Figure 7 Pressure contours, Mw =0.85, a =0.0.

where R;.i is the residual of continuity equation 16p/6tl for cell (i,j) and N is the total
number of control volumes. For a converged solution, the residual is reduced by
5 decades.

The predicted pressure coefficients and pressure contours are presented in Figure 6
and Figure 7 for free-stream Mach number Moo = 0.85 and angle of attack 0( = 0°. The
196 x 32 mesh is used. The present results are compared with those of Jameson and
Yoon '. The results are almost identical, as may be seen in the figure.

Figure 8 presents the surface pressure distribution, compared with those of
Caughey!", for the airfoil at a free-stream Mach number of 0.80 and 1.25° angle of
attack with the mesh 250 x 78 cells. Figure 9 shows the pressure contours. Again the

0.5

C 0p .
-0.5

.
present results •

-I Caughey (1988) -

-0.2 0 0.2 0.4 0.6 0.8 1.2

x/C

Figure 8 Surface pressure distribution, Mw =0.8, a = 1.25.
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Figure 9 Pressurecontours, hIcD = 0.8. « = 1.25.
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0

-0.5

presenl results .
-I Pulliam (1985) -
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Figure 10 Comparison between new (above) and old (below) smoothing functions, M~ = 0.8, a = 1.25.
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184 G. ZHOU AND L. DAVIDSON

agreement between the results obtained from the presented pressure-based method and
those from Ref. 27 which is the time-marching method is very good.

The comparison between new and old smoothing functions are shown in Figure 10.
The benefits of using two-level filtering smoothing function are obvious. Since the
traditional function introduces excessive dissipation due to use of a smaller M<er,
smearing appears at the weak shock on the lower surface of the airfoil.

For M", = 0.85, Q( = 10
, the coefficient of pressure in Figure 11 and the pressure

contours in Figure 12 are shown. The results are also compared with those of Ref. 3.
The agreement is good for global parameters and shock locations. The difference at
shocks is primarily a result of the finer grid density (560 x 65) and grid clustering used
in the Pulliam calculation. It is interesting to note that although high lever clustering of

•
•

0.5 1.0
,/C

e Cp v l owe r surface
oCp-upper surfoc

- Pull iom (1985)

-1 .2

-0. 8

-0. 4

C. 0.00

0.4

0.8

1 . 2

0.0

Figure 11 Surface Pressure distribution, Mro =0.85, "= 1.00.

Figure t2 Pressure contours, M ro = 0.85," = 1.00.
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PRESSURE-BASED TRANSONIC EULER SCHEME 185

Table t The global parameters

Author grid type grid distribution 8. C. Distance x chord C, CD CM

Global Parameter of NACAOOI2, Moo = 0.85, a = 0.00'

Jameson 1 0 128 x 32 0.0 0.0471 0.0
Present C 250 x 78 6/6/6 0.0 0.0559 0.0

Global Parameter of NACAOOI2, Moo = 0.8, • = 1.25'

Jameson' 0 128 x 32 0.3513 0.0230 -0.0377
Caughey" C 192 x 32 50/100/50 0.3695 0.0237 -0.0432
Pulliam' C 235 x 33 24/48/48 0.3618 0.0236 -0.0411
Present C 250 x 78 6/6/6 0.3575 0.0220 -0.0375

Global Parameter of NACAOOI2, Moo = 0.85, a = !.OO'

Pulliam! C 569 x 65 24/48/48 0.3938 0.0604 -0.1393
Present C 196 x 32 3/3.5/3 0.3890 0.0662 -0.1282

the grid is used in Ref. 3, the shock is still smeared out over 3-4 cells, similar to the
present calculations where a rather coarse mesh (196 x 32) is used.

It was found that there are not significant differences in predicted results between the
use of the first-order upwinding scheme and second-order MUSCL scheme. Hence all
the results presented in this paper are obtained by using the first-order upwinding
scheme. The present global parameters are compared with the predictions of Jameson,
Caughey and Pulliam in Table I. From Table I, we can see that the agreement between
these predictions is quite good. All the lift and moment coefficients obtained from
different authors are in the same order. However, the present drag coefficients for
M", = 0.85, CI. = 0.00 and M", = 0.85, CI. = 1.0 are larger than others. This is due to the
lower pressure recovery at the trailing edge. We believe that the coarse mesh in
j-direction (See Figure 4) close to the trailing edge leads to lower pressure resolution in
this high gradient region. This lower resolution also appeared in Ref. 28.

5. SUMMARY

A pressure-based Euler procedure has been developed and applied to both internal and
external transonic flows. A numerical dissipation model adopted in the present
procedure is described. A smoothing function, which includes a two-level filter, is used
to adjust the second dissipation. The results demonstrate that the pressure-based
method with the present numerical dissipation model, is capable of successful simula­
tion of both internal and external transonic flows. No special method for convergence
acceleration has been introduced. We believe that the multigrid methods.8 . 18 , 2 8 will be
very useful in improving the convergence rates.
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APPENDIX

In this appendix we show that the present scheme, which implicitly introduces
numerical dissipation through Rhie-Chow interpolation and retarded density, is
equivalent to an explicit second- and fourth-order numerical dissipation model
expressed in pressure.

The proposed model can be deduced using an I-D model problem in Cartesian frame
represen ted as

a<l> a ap
- +-(U<I» = -­
at ax ax

where <I> = pU. The integrated form of Eq. (21) is

ap a<l>
(AU<I»i+1/2 -(AU<I»i_1/2 = --abV--

a
bv

x t

(21)

(22)

For the convecting velocity U, using Rhie-Chow interpolation for mass flux, we have

1 3 I, 3
Ui; 1/2 = --(Fx<l>i+ I+ (I - F,)<I>i - <XV' P) = --(<I>i+ 1/2 - <XV' P) (23)

Pi+ 1/2 Pi+ 1/2

where superscript c denotes that <1>' is computed using central differencing. Fx is the
interpolation factor. Substituting Eq. (23) into Eq. (22) we get:

[ A (<I>')<I>J - [A (<I>')<I>J - [A i+ 1/2J<xV'3P<I>i+ 1/2 + [Ai - 1/2J<xV'3P<I>i- 1/2
P i+ 1/2 P i-1/2 Pi+ 1/2 P'-1/2

er a<l>= --bv--bv
iJx at

(24)

In order to introduce the second-order dissipation, the retarded density concept
(p = P - J1.!:1xp-:) is used to replace the real density in equation (24) in term <I>'/p. We get

(<I>~) ~ (<1>') (I + J1.i+ 112 !:1X P-:);
P i+ 1/2 P i+ 1/2 Pi+ 1/2

(<1>') (<1>') ( )- ~ - 1 +J1.i-112!:1xl
p i-1/2 P i-112 Pi-112 x

where fl, is upwind biased difference with respect to x. Note that with the help of the
relation Px~ c2px and P = (c2/y)p, (where c is sound speed), the retarded density
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188 G. ZHOU AND L. DA VIDSON

concept here is the same as the real pressure concept (Pi = Pi - l1i-112(Pi - Pi-I))'
proposed in Ref. (II), which is used to extract the density.

Replacing $'/p by $'/p in Eq. (24) using the above formula, we obtain

[ ($') J [ ($')"'J [~J [$i+ 112J -A - $ - A - 'V + A;+112 -- $;+112!:J.XPX
P i+ 1/2 P ;-112 Pi+ 112 Pi+ 112

-A. [l1i-112J[$i-112J$. !:J.xp- -cx[A;-112JV3P$.
1-1/2 1-1/2 ~ x ,-1/2

Pi- 1/2 Pi-112 Pi- 1/2

[
A;_ 112J 3 _ ap a$+cx V P$;_112+HOT--"ov--;-ov
Pi-I/2 uX ot

(25)

where HOT represents the higher order terms, which are the product of the second­
order and fourth-order terms. With the help of the relation Px"" PxC2, and rearranging
the equation as Eq. (25), using the notation

$'
-=u'
P

we get an artificial dissipation model for I-D problem as follows:

(26)

Here DxP have the same form as in Eq. (10), i.e.

Each term in the above equation has a similar form

where the coefficients A and B are given as follows:

[( A ) ( $ 2) JAx = "2 ----,-
c P ;+ 1/2

and
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