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Abstract

A body-fitted-finite-volume scheme for calculations of Navier-Stokes equations in
complex three dimensional geometries are presented. This method also atilizes col-
tocated variables and cartesian velocity components. The problem of non-physical
oscillation in pressure and velocity fields is overcome by introducing the Rhie-Chow
interpolation procedure. The performence of the code is assessed by comparing the
calculated results of Aow characteristic through a sever stenosis with available exper-
imental data.

1 Introduction

Some deseases effect the flow of cerebrospinal fluids, and of urine, and artificial
valves and other devices which are introduced into the body as remedies. The
efficiency of these can be predicted, and their design and location optimised by
simulating the flow phenomena within them, and within the biological ducts
and issues with which they are connected. There are also some disorders
of the circulatory system which are belived to be associated with fluid flow
phenomena in the vicinity of branches and junctions. The flow simulation
capability of the available computer codes allows hypotheses to be investigated
and danger spots to be resealed.

The objective of this paper is to describe the employment of a body-fitted
finite-volume code with a collocated variable arrangement which is capable of
simulating fluid flow in three-dimensional complex geometries.

An important advantage of this method (collocated variable arrangement)
is that the control volume for all variables coincide with the boundaries of
the solution field and therefore simplifies the specification of the boundary

conditions in complex geometries.

The computation is based upon the solution of the partial differential equa-

tions governing the flows. The equations are written in non-orthogonal coor-
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dinate system. The finite - volume method is applied to transform the par-
tial differential equations to algebraic relations which link the values of the
dependent variables at the nodes of the computational grid. The TDMA (Tri-
Diagonal Matrix Algorithm) is then adapted to solve the obtained algebraic
relations. Two different differencing schemes are available to approximate the
convective fluxes: Hybrid central/upwind differencing or the van Leer scheme.

SIMPLEC [1] handles the linkage between velocities and pressure.

The Cartesian velocity components are used in the program. This method
have been used by Shyy et al.[2] and Braaten and Shyy [3]. In contrast to most
of the finite volume codes which use the conventional method of staggered grids
for the velocity components, the present code utilizes the collocated variable
arrangement in which all variables are stored at the same control volume.
This arrangement has various advantages over the staggered grid, e.g. the
control volumes for all variables coincide with the boundaries of the solution
domain, facilitating the specification of boundary conditions, and geometrical
data need to be calculated only for one set of control volumes ( when staggered
arrangement is used the geometrical data must be calculated for four sets of

control volume).

The code can be applied to axi-symmetric and plane flows. The boundaries
in a flow can be a wall, a plane or axis symmetry or a boundary along which

the values of the dependent variables are prescribed.

The performance of the code is assessed by computation of fluid flow

through a stenosis. The code is used for solving the governing equation system.

2 Solution Methodology

In order to extend the capabilities of the finite difference method to deal with

complex geometries, a boundary fitted coordinate method is used.

The basic idea in this method is to map the complex flow domain in the
physical space to a simple rectangular domain in the computational space by
using a curvilinear coordinate transformation. In other words, the Cartesian
coordinate system z; in the physical domain is replaced by a general non-

orthogonal system &;.

The momentum equations are solved for the velocity components U, V, W
in the fixed Cartesian directions on a non-staggered grid. This means that
all the variables are stored at the center of the control volume. This method
was suggested and worked out by Rhie and Chow [4] and later used by Burns
and Wilkes [5], Majumdar [8], Peric et al.[7] and Miller and Schmidt [8]. Ma-
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jumdar [9] later discussed the importance of underrelaxation in momentum

interpolation when non-staggered grids are used.

The steady transport equation for a general dependent variable ® in the

Cartesian coordinates can be written as

) a 7] od
5;(p¢)+ é;:(pffi‘ﬁ)ﬁé—x-;(régz_)-f—s (1)

where ['y is the exchange coefficient and is equal to viscosity in the momentum

equations. The independent variable & can be equal U, V,W, P’ etc.

The total flux, convective and diffusive fluxes, iz defined as

a¢
L = pUi® - Tg— 2
p >3 (2)
It is now convenient to write eq. (2) in the equivalent form
oL
vl Ss (3)

Integration of eq. (3) over any control volume in the physical space, using

Gauss’ law, gives

[i‘-dé[:[ S,dv (4)
A Vv

Equations (3) and (4) are used for performing the transformation to the com-

putational space coordinates (general non-orthogonal coordinates) ¢,

The scalar advection - diffusion equation 4 is discretized. The integration

of this gives
(I‘A')f (f-fi')w+ (I"-fi')n+(f-fi')s+(f-,«i')h+ (f.fi')lzsw (5)

where ¢, w, n, s, A and [ refer to the faces of the control volume, see Fig.l. The

discretized equation is rearranged in the standard form
ap®p =) ang®np + Sc (6)
where
ameaNB“Sp (7)
The coefficients ayp contains the contribution due to convection and diffusion
and the source terms Sp and Sc contains the remaining terms.

2.1 Convection

For the sake of conciseness and simplicity we restrict ourself in this and the
following sub-sections only to the east face of the control volume for expla-

nation of the numerical procedure. The total flux [ contains convective and
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Figure 2: Grid nomenclature

diffusive fluxes. The first term in the right-hand side of eq. (2) is the con-
vective term. The mass flow rate through the east face can be expressed as
the scalar product of the velocity and area vectors multiplied by the density.

Thus we have
e = pelle - Ao = po (U Ay + Vady + WoA,) (8)
where the Cartesian areas are calculated by
Aeg =| Alefiver; Ay =|Aleit-ey; Ap=| Al e (9)

where | A4 |e is the total area of the east face, 7 its normal vector and & the
Cartesian base vectors. In order to obtain the velocity components on the
control volume faces from those on the control volume centers, the Rhie-
Chow [4] interpolation method is used. In this method the weighted linear
interpolation in physical space, U/, = Ue + (1 - f.)Up, is not used in order to
avoid non-physical oscillations in pressure and velocity, The method can be
described as follows: Consider the interpolation to the east face of a control
volume centered P, see Fig.2. The pressure gradient is subtracted from the
velocity components stored at the center of the control volumes
-{I}~—Pw)c5V and ﬁE:UE_u(Pfche}éV
| we | (ap)p | e(ee) | (ap)g

The velocity components on the east face is now calculated as

(10)

Up=Up-

Ue = fy, DE + {1~ f) {:fp + Pressure gradient (11)



158.

_ —{(Pg - Pp)éV
l PM“E" i (G'P)e

Ue= fllg+ (1~ f)Up (12)

where [, is the interpolation factor and calculated by

fom —tiLel (13)

| Pe| + | eF |
P., Py, P,. in eq. {10) are calculated by linear interpolation. As seen from eq.
(12) the pressure gradient is now calculated using the adjacent nodes of the
east face. This avoids any non-physical oscillations in the pressure field. ¥,

and W, are calculated in a similar manner.

The convective fluxes can be calculated by two different methods. These

methods are briefly presented below.

2.1.1 Hybrid Upwind/Central Differencing Scheme

This scheme approximates the convective terms using a central differencing
scheme if the local grid Reynolds number is below two, and otherwise upwind

differencing, see Fig.2.

P, = Pw, if {Resz|>2 and U,>0 (14)
$, = ®p if |Res;|>2 and U,<0 (15)
Py, = f:Pp+(1-fo)dw i | Respi<?2 (16)

where f; is an interpolation factor equal to 0.5 if the face w lies midway between
W and P.

2.1.2 The Van Leer Scheme

This scheme of Van Leer [10] is of second order accuracy, except at local
minima or maxima where its accuracy is of first order. One advantage for this

scheme i3 that it is bounded.

For face west it can be written, see Fig.2

Uw > 0

f {@p~ 20w +Sww ! 2 |®p—Cww |= &, = 0w
(®p — dw) (Pw — Pww)
Qp ~ Sww

elsed, = dw+
U, 0
if |béw ~29p+dg| | bw ~ O [=> &, = $p

(®w ~ p}(Pp ~ ®5)
by — Py

Al

A

else®, = Pp+
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This scheme is thus a first - order upwind with a correction term which gives

it second order accuracy.

2.2 Diffusion

The second term in the total flux [ presented in eq. (2), is the diffusion term.

Through an area 4 we have
(T A)M =-TA-V® (17)

A-Vd in eq. (17) can for the east face be rewritten in Cartesian coordinates

as
- o od 3%
(-—A'V@)e T - (Aex'5;+Aey“é“§+Aez‘§”;)e (18)
and in general non-orthogonal coordinates
- . T - T
-A.- Ve [ . ."{‘J_......... - "."“EUM 19
( )e (A §ig a‘fj)e (lAln dig 8Ej)e (19)

where §; is the covariant (tangent) base vector. The appearance of the metric
tensor, g;; in eq. (19), is due to the fact that the components of the product /i'-g}
and the derivative g% are both covariant and the product of their contravariant
base vectors is not zero for i # j since they are non-orthogonal to each other.

The components of ¢/ can be calculated as shown in e.g. [11].

The normal vector 7 in eq. (19) is equal to the cross product of g2 and §;

which implies that 7.5 = 7. §3 = 0. Eq. (19) can now be written as
(—E» vtr») = - (; Al ﬁ-g‘lg“-‘?ff) {20)
e ({;}fj .
The diffusion can be written

(~4-V8) = Dut(®5 ~ 8p) + Duy (Bun ~ B2) + Dot (B - 8.) (21)

where the geometrical arrays Doy Dy and D, are calculated once and stored.

2.3 Pressure correction equation

The pressure correction equation is obtained by applying the SIMPLEC algo-
rithm [12] on the non-staggered grid. The mass flux m is divided into one old
value, m*, and another correction value, m',. The mass flux correction at the
east face can be calculated by

m:: = (P*’i‘ I}")e = Pe (Ach; + AcyV: + AczW;) = (p.ff .é.jU;) | (22)

e
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where U; is the covariant correction velocity, The covariant velocity compo-

nents are related to the pressure gradient [13]

U= 2222 (23)

By introducing eq. (22) into eq. (23) we obtain

m o= {p/{- (__‘Sigf;y)] S [@J»Vp’} (24)
ap Jz; ap

Consider, for simplicity, the continuity equation in one dimension
e = My = 0 (25)

If i = 1* + m' and eq. (24) are substituted into eq. (25) we obtain

Sup ~ _ L
[——EEA-Vp] ——PEBA-V})] trt - =0 (26)
ap w ap e

s * B » . . 4 e U
This is a diffusion equation for the pressure correction p. A-Vp can be

calculated with eq. (20) by replacing & by 2.

3 Case study - Flow characteristics in vascular stenosis

The partial occlusion of arteries due to stenotic obstruction is one of the
most frequently occuring abnormalities in man. The development of localized
arterial stenosis may lead to disordered blood flow within and downstream of
the constricted region. Therefore, the ability to describe flow through a partial
occlusion adds to the insight needed to solve the problem of the pathology of
atherosclerosis. There is also widespread interest in determining whether the
disordered flow patterns can be used to detect localized arterial disease in its

early stages, particularly before it becomes clinically significant.

3.1 Geometry of stenosis

The numerical calculation is applied to axisymetric configuration which has

the form deseribed as

R 1 Tz .
e — — PV < ' Yard
7 1 3[1-}‘(_&93(zo )] for|zi <z, (27)
}% = 1 for [z] > z, (28)

The schematic diagram of the stenosis and the computational domain is pre-

sented in Fig. 3.
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Figure 3: Schematic diagram of the stenosis (not to scale) and computational domain.

3.2 Convergence

‘The computations were performed for the Reynolds number ranging from 30
to 900. The computations were terminated when the sum of absolute residuals
normalized by the inflow fluxes was below 10™* for all the variables. The under-
relaxation factors of 0.5 were chosen for the velocities and pressure correction.
Upto 1000 iterations, depending on the Reynolds number, were required to
obtain a converged solution. All calculations were carried out on a DEC 3100

work-station.

3.3 Flow field

A description of the various possible steady laminar flow patterns which may
be encountered is best rendered by display of streamlines and velocity vec-
tors for representative conditions. Fig. 4 illustrates curves of constant stream
function as well as velocity vectors for two different Reynolds numbers in the
region of a more severe stenosis. At these Reynolds numbers laminar sep-
aration takes place. The eddies containing recirculating fluid can be clearly
observed as illustrated in the figure. The flow is laminar both outside and
within the separated region. As the Reynolds number was increased the sep-

arated flow region extended for a considerable distance downstream.

The calculated points of separation and reattachment for Re = 50 and 100
are compared and listed in Table 1 with the experimental data of Young and
Tsai [14], and calculated results of Karki [15], Deshpande et al.[18], Rastogi
[17] and Davidson and Hedberg [18].
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Figure 4: Streamlines and velocity vectors.

Re = 100
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Figure 5: Pressure drop across stenosis.
Table I Points of separation and reattachment
Source of data Re = 50 Re = 100

2?,/270, xrfﬁo

:E,,/.’L‘o, .’L',-/:L'@

Young and Tsai (Expt.)|14] 0.37, 2.2 0.37, 4.0
Karki [15] 0.35, 2.1 0.35, 4.0
Deshpande et 4l.[186] 0.35, 2.1 0.35, 4.2
Rastogi [17] - 0.35, 3.8
Davidson and Hedberg [18] 0.35, 2.07 0.31, 3.75
Present work (hybrid) 0.38, 2.04 0.38, 3.83
Present work (van Leer) 0.38, 2.04 0.38, 4.08

3.4 Pressure drop

Since the presence of a stenosis increases the resistance which the flow experi-
ences and in the case of severe stonoses the region of the blood supply reduces

considerably, the pressure losses through such constrictions are of physiologic

interest.

The comparison of the pressure drop across stenosis with the experimental
data is presented in Fig. 3.
different method, Hybrid scheme and van Leer scheme. As seen from Fig. 5

the predicted result by the van Leer scheme is in better agreement with the

The convective fluxes were computed by two

experimental data. This scheme was used throughout the computations.
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Figure 6: Pressure distribution along the duct.

The pressure distribution along the tube is also of interest. Fig. 6 presents
the variation of pressure along the axis for the considered stenosis. There is a
rapid fall in pressure as the occlusion is approached, and for this case a local
minimum in the pressure is obtained just prior to the separation point. The
calculations show a recovery of the pressure gradient far downstream to the

fully developed pipe flow result.

3.5 Flow velocities

The velocity profiles are also of interest since they provide a detailed de-
scription of the flow field. Fig. 4 illustrates the velocity vectors which give
a comperhensive picture of the velocity profiles. The regions of reverse flow
are clearly seen. The velocity vectors undergo a change of sign within the

recirculation zone, indicating strong elliptic nature of the problem.

The variation of centerline velocity with axial location is presented in Fig.
7 for three representative Reynolds numbers. The recirculation zone is expe-
rianced by these three Reynolds numbers. As expected the point of reattach-

ment moves downstream as the Reynolds number is increased.

4 Conclusions

This paper presents a finite-volume calculation procedure for computation of
incompressible elliptic lows in non-orthogonal coordinates. The basic idea is

in using body - fitted - coordinates is to map the complex flow domain in
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Figure 7: Velocity distribution along the duct.

the physical space to a simple rectangular domain in the computational space
by using a curvilinear coordinate transformation. This method also employes
collocated variable arrangement and cartesian velocity components. The em-
ployment of collocated variables, which means that all variables share the
same control volume, has various advantages over the staggered grid. Among
them are that the control volumes for all variables coincide with the bound-
aries of the solution fleld, facilitating the specification of boundary conditions
and a relatively simple extension to general non-orthogonal meshes. The non-
physical oscillation in pressure and velocity fields overcome by introducing the
Rhie-Chow interpolation procedure. The performance of the method was as-
sessed by computation of flow characteristics through a sever stenosis wich is
of physiological interest. Agreement with the available measured data is good.
The calculations indicate extended regions of flow recirculation and large val-
ues of pressure drop. Both of these phenomena are known as contributing

factors in arterial diseases.
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