
THESIS FOR THE DEGREE OF LICENTIATE IN
ENGINEERING

DNS and LES of Turbulent
Natural Convection Boundary

Layer

DARIOUSH G. BARHAGHI

Division of Thermo and Fluid Dynamics

CHALMERS UNIVERSITY OF TECHNOLOGY
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Abstract
Turbulent natural convection boundary layers possess some special
characteristics compared to the other boundary layers. In order to
study this kind of boundary layer, two powerful numerical methods,
Direct Numerical Simulation or DNS and Large Eddy Simulation or
LES, are used. The former is used to investigate the natural convec-
tion boundary layer in a vertical channel for which the Grashof num-
ber based on the channel width is �������	��

��������� and the latter is used
to study the natural convection in a cylindrical vertical shell and tube.
The local Grashof number in the latter case reaches �������	����������� . Mean
flow parameters as well as turbulence parameters in the both cases are
studied and the results are compared with the existing experimental
results for natural convection boundary layer on a flat plate and natu-
ral convection boundary layer on a vertical slender cylinder. Although
many qualitative and quantitative agreements are found between the
results, there are still some discrepancies in the turbulence character-
istics. A region with negative shear stress in the boundary layer along
the vertical cylinder, which is in agreement with many experiments is
observed and the effect of it on the boundary layer is studied. However,
there is no such region in the boundary layer inside the vertical chan-
nel. Also the existence of a linear region for the velocity profile which
is much thinner than the ordinary forced convection boundary layers
is confirmed.

Keywords: LES, DNS, natural convection boundary layer, free con-
vection, vertical cylinder
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Preface

Based on the Chapter 3, the paper: D. G. Barhaghi, L. Davidson and
R. Karlsson, ”Large Eddy Simulation of Natural Convection Bound-
ary Layer on a Vertical Cylinder” is prepared which will be presented
at ”ERCOFTAC International Symposium on Engineering Turbulence
Modelling and Measurements (ETMM6), Sardinia, Italy, 2005”.
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Nomenclature

��� �! ����" turbulence model constants�$#  ��% turbulence model constants�'&  �'& �( �'&)" turbulence model constants*,+ fluid specific heat at constant pressure-.0/ unit vector in � -direction-. � unit vector in 1 -direction2��  23#  2�% turbulence model damping functions43/ gravitational acceleration in � -direction4 � gravitational acceleration in 1 -direction5
height of the shell and tube and the cavity6
convection heat transfer coefficient7
turbulence kinetic energy; fluid thermal conductivity8 normal distance from the wall8:9 dimensionless normal distance from the wall, ;�<= 8?>�@A #
turbulence productionA �0B turbulent Prandtl number, ��
C� for RANS models and��
ED for LESF pressureGIH wall heat flux, J 7LKNM > K 8OQP
hot tube (inner) radiusOSR
shell (outer) radius� distance in radial directionT � radial cell width in cylindrical coordinate system�VUXW,Y location of maximum velocity in the boundary layer� 9 dimensionless distance from wall, ; <�[Z �\J OQP^] >�@�V_ velocity boundary layer thickness (see section 2.4)�I` thermal boundary layer thickness (see section 2.4)a
clockwise distance from southwest cornerb timeb < friction temperature, G0Hc> Zed *,+ ; < ]M
filtered temperature
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M
temperatureM:f
cold wall temperature, the ambient temperature
or the inlet temperatureMcg
film temperature, Z M ��hjilk�m M:f hjilk ] >[nM � hot wall temperatureM /�o g reference temperature, Z � M:f ]

in experimental rig
and Z � Mcg ]

in channel flowM 9 dimensionless temperature, Z M H J M ] > b <pXR
buoyant velocity, q 4�r Z M �sJ M�f ]t5p�u^vxw y
bulk velocity;3UzW{Y maximum velocity in the boundary layer; <= friction velocity parallel to the wall, q | =H > d;)} filtered velocity component in ~ -direction; / filtered velocity component in � -direction;)� filtered velocity component in 1 -direction; / velocity component in � -direction;)� velocity component in 1 -direction;L<� friction velocity, q | H?> d; 9� dimensionless velocity, ;�� > ; <��
velocity vector, ; / -.0/ m�;3� -. �T��
cell volume� vertical velocity in Cartesian coordinate system�
width of the cavity� horizontal axis in Cartesian coordinate system1 vertical axis in cylindrical and Cartesian
coordinate systemT 1 cell length in cylindrical coordinate systemT 1 9 dimensionless cell length, ; <� T 1 >�@

Greek Symbols

� thermal diffusivity,
7 > Zed *{+ ]r coefficient of expansion, � > M?g hjilk� Kolmogrov length scale� turbulence dissipation rate� wave number� fluid dynamic viscosity@���� effective kinematic viscosity@ B turbulent kinematic viscosity
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� specific dissipation, � > Z ��
C�[� 7 ]d fluid density� �  � #  � & turbulence Prandtl numbers| H wall shear stress, � K ;)� > K �| =H wall shear stress, � K ; = > K 8~ azimuthal angle in cylindrical coordinate system~0B dimensionless temperature, Z M J M /�o g ] > Z M H J M /�o g ]T ~ cell width in cylindrical coordinate systemT ~ 9 dimensionless cell width,
T ~);L<� >[@�

dimensionless transverse coordinate, � Z K ~�B > K � ] /,�N���
Dimensionless quantities

� g
friction coefficient, | Hc> Zed p "R >[n ]����� local Grashof number, 4�r Z M H J M:� ] 1�� >�@ "���
Nusselt number, J 5 Z K�M > K 8 ] H�> Z M �QJ M�f ]��� � local Nusselt number, J�1 Z K�M > K 8 ] H�> Z M �QJ M:f ]A � Prandtl number, @�>)�O�� � local Rayleigh number, 4�r Z M H J M:� ] 1)� > Z @�� ]

Subscript

* cold6
hot� wall� ambient
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Chapter 1

Introduction

1.1 Heat Transfer

Heat transfer is an interesting scientific subject which has drawn sci-
entists’ attention to itself. Its importance continues to make it a major
field of interest to engineers, designers and manufacturers. As this
phenomenon exists in every aspect of the life, a better understanding
of it can lead to benefits in humans life. The applications include not
only industrial aspects like power generators, reactors, turbines, heat
exchangers and other power conversion devices, but also natural as-
pects like atmospheric and oceanic currents, bio-heat transfer, green
house effects and heat transfer in stellar atmospheres.

A consideration of the number of conferences which take place each
year and published books, journals, articles and papers as well as awards
which are bestowed to scientist who have had an important contribu-
tion to development of this science, reveals the importance of this sub-
ject. According to Goldstein et al. (2002) in year 2000, there have been
at least 18 conferences and 24 published books about related aspects of
heat transfer and its applications.

This science, is divided into three major fields: Conduction, Convection
and Radiation. The methods of investigation of these subjects are also
divided into three categories : Numerical, Analytical and Experimen-
tal. Any problem which consist of a way or combination of different
ways of heat transfer, can usually be studied by any combination of
these investigating methods.

The major concern of this study is the Natural Convection Heat Trans-
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fer and approaching method to the problem is Numerical method.

1.2 Natural Convection

Regarding the convective heat transfer, this phenomenon is divided
into two major categories, Forced Convection and Natural or Free Con-
vection. Forced convection heat transfer, is a process in which the heat
transfer among different phases or states, occurs because of velocity
and temperature differences among them. It is primarily a kind of
molecular diffusion which has been enhanced because of mixing pro-
cess created due to already existing momentum difference. On the
other hand, natural convection heat transfer takes place because of
density differences in a liquid or gas phase. The density difference
which is mostly caused by the temperature difference, along with the
gravitational force, creates a so called buoyancy force which conse-
quently creates a momentum difference. However, it should be men-
tioned that not every temperature gradient causes movement in the
fluid. In fact, temperature difference should be in a way that provokes
instability in the fluid. It is conventional to use unstable temperature
difference to emphasize this difference. This is shown in Figure 1.1.

PSfrag replacements

M "
M �
M Ze  ]
d "

d �
d¡Z^  ] 4  fluid
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¢ `¢,£¥¤ �  ¢�¦¢�£�§ �
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M �

M Z^  ]
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Figure 1.1: Unstable and stable fluid between two differentially heated
horizontal walls.

Every convecting system is characterized by one or a blend of the two
heat transfer processes, i.e. forced and natural convection. Basically all
forced convection heat transfer processes comprise natural convection
as well but due to small contribution compared to forced convection
counterpart, natural convection is sometimes neglected. The impor-
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CHAPTER 1. INTRODUCTION

tance of natural convection and its contribution to the heat transfer
has also been studied in this work.

Usually, Nusselt number is considered in the form of
�¥��¨ � 2 Z O . ¨  ��� ¨  A � ] ,

where © is a characteristic length. When the inequality Z ��� ¨ > O . "¨ ]«ª �
is satisfied, free convection effects may be neglected. Conversely, whenZ ��� ¨ > O . "¨ ]s¬ � , forced convection effects may be neglected and in case
of Z ��� ¨ > O . "¨ ]�­ � a combined effect of free and forced convection must
be considered.

The number of heat transfer applications in which the natural con-
vection is a dominant phenomenon are large and by studying it, new
mysteries are continuously being discovered. Better understanding of
this phenomenon has even increased the number of applications and
has led to a number of sophisticated industrial and environmental de-
signs. Whenever running costs are important or small efficiency im-
provements are vital and can play a vital role in energy consumption,
this type of heat transfer is bound to come under scrutiny. Oceano-
graphic and atmospheric problems such as green house effects, gulf
stream and extreme climate changes, design of electrical and electronic
devices, home appliances such as fridges and refrigerators, cooling tow-
ers, safety of reactors, economic conversion of saline to fresh water and
direct contact exchangers are all problems that recently, have given a
particular concern to this science.

1.3 Numerical Methods

In the engineering world, there are problems that can be explained
by so called governing mathematical equations. Many of these equa-
tions are impossible to solve without simplifying assumptions. These
assumptions cause generation of error in the results, which leads to
descripancies between real world and theories. For so many years, ex-
perimental studies were the only reliable methods for investigating en-
gineering problems. The advent of computers and their rapid advance-
ment brought an opportunity to the scientists to analyze those prob-
lems with less simplifying assumptions. As the computers advanced
more, lesser assumptions were made and more complicated problems
were considered. The term Numerical Method is a very general term
attributed to all of the methods which consist of estimating mathemat-
ical terms or equations numerically. In this text, however, it is referred
to those methods which are to be used to solve the so called conser-
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vation equations. These equations are mass, momentum or Navier-
Stokes and energy equations. In many texts, the term Computational
Fluid Dynamics or CFD is used instead, which is a more specific expla-
nation of numerically solving of the conservation equations.

The conservation equations are a system of nonlinear partial differ-
ential equations for which, so far, no general mathematical solution
has been proposed. In order to numerically solve these equations, they
should be discretized and solved by an iterative method.

As long as the flow is laminar, the only problem is to solve this system
of discretized equations. The accuracy of results depends on both the
grid and the discretization scheme. Examples of these schemes are first
order upwind, second order hybrid, power low and third order QUICK
scheme (Versteegh & Malalasekera, 1995).

The moment that the flow becomes turbulent, a chaotic, random mo-
tion is observable. In this case, the instantaneous flow values at a
fixed location in the flow show a fluctuating behavior. Turbulence, in-
herently, is a three dimensional, time dependent phenomenon. So, In
order to study it numerically, different approaches have been proposed
that have different accuracies which sometimes are flow dependent.
The three major approaches are Reynolds Averaged Navier-Stokes or
RANS, Large Eddy Simulation or LES and Direct Numerical Simu-
lation or DNS. Considerable effort has been devoted to develop these
methods in the recent decades and a important advancements have
been achieved.

1.3.1 RANS Methods

Study of stationary turbulent flows, has shown that fluctuating flow
quantities have a constant mean value (see e.g. Figure 1.2).

This fact, inspired Reynolds to decompose the dependent variables into
an average and a fluctuating part and take the time integral average of
the equations. Doing so, introduced new unknown parameters which
are called Reynolds stresses. No longer the system of equations can
be considered closed. This problem is referred to as turbulence closure
problem which means that the number of unknown parameters are
more than the number of equations.

RANS methods consist of those models which try to estimate these
stresses which are representative of turbulent diffusion, by analogy

4
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PSfrag replacements
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Figure 1.2: Typical point velocity measurements in turbulent flow.

to the molecular diffusion. This analogy is referred to as Boussinesq
approximation which reads:

J d � ³P � ³µ � � B«¶ K pzPK � µ m K p µK � P¸·¹J �º � ³ # � ³ #V» P µ (1.1)

The drawback with these models is that they consider an isotropic tur-
bulent viscosity. From experiments, it is known that this is often not
the case. The accuracy limit of these models depends on the model
length accuracy. This means that there is a limit for mesh refinement
from which further refinement can no longer yield a more accurate re-
sult. The result obtained by this grid is referred to as grid-independent
result.

1.3.2 Large Eddy Simulation

In a turbulent fluid flow, it is observed that there are many different
length scales. These length scales are representative of eddies’ scales in
the motion. It is believed that the large scales, receive the energy from
the main flow that is delivered via smaller scales to the smallest scales
where it is dissipated. This phenomenon is called cascade process.

The idea of LES comes from this fact that the small scales, regardless
of the type of flow and boundary conditions, show an isotropic behav-
ior. So if the large scales are resolved, it is accurate enough to model
the small scales which are called the sub-grid scales or SGS. In order
to get reasonably good accuracy it is shown that the grid should be
fine to such extent that the cut-off takes place in the inertial subrange
(see Figure 1.3). Cut-off is the wave number which is representative of
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the smallest resolved eddy length. Consequently, twice of the smallest
mesh size is the size of the smallest eddy length scale that the grid can
resolve.

PSfrag replacements

¼ Z � ]

�Cut-off

��½ �,¾¿�

Inertial
Subrange

Figure 1.3: Energy spectra.

Important difference between RANS and LES governing equations is
the method of filtering. While in RANS the filtering is performed in
time, in LES, the equations are filtered in space. The filtering pro-
cess is an implicit definition, meaning that the value of any parame-
ter in each cell of the grid is a spatial average of that parameter in-
side the cell. Another difference compared to RANS is that as turbu-
lence is a time dependent three dimensional phenomenon, the govern-
ing equations in LES should also be solved in unsteady, three dimen-
sional format. These differences make the LES much more expensive
than RANS models. Another fact regarding LES is that the grid is
supposed to be fine enough to cover some part of scales in the inertial
subrange. According to Kaltenbach et al. (1999), an LES simulation
based on spectral methods over moderate Reynolds number range, will
produce reliable results if the near wall spacing base on wall units are
of the order of

T � 9 �À���[� for stream-wise direction and
T 1 9 � º � in

the span-wise direction. The minimum spacing must be reduced by at
least a factor of two in order to achieve results of comparable quality
using second-order finite difference method (Kaltenbach et al., 1999).
Also, the extent of grid in the span-wise direction should be such that
the two point correlation of all important parameters in this direction
reach to the zero.

6
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1.3.3 Direct Numerical Simulation

Technically, there is no difference between LES and DNS but the cut-
off location. When all the scales from largest to smallest are resolved, a
direct numerical simulation is achieved. In this sense, the only differ-
ence between an LES and a DNS problem is the grid which is employed.
This method requires a grid resolution as fine as the Kolmogorov micro-
scale. DNS is more time consuming compared to LES so except for very
special simple flows it is too expensive to be implemented.

1.4 Previous Investigations

Natural convection heat transfer has been studied experimentally as
well as numerically and analytically during past decades. Many exper-
iments on the laminar natural heat transfer boundary layer have been
performed and the results are shown by Burmeister (1993). These ex-
periments have been conducted for various ranges of Prandtl numbers
and many useful correlations between Nusselt and Rayleigh numbers
are proposed.

Similarity solution for laminar natural heat transfer boundary layer
at different Prandtl numbers which was carried out by Ostrach (1952),
yielded results that were in good agreement with previous experiments.

Turbulent natural convection boundary layer next to a heated verti-
cal surface was analyzed by George & Capp (1979) by classical scal-
ing arguments. In this theoretical investigation, the boundary layer
is treated in two parts. An inner region in which the mean convec-
tion terms are negligible and is identified as constant heat flux layer
and an outer region which constructs most of the boundary layer in
which conduction terms are considered negligible. In this work, univer-
sal velocity and temperature profiles for asymptotic values of Rayleigh
number when approaches infinity are suggested for both constant heat
flux and constant temperature boundary conditions. The proposed the-
ory was modified later by Wosnik & George (1995) and it was claimed
that the new scaling functions were valid both in the limit of infinite
Rayleigh number and for any position downstream well into the tur-
bulent regime. It was also shown that the boundary layer showed no
linear expansion for moderate Rayleigh numbers but asymptotically
lost its stream-wise inhomogeneity where it expanded linearly.
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Experiments of the turbulent natural heat transfer boundary layer
in air were conducted by Warner & Arpaci (1968) and Cheesewright
(1968). Some experiments were also carried out in different liquids
by Lock & Trotter (1968), Vliet & Liu (1969), Fujii et al. (1970) and Ku-
tateladze et al. (1972). In all of these experiments, the overall charac-
teristics of the natural convection were studied.

Turbulent transport in a natural convection along a vertical flat plate
was experimentally studied by Kitamura et al. (1985) and it was shown
that the large eddy motions play an important role on the turbulent
transport. Later, Tsuji & Nagano (1988a) performed an experimental
study of natural convecting heat transfer boundary layer in more de-
tail compared to previous researches. Characteristics of the near wall
region was studied and applicability of the conventional analogy be-
tween heat and momentum transfer and the concept of the viscous sub-
layer for natural convection were investigated. The structure of turbu-
lent natural convection boundary layer was studied further by Tsuji &
Nagano (1988b) and it was shown that this phenomenon has a unique
turbulent structure which is rarely seen in other turbulent boundary
layers. The results suggest that for values of   9 between 20 to 100,

� ³ ; ³
is not correlated with the mean velocity gradient, i.e.

K p > K   .
Turbulent natural convection around a heated vertical slender cylinder
was studied by Persson & Karlsson (1996) and new turbulent struc-
tures were presented for the near wall region. It was shown that there
exist a region of negative shear stress close to the cylinder contrary to
the measurements of Tsuji & Nagano (1988b).

Low turbulence natural convection in an air filled square cavity was
studied and the results for the thermal and fluid flow fields and turbu-
lence quantities were published by Tian & Karayiannis (2000a) and Tian
& Karayiannis (2000b), respectively. The experiments were conducted
at a relatively low Rayleigh number

O�� � �[
Á�)ÂÃ�:���¸Ä and the contour
plot of the thermal field and a vector plot of air flow in the cavity are
reported for the first time. It is believed that in this experiment, the
level of turbulence has been quite low, and the flow has been only tran-
sitional with a stratified quiescent flow in the core.

Another experiment in cavity was set up by Betts & Bokhari (2000).
It consisted of an enclosed tall cavity where in the core region, flow
was fully turbulent. The experiment was performed at two different
Rayleigh numbers,

O . �Å�L

Â[�Ã�:����Æ and
O . � �[
ED º �:����Æ , based on the

cavity width. The advantage of having a tall and thin cavity was that
it made it easier to achieve two dimensional results.

8



CHAPTER 1. INTRODUCTION

Natural convecting boundary layer has also been studied numerically.
Many investigations have been carried out and useful results are pro-
posed. The difficulties and controversial modeling issues within the
framework of the second-moment closures are discussed by Hanjalic
(1994) and some suggestions for the future researches by considering
many test flows, have been made.

Considering RANS computations, a ; " J 2 and a
7 JÈÇ model were com-

pared with the experimental data for two different geometries by Tieszen
et al. (1998). The two considered geometries were a vertical flat plate
and a differentially heated cavity. Three different treatments of buoy-
ancy/turbulence coupling were compared and it was shown that ; " J 2
model together with employment of a buoyant production term which
was defined based on generalized gradient diffusion hypothesis yielded
the best result.

Computation of turbulent buoyant flow in a cavity was carried out
by Peng & Davidson (1999) and a low Reynolds number

7 J � model
was employed in the computations. It is mentioned that the customary7 J�Ç models are not capable of giving grid independent prediction ow-
ing to the transition regime especially for moderate Rayleigh numbers
between ���L� ° to ����� " . It is shown that this grid independency comes
from buoyancy source term for the turbulence kinetic energy that ex-
hibits strong grid sensitivity. This problem was fixed by introducing a
damping function in buoyant production term.

LES of natural convection in concentric horizontal annuli was studied
by Miki et al. (1993) and the results were compared by available ex-
perimental results. The maximum Rayleigh number based on the gap
width was �[
É��ÂÊ�����[Ä . It was shown that by ignoring SGS model in the
governing equations, very different results for fluctuating quantities
were achieved, although the results for overall flow quantities such as
velocity and temperature remained reasonable. It was shown that the
accumulation of energy in small scales caused this problem. Also it was
shown that by increasing the Smagorinsky constant from 0.1 to 0.2, the
ratio of SGS energy to grid scale energy increased drastically.

Peng & Davidson (1998) studied the effect of different SGS models and
proposed a new SGS model for buoyancy affected turbulent flows. The
three studied SGS models were a scalar model which has no term to
take the effect of buoyancy into account, a buoyancy model which was
proposed by Eidson (1985) and a modified model based on the buoy-
ancy model. The motivation for proposing the modified model was the
resulting non-real solutions to the cases that buoyancy term was larger

9
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than strain rate tensor. It was shown that all models despite of very
different coefficients gave similar results when applied to a Rayleigh-
Bénard problem with a Rayleigh number equal to

º 
CÂË�����¸� . Low influ-
ence of small scales on the large scales and low turbulence level of the
considered Rayleigh-Bénard problem was mentioned to be the likely
reasons for the similarity of results.

Ningyu et al. (2000) proposed a new dynamic SGS model for LES of
stratified flows. The new model was then applied to a Rayleigh-Bénard
problem at different Richardson numbers and it was shown that for
Richardson numbers larger than a critical 0.06 value, the flow showed a
laminar behavior. The obtained critical Richardson number was shown
to be in good agreement with theoretical value of 0.0554.

Zhang & Chen (2000) proposed a new dynamic SGS model which is
based on a new defined averaging method in order to calculate the dy-
namic SGS viscosity coefficient when there exist no homogeneous di-
rection in the considered computational geometry. Motivation for pro-
posed model was that due to high fluctuations of the SGS coefficient in
dynamic models, convergence is highly unstable. The proposed model
is claimed to be useful for indoor airflows in which there is generally no
homogeneous direction involved. The performance of the model is in-
vestigated by comparing the obtained results for three different cases
of pure natural, forced and mixed convection in different three dimen-
sional cavities and existing experimental results.

LES of a turbulent rotating convective flow was performed by Cui &
Street (2001). In this study, the adopted geometry consisted of a circu-
lar tank of radius

O�R �Ì��
ED¸Â�Í and the fluid was water. A heat exchanger
of radius

OSP �Î��
 n Í was set up below the tank. Results were obtained
for different rotational speeds and buoyancy heat fluxes. It was shown
that neither the angular velocity nor buoyancy flux affect the growth
of the conductive layer which forms over the heating plate below the
tank. It is also shown that the convective rings which form near bot-
tom of the tank, look more uniform with increasing angular velocity
and the time that it takes for the rings to reach the top of the tank is
independent of the angular velocity. Furthermore it was shown that
the number of convective rings depends on the buoyancy flux.

Peng & Davidson (2001b) studied the LES of turbulent flow in a con-
fined cavity and compared the results with the experiment of Tian &
Karayiannis (2000a) and Tian & Karayiannis (2000b). It was shown
that mean flow quantities were in good agreement with the experimen-
tal results, however, there were some discrepancies in the prediction of
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turbulence statistics especially in the shear layer region between the
wall boundary layer flow and the cavity core region. It is suggested
that special attention should be paid to the flow physics and numeri-
cal treatment in this region. A comparative study of LES of turbulent
buoyant flow in a cavity with different SGS models and grid resolu-
tions was also performed by Peng & Davidson (2001a). It was shown
that although the proposed SGS model was able to predict mean flow
quantities, it was unable to recreate the turbulence quantities particu-
larly in the core region. It was also shown that the energetic flow struc-
tures which are enhanced by buoyancy in the boundary layer along the
heated and cooled walls of the cavity, exist in the outer layer neigh-
boring the nearly stagnant core region of the cavity. Existence of a7 ½ � buoyancy subrange next to the

7 ½ �,¾¿� inertial subrange was con-
firmed by the results. It was suggested that a span-wise mesh spacing
of
T 1 9 ­ n � is appropriate to resolve the energetic, coherent struc-

tures in the boundary layer. Peng & Davidson (2002) in continuation of
previous works, proposed a new non-linear SGS heat-flux model. The
model is to some extent similar to a scale-similarity model subjected
to a Taylor expansion for the filtering operation. The model was ex-
amined in an infinite vertical channel with differentially heated walls
and it was shown that very encouraging results compared to DNS and
experimental results were achieved.

Natural convection boundary layers are also studied by DNS. As it is
very hard to resolve the smallest scales, only simple geometries have
been studied so far. Iida & Kasagi (1997) studied the Rayleigh-Bénard
problem with cross stream flow and observed remarkable phenomena
in this particular type of flow. They showed that the large-scale ther-
mal convection involving the thermal plumes diminishes the quasi-
coherent stream-wise vortices, which consequently results in an incre-
ment in the bulk mean velocity and decreases turbulent friction co-
efficient. The effect of the Prandtl number on the kinetic energy of
turbulence was also studied and it was shown that the kinetic energy
of turbulence is a non-linear function of Prandtl number.

Using DNS, Natural convection between two vertical differentially heated
walls was studied by Nieuwstadt & Versteegh (1997). The major topic
of investigation in this study was the self similarity behavior of the
results following the scaling hypothesis proposed by George & Capp
(1979). It was shown that the proposed scaling approach leads to self-
similarity for the mean temperature profile but it fails for the mean
velocity profile. The adopted geometry dimension in this study wasÏ 

�)Ð » ��D)Ð » � n » in stream-wise, span-wise and cross stream-wise direc-
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tions, respectively. In another study, Versteegh & Nieuwstadt (1998)
investigated the turbulent budgets of natural convection in an infinite,
differentially heated, vertical channel. It was found that close to the
wall, the shear production of turbulence was negative. It was also men-
tioned that modeling of pressure strain and transport terms in a sepa-
rated way is not a good idea while the combination of these two terms
behaves in a more continuous way especially near wall.

Limiting behavior of turbulent transport of a scalar close to a wall us-
ing DNS, was studied by Na & Hanratty (2000). A horizontal channel
flow with the lower wall kept at a higher temperature than the upper
wall was adopted as the investigating flow and geometry. It was shown
that the analogy between momentum and scalar transport can not be
used to define the limiting behavior of turbulent diffusivity when  �Ñ � .
DNS of a plane vertical channel flow, in order to study the difference
between the case with buoyancy and the case without buoyancy was
performed by Davidson et al. (2003). It was found that in the case
without buoyancy or forced convection case, the turbulent shear stress
balances the pressure gradient in the region away from the viscous
dominated region. However, in the case with buoyancy or mixed con-
vection case, it is shown that the buoyancy term modifies the shear
stress in a way that it is decreased near the hot wall where the flow
is ascending and increased near the cold wall where the flow is de-
scending. This is shown to be the case for all normal stresses as well.
However, it is shown that b ³ " behaves in a different way compared to
Reynolds stresses. It increases near the hot wall and decreases near
the cold wall. Finally, as it was found that turbulent shear stress and
normal turbulent heat flux were not correlated to velocity and tempera-
ture gradient across the channel, respectively, Reynolds stress models
were recommended to be used for buoyancy-affected flows because in
these methods, no direct stress-strain coupling is assumed.

1.5 Designing an LES Problem

From previous investigations it can be found that natural convection
phenomenon has still a lot of aspects which are not clear and there are
some other aspects for which there is no general agreement. Another
fact is that there is either no or very few researches on the natural
convective boundary layer along a vertical cylinder and most of the
studies are performed on the plates or channels or horizontal cylin-
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ders. Regarding this and existence of an experimental apparatus in
the laboratory of Department, created the motivation for designing an
LES problem in order to study the natural convection heat transfer
along a vertical cylinder. The schematic diagram of the experimental
apparatus is shown in Figure 1.4.
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Figure 1.4: Experimental apparatus.

Water temperature is kept at Â[� R � and is circulated in counter flow di-
rection respect to the air flow around it. The incoming air, is kept atn � R � by help of an HVAC unit which is not shown in the figure. This
unit feeds air to the inlet, which is located near the bottom of the iso-
lating shell. The reason for feeding air is to prevent stratification. This
problem is explained in detail in the next chapter. Both at the inlet and
near the outlet at the height of D�
Á�3Í perforated plates are used in order
to make the flow at inlet and outlet smooth and uniform. The maxi-
mum local Grashof number reaches approximately �����$�Ü�'�0��� ��� in this
apparatus. The reason for choosing such a geometrical configuration is
that although an idealized vertical natural convection boundary layer
takes place in infinite surroundings, it is impossible to achieve such an
ideal condition either in experiments or in numerical calculations. In
fact, both experiments and calculations are very sensitive to the loca-
tion of the infinite boundaries and any disturbances there (Persson &
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Karlsson, 1996). Another advantage of this geometrical configuration
is that it makes it possible to create a truly two dimensional fluid flow
and heat transfer.

1.6 Overview of the Present Study

This work is divided into three major parts. In Chapter 2, a RANS
model is applied to a simplified two dimensional geometry which is
adopted concerning the experimental apparatus. As the apparatus is
not activated yet, its proper operating condition is numerically studied.
Simplification of the geometry to such an extent that the change in
results is negligible is also an object of this study.

In Chapter 3, the recommended two dimensional geometry of Chapter
2 is converted to a three dimensional geometry and LES of the flow is
performed and the results are studied. In order to accelerate the state
of the flow to a numerically fully developed condition, the results from
the RANS simulations are used as initial condition.

In Chapter 4, DNS of natural convection between two infinite vertical
walls is studied. The objective is to qualitatively compare this flow to
the flow studied in Chapter 3.
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Chapter 2

RANS Modeling

As an engineering point of view, RANS simulations are very time and
cost efficient for designing an experimental apparatus or finding opti-
mal operating condition of the apparatus. Besides, when the LES of
the flow or heat transfer is a matter of interest, as it is very sensitive
to boundary conditions and mesh refinement, it is always worthwhile
to get an insight by solving the problem with RANS models. Also it can
be very time consuming to reach to a fully developed state while doing
LES. So, using the acquired flow and heat transfer results of the RANS
simulations, accelerates this process.

Thus, before performing LES, which is very CPU work and time con-
suming, the different operating conditions of the experimental appara-
tus, using two dimensional Reynolds Averaged Navier Stokes (RANS)
equations, are numerically investigated.

To simulate the desired turbulent flow, two different turbulence models
are considered. These two models are based on low Reynolds

7 J �
and

7 J � models. As the applicability of these models should first be
examined on similar and simple natural convection problems, they are
first applied to a confined cavity for which both experimental and LES
data are available.

2.1 Governing Equations

The governing equations for the flow inside the shell and tube are
the time averaged two dimensional continuity and Navier-Stokes equa-
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tions in the cylindrical coordinate system. The Reynolds stress terms
are modeled by the help of turbulent kinetic energy and turbulent dis-
sipation equations.

Continuity: �� KK � Z �); / ] m KK 1 Z ;)� ] �Ü� (2.1)

Convective derivative: � ��ÝÞ�Ü; / KK � m�;3� KK 1 (2.2)

Laplacian operator: Ý " � �� KK � ¶´� KK � ·ßm K "K 1 " (2.3)

The � -momentum equation:Z � �3Ý ] ; / �àJ �d K FK � m �� KK � ¶ � @¸���«á _ K ; /K � · J @��Á�«á _ ; /� "m KK 1 ¶ @¸���«á _ K ; /K 1 · (2.4)

The 1 -momentum equation:Z � ��Ý ] ;)�$�àJ �d K FK 1 m 4 � r Z M J M:g ] m �� KK � ¶ � @¸���âá _ K ;3�K � ·m KK 1 ¶ @¸���ãá _ K ;3�K 1 · (2.5)

The energy equation:Z � �3Ý ] M � �� KK � ¶ � @��Á�«á ` K�MK � · m KK 1 ¶ @��Á�«á ` K�MK 1 · (2.6)

Here, the turbulent diffusive cross terms arising from ää Y{åËæ @��Á� ä _^åä Y �{ç in
which ; µ stands for velocity vector, are neglected. The two turbulence
models which have been used are the

7 J � model which is proposed
by Abe et al. (1994) (hereafter referred to AKN model) and

7 J � model
of Peng et al. (1997) (hereafter referred to PDH model). For the AKN
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model the kinetic energy and the dissipation rate of turbulence equa-
tions are:

Z � �3Ý ] 7 � �� KK � ¶´� @��Á�ãá # K�7K � ·ßm KK 1 ¶ @¸���ãá # K¡7K 1 ·ßm A # J � (2.7)

Z � �3Ý ] � � �� KK � ¶´� @����âá � K �K � ·�m KK 1 ¶ @��Á�«á � K �K 1 ·èm �7 Z ��� � A # J ���¿"!2�� � ] (2.8)

in which:A # � n[@ Bêé ¶ K ; /K � · " m ¶ K ;3�K 1 · "të m @ B ¶ K ; /K 1 m K ;3�K � · " m @ B ¶ n� " ; "/ ·@��Á�«á _Q� @ m @ B@¸���ãá `ì� @A � m @ BA �VB@¸���«á # � @ m @ B� #@��Á�«á � � @ m @ B� �@ B?� ��%[2�% 7 "�2�% �îí$�êJðï!ñ�òó¶�J   <��D ·õô " é �'m �O �,¾�öB ïIñLòõ÷\JÎ¶ O Bn ��� · "�ø'ë2�� � í �êJðïIñLò ¶ J   <º 
Ô� ·Ãô " éù�êJð��
 º ïIñLò ÷ J ¶ O B��

� · "¸ø�ë  < � � � 8@  � � � Z @ � ] � ¾�ö  O B?� 7 "@ ���% �Ü��

���  � # �ú�[
ED  � � �ú�[
ED  ��� � �Î�[

�  ���¿" �û�[
C�
The value of � for wall adjacent nodes is set to � H � n[@ 7 >38 " . For PDH
model the kinetic energy and specific dissipation equations are:Z � ��Ý ] 7 � �� KK � ¶N� @��Á�«á # K¡7K � ·èm KK 1 ¶ @����ãá # K¡7K 1 ·�m A # J �$#�2�# � 7 (2.9)

Z � �3Ý ] � � �� KK � ¶�� @¸���ãá & K �K � ·�m KK 1 ¶ @¸���ãá & K �K 1 ·üm� 7 Z �'& � 2�& A # J �'&)" � " ] m �'& @ B7 ¶ K �K � K �K � m K �K 1 K �K 1 · (2.10)
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in which the two last terms in � -equation are cross diffusion terms and:@��Á�«á & � @ m @ B� &@ Bc� ��%�2�% 7 >��2�% �Ü��
C� n �êmÎ÷\�êJðï!ñ�ò é JÎ¶ O B��� · �,¾�ö ëêø ÷s��

� Ï �sm ��
C�[���O B ï!ñLò é JÎ¶ O Bn ��� · " ëêø23# �Î�êJß��
 Ï n[n ïIñLòýéxJÎ¶ O B��� · ö ë2�& �û��mßD�
 º ï!ñLòßéxJ ¶ O B��
Á� · � ¾ "xëO Bc� 7@����% �û��

�  �$# �Ü�L

�[�  �'& � �Ü��
ED n  �'&)" �Ü��

� Ï �  �'& �à��
 Ï �� # �Ü��
CÂ  � & �Î��
 º �
Similar to previous model, wall adjacent nodes are set to a value equal
to �zH �Ü� @�> Z �'&�" 8 " ] .
2.2 Numerical Method

The governing equations are solved in steady state conditions and a
third order QUICK scheme for momentum equations and second order
Van Leer scheme for turbulence models are used to discretize the gov-
erning equations (Davidson & Farhanieh, 1995). In order to solve the
discretized equations, the SIMPLEC algorithm together with Rhie and
Chow interpolation are employed.

2.3 Turbulence Model Assessment

In order to assess the ability of both turbulence models in predicting
the fluid flow and heat transfer of typical natural convection problems,
the natural convection in a confined square cavity is considered, where
both experimental (Tian & Karayiannis, 2000a) and LES results (Peng
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& Davidson, 2001b) exist. The cavity’s left and right walls are hot and
cold respectively with a temperature difference of D[� R � . The Rayleigh
number based on cavity width is about

O�� �þ�[

��Â������[Ä . The top and
bottom walls of the cavity are highly conductive walls which give a
temperature distribution along these walls. As the temperature dis-
tribution along these two conductive walls were not linear, the tem-
perature boundary condition are taken directly from the experimental
values and a �[��ÿ���� mesh has been used. Figures 2.1(a), 2.1(b) and 2.2
compare the streamlines of flow inside the cavity by different models.
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Figure 2.1: RANS simulation.
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Figure 2.2: LES from Peng & Davidson (2001b).

As it is obvious from the figures, the flow structure is predicted differ-
ently by different models. However, PDH model result looks more alike
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LES model. Furthermore, by studying Figure 2.3 it can be seen that the
PDH model is generally in better agreement with experimental data.
The reason for why the AKN model and the PDH model give different
results is that the transition commencement is predicted differently by
the two turbulence models.

2.4 Effect of Inlet Velocity

Among all, one of the most important boundary conditions that plays a
vital role on the temperature stratification along the heated tube, is the
inlet condition. The reason for this problem is depicted in Figure 2.4.

If the rate of fluid flow inside the boundary layer approaching the out-
let ( �Í���� ) becomes larger than the inlet flow rate ( �Í P = � �Í R�� B ), some part
of fluid ( �Í����cJ �Í P = ) will recirculate in order to compensate this differ-
ence. The recirculating fluid brings hot fluid to the upper part of the
domain. Thus, temperature stratification along the outer part of the
boundary layer is inevitable, causing the boundary layer growth to be
suppressed. However, by increasing the inlet flow rate, a smaller flow
recirculation and consequently a smaller temperature stratification is
likely to occur. Therefore, the aim is to apply an inlet flow rate large
enough to reduce temperature stratification and small enough so that
the natural convection remains the dominant phenomenon. So, differ-
ent inlet velocities are applied and the effect of them are studied.

The computational geometry and boundary conditions are depicted in
Figure 2.5, in which all the dimensions are in millimeter. All the walls,
except the hot tube which is shown thicker than the other walls, are
considered as insulated walls and Neumann boundary condition for
temperature is applied to them. The inlet flow is uniform and enters
horizontally in the negative radial direction.

The effect of perforated plate is modeled in the calculations knowing
that the aspect ratio of free area of the plate to area of passage is equal
to ��

��� . Considering this property, the plate causes a pressure drop
equal to

T F �Ìi R d ; "� >[n where i R � º
according to Miller (1990).

The calculations are carried out for three different inlet velocities equal
to ��
ED  �L
Á� and ��
C��Í >�� using the PDH model. Figures 2.6(a) and 2.6(b)
show thermal and velocity boundary layer developments. The thermal
boundary layer thickness, �0` , is defined as where Z M H J M ] > Z M H J Mc� ] ���

��� and for velocity is defined as the location where the fluid velocity
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Figure 2.3: Results in a square cavity obtained by different models.
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Figure 2.5: Computational geometry.
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is half of maximum fluid velocity.
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Figure 2.6: Boundary layer growth for different inlet velocities.

Figure 2.7 compares the local Nusselt number variation,
�¥� � , for dif-

ferent inlet velocities, and those obtained experimentally by Tsuji &
Nagano (1988a) along a flat plate. It can be found that the transi-
tion from laminar to turbulent flow, for all cases with different inlet
velocities, commences slightly earlier at

O�� ���Þ� �L����q compared to the
vertical flat plate. Also another jump in local Nusselt number nearO�� �Ê� n ����� � ° is predicted by the RANS simulations. This jump is re-
lated to a recirculation region near the outer shell which extends up to
height of 1 � �[
CD�Í for which

O�� ��� �\����� � ° (see Figure 2.7). From this
height, as the recirculating region starts to vanish, the actual flow pas-
sage widens, causing expansion in the boundary layer. Examination of
this region shows that the turbulent viscosity has severely increased
which causes the turbulent diffusion to increase. In turn, the wall ad-
jacent fluid temperature decreases causing the local Nusselt number
to increase.

In Figure 2.8 the amount of temperature stratification at different radii
for different inlet velocities are shown. From the figures, a larger tem-
perature stratification for smaller inlet velocity is perceivable.
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Figure 2.7: Heat transfer rate for different inlet velocities (left) and
recirculating region which causes a sudden increase in local Nusselt
number (right).

2.5 Effect of Perforated Plate

For sake of simplicity it was of particular interest to investigate the
effect of perforated plate and the possibility of its elimination in the fu-
ture LES simulations. Thus, a new geometry without perforated plate
and a reduced D�
Á�)Í height with the same outlet was introduced. Fig-
ures 2.9(a) and 2.9(b) compare the thermal and velocity boundary lay-
ers growth of the two geometries with the inlet velocity ( w P = ) equal to��

�)Í >�� .
Except for a very small region at the highest part of geometry, no dif-
ference between the results of the two different geometries is recogniz-
able. This feature is still valid for the Nusselt number as it is shown in
Figure 2.10.

The grids which were used for the different geometries were � n �Ãÿ n[n �
and � n �ìÿ � º � in � and 1 directions for the geometries with and with-
out perforated plate respectively. The latter obviously, saves a great
deal of computational time. Another disadvantage of having the perfo-
rated plate included in the computations is that it can create numerical
problems in the future LES simulations. Also it was observed that by
decreasing the grid size to ���Ãÿü�[� the changes in the results were less
than five percent.
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Figure 2.8: Temperature stratification.
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Figure 2.9: Boundary layer growth for different geometries.
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Figure 2.10: Heat transfer rate for different geometries.
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2.6 Effect of Outlet Dimension

In this section, the increasing effect of the outlet dimension is stud-
ied. When the outlet dimension is �[��Í Í , the flow accelerates toward
the outlet causing a rapid increase in Nusselt number as well as fric-
tion coefficient. As a result, relatively large radial velocities, ; / , will
be generated near the outlet region. Although this is not a problem
in the present 2D RANS calculations, it can introduce a problem in
LES simulations, since the largest CFL number occurs in this region.
This makes the LES simulations unnecessarily expensive because of
the limitation of choosing small computational time steps. To over-
come this problem a remedy is to increase the outlet dimension such
that this increase does not affect the characteristics of fluid flow in the
inner part of computational domain.

Comparing different outlet boundary conditions, the results are shown
in Figures 2.11(a) and 2.11(b) which are in complete agreement with
each other. Needless to say, the same agreement is valid for heat trans-
fer coefficient in Figure 2.12.
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Figure 2.11: Boundary layer growth for different outlet dimensions.

This enables us to study the flow field and heat transfer, considering
hypothetical outlet dimension without expecting significant discrepan-
cies in achieved results compared to the original geometry configura-
tion.
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Figure 2.12: Heat transfer rate for different outlet dimensions.

2.7 Effect of Inlet Dimension

One of the major advantages of numerical methods is that we can eas-
ily change or modify different part of the geometry in order to design,
compare or anticipate the fluid flow and heat transfer behavior. In
this study it was of particular interest to study a geometry with a dou-
bled inlet dimension while the inlet flow rate was kept constant so that
a lower initial momentum was supplied at the inlet. Figures 2.13(a)
and 2.13(b) compare the thermal and velocity boundary layers growth
and Figure 2.14 compares the heat transfer rate from the heated in-
ner tube of the two geometries. The inlet condition for the imaginary
apparatus is adjusted such that the flow is comparable to the original
apparatus with �L
Á�)Í >�� inlet air velocity.

When the inlet dimension is doubled, the inlet velocity is reduced by
a factor of two and as a result the transition from laminar to turbu-
lent is smoother. Again near the outlet, the Nusselt number increases
due to fluid acceleration similar to the original configuration but in a
smoother way. Furthermore, the commencement of transition region
has slightly retarded.

2.8 Effect of Outer Shell Radius

In this section the doubling effect of the apparatus cross sectional area
in the way that inlet flow rate remains approximately constant, is in-
vestigated and the results are depicted in Figures 2.15 and 2.16, in
which

O�R�� B stands for the outer shell radius. The inlet condition for the
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Figure 2.13: Boundary layer growth for different inlet dimensions, with
perforated plate.
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Figure 2.14: Heat transfer rate for different inlet dimensions, with per-
forated plate.
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imaginary apparatus is adjusted such that it is comparable to the real
apparatus with �L

��Í >�� inlet air velocity but the mesh size and stretch-
ing factors are the same for both cases.
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Figure 2.15: Boundary layer growth for different shell radii, with per-
forated plate.
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Figure 2.16: Heat transfer rate for different shell radii, with perforated
plate.

In this case, as the geometries have different widths, the radial coor-
dinate is not normalized. Once again, like the last case, by doubling
the cross sectional area, the typical velocities approximately decrease
by a factor of two at the middle part of the rig. This makes the forced
convection heat transfer to become less effective and consequently a
smoother retarded transition occurs.
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2.9 Conclusions

The objective of the present work was to study the effect of inlet bound-
ary conditions and geometrical parameters for a shell and tube config-
uration. The present work is a pre-study for a comprehensive inves-
tigation of this flow using both LES and experiment. Different inlet
velocities were applied and different boundary layer growth along the
heated tube were observed and it was shown that the larger the inlet
velocity becomes, the larger the Nusselt number becomes. Especially
near the transition region this difference is large and gradually van-
ishes in the fully turbulent region.

As the inclusion of the perforated plate in LES may cause some nu-
merical problems, the eliminating effect of the plate was studied. The
obtained results showed that except for the very end part of the geom-
etry no significant difference could be observed.

Having a very small outlet causes flow acceleration near the outlet.
This means that in LES, a large CFL number is unavoidable. So, the
effect of outlet size on the fluid flow and heat transfer was studied and
no important difference between different geometries was observed.

Because of the inlet position of the shell and tube, a large vortex at
the right half of the geometry close to the shell was formed. To study
its effect, one case with doubled inlet size and one with doubled shell
and tube effective area cross section were investigated. In both cases
the inlet flow rate was kept constant. In the former case it was found
that because of smaller inlet velocity, the velocity boundary layer was
thinner while no significant change in the thermal boundary layer was
found showing that the mixed convection heat transfer was dominated
by natural convection in both cases. However near the middle part of
the shell and tube, the boundary layers were found to be thicker. This is
probably due to less temperature stratification in this case. In the lat-
ter case, however, while the thermal boundary layer was not changed
significantly, the velocity boundary layer became thicker near transi-
tion region. In both cases, the transition to turbulence was smoother
compared to the baseline case.

In Figures 2.17(a) and 2.17(b) the variation of ; 9 and
M 9 at different����� numbers for the case with �L

��Í >�� inlet velocity is compared. While

in Figure 2.17(a) it is shown that the assumption of ; 9 �ú� 9 is strictly
valid for � 9�� � , in Figure 2.17(b) the validity of

M 9 � A ��� 9 for values
of � 9M� � is shown which is in agreement with Tsuji & Nagano (1988a).
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Figure 2.17: Velocity and temperature profiles.

Finally, in Figure 2.18 the amount of shell and tube energy exchange
rate versus inlet velocity of the facility is shown. As it could be ex-
pected, the amount of energy consumption rate is increased with inlet
velocity increase.
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Figure 2.18: Energy exchange rate.
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Chapter 3

Large Eddy Simulation

Large Eddy Simulation can be considered as a compromise between
accuracy and time compared to the conventional eddy viscosity models
and Direct Numerical Simulation method. Alike DNS, the governing
equations have an unsteady characteristic in order to capture the large
scale turbulence. However, the mesh does not need to be as fine as
DNS. In order to advance the flow to become fully developed in time, it
is even possible to start the calculations from an initial value obtained
from conventional eddy-viscosity models.

To study the natural convection boundary layer along a vertical cylin-
der, both simplified geometry and initial values for mean flow parame-
ters were adopted from the RANS modeling for which the results were
presented in the previous chapter. Several different domains with dif-
ferent span-wise extension in order to obtain a domain independent
result are studied. Different grid sizes are studied to make sure that
the cut-off takes place at the inertial subrange.

3.1 Governing Equations

The governing equations are the space-averaged three dimensional con-
tinuity, Navier-Stokes and energy equations in the cylindrical coordi-
nate system. Smagorinsky model is used to model the subgrid-scale
eddies.

Continuity: �� KK � Z � ; / ] m �� KK ~ Z ;�} ] m KK 1 Z ;¸� ] �à� (3.1)
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Convective time derivative:� �3ÝÞ� ; / KK � m �� ;�} KK ~ m ;�� KK 1 (3.2)

Laplacian operator:Ý " � �� KK � ¶ � KK � · m �� " K "K ~ " m K "K 1 " (3.3)

The � -momentum equation:K ; /K b m Z � �3Ý ] ; / J �� ; "} �ÎJ �d K FK � m �� KK � ¶ � @����ãá _ K ; /K � · m�� " KK ~ ¶ @��Á�«á _ K ; /K ~ · m KK 1 ¶ @��Á�«á _ K ; /K 1 · J @��Á�«á _ ; /� " J n� " @��Á�«á _ K ;�}K ~ (3.4)

The ~ -momentum equation:K ;�}K b m Z � �3Ý ] ;�}zm �� ; / ;¸}$�ÎJ �d � K FK ~ m �� KK � ¶N� @����ãá _ K ;L}K � ·üm�� " KK ~ ¶ @��Á�«á _ K ;�}K ~ ·ßm KK 1 ¶ @��Á�«á _ K ;L}K 1 · J @����ãá _ ;¸}� " m n� " @¸���ãá _ K ; /K ~ (3.5)

The 1 -momentum equation:K ;��K b m Z � �3Ý ] ;��$�ÎJ �d K FK 1 m 4 � r Z M J M /�o g ] m�� KK � ¶ � @¸���âá _ K ;��K � · m �� " KK ~ ¶ @��Á�«á _ K ;��K ~ · m KK 1 ¶ @����ãá _ K ;L�K 1 · (3.6)

The energy equation:K MK b m Z � ��Ý ] M ��� KK � ¶´� @��Á�ãá ` K MK � ·ßm �� " KK ~ ¶ @��Á�«á ` K MK ~ ·�m KK 1 ¶ @��Á�«á ` K MK 1 · (3.7)

in which: @��Á�«á _ê� @ m @¤©OªY©
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CHAPTER 3. LARGE EDDY SIMULATION@��Á�«á ` � @A � m @B©OªY©A �VB@B©OªY© � Z �¬« T ] " 2�% q n � P µ � P µT � Z T¯� ] � ¾¿� � Z T �¯ÿ T ~¯ÿ T 1 ] � ¾¿�n � P µ � P µ � n é ¶ K ; /K � · " m ¶ �� K ;L}K ~ m ; /� · " m ¶ K ;��K 1 · "të mé ¶ �� K ; /K ~ m K ;L}K � J ;¸}� · " m ¶ K ; /K 1 m K ;L�K � · " m ¶ K ;�}K 1 m �� K ;L�K ~ · "të2�% �ú�êJðïIñLòó¶�J 8 9n � ·�¬« �à��
É�  A �0B:�Ì��
ED  A ���Ì��
 Ï
In the above equations, the turbulent diffusive cross terms arising fromää Y{åËæ @���� ä _¿åä Y �xç in which ; µ stands for filtered velocity vector, are neglected.

3.2 Computational Geometry

Doing RANS computations, it was shown in the previous chapter that
the perforated plate elimination has little effect on the boundary layer
growth along the vertical cylinder. This makes the geometry simpler
and saves computer memory because there is no need to simulate the
flow in the upper part of the geometry above the perforated plate. An-
other fact was the negligible effect of the outlet dimension. As the
outlet becomes larger, the flow decelerates more in that area. This is
important in LES computation as the CFL number of each cell is sup-
posed not to exceed a value greater than one. Considering these issues,
the adopted geometry is shown in figure 3.1.

3.3 Numerical Method

A conventional finite volume method (Versteegh & Malalasekera, 1995)
is used to solve the governing equations. As it is very important not
to dissipate the turbulence by conventional numerical schemes, it is
customary to discretize the governing equations by central difference
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Figure 3.1: Computational geometry.

scheme. However, this approach causes a so called unphysical fluctu-
ation or wiggle problem which is related to the unboundedness of the
central difference scheme. Especially, this problem can be encountered
in regions where turbulence intensity is not high enough or in laminar
regions and in the regions where the grid is not fine enough. Both of
these problems occur in the present LES computation near the inlet. If
pure central difference scheme is used, these unphysical fluctuations
will be generated near the inlet and soon propagate throughout the
computational domain. This caused some domain cells to acquire tem-
peratures far below n � R � . The temperature decrement continued to
fall down even to negative temperatures although there were no prob-
lem in the code convergence. Also there were no cell in the final av-
eraged result for which the temperature was below n � R � showing that
the conservation of energy had been fulfilled. To remedy this problem,
a blend of Van-Leer and central difference scheme with deferred cor-
rection (Ferziger & Peric, 1996) can be used (Dahlström & Davidson,
2003), so that the convective flux can be expressed as:

�Í � = ®X¯ « m �Í±° � � = ½ �² ¯ « J � � = ½ �®X¯ « m Z �sJ � ]{� = ½ �®X¯ «�³�´ �O�Sµ (3.8)

36



CHAPTER 3. LARGE EDDY SIMULATION

Here,
�·¶ a

,
p ¶ a

and
p ¶ a f R /¿/ stand for the central difference scheme,

1st-order upwind scheme and 2nd-order correction to the lower order
upwind scheme respectively. 8 and 8 Jó� stand for current and previous
time steps respectively and � is a blending factor which can take a
value between zero and one. � � � gives Van-Leer scheme and � � �
gives central difference scheme with deferred correction. The idea is
to set � � � when a wiggle is detected and � � � otherwise. As the
Van-Leer scheme is bounded, the wiggle will be removed. However,
it is difficult to recognize an unphysical wiggle from turbulence. For
velocities, the proposed method by Mary & Sagaut (2002) is used to
detect the unphysical wiggles. Accordingly, the definition of wiggle is
depicted in figure 3.2.
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Figure 3.2: Wiggle definition.

The wiggle will be detected at the ¹¡m	� >[n face when the following cor-
relations are satisfied:º»½¼ Z�¾ � 9 � J ¾ � ] Z�¾ ��J ¾ � ½ � ] ¤ �

andZ�¾ � 9 " J ¾ � 9 � ] Z�¾ � 9 � J ¾ � ] ¤ �
Here, ¾ stands for a velocity component.

However, for temperature, it is easier to detect a wiggle. As long as
there is no source of heat in the flow, the temperature value of each cell
can not take a value higher or lower than its neighboring cells. Also,
in the absence of source, no computational cell can take a tempera-
ture value lower and higher than the coldest and warmest boundaries
respectively. In this computations, both criteria are used. For each
parameter ( ; / , ;3� , ;3} , M ) at each iteration for each cell, the existence of
wiggle in all three directions (stream-wise, span-wise and cross stream-
wise) is checked and if there is, the scheme of discretized equations
will be modified to Van-Leer scheme via source term. In fact the base
scheme for all equations is central difference scheme.
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In order to discretize the equations in time, the second-order Crank-
Nicolson scheme is used. The numerical procedure is based on an
implicit, fractional step technique with a multi-grid pressure Poisson
solver (Emvin, 1997) and a non-staggered grid arrangement (Davidson
& Peng, 2003).

3.4 Boundary Conditions

As it was explained in the previous section laminar regions may pro-
voke the problem of unphysical fluctuations. In order to have turbu-
lence at the inlet, an instantaneous turbulent velocity field was imple-
mented at the inlet plane. The velocity field was obtained by doing
DNS simulation of a channel flow configuration. The data at a cross
section plane of the channel for 5000 time steps were extracted and
scaled in order to yield the same bulk velocity and height of the inlet.
No slip boundary condition is used over all solid boundaries.

For the temperature, Dirichlet boundary condition is applied to the hot
tube and at the inlet. The temperature is set to Â[� R � and n � R � on
the hot tube and at the inlet respectively. Except for the outlet, ho-
mogeneous Neumann boundary condition is used over all remaining
boundaries.

At the outlet, for both temperature and velocities, a convective bound-
ary condition (Sohankar et al., 1998) is applied as follows:K ¾K b m p � � � # K ¾K 8 �Ì�
Here, ¾ stands for velocities and temperature and 8 is the perpendicu-
lar direction to the outlet surface.

Finally, cyclic boundary condition is used for all the flow parameters in
the ~ direction.

3.5 Fully Developed Flow Assessment

The criterion for starting the extraction of the statistics of the flow from
the numerical simulations is the status of numerically fully developed
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condition. Since the governing equations in LES simulations have el-
liptic form, it always takes time before the simulations reach the state
of fully development. So, in order to establish whether a simulation
has become fully developed, it is conventional to keep track of one of
the flow parameters, e.g. friction coefficient or the Nusselt number.

In this work, fluctuations of instantaneous Nusselt number at four
different heights are calculated and studied. Figure 3.3 shows two
of those Nusselt numbers and their variation as a function of time.
In these figures filtered values at each point are the average of 4000
neighboring samples and the average values are the arithmetical aver-
age of all samples.
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Figure 3.3: Assessment of fully developed flow regarding local Nusselt
number.

As can be seen, the instantaneous local Nusselt number fluctuates uni-
formly around the averaged value. This can be better observed by con-
sidering filtered values which are shown by dashed lines. According
to this figure, in the last 20000 time steps, it can be concluded that
the simulation can be considered as fully developed and the statistical
parameters can be extracted from it.

Another method of investigating whether or not simulations can be
considered as fully developed is to extract some statistics, preferably
the most sensitive ones, from different contiguous simulations and to
compare them. This is shown for the stream-wise velocity and the
shear stress in Figure 3.4. In this figure, the curves are obtained from
three contiguous simulations, for each of which 5000 time steps are
used to extract the mean flow and turbulence parameters. It can be
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observed that very little differences exist between the curves. In fact,
the largest differences lie in the region close to the outer shell far from
the inner hot tube which is not our concern. Again, it can be concluded
that the simulated flow can be considered as fully developed for the last
15000 time steps of the simulation.
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Figure 3.4: Velocity and shear stress at 1 > 5 � ��
CÂ  ��� � n 
C�õ�N���L��� for
contiguous averaged data.

Hereafter, the mean flow and turbulence parameters and statistics are
calculated using the last 15000 time steps of the simulations.

3.6 Grid and Domain Study

Obtaining grid independent results is usually an important issue in
RANS simulations. The results which are obtained by such grids are
called grid independent results.

However, for the LES method, in which the turbulence is simulated and
not modeled, defining a grid independent result is rather ambiguous.
This means that more accurate results can be obtained by implement-
ing finer grids. In fact, turbulent flows consist of many different length
scales from large to very small, and the finer the grid becomes, the
smaller scales can be captured and consequently more accurate result
can be achieved. If the smallest scale of turbulence is defined as Kol-
mogorov length scale, i.e. �ËÊ Z @ � > Ç ] � ¾�ö , the cells of the final grid shall
have, at maximum, half of this size and that is in fact a grid which
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yields DNS result. The reason for cells to have half of the Kolmogorov
length is that at least two cells are needed in order to simulate an eddy.

The term suitable or reliable, in the literature, is referred to a grid for
which the cut-off takes place in inertial subrange, where the energy
spectra of fluctuations are proportional to �?½ �,¾¿� , and the stream-wise
and span-wise dimensionless cell lengths and widths of the grid near
the wall are

T 1 9 � ��� and
T ~ 9 � ��� , respectively, see e.g. Kaltenbach

et al. (1999).

It should be mentioned that all of these grid characteristics can be ex-
amined after the simulations are performed. So it is probably worth-
while to acquire some crude information from RANS simulations before
starting LES computations.

Another important aspect of a grid is its span-wise extension. For the
present computations, it means that in Figure 3.1, the angle ~ should
be large enough to covers the largest scales of the turbulence that ac-
quire energy of turbulence.

3.6.1 Grid Specifications

Figures 3.5(a) and 3.5(b) show the stream-wise and the span-wise vari-
ation of dimensionless wall adjacent cell sizes along the inner hot tube,
respectively.
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Figure 3.5: Near wall spacing based on the wall units.

As can be seen, the value of
T 1 9 in most part of the computational do-
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main is about ��� . Also, the value of
T ~ 9 for the wall adjacent cells does

not become higher than
º 

� . All the cells which lie at � � Z O�R J OSP^] >[n

have a
T ~ 9Ï� ��� . Regarding these values, it can be concluded that

the grid spacing is suitable for performing well-resolved LES computa-
tions.

Another method, as already discussed, is to check the variation of en-
ergy spectra of fluctuations as a function of wave length. One-dimensional
spectra

¼êP µ Z � ] in the � P direction are defined as to be twice of the one-
dimensional Fourier transform of two-point correlation,

O\P µ (Pope, 2000):¼sP µ Z � ] Ê �ÐÑÐ �½ � OSP µ ZOÒFÓ � PØ] . ½ PÕÔ Y � ± � P (3.9)

Energy spectra for velocity and temperature fluctuations in a region
close to the wall are shown in Figure 3.6. For details on how the energy
spectra are calculated see Appendix A. As can be seen in the figures,
the cut-off has taken place well beyond the range where energy spec-
tra are proportional to � ½ � . This is a region that is believed to follow
immediately the inertial subrange, where

¼×Ö � ½ �,¾¿� (Peng & Davidson,
2002).

Finally, as Smagorinsky SGS viscosity depends on grid size, its magni-
tude can give an insight on how fine the mesh is. Figure 3.7 shows the
turbulent viscosity normalized by the viscosity at different heights. It
can be observed that the SGS viscosity is, at maximum, less than half
of the laminar viscosity and it occurs rather far from the wall. In fact
in major part of the boundary layer, this ratio remains less than �L
 n .
This shows again that the grid is fine enough.

From the above results, it can be concluded that the grid has almost
completely fulfilled the requirements of a typical grid which is sup-
posed to be suitable for well-resolved LES simulations.

3.6.2 Computational Geometry Extension

It is known that the effect of the computational geometry extension in
the homogeneous directions (here the span-wise angle ~ ) on the final
averaged results is very important. So, it is crucial to study the effect
of different angles in order to acquire the best results which are inde-
pendent of the extent of the geometry in the homogeneous directions.
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(a) Radial velocity energy spectrum.
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(b) Axial velocity energy spectrum.
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(c) Temperature energy spectrum.

Figure 3.6: One dimensional energy spectra at � 9 �s���  �����,����

Â��¸��� ��� .
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Figure 3.7: SGS viscosity variation along cylinder height.
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In this study, computational geometries with different span-wise an-
gles, ~ � ��Â R  º � R  �)D R  Ï n R and ��� R , are implemented and the results of
mean flow velocities and Reynolds shear stresses for the three last an-
gles are compared in Figure 3.8. Although the grid spacing in the ~ -
direction is the same for all grids it can be seen that the difference be-
tween the curves for ~�� Ï n R and ~��Ì��� R is less than that for ~��Ì�)D R and~ó� Ï n R , for both velocity and shear stress. Although it is not shown,
the difference between the results of other computational geometries
with ~ �ú��Â R and ~ � º � R was even larger.
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(a) Dimensionless velocity.
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(b) Reynolds shear stress.

Figure 3.8: Velocity and shear stress at 1 > 5 �û��
CÂ  �����Q� n 
C�'�I��� ��� for
different domains.

As can be seen in Figure 3.9, the geometry with ~È�Å��Â R , yields very
different Nusselt number compared to other geometries, although it is
not quite clear in logarithmic plot.

From the above investigations, it can be concluded that the chosen final
computational geometry with ~à� �[� R has yielded results which are
almost domain-independent.

Regarding the above investigations, hereafter, all the results are based
on the grid-size of 8:/ ÿ 8 ��ÿ 8 }$�Ü�[Â¯ÿóD¸� n ÿý��� n with ~��Ì��� R .
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(b) Logarithmic plot.

Figure 3.9: Assessment of domain-independent results regarding vari-
ation of Nusselt number.

3.7 Wiggle Detection

Figure 3.10 shows the time-averaged blending factors of the Van-Leer
and central difference with deferred correction schemes for velocities
and temperature. In these figures, â � ³9ã �Ì� and â � ³äã �Î� represent pure
Van-Leer and central difference with deferred correction schemes re-
spectively. Studying the figures, it can be found that the most affected
direction is the radial direction. This means that the most wiggles were
detected in this direction. This is probably due to the spatial resolution
of the grid in this direction which is not fine enough to eliminate wiggle
generation. However, for the other two directions and the temperature
variable, it can be observed that except for the inlet region, the domi-
nant scheme is the central difference scheme. Also in the � -direction,
the region close to the inner hot tube is not strongly affected by wiggles.

3.8 Mean Flow Quantities

The local Grashof number in this study reaches to ������å �²�c��� ��� at
maximum height of the geometry. However, as the upper part of the
flow is affected by the outlet due to the acceleration of the flow at this
region and also due to existence of recirculating flows near the outlet
(see Figure 3.11(a)), the results of this part, i.e. from �����¬å º 
 Ï �¸��� ��� or1 > 5 å �L

� , are not as reliable as the results of the rest of the domain
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Figure 3.10: Contours of time-averaged blending factor, â � ³9ã .

(in sense of natural convection being dominant phenomenon) and hence
are not analyzed.
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(a) Outlet region.
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(b) Inlet region.

inletðñ
Figure 3.11: Flow near the outlet and the inlet.

However these recirculating regions exist in the flow, it should be men-
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tion that the effect of them compared to the natural convection bound-
ary layer is rather weak. This can be understood by considering Fig-
ure 3.12 which shows the vector plot of the two recirculating regions of
the Figure 3.11. It can be seen that the vectors of the recirculating re-
gions are much weaker than those of the boundary layer showing that
the natural convection is the dominant process.
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(a) Outlet region.
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(b) Inlet region.

Figure 3.12: Vector plot of the flow near the outlet and the inlet.

Figure 3.13 compares the velocity and temperature profiles in the lami-
nar region of the geometry with those obtained from similarity solution
by Ostrach (1952) for a vertical flat plate. Although close to the wall the
results are in complete agreement, discrepancies become larger farther
from the wall. This is probably due to first the curvature of the cylinder
that causes different boundary layer growth and second the existence
of turbulence both at the inlet and that generated from the recirculat-
ing flow at the lower part of the cylinder (see Figure 3.11(b)) and finally
incapability of Smagorinsky model to simulate the laminar flows accu-
rately.

The effect of generated turbulence near the inlet on the commencement
of turbulent boundary layer will be explained in more detail in connec-
tion to the discussion of Nusselt number variations over the inner tube.

Figure 3.14 shows the velocity and temperature profiles at different
Grashof numbers. For information about how the Grashof numbers
are related to cylinder height, Figure 3.15 depicts the variation of local
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(b) Temperature profiles.

Figure 3.13: Comparison of velocity and temperature profiles with the
similarity solution results in the laminar region.

Grashof number versus cylinder height. As can be seen in Figure 3.14,
although the profiles of velocity collapse on each other and resemble
a self-similar behavior, this is not the case for the temperature pro-
files. This is expected as it is known that the friction velocity makes
the profiles to collapse in the inner part of the boundary layer, which is
a constant heat flux layer and consist of a conductive sublayer, thermo-
viscous and buoyant sublayer (George & Capp, 1979). It can be seen
that this scaling is not appropriate for outer part of the thermal bound-
ary layer. However, this problem is tackled by George & Capp (1979)
and useful scalings for both the inner and the outer layer are proposed.

Figure 3.16 compares the mean flow velocity and temperature profiles
obtained from LES simulations and experiments on the flat-plate and
vertical cylinder at a specific Grashof number. It can be seen that al-
though the results of the present study are in good agreement with the
results of Tsuji & Nagano (1988a), the results of Persson & Karlsson
(1996) are rather different.

As a common behavior in all graphs, however, except for a very small
distance from the wall, � 9 ¤ �[
 n , the velocity does not follow the law of
the wall, ; 9� �Ì� 9 , the same way it does for forced convecting boundary
layers. However, Figure 3.16(b) shows that temperature follows the
law of the wall in the region � 9 ¤ � , alike forced convecting flows.

Figure 3.17 shows variation of Nusselt number as a function of Rayleigh
number. Compared to the results of Tsuji & Nagano (1988a) and pro-
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Figure 3.14: Mean velocity and temperature profiles.
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Figure 3.15: Local Grashof number variation versus cylinder height.
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Figure 3.16: Comparison of stream-wise velocity and temperature with
experimental data.

posed correlation for the laminar region, there is a very good agreement
for both the laminar and the turbulent region. However, the major dif-
ference is in the transition region. The transition for the studied flow
seems to be starting from

O�� �ó� ��� Æ compared to the flow along the
flat plate for which transition starts from

O�� � ÂË����� á . The difference
is probably due to first the turbulent inlet boundary condition, second,
inherent difference between characteristics of boundary layer along a
vertical flat plat and a vertical slender cylinder and third, existence of
the outer shell which embraces the whole cylinder and provokes insta-
bilities by creating some recirculating flows in the proximity of bound-
ary layer.
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Figure 3.17: Nusselt number as a function of Rayleigh number.
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Another difference in Figure 3.17 is the overshoot of the predicted Nus-
selt number in the commencement of turbulent boundary layer which
was not observed by Tsuji & Nagano (1988a) but has been mentioned
in previous experimental investigations (e.g. Cheesewright, 1968).

3.9 Turbulence Quantities

Mean flow quantities can not give enough information about turbulent
characteristics of the flow. So, in order to study the turbulence in a
flow, it is very important to extract turbulence quantities, which are
sometimes referred to as turbulence statistics, and analyze them.

Among turbulence quantities, the integral time scale is one of the most
important quantities from an experimentalist view point. It is defined
as the half of a minimum time interval between two contiguous signals
which is needed to keep them uncorrelated. Mathematically, this time
is twice of the area below the autocorrelation curve. Autocorrelation
for a set of data with constant time interval,

T | , is defined as:

O$#µ Z&% T | ] �
� ½ µ' P � � ¾ ³P ¾ ³P 9 µ� J %  % �ÎhE��
É
 � J �Vk (3.10)

Correspondingly, the integral time scale for a variable ¾ , is defined as
the area below the autocorrelation curve, as follows:M #P = B � Ð O$#µO #° ± | (3.11)

Autocorrelation curves for the stream-wise velocity and temperature
are shown in Figures 3.18(a) and 3.18(b), respectively. It can be found
that the maximum integral time scale for stream-wise velocity and
temperature autocorrelation curves are

M _ �P = B �Ì�L
Ô��� ��.�* and
M BP = B �Ì��
C� Ï ��.�* ,

respectively. In non-dimensional form these times correspond to
M _ � � < > �0UzW,Y����
 º[º and ��
C� n . For estimating the integral time scales, the time exten-

sion has been supposed to be from zero to where the curves cross the
time axes for the first time. These estimated times suggest that for
obtaining uncorrelated data, the minimum time interval between each
two contiguous samples should be ��
 º ��.�* ( n 
C�[� in dimensionless form).
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(b) Temperature autocorrelation
curve.

Figure 3.18: Autocorrelation curves at �����s� n 
É�Q�¸������� .
Reynolds stresses, which consist of normal and shear stresses, and tur-
bulent heat fluxes are other important turbulence parameters. The
Reynolds shear stress is very important from the point of view that
it mostly contributes to the process of mixing which is very important
in a turbulent flow. Normal stresses are also very important in the
sense that they contribute in production and dissipation of energy for
Reynolds shear stress and vice versa. So, a correct distribution of these
stresses is vital for predicting and studying a turbulent flow.

Comparison of normalized predicted resolved stream-wise normal stress,q ; ³� ; ³� > � < , wall-normal stress, q ; ³/ ; ³/ > � < and temperature fluctuations,- b ³ b ³ > b < , with those measured by Tsuji & Nagano (1988b) and Persson
& Karlsson (1996) is shown in Figure 3.19. As can be seen, temper-
ature fluctuations get the largest peaks for both simulation and the
experiment performed by Tsuji & Nagano (1988b). However, this is
not the case for Persson & Karlsson (1996) experiment in which the
stream-wise normal stress has the largest peak. A comparison between
present work and Tsuji & Nagano (1988b) results shows that velocity
and temperature fluctuations are qualitatively in good agreement and
the location of the peaks almost match each other. However, predicted
temperature fluctuations are almost always larger than the experimen-
tally measured values. Also, no constant value region such as that ob-

served for . ; ³/ " > � < in the experiment, in the region
Ï 
Á� ¤ � 9 ¤ D¸� , can

be observed in the LES-simulation.
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& Karlsson (1996),
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Figure 3.19: Normal stresses and temperature fluctuations. Lines:
simulation, �������ÌÂ�
C���[��� � ° ; markers: experiments.

As can be seen in Figure 3.19(b), descripancies between simulation and
experimental results presented by Persson & Karlsson (1996) are even
larger. The location of the peaks in the experimental results except
for stream-wise normal stress, are closer to the wall compared to those
of the simulation. Although the measured wall-normal stress shows
almost the same behavior as the computed one, which is contradictory
to the measurements of the Tsuji & Nagano (1988b), still it shows no
tendency to become zero quite close to the wall.

Figure 3.20 compares the normalized resolved shear stress, ; ³/ ; ³� > � < " ,
stream-wise turbulent heat flux, ; ³� b ³ > � < b < and wall-normal turbulent
heat flux, ; ³/ b ³ > � < b < again with measured values by Persson & Karlsson
(1996) and Tsuji & Nagano (1988b).

As can be seen in Figure 3.20(a), the wall-normal heat flux is almost in
perfect agreement with the measured values. Stream-wise heat flux
and Reynolds shear stress are also qualitatively in agreement with
measurements and the location of the maxima match each other fairly
well. Although both measurement and simulation show that shear
stress becomes zero near the wall in the region � 9 ¤ D , the existence of
a region with negative shear stress is not confirmed by measurements
whereas it exist in the simulation. The existence of such a negative
region for Reynolds shear stress not only can be seen in measurements
of Persson & Karlsson (1996) in Figure 3.20(b) but also it is reported
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Figure 3.20: Turbulent shear stress and heat fluxes. Lines: simulation,�������ÌÂ�
C�\�¸����� ° ; markers: experiments.

previously by Miyamoto et al. (1982) and Cheesewright & Ierokipiotis
(1984).

For the shear stress and the heat fluxes, discrepancies between simu-
lation and measurements in Figure 3.20(b) are quite large. Contrary
to the simulation and the results of Tsuji & Nagano (1988b), the peak
of normalized shear stress is larger than those of the stream-wise and
wall-normal turbulent heat fluxes. Also, a negative region for the mea-
sured wall-normal heat flux exist which can be observed neither in the
simulation nor in the Tsuji & Nagano (1988b) measurements. On the
contrary, however, the negative stream-wise heat flux region that was
confirmed by both simulation and Tsuji & Nagano (1988b) measure-
ments, can not be observed in Persson & Karlsson (1996) results.

Knowing the analytical behavior of turbulence quantities, it is useful to
compare the measurements versus simulation to examine the credibil-
ity of the obtained results. For example the cross correlation coefficient
is defined as: O � _Q� ; ³/ ; ³�. ; ³/ " ÿL. ; ³� " (3.12)

From the Taylor expansion, and by applying no slip boundary condition

54



CHAPTER 3. LARGE EDDY SIMULATION

and considering continuity equation, it can be found that close to the
wall when � approaches zero:º» ¼ ; ³/ ; ³� �NM Z � � ]; ³/ ; ³/ �OM Z � ö ]; ³� ; ³� �OM Z � " ] (3.13)

Considering equations 3.12 and 3.13, it can be deduced that
O � _ con-

verges to a constant as � approaches zero.

Figure 3.21 compares the cross correlation coefficient for the measure-
ments of Tsuji & Nagano (1988b), Persson & Karlsson (1996) and the
present simulation. It can be seen that this coefficient approaches con-
stant values

O � _ ­ J���
 º and
O � _ ­ JS��
C�[� for the simulation and Persson

& Karlsson (1996) measurements, respectively. However, as this coeffi-
cient becomes zero for the measurements of Tsuji & Nagano (1988b), it
can be deduced that the measured stresses in this experiment are not
reliable in the region close to the wall.
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Figure 3.21: Cross correlation coefficient comparison.

3.10 Conclusions

Near wall behavior of turbulent natural convection depends on the tur-
bulence quantities near the wall. In a buoyancy-aided vertically ori-
ented flow near a hot object, with the onset of buoyancy influence, the
flow accelerates. This causes the advection, which directly depends on
velocity of the fluid near the wall, to increase. Nevertheless, it is ob-
served that the heat transfer process is not as effective as it is in case
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of pure forced convection. This is due to the process of mixing in a
turbulent flow which depends on turbulent diffusion. The mixing pro-
cess in a flow is highly dependent on the shear stress. In case of a
natural convecting boundary layer, as it was observed in the previous
section, the turbulent shear stress near the wall is almost zero. In a
mixed convection process compared to a case with forced convection,P � ³ ; ³ P is reduced. Consequently, in buoyancy aided flows, the turbulence
production which is defined as:A # �ÎJ d � ³ ; ³ K �K  
is decreased and the diffusion of heat by turbulence is adversely af-
fected. However, an interesting part is the region that follows the zero
shear stress region. Whether a negative shear stress region follows
this zero region or not is a matter of confusion. In this study and many
other experiments as mentioned previously, this region with negative
shear stress can be observed. While some other experiments like the
one performed by Tsuji & Nagano (1988b) deny the existence of such
a region. It is difficult to say that the negative shear stress region
in the present work exists naturally or it is created due to the exis-
tence of mixed convection. Nevertheless, it is obvious that the natural
convection is the dominant process in this study. And also, the credi-
bility of both experiments, i.e. Tsuji & Nagano (1988b) and Persson &
Karlsson (1996), near the wall is under question. The constant wall-
normal stress region reported by Tsuji & Nagano (1988b) may simply
be due to experimental errors. Also, contradictory results of Persson
& Karlsson (1996) with respect to the present work and other experi-
ments suggest both inaccurate near-wall results and/or miscalculations
in friction temperature, b < .
Despite all of the contradictions between the present work and experi-
ments, it can be deduced that the turbulent natural convection bound-
ary layer has a unique structure which is different from other turbulent
structures observed in the nature. So, a further study of this problem
both experimentally and numerically is highly desirable.
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Chapter 4

Direct Numerical Simulation

In order to capture the details of the structure of a turbulent flow, Di-
rect Numerical Simulation (DNS) is the best and the most powerful tool
which is available beside experimental tools. In this method even the
small scales of turbulence should be simulated. It means that a very
fine mesh whose size is in the range of Kolmogorov micro-scales should
be implemented. The drawback with this method is that it needs very
powerful computers with high memory capacities even for very simple
geometries and flows.

DNS of fully developed natural convection in a vertical channel was
studied recently (see e.g. Versteegh & Nieuwstadt (1998) and Davidson
et al. (2003)) and interesting results have been published. This prob-
lem has a very simple geometry and at the same time a complicated
flow. In the previous chapter, natural convection boundary layers were
studied. The difference between a channel flow and a boundary layer
flow however is that in fully developed channel flow, the mean flow and
turbulence properties do not change in the direction of the flow while
this happens in case of boundary layer flow.

Unfortunately, from the previous investigations (see e.g. Versteegh &
Nieuwstadt (1998) and Peng & Davidson (2002)), it is found that the
accuracy of the results is very much dependent on the channel height.
To investigate this, the DNS of the natural convection in a vertical
channel with differentially heated walls for three different channel
heights has been studied and results are compared.
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4.1 Governing equations

The governing equations for this problem are three dimensional conti-
nuity, Navier-Stokes and energy equations in the Cartesian coordinate
system. The adopted geometry is depicted in figure 4.1.
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Figure 4.1: Channel flow geometry.

The set of equations in non-dimensional form reads:K � µK � µ �à� (4.1)

K �NPK b m KK � µ Z � µ �NP^] �ÎJ �d K FK � Pãm @ K " �NPK � µ K � µ m ��� @ "Z M �QJ M�f ] Z n 6 ] � Z M J M:g ] » � P (4.2)

K�MK b m KK � µ Z � µ M ] � @A � K " MK � µ K � µ (4.3)
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In which: @ �Î� > �����M ���Î�  M�f �Ì�A ���Ü��
 Ï6 �ú�T M � M �QJ M�f����� 4�r T M Z n 6 ] � >[@ " �à��
C�õÿý��� �
The three different geometries which have been used for numerical cal-
culations have dimensions of

Ï 
C�)Ðìÿ n ÿ n Ð , � n Ðìÿ n ÿ n Ð and ��Â)Ð ÿ n ÿ n Ð
in the � ,   and 1 directions, respectively. Cyclic boundary condition is
applied both in the � and 1 directions.

4.2 Numerical Method

The governing equations are solved using a conventional finite volume
method (Versteegh & Malalasekera, 1995). As the least dissipative and
at the same time most practical scheme is central difference scheme, it
is used to discretize the equations in space. In time, the second-order
Crank-Nicolson scheme is used for discretization. The numerical pro-
cedure is based on an implicit, fractional step technique with a multi-
grid pressure Poisson solver (Emvin, 1997) and a non-staggered grid
arrangement (Davidson & Peng, 2003).

4.3 Results

Three different geometries with different channel lengths in the � -
direction Z ©Þ� Ï 

�3Ð  � n Ð and ��Â3Ð ] are studied. In each case the same����ÿð��� mesh in the   and 1 -directions with a 7-percent stretch along
the   (wall normal direction) is used. In the � -direction (stream-wise di-
rection) Â n  � º � and ���)D nodes are used. In all of the above grid configu-
rations, the stream-wise and the span-wise dimensionless grid lengths
are approximately

T ��9 � n � and
T 1 9 �Ì��

� , respectively.

To check the location of cut-off and therefore the validity of DNS simu-
lation, figure 4.2 shows the result of one-dimensional energy spectrum
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Figure 4.2: One dimensional energy spectra. Solid lines: © � Ï 
C�)Ð ;
squares: ©ð�ú� n Ð ; asterisks: ©ð�Î��Â)Ð .
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for both stream-wise velocity and temperature fluctuations at a loca-
tion near the wall and in the middle of the channel.

As it can be observed from the figures, all three lines almost perfectly
match each other. The cut-off is taken place well beyond the inertial
subrange where the energy spectrum is proportional to �?½ �,¾¿� . This re-
gion is very small due to the low ��� -number. For buoyancy dominant
thermal flows, it is believed that the inertial subrange is followed by a
so-called buoyancy subrange where the energy proportionality to wave
number is �:½ � ( Kotsovinos (1991) and Peng & Davidson (2002)). Tur-
bulence is considered to be rather isotropic at these large wave num-
bers.

The mean velocity and temperature profiles for three geometries are
shown in figure 4.3.
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Figure 4.3: Mean profiles.

As can be seen, no significant difference can be observed. An inspection
of velocity profile confirms the almost perfect antisymmetric behavior.

Normal and shear stresses are shown in figures 4.4(a) and 4.4(b), re-
spectively. Ignoring very small differences between stream-wise nor-
mal stresses, all stresses are reasonably in a very good agreement with
each other.

The difference between forced and natural convecting flows can clearly
be seen in the shear stress behavior. In channel flow with forced con-
vection, shear stress gets its maximum value near the wall and zero
value at the center of the channel. However, in the channel flow with
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Figure 4.4: Normalized resolved stresses.

mixed or natural convection, buoyancy term influences the shear stress
in such a way that it takes the maximum value at the center in case
of pure natural convecting flow. In case of mixed convection, the shear
stress becomes smaller near the hot wall and larger near the cold wall (David-
son et al., 2003).

Figures 4.5(a) and 4.5(b) show the turbulent heat fluxes and temper-
ature fluctuations, respectively. Again no significant difference can be
observed between the results of the three different geometries. The
DNS gives a stream-wise turbulent heat flux which is much larger than
the wall-normal turbulent heat flux although the stream-wise gradient
of the mean temperature is zero. It should be noted that any linear
eddy-viscosity RANS model would give a zero stream-wise turbulent
heat flux,

� ³ b ³ �Ü� , in this situation.

Near wall quantities of the present channel flow are summarized in
Table 4.1. It is interesting to notice that although the wall shear stress
has decreased in the present work, the wall-normal heat flux has in-
creased. However, comparing the results of Davidson et al. (2003) it
can be found that whenever the wall shear stress has decreased, the
wall-normal heat flux has also decreased.

Performing DNS of mixed convection in a vertical channel, Davidson
et al. (2003) noticed that unless a long channel was used, no fully devel-
oped conditions could be obtained. Considering the different behavior
of the bulk velocities in the channels with different lengths (see fig-
ure 4.6) a question arises whether the difference in amplitude of fluc-
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Figure 4.5: Resolved turbulent heat fluxes and temperature fluctua-
tions.
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Table 4.1: Near wall mean flow quantities.
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tuating bulk velocity will cause different turbulent stresses and heat
fluxes. This would mean that the simulations are dependent on the
extent of the computational domain.
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Figure 4.6: Bulk velocity.

In figure 4.6, the horizontal axis is time. The reason for having dif-
ferent simulation times for different geometries is that the criterion
for stopping the simulations was the achievement of a reasonably an-
tisymmetric velocity profile across the channel. It can be seen that the
geometry with ©ð�Î� n Ð has taken the longest time to yield an antisym-
metric profile compared to the other two geometries.

Comparing the results of the turbulent stresses and heat fluxes (Fig-
ures 4.4 and 4.5), it can be seen that the results are reasonably inde-
pendent of geometry.

Figure 4.7(a) shows the correlation between turbulent shear stress and
velocity gradient and figure 4.7(b) shows the correlation between wall
normal turbulent heat flux and temperature gradient. From figure 4.7(a),
it can be found that near the wall (at   9 ¤ n � ) there is a discontinu-
ity in the velocity gradient and shear stress correlation. Discontinuity
comes from the sign change of the velocity gradient near the wall while
the sign of the shear stress remains unchanged. This is one reason
why eddy viscosity models are inadequate to model natural convection
flows. In that case, models that calculate shear stress exactly, such as
conventional Reynolds Stress Models (RSM), should be used.

Although the eddy-viscosity assumption for the stress-strain relation
gives a negative turbulent viscosity, this is not the case for temperature
gradient and wall normal turbulent heat flux relation. The turbulent
Prandtl number as it is shown in figure 4.8 gets a value close to

A ��BX���

� in the   9 § º � region.
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Figure 4.7: Correlations between mean flow gradients and turbulent
fluctuations.
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Figure 4.8: Turbulent Prandtl number.
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Finally, it should be mentioned that the behavior of the studied channel
flow in this investigation, is very much alike the behavior of boundary
layer theory investigations over a flat plate which has been carried out
by Tsuji & Nagano (1988b).
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Discussions

In the present work, two different natural convection boundary layers
have been studied. These two are natural convection boundary layer on
a vertical cylinder and natural convection boundary layer in a differen-
tially heated vertical channel. The latter is different compared to the
former one in the sense that there is no temperature gradient in the
stream-wise direction. Another difference is that the boundary layer
in the channel is fully developed and therefore it has a constant thick-
ness. Nevertheless, there are many similar characteristics between
these turbulent flows.

Figure 5.1 compares the two boundary layers, which have been numeri-
cally studied, with the experimental results of Tsuji & Nagano (1988b).
Here, two new dimensionless transverse coordinates have been used,
because � 9 is no longer suitable since the maximum of � 9 in case of the
vertical channel is approximately � º � . Also it was found that the max-
imum velocity is a better quantity for normalizing the velocity. It can
be seen that these set of normalizing variables are working quite well
in the inner part of the boundary layer, i.e. from wall to the location
of maximum velocity. However, the result of vertical channel does not
follow the other curves in Figure 5.1(a).

Figure 5.2 compares the normalized temperature variations of the three
boundary layers. Here,

M /�o g stands for a temperature reference which
is ambient or inlet temperature in case of Tsuji & Nagano (1988b) ex-
periment and LES computations, respectively, and film temperatureM:g �Ì��

� in case of DNS computations. Contrary to the previous figure,
it can be seen that in Figure 5.2(a) the profiles match each other very
well in the inner part of the boundary layer where

� ¤ �[

� .
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Figure 5.1: Comparison of the three boundary layer velocity profiles.
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Figure 5.2: Comparison of the three boundary layer temperature pro-
files.
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Although ;3UXW,Y and Z M ��J M /¿o g ] seemed to be suitable normalizing vari-
ables for the mean flow parameters, it was found that

� < and b < work
better in case of turbulence parameters. Figure 5.3 compares the nor-
mal stresses and temperature fluctuations that are achieved by DNS
and LES simulations. All the fluctuations of the vertical channel have
a larger magnitude in the whole of the domain compared to those ob-
tained by LES simulation of the vertical cylinder. The Grashof num-
bers based on the location of the maximum velocity and temperature
at this point are ���0_ bK�"� � 4Lr Z M �êJ M _ bK�"� ] � �UzW{Y >[@ " � n 

������� � and n �¸��� " in
case of the vertical cylinder and the vertical channel, respectively. Also
at this height the Reynolds numbers based on the maximum mean flow
parameters are

O . _ b��"� �Ì;�UzW{Y��0UzW,Y >[@ � º D¸Â and D º for the vertical cylin-
der and vertical channel, respectively.
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Figure 5.3: Comparison of the normal stresses and temperature fluctu-
ations of the vertical channel ( ����� � ��
C������� � ) and the vertical cylinder
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���¸��� � ° ).
Although there seems to be good agreement between the locations of
the fluctuations maxima in Figure 5.3, from Figure 5.3(b) it can be seen
that there is difference between the location of the maximum stream-
wise velocity fluctuations of the two boundary layers. The stream-wise
normal stress of the vertical cylinder has an almost constant value over
a wide range from the location of the maximum velocity to the location
where Z � > �0UzW{Y ] � ¾¿� ­ n . Figure 5.4 compares the results of vertical cylin-
der and those presented by Tsuji & Nagano (1988b). Similar to the
vertical channel and vertical cylinder, the maximum of the tempera-
ture fluctuations lie in the inner part of the boundary layer close to
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the maximum stream-wise velocity and the maxima of all wall-normal
stresses lie in the outer part of the boundary layer.
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Figure 5.4: Comparison of the normal stresses and temperature fluc-
tuations of the vertical flat plate ( ����Yè�þÂ�
C�[� �c��� � ° ) and the vertical
cylinder ( �����s�àÂ�

���¸��� � ° ).
The maximum of the temperature fluctuations in all of the above cases
lies on the location where the production of b ³ b ³ , i.e. J n ; ³/ b ³ K M > K � , is
maximum. As temperature profiles and wall normal turbulent heat
fluxes ( ; ³/ b ³ ) are in good agreement in all of the three boundary layers,
so is the location of the temperatures fluctuations maxima. However,
in case of the stream-wise normal stress, ; ³� ; ³� , the production term in
case of the vertical cylinder behaves differently compared to the other
two boundary layers. The production of stream-wise normal stress is
defined as: A _�@� _�@� �ûJ n ; ³/ ; ³� K ; ³�K � m n34 � r ; ³� b ³
Here, the term ; ³� ; ³� K ;3� > K 1 due to its small contribution in the energy
production is omitted. The reason for the different behavior lies in
the way the shear stress ( ; ³/ ; ³� ) acts in case of the vertical cylinder. In
none of the other two cases, does the shear stress become negative near
the location of the maximum velocity as it does in case of the vertical
cylinder. This creates a positive production near the location of the
minimum shear stress as shown in Figure 5.5. In the other two bound-
ary layers, since the turbulent shear stress always remains positive,
the total production

A _�@� _�@� is negative in the region � ¤ Z � > ��UXW,Y ] � ¾¿� ¤ � .
At the location of maximum velocity the production term becomes zero
and gradually increases as � increases.

Figure 5.6 compares the shear stress and turbulent heat fluxes of the
three different boundary layers: vertical channel, vertical cylinder and
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vertical flat plate. As can be seen, contrary to the vertical cylinder and
the vertical flat plate, the wall-normal turbulent heat flux in the ver-
tical channel is everywhere larger than the shear stress. Also all tur-
bulent heat fluxes as well as the shear stress in case of vertical chan-
nel are much larger compared to those of the vertical cylinder and the
flat plate. Similar to the vertical flat plate, the shear stress in verti-
cal channel never becomes negative. Although a negative stream-wise
turbulent heat flux does exist in both the vertical cylinder and the flat
plate boundary layers, this region can not be seen in the vertical chan-
nel boundary layer. The study of mixed and forced convection boundary
layers in a vertical channel by Davidson et al. (2003) also suggests that
similar to the natural convection boundary layer in the vertical cylin-
der, the normalized wall-normal turbulent heat flux is larger than the
normalized turbulent shear stress. In both cases of the forced and the
mixed convection, there exist a region close to the hot wall in which
the turbulent shear stress is negative. Also in both cases there exist a
region in which the stream-wise turbulent heat flux is negative close to
the hot wall contrary to the natural convection boundary layer in the
vertical channel.

Another difference between the vertical channel flow and the other two
boundary layers is in the location of the maxima of the wall-normal
turbulent heat fluxes. In both cases of the vertical cylinder and the
flat plate boundary layers, the locations of the turbulent heat fluxes
maxima lie in the inner part of the boundary layer close to the loca-
tion of the maximum velocity. However, in the vertical channel, the
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Figure 5.6: Comparison of the shear stress and turbulent heat fluxes
of the three different boundary layers.

wall-normal heat flux is almost constant from the location of maximum
velocity to the middle of the channel. In the vertical channel, no advec-
tion is present so the wall heat flux is transported from the hot wall to
the cold wall entirely by viscous and turbulent diffusion. This can be
seen by integrating the temperature equation 4.3 which yields:

GVH �ÎJ ; ³ b ³ m @A � K�MK  
The viscous diffusion is important only close to the wall. As G�H is con-
stant, the wall normal turbulent heat flux remains almost constant in
main part of the boundary layer in the middle of the channel (Davidson
et al. (2003)). Nevertheless, in all cases, the maximum shear stress lies
in the outer part of the boundary layer where both normal stresses are
maximum.

The momentum and temperature equations can be integrated in order
to study the important terms in the boundary layer. In two-dimensional
form, the integral form of 1 -momentum and temperature equations
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read:

;3�¸J��������� g¡£¢´�üJ ¤¦¥§ ¨C© ªÐ /�L�¬« �� KK � Z �3; / ;)� ] m KK 1 Z ; "� ]Y­ � ± �Xm® ¥§ ¨C© ªÐ /° 4�r Z M J M°¯ �A± ] � ± �)m Ð /�L�²« �� KK � Z � @����ãá´³ K ;3�K � ] m KK 1 Z @��Á�«á´³ K ;3�K 1 ]"­ � ± �© ªC§ ¨µ ¥ J
Ð /�L� « �� KK � Z � ; ³/ ; ³� ] m KK 1 ; ³� ; ³� ­ � ± �© ªC§ ¨¶ ¥ J Ð /�L� �d K FK 1 � ± �© ªC§ ¨· ¥

(5.1)

M J¸�������� g¡£¢N�üJ ¤¦¥§ ¨C© ªÐ /�L� « �� KK � Z �3; / M ] m KK 1 Z ;3� M ] ­ � ± �âmÐ /��� « �� KK � Z � @¸���âá ¥ K�MK � ] m KK 1 Z @��Á�«á ¥ KNMK 1 ] ­ � ± �© ªC§ ¨¹ ¥ J
Ð /���¬« �� KK � Z � ; ³/ b ³ ] m KK 1 ; ³� b ³ ­ � ± �© ªC§ ¨¶ ¥

(5.2)

Figure 5.7 shows the integral form of the 1 -momentum and the temper-
ature equations part by part. All terms in Figures 5.7(a) and 5.7(b) are
normalized with

� < " and
� < b < , respectively, and the pressure term (PT)

in Figure 5.7(a) is not included. From Figure 5.7(a) it can be found that
as the maximum velocity location is approached ( � 9 � º Ï

), the viscous
diffusion term (VT) becomes negligible. Consequently, the fluctuating
term (FT), to which the shear stress mainly contributes, increases in
order to balance the buoyancy term (BT) increment. The advective
term (AT) is almost negligible in the entire boundary layer. Contrary
to the momentum equation, there is no buoyancy term in the energy
equation. So, as can be seen, the fluctuating terms here balance the
conductive terms. This is one reason why the wall-normal turbulent
heat flux reaches its maximum in the inner part of the boundary layer.
It should be mentioned here that the contribution of the stream-wise
turbulent heat flux to the fluctuating term is almost negligible.

It is almost impossible to get a completely two-dimensional result out
of three-dimensional calculations unless the number of computational
time steps approaches infinity. Since it is impossible to perform such
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Figure 5.7: Integral form of the 1 -momentum and temperature equa-
tions at �����$�ÜÂ�
C���¸����� ° .
a simulation, there are always some errors in averaged parameters.
This can be shown especially by plotting those variables which analyt-
ically are known to be zero. Figure 5.8 shows the normalized stresses
which are supposed to become zero analytically in the LES computa-
tions. Comparing the magnitudes of ; ³/ ; ³} and ; ³} ; ³� with the magnitude
of turbulent shear stress in Figure 3.20 it can be found that at max-
imum, they get values equal to

º)¼
and ��� ¼ of the maximum shear

stress, respectively. ; ³} b ³ , at maximum, get a value equal to ��� ¼ of
the maximum wall-normal turbulent heat flux and almost � ¼ of the
maximum stream-wise turbulent heat flux. A part of this error comes
from the way the turbulent stresses and heat fluxes are calculated. In
fact, the flow governing equations are solved with the Crank-Nicolson
method which is a semi-implicit method. However, the average param-
eters including the resolved stresses are calculated implicitly at the
end of each time step. This is probably what causes the relatively large
balance term in Figure 5.7(b)
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Mass Transfer 4 (ed. K. Hanjalić, Y. Nagano & M. Tummers), pp.
401–408. New York, Wallingford (UK): begell house, inc.

DAVIDSON, L. & FARHANIEH, B. 1995 CALC-BFC: A finite-volume
code employing collocated variable arrangement and cartesian ve-
locity components for computation of fluid flow and heat transfer in
complex three-dimensional geometries. Rept. 95/11. Dept. of Thermo

77



Darioush G. Barhaghi, DNS and LES of Turbulent Natural
Convection Boundary Layer

and Fluid Dynamics, Chalmers University of Technology, Gothen-
burg.

DAVIDSON, L. & PENG, S.-H. 2003 Hybrid LES-RANS: A one-equation
SGS model combined with a

7 J � model for predicting recirculat-
ing flows. International Journal for Numerical Methods in Fluids 43,
1003–1018.

EIDSON, T. M. 1985 Numerical simulation of the turbulent Rayleigh-
Bénard problem using subgrid modelling. Journal of Fluid Mechan-
ics 158, 245–268.

EMVIN, P. 1997 The full multigrid method applied to turbulent flow in
ventilated enclosures using structured and unstructured grids. PhD
thesis, Dept. of Thermo and Fluid Dynamics, Chalmers University of
Technology, Göteborg.
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Appendix A

Energy Spectrum Calculation

Assume that
2 Z � ] , J � ¤ � ¤ � , is piece-wise differentiable and abso-

lutely integrable. The Fourier transform of the function
2 Z � ] is defined

as: ¾
Z 7 ] � -2 Z 7 ] � �n ÐËÐ �½ � 2 Z � ] . ½ P # Y ± � (A.1)

Suppose that ¿ 2 Z � = ]6À = � � �´� � is a set of
�

-periodic complex-valued data
for which: 2 Z � � ] � 2 Z � � 9 � ]
The discrete Fourier transform or DFT of this set of data is defined as:¾

Z 7 U ] � -2 Z 7 U ] � �' = � � 2 Z � = ] . ½ " X P � U ½ � ! � = ½ � ! ¾ �  Á�Â�Ã Í �Î�[
É
 � (A.2)

To calculate the discrete Fourier transform of a set of data, many math-
ematical operations are needed. Hence, the computation of a large set
of data can be very time consuming. Fast Fourier transform or FFT is
an algorithm which reduces the number of operations for DFT if

� � n P
in which Ä is a natural number. The FFT algorithm is a built-in function
in most of the mathematical packages such as MATLABTM. However,
these packages design the FFT functions in a general way in order to be
useful in all kind of applications. For the purpose of energy spectrum,
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the FFT in MATLABTMshould be modified. Considering Equation A.1,
the FFT estimation of it is computed as follows:

-2 Z 7 ] � �n ÐËÐ �½ � 2 Z � ] . ½ P # Y ± �-2 Z 7 U ] � �n Ð �' = � � 2 Z � = ] . ½ P�Å Ó�ÆÇ � U ½ � !AÈ Å � = ½ � !ÊÉ Y È T �� �n Ð T � �' = � � 2 Z � = ] . ½ P�Å Ó�ÆÇ � U ½ � !AÈ Å � = ½ � ! ÇË È� T �n Ð �' = � � 2 Z � = ] . ½ " X P � U ½ � ! � = ½ � ! ¾ �� T �n ÐÍÌ?ÌÏÎ Z 2 Z � = ]x]  Í �û��
Ô
 �  7 U�� n Ð© Z Í J � ]
In the present work, as the cyclic boundary condition is the ~ direction,
the energy spectra of the spatial two-point correlations at radius

O
are

calculated as follows (Note that the energy spectrum is defined as the
twice of the Fourier transform of the two-point correlation function):

¼êP µ Z � U ] � n � O T ~n Ð �' = � � OSP µ Z 8 ] . ½ " X P � U ½ � ! � = ½ � ! ¾ �� O T ~Ð Ì4ÌÏÎ Z OSP µ Z 8 ]x] (A.3)

In which: ºÐÐ» ÐÐ¼ Í �Î�[
É
 �� Uè� n Ð Z ÍîJ � ] > Z O ��~ �Á� ]T ~��Ì~ dgf
h)> Z 8 # J � ]~ ��� � � T ~8 # is the number of nodes in the ~ -direction. For the present LES re-
sults, 8 # � ��� n and ~ dgf�h �ÀÐ >[n . It should be mentioned that in the
present work

� � 8 # J n �Þ���[� . The reason is that since cyclic bound-
ary condition is applied in the ~ -direction, the � © B node is the same
as Z 8 # Jî� ] B � node and the n = ¢ node is the same as 8 B �# node. This
means that the effective span-wise extension is in fact Z 8 # J n ] T ~ . Also
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APPENDIX A. ENERGY SPECTRUM CALCULATIONOQP µ Z 8 # J � ] � OQP µ Z � ] showing that
� mà��� 8 # J � or

� � 8 # J n . This is
shown in Figure A.1.
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Figure A.1: Schematic diagram of a grid with cyclic boundary condi-
tions in ~ direction.
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