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Abstract

Larger aircraft with new high performance engines in combination
with cities growing closer to urban airports increase noise pollution
in inhabited areas. This results in higher fees for landing for large
aircrafts and stronger legislations to decrease the emitted sound at
take-off and landing. At take-off, the strongest sources of sound on
an aircraft are the jets delivering the thrust.

The object of the present work is to develop a method for jet noise
predictions and to increase the understanding of sound generation and
emission.

The linearized Euler equations on conservative form are used as
wave operator and new source terms are derived from the full Euler
equations. The source terms have been validated using a direct nume-
rical simulation of a forced 2D mixing layer.

In the jet noise modeling, sources based on stochastic Fourier mo-
des provide the generation of sound and the linearized Euler equations
govern the propagation.

Numerical issues in solving the linearized Euler equations are ad-
dressed. These include numerical accuracy and stability analysis of
higher order numerical schemes.

An initial three-dimensional jet noise prediction has been performed
with the present method. The results are not yet in agreement with re-
ference data but further investigations will hopefully give new insight
in the reasons for the discrepancies.

Keywords: jet noise, aeroacoustics, SNGR, source terms, linearized
euler, CAA, stability, artificial dissipation, absorbing boundary condi-
tions
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Chapter 8 corresponds to the AIAA paper:

e M. Billson, L.-E. Eriksson and L. Davidson, "Acoustic Source Terms
for the Linear Euler Equations on Conservative Form.”, The 8th
AIAA/CEAS Aeroacoustics Conference, AIAA 2002-2582 Brecken-
ridge, Colorado, 2002.
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Chapter 1

Introduction

The research area of aeroacoustics started in the era of the first jet
aircraft engines. It was realized that with the new types of engines,
the jet engines, there was a potential noise hazard. The first turbo-
jet engines were produced for military airplanes. In that application
the noise was not really of such a large concern. The main goal was
to deliver thrust and the jet engines did that better than any other
engine. When jet engines were to be used for civil aircraft however
the noise issue became an important factor. With improved technology
giving larger and more powerful power plants for commercial aircraft
the noise levels increased rapidly. The noise emitted at takeoff from a
commercial aircraft in the 60’s was more than the combined shouting
power of the earths population.

The first research in the area of jet noise began in the late forties and
it was in 1952 that the real breakthrough came, when Sir James Light-
hill published the first of his two-part paper on aerodynamic sound.
The second followed in 1954 [1,2]. The approach of Lighthill was to
try to find the sources of sound in turbulent flow. This was achieved
by an acoustic analogy. The basic idea was to rewrite the compressible
equations for fluid motion in such a way that the left-hand side consi-
sted of the second-order wave equation governing sound propagation.
All other terms were moved to the right-hand side and considered as
sources. The resulting wave equation with source term is

0?p ?p 0*T;;

> _ 1.1
92 95,00, 0w, (1.1

where p is the density, ¢, is the ambient speed of sound and T;; =
pviv; + (p — pc3)d;; — 75 1s the Lighthill stress tensor containing all non-
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linearities, v;, p, 7;; and §;; are the velocity, pressure, viscous stress ten-
sor and Kronecker delta. The right-hand side in equation 1.1 involves
second spatial derivatives and is identified as a quadrupole.

One of the major assumptions in the acoustic analogy is that acoustic
propagation is assumed to take place in an infinite homogeneous me-
dium at rest. This means that there can be no solid bodies present and
that refraction of sound due to shear is not taken into account. Since
the medium is assumed to be at rest the sound is assumed to propagate
uniformly in all directions.

Lighthill managed to find a formal integral solution to the wave
equation 1.1 using a Green’s function. The most important result from
this theory was that the emitted sound power varied as the eighth po-
wer of the jet exit velocity. This result was obtained through dimensio-
nal analysis.

Extensions of Lighthill’s acoustic analogy to incorporate the effect of
solid surfaces in the flow was published by Curle [3] in 1955 and later
also by Ffowcs Williams and Hawkins [4] among others. The interac-
tion of the turbulence with the surfaces introduces sources which have
a dipole character.

The sound radiated from quadrupoles was observed to be amplified
in the flow direction. This effect is small for low speeds but large for
high speed. In the case of a subsonic jet at high Mach number or a
supersonic jet the effect is an important factor of the sound field sur-
rounding the jet. In 1963 Ffowcs Williams [5] published an extended
theory including the effect of convection on the directivity of the radi-
ated sound. The theory predicts that there is an amplification of the
emitted sound from the convected quadrupoles in a jet in the axial
direction.

Another important effect of the convection is the refraction of the
generated sound. When the sound is propagating out of the jet to the
far-field the local speed of a wavefront will be a function of both the
thermodynamic speed of sound and the local convection velocity. The
wavefront will tend to bend out from the jet as shown in figure 1.1. The
local speed of the wave at location B is higher than that in A. This
makes the sound refract out from the jet and cause a cone of silence
in the axial direction. This effect will be amplified if the jet is heated
compared to the surrounding. To include the effect of refraction in an
acoustic analogy Lilley [6] developed an analogy in which the refractio-
nal effects were included.

The general understanding of turbulence at that time was that it
consisted of small eddies which were more or less randomly distribu-

2
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Figure 1.1: Refraction of sound wave.

ted. The source of noise in turbulence was of course believed to be the
same eddies. At the beginning of the seventies the discovery of large
turbulence structures in jets and free shear flows changed the focus in
the aeroacoustic community. The large turbulence structures dominate
the overall dynamics and mixing of free shear flows and it was shown
that they are a strong source of sound in supersonic jets [7]. However,
these large structures are not as important in subsonic jets. For furt-
her reading on the importance of large turbulence structures, see Tam
[8].

If a supersonic jet is imperfectly expanded shock cells will form close
to the jet exit. There are two additional sources of sound in jets that can
be identified in the presence of shock cells. These are screech tones and
broadband shock associated noise. Since these sources are associated
with supersonic jets they are not within the focus of this work.

Until the nineties, all estimation of jet noise was restricted to analo-
gies with solutions based on dimensional arguments and statistical in-
formation. Rapid increase in the available computer power opened for
the possibility to directly solve the compressible Navier-Stokes equa-
tions using Direct Numerical Simulations (DNS) or Large Eddy Simu-
lations (LES). Well performed DNS and LES simulations are very va-
luable tools for understanding of jet noise generation and propagation.
They capture flow-acoustic interaction, refraction, diffraction, presence
of solid objects, convectional and other effects which may affect the flow
and sound field. It is not feasible yet though, to use these methods in

3
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industrial applications, even if LES might be used in a near future gi-
ven that the computer development continues as it has in recent years.

But until then it is worth while to continue to develop methods for
jet noise estimations which are less computationally intensive. A no-
vel method called SNGR or Stochastic Noise Generation and Radiation
method has been developed by Bechara et al. [9] and Bailly and Juvé
[10]. This method is chosen for the present work and will be explained
in detail in Chapter 2. The methods used in solving the linearized Eu-
ler equations are described in Chapter 3 and the boundary conditions
used are described and tested in Chapter 4. The Kirchhoff-Helmholtz
integral method for extending an acoustic solution to the far-field is
briefly presented in Chapter 5. In Chapter 6 modified linearized Euler
equations are derived and compared to the original linearized Euler
equations. A test of the numerical accuracy and stability of the utili-
zed methods is presented in Chapter 7. In Chapter 8 source terms for
the linearized Euler equations on conservative form are derived and
validated in a forced 2D mixing layer. The methods presented in Chap-
ters 2-8 are used in Chapter 9 to predict the sound generated in a high
Mach number subsonic jet. The conclusions from the present work is
presented in Chapter 10. Some of the more extensive derivations are
left to the Appendix and are referred to in the text.



Chapter 2

Stochastic Noise Generation
and Radiation Method

2.1 Overview

An aeroacoustic problem can be divided into generation of sound and
propagation of the generated sound. Solving the full compressible Navier-
Stokes equations using LES or DNS captures both. The computational
cost however of the two methods is so great that it is virtually im-
possible to apply any of them to an industrial application. There has
recently been some progress in a new modeling approach called SNGR
[9, 10] (Stochastic Noise Generation and Radiation) model. It is based
on the idea that the linearized Euler equations are an exact wave ope-
rator for acoustic perturbations. Introducing suitable sources to the
linearized Euler equations result in accurate predictions of the propa-
gation of acoustic perturbations.

In the case of jet noise predictions a RANS solution provides time
averaged information about the flow field. The challenge in SNGR is
then to use the information given from the RANS solution to generate
an instationary turbulent field with the same local statistical proper-
ties as the RANS solution. This generated turbulent field is used to
evaluate source terms in the linearized Euler equations. Solving the
linearized Euler equations with the source terms provide the propaga-
tion of sound from the source region to the far-field.

The SNGR model is performed using three steps. These are:

step 1. A Reynolds-Averaged Navier-Stokes solution of a compressible
turbulent jet is calculated, using for example, a k£ — ¢ turbulence
model.
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step 2. An instationary turbulent velocity field with the same local
turbulence kinetic energy, time scale and length scale as the RANS
solution is generated using random Fourier modes.

step 3. The linearized Euler equations are solved using the mean flow
field computed in step (1) as reference solution. Source terms de-
rived in a similar way as for Lighthill’s wave equation are eva-
luated using the turbulent field generated in step (2). This step
(3) gives the propagation of sound from the turbulent field to the
surrounding far-field.

2.2 RANS for Jet Computations

The Reynolds-Averaged Navier-Stokes solution (RANS) of the flow field
is computed using a standard k£ — ¢ turbulence model. The purpose of
the RANS solution is to provide a reference solution for the following
linearized Euler computation. The RANS solution is also used in the
stochastic modeling of the turbulent field. The SNGR model needs in-
put parameters in the form of turbulence kinetic energy, length scale
and time scale. The turbulence kinetic energy is one of the solution
variables from the RANS computation and the turbulence length scale
and time scale are computed from the turbulence kinetic energy and
the turbulence dissipation rate.

2.3 Linearized Euler Equations with
Source Terms

A formal derivation of the source terms for the linearized Euler equa-
tions is given in Chapter 8. Given here is only the final set of equations.

6
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op'  9(puj)’ _

o T os,
d(pu;) 0 . - o
5 T a—mj(uj(ﬂui)' + uipuy)’ — iy + ploy) =
—%(pu;'u;-' — pujuy) (2.1
J
d(pey)’ 0 ~ - ~ .
PE0) 20 o) + Ty (pho) — y) =

at a.’L'j

—a%j(phﬁu;’ — phyuy)
The left-hand side of equations 2.1 is the linearized Euler equations.
The right-hand side contains all non-linearities that emerged when the
Euler equations were rewritten into the linearized Euler equations.
Thus, equations 2.1 are still the full non-linear Euler equations. If
the right-hand side of the equations is treated as a source and is in
some way known, then the left-hand side is a wave operator respon-
ding to the source. The right-hand side could be given from the solution
of a Direct Numerical Simulation (DNS), or a Large Eddy Simulation
(LES). This is done in the case of a 2D mixing layer in Chapter 8 as a
validation of the source terms. The source terms are shown to be wor-
king well and given that they are evaluated from a physical solution,
the response from the linearized Euler equations is in good agreement
with the direct numerical simulation used to evaluate the source terms.

2.4 Stochastic Modeling

This section treats the generation of an instationary turbulent velocity
field, i.e. Step (2) in the SNGR method. A large portion of this section
follows the texts of Bailly and Juvé et al. [10] and Bechara et al. [9].

A time-space turbulent velocity field can be simulated using random
Fourier modes. This was proposed by Kraichnan [11] and Karweit et
al. [12] and further developed by Bechara et al. [9] and Bailly and Juvé
[10]. The velocity field is given by

N
w(x) =2 iy cos(knX + 1), (2.2)

n=1
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where 4, 1, and o, are amplitude, phase and direction of the n : th
Fourier mode. Figure 2.1 shows the geometry of the n : th mode in
wave number space.

ks

On

(%)

& B

<k;

ks

0

k Yn

Figure 2.1: Geometry for the n : th mode.

The vector k,, is chosen randomly on a sphere with radius %,,. This
to ensure isotropy of the generated velocity field. By the assumption of
incompressibility the continuity equation gives the following relation

k,-0,=0 for all n (2.3)

The wave number vector k, and the spatial direction o,, of the n : th
mode are thus perpendicular. The angle «,, is a free parameter chosen
randomly, see figure 2.1. The phase of each mode %, is chosen with
uniform probability between 0 < v,, < 27. The probability functions of
all the random functions ¢,,, ¥,, 6, and «a,, are given in table 2.1.

p(pn) = 1/(2m) 0< ¢, <2
P =1/0r) 0= yu<0n
p(fn,) =1/(2)sin(f) | 0< 60, <

p(an) = 1/(2m) 0<a, <27

Table 2.1: Probability distributions of random variables.

The probability function of 6, p(6,) = 1/2sin(#) is chosen so that the
distribution of the direction of k,, is uniform on the surface of a sphere,
see figure 2.2, i.e. the probability of a randomly selected direction is
the same for all surface elements dA.

8
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ks

N k
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N \\ 2
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Figure 2.2: The probability of a randomly selected direction of a wave
in wave-space is the same for all dA on the shell of a sphere.

The amplitude 4, of each mode is computed so that the turbulence
kinetic energy E(k,) correspond to the energy spectrum for isotropic
turbulence. This gives

ity = /E(kn) Ak (2.4)

where Ak, is a small interval in the spectrum located at k,, see figure
2.3. A model spectrum is used to simulate the shape of an energy spect-
rum for isotropic turbulence. In this way the sum of the squares of i,
over all n is equal to the total turbulence kinetic energy

N
E=) a2 (2.5)
n=1

The subdivision of the spectrum into different modes is chosen loga-
rithmically as

k, = e(nkit(n=1)dk) for n=12,...,N (2.6)

where

(2.7)
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log(E(k))

k,  k, log(k)

Figure 2.3: von Karman-Pao spectrum

This distribution of the generated modes gives a better resolution of
the spectrum for low wave numbers corresponding to the most energy
containing eddies compared to a linear distribution.

The energy spectrum for isotropic turbulence is simulated by a von
Karman-Pao spectrum

u” (k/ke) _ >
B = o i e (2.8)

where k is the wave number, k, = ¢'/*»=3/* is the Kolmogorov wave
number, v is the molecular viscosity and ¢ is the dissipation rate. u'
is the r.m.s. value of the velocity fluctuations corresponding to the tur-
bulent kinetic energy, v = 2k/3. There are two free parameters in
equation 2.8. The numerical constant o which determines the kine-
tic energy of the spectrum and the wave number k. corresponding to
the most energy containing eddies at the peak in the spectrum. The
available information from the RANS solution is the turbulence kine-
tic energy k or, equivalently 3u” /2, and the dissipation rate ¢. These
must be used in order to determine o and k. and thereby the shape of
the spectrum and thus the distribution of energy over different wave
numbers. The numerical constant o can be determined by the requi-

10
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rement that the integral of the energy spectrum, equation 2.8, over all
wave numbers should be equal to the total turbulent kinetic energy

k= / N E(k)dk (2.9)
0

Since equation 2.8 is derived for infinite Reynolds number o can be
found independently of k. by integrating equation 2.9 to get

o 4 T(17/6)
= VR T(1/3)
The turbulence length scale from the RANS solution is defined as

A= 02-75E3/ ? /€. Assuming that the length scale from the RANS solution
is the same as the integral length scale for isotropic turbulence gives
the following relation

~ 1.45276 (2.10)

T [* E(k)
A= . — 2.11
2u”’ /0 k dk ( )

which is used to determine the wave number k. corresponding to the
most energetic length scales. The relation of £, to A and « is

e

" B55A

where « is given in equation 2.10 and A is given from the RANS solu-
tion.

In earlier studies, two methods have been developed to introduce
time dependence in the synthesized velocity field [9, 10]. The first met-
hod [9] is based on independent generation of every time step in the
same manner as described above. The independent solutions are then
filtered in time in every point to give a desired time correlation. The
second method [10] is based on introduction of time dependence in the
actual generation by adding a time dependent term in the Fourier mo-
des. The generated time dependent turbulent velocity u;(x,t) is then
given by

(2.12)

N
u(x,t) =2 Z Uy, cos(ky, (x — tu,) + ¥, + wpt)o, (2.13)
n=1

11
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In this expression u, is the local convection velocity computed in the
RANS solution, and w,, is the angular frequency of the n : th genera-
ted mode. The angular frequency w, is a random function given by a
Gaussian probability function

]_ (_(Wn:UZn)2)
Wp) = e 25 (2.14)
p(wn) e

where @, is the mean angular frequency of the n : th mode determined
by w,, = v'k,, see [10].

The second method to introduce time dependence is more attractive
from computational point of view due to the difference in required com-
putational effort and storage. In the first method a number of Fourier
modes have to be generated in each time step. The resulting velocity
fields need to be filtered a posteriori to get suitable statistical proper-
ties. This data need to be stored before it is used in the source terms in
the linearized Euler computation, step (3). In the second method the
velocity field can be generated for each time step independently and
does not need to be filtered. It is then possible to include the gene-
ration of the turbulent velocity field in the solver. The only data that
need to be stored in order to repeat a computation in this case are the
random functions given in table 2.1. The first method [9] is however
more attractive in the way that the autocorrelation can be chosen to
follow a specified behavior. This is done through the filtering of the
independent samples. This type of control is not possible in the second
method.

A way to retain the control of the autocorrelation and at the same
time keep the required computational effort at a reasonable level is to
introduce the time filter directly as the velocity field is generated. To
include convectional effects a convection equation is solved for the filte-
red velocity field. The proposed method to introduce time dependence
and convection is as follows. First define a realization of the generated
turbulent velocity field as u}*(x) where superscript m denotes time step
m. Each generated field u*(x) for all 1 < m < N is independent of the
others and have a zero statistical mean. In other words the generated
velocity field is locally white noise. A new turbulent velocity field can
then be computed via the equation

vt (x) = av]" (x) + bul*(x) (2.15)

where a = exp (—At/7) and b = /(1 — a?). 7 is referred to as the time
scale and defines the time separation for which the autocorrelation fun-

12
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ction is reduced to exp (—1). The expression for b ensures that the RMS
of the outgoing signal v*(x) is the same as the in-going signal u}*(x).
For more details, see Appendix 11.6. The time scale is computed from
the RANS solution as 7 = k/e. To account for convection of the gene-
rated turbulent field v{*(x) a simple convection equation is solved for
Vi (x)

Opvi ) | Opuvi ")

= 2.16

before it is used in equation 2.15. Absorbing boundary conditions based
on characteristic variables are used when solving equation 2.16.

2.5 Correlations of Generated Turbulence

To see if the generated turbulent velocity field has the specified time
and length scales, the autocorrelation and two-point correlations are
computed from the generated velocity field.

Using a first-order filter as in equation 2.15, the specified autocor-
relation is an exponentially decaying function which in a discrete time
separation is

M, MNP
ViVy

(vi")?
where p is the number of time steps separating v!” and v;"? and the
overline denotes an average over many realizations m. The specified
and the computed autocorrelations are shown in figure 2.4.

The longitudinal two-point correlation wu(r, 0,0)/uu(0, 0, 0) is compa-
red to the f-function for isotropic turbulence [13] and the transversal
vo(r, 0,0)/79(0,0,0) is compared to the g-function. Definitions of the f-
and g-functions are given in Appendix 11.5. The results are shown in fi-
gure 2.5. The correlations in time and space clearly follow the specified
correlations.

=ad (2.17)

2.6 Source Region

The region in which the SNGR is applied is restricted to the region
where the largest sources are expected. This region is a cylinder that

13
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0 5 15 20

10
pAt/T
Figure 2.4: Autocorrelation vi*v}" ?/(vi")2 for generated turbulence as
a function of normalized time separation pAt/7. First-order filter in
time. Solid line: analytical expression, 2.17; others: =, 9, x3 velocity

autocorrelation.

(a) @a(r, 0,0) /@@(0, 0, 0) (b) 73 (r, 0, 0) /75(0, 0, 0)

Figure 2.5: Spatial two-point correlations. (a) longitudinal two-point
correlation, (b) transversal two-point correlation. Solid lines: analyti-
cal expressions; dashed lines: from generated turbulent velocity fields.

starts from the nozzle and continues in the axial direction down to the
end of the transition region. Within this cylinder the source region is
the set of cells where v,/v > 0.7. This limit is chosen for numerical
reasons to ensure that the Kolmogorov wave number is larger than the
peak wave number k. in the model von Karman-Pao energy spectrum.

14



Chapter 3

Linearized Euler Equation
Solver

3.1 Finite Volume Method

The solver for the linearized Euler equations is based on the G3D
[14] series of codes developed by Lars-Erik Eriksson at Volvo Aero
Corporation. These codes solve compressible flow equations on con-
servative form on a general structured boundary-fitted, curve-linear
non-orthogonal multi-block mesh. The solver in the present work is
an extended version of a code for solving the Linearized Euler equa-
tions in CFD applications. The developments in the present thesis con-
sist of increased numerical accuracy required for Computational Ae-
roAcoustics (CAA). In the present state the code uses an explicit four
stage Runge-Kutta time marching technique. The convective fluxes
are evaluated using a six point finite volume stencil. Upwinding of the
convective fluxes based on characteristic variables is used to ensure nu-
merical stability. The Finite Volume Method (FVM) used in this work
is described below.

The governing equations can be written on a compact conservative
form as

0Q ok _,

3.1
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where
o _ _ (puj)’ s
Q=1 (pui) Fy= | u(pus)' +ui(pu;) — puiu; +p'di; | (3.2)
(veo)’ ho(puz)' + uj(pho)" — p'hoti;

Equations 3.1 are discretized on a structured, non-orthogonal multi-
block boundary fitted mesh. This is done by integrating 3.1 over an
arbitrary control volume (2

0Q OF;
—dV —2dv =0 3.3

Introducing a volume average ) of QQ over 2 and using Gauss theo-
rem on the second term we can write

v [ pldas =0 (3.4)
ot " oo

where dS; = n;dS is a surface normal element on 0f2. In words equation
3.4 says that the rate of change of the volume average of the state
vector () is equal to the integral of the flux through the boundary of
volume Q. If ) is the volume defining a cell in a computational mesh
the flux term can be rewritten as the sum of the fluxes through the cell
faces of control volume 2

/Fj-dsjz Z/ F; - dS; (3.5)
onN ace

all faces

Assuming that Fj is constant over each face, equation 3.5 can be writ-
ten as

/ Fj-dSy= Y Flwe.glee (3.6)
N

allfaces

where ij %¢ is the surface normal vector times the surface area of the
face. The governing equations discretized on a structured mesh can
now be written as

16



Chap. 3: Linearized Euler Equation Solver

8@ face face

all faces

Solving equation 3.7 is done by estimating the values of F; on the faces
and then use a time marching technique to advance the solution in
time. The procedure is then repeated using the new solution from the
last time step.

3.2 Convective Fluxes and Artificial Dissi-
pation

The convective fluxes are computed using an approach based on cha-
racteristic variables. The reason for this is to be able to add a small
amount of artificial numerical dissipation. The artificial numerical dis-
sipation is added through upwinding of the convective scheme. The
characteristic variables are used to decide in which direction to per-
form the upwinding. The methodology is as follows.

I-Direction

g
-

@1 QZ @3 Q4
Qf

Figure 3.1: Estimation of face value @’ is based on cell averages @, to

Q-

The solution vector () is computed on the face in a right-hand side
upwinded version and a left-hand side upwinded version. The upwin-
ding is based on adding a dissipative term to the system of equations.
This term is multiplied by a small number ¢ to add a small amount
of dissipation, see Appendix 11.2. This is illustrated here using a four
point stencil.

QF = C1Q; + C2Q, + C3Q3 + CuQ,

; _ _ _ _ (3.8)
Qr = CiQ + C3Q, + CoQ3 + C1Q,
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where Q{ is the left side upwinded and Q{{ is the right side upwinded
estimates on the face. The coefficients C, Cy, C3, Cy specify the numeri-
cal scheme and amount of upwinding. An average of the two neighbo-
ring cells is also computed

Qa = 0.5(Qy + Qs) (3.9)

The left and right-hand side upwinded solution vectors Q} and Qf
are transformed in the 7/-direction into vectors for the characteristic
variables, WL(") and WP(Z"), see Appendix 11.3 and the eigenvalue associ-
ated to each characteristic variable, \("), is computed using the average
solution @),. In three dimensions there are five characteristic variables
corresponding to entropy, vorticity and acoustic waves. There are one
entropy, two vorticity and two acoustic waves. The eigenvalue associa-
ted to each characteristic variable represents the velocity of each wave.

The solution is transformed back from characteristic variables to
physical variables using information about the eigenvalues. If the eigen-
value \(™ associated to the characteristic variable W™ is positive, the
left-hand side upwinded version is used in the transformation back to
physical variables and if the eigenvalue (™ is negative, the right-hand
side upwinded version is used. This corresponds to an upwinding of
each characteristic variable depending on the direction in which the
wave is traveling through the face. Finally the flux through the face,
equation 3.7, is computed using the solution estimated on the face.

The numerical scheme used in the present work is the six cell fi-
nite volume version of the fourth-order Dispersion Relation Preserving
(DRP) scheme proposed by Tam [15]. The coefficients are given in Ap-
pendix 11.4. A sixth-order derivative of the solution vector is used in
the upwinding of the numerical scheme. The resulting dispersion rela-
tion and dissipation relation are shown in Appendix 11.2.

3.3 Time Marching

When the spatial fluxes are computed as in the section above, equation
3.7 can be written on the form
0Q
= 3.10
5 F (3.10)

where F is an approximation of the sum of the spatial fluxes. The time
integration is performed using a four stage 4:th order Runge-Kutta
time marching technique
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AtF

where Q" is the solution at time step n and @nH is the computed solu-

tion at time step n + 1.

The time step At is chosen such that the highest CFL-number in the
computational domain is below a specified value. The time step is gi-
ven by At = CFL/SR where SR is the convective spectral radius [16].
The numerical scheme is stable up to CFL about unity. The maximum
CFL-number is however chosen to 0.5 in most computations. Above
this CFL-number the amplitude error caused by the artificial numeri-
cal dissipation starts to become important for low wave numbers. See
Appendix 11.2 for a stability analysis of the fully discretized equations

using the above specified scheme.
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Chapter 4

Absorbing Boundary
Conditions

The boundary conditions must give information to the equations about
what the conditions are at the boundaries, i.e. the boundary conditions
must specify the state of the fluid at all boundaries, whether is is an
inflow, wall, periodic, outflow or any other boundary. At free bounda-
ries however, the boundary conditions must simulate that there is no
boundary present at all. Information reaching the boundary must be
let out without causing reflection of information back into the compu-
tational domain.

There are two major types of local non-reflective or absorbing boun-
dary conditions. The first type is based on a local analysis of the gover-
ning equations in terms of characteristic variables. Most of the work
on this method is done by Thompson [17, 18] and Poinsot and Lele [19].
The major assumption made in deriving these types of boundary condi-
tions is that the outgoing disturbances are plane waves with zero inci-
dence angle to the boundary. For such waves these boundary conditions
are in fact exact and result in zero reflection. For waves with non-zero
incidence angle to the boundary there will however be reflections.

The other type is based on an asymptotic analysis of the Euler equa-
tions at very large distances from the source. This method was origi-
nally suggested by Bayliss and Turkel [20]. Tam and Webb [15] deve-
loped 2D boundary conditions based on this idea and Tam and Dong
[21] extended the boundary conditions to include a non-uniform mean
flow. Bogey and Bailly [22] have developed using the same methods
a generalization of these boundary conditions in spherical coordinates
for a 3-D geometry.

Generally the methods based on asymptotic analysis of the Euler
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equations have been shown to be more efficient in absorbing distur-
bances than the methods based on characteristic variables. This is
shown in Hixon et al. [23]. The reason for this is the assumption that
the disturbances approach the boundary at zero incidence angle in the
boundary conditions based on characteristic variables. One drawback
with the boundary conditions based on asymptotic analysis of Euler
equations is that the location of the source of the disturbances has to
be specified. Formally this is a big disadvantage, but the region with
the strongest sources in a flow is often known which makes it possible
to specify an approximate source location.

4.1 Characteristic Variable Based
Absorbing Boundary Conditions (Cvba)

The boundary conditions presented here are similar to the ones pre-
sented by Thompson [17,18] but the details are not the same. The
formulation of the boundary conditions presented here is derived by
Eriksson [24]. The boundary conditions are based on characteristic va-
riable based representation of the governing equations in the direction
of the outward facing normal vector n. This transformation is presen-
ted in Appendix 11.3 and only the outline is given in this section. The
governing equations can be transformed into a set of decoupled equa-
tions in one direction. The transformed equations govern propagation
of planar waves in the direction of the analysis. The degrees of freedom
are five variables called characteristic variables, W@, each governed by
an equation

ow N OW (@)
® = 4.1
5 T A o 0 (4.1)

where A\ is the characteristic speed associated with the characteristic
variable and ¢ is the spatial independent variable in the n-direction.

The sign of the characteristic speeds \¢ at the boundary gives in-
formation about the direction the characteristic variable W ®)is trave-
ling. This information is used to set up the boundary conditions. The
boundary condition is set up as

Specify W® at boundary if A® <o

Extrapolate W® from interior domain if A® >0 (4.2)
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The expressions above state that if information of W) is transpor-
ted into the domain, the value of W has to be given as a boundary
condition. If the information of W is transported from the inside of
the domain, towards the boundary, the value of W does not need to be
specified and W is extrapolated from the solution. When the appro-
priate action has been made on each characteristic variable, the solu-
tion is transformed back into the state variables again using equation
11.48.

This boundary condition gives complete absorption of waves propa-
gating normally towards the boundary. For waves with oblique inci-
dence to the boundary there will only be a partial absorption, see figure
4.1.

Outgoing wave

- A0S

Figure 4.1: Absorbed wave v.s. partially reflected wave.

4.2 Modified Characteristic Variable Based
Absorbing Boundary Conditions (Cvba)

The modified boundary conditions based on characteristic variables
are equal to the original boundary conditions based on characteristic
variables except for one detail. The original boundary conditions are
completely absorbing for waves traveling with normal incidence to the
boundary. This is a result of choosing the boundary normal vector n
as direction for the local analysis describes above. The idea with the
modified version of the original boundary conditions is that if the direc-
tion of the waves propagating towards the boundary is known, the local
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analysis of the governing equations is made in that direction. This le-
ads to complete absorption in this direction, see figure 4.2. The problem
is then to choose the direction in which performing the analysis. Waves
can however come from several different directions at the same time,
so is can be hard to choose the direction in which to apply the boundary

condition.
n
Outgoing wave

Direction of local analysis

4.3 Boundary Conditions Based on Asymp-
totic Analysis of The Euler Equations

Boundary conditions for far-field radiation have been proposed by Bay-
liss and Turkel [20]. Similarly, Tam and Webb [15] developed non-
reflecting boundary conditions using an asymptotic analysis of the Eu-
ler equations in two dimensions. These boundary conditions were furt-
her developed by Tam and Dong [21] to include non-uniform mean
flow. These boundary conditions were in polar coordinates for a 2-D
geometry. Bogey and Bailly [22] developed a generalization of these
boundary conditions in spherical coordinates for a 3-D geometry. These
boundary conditions have not been used in the present work but they
are compared with in boundary condition test cases below.

To formulate the boundary conditions the flow is written as the sum
of acoustic, vorticity and entropy waves. These are assumed to be inde-
pendent which is only true for a uniform mean flow. Flow perturbations
can then be written as

14 Pa 0 X
u | =] u |+ v |+] 0 4.3)
P Pa 0 0
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where entropy and vorticity waves are convected by the mean flow, i.e.
¥ = ¢(x—1ut) and x = x(x—1ut). Disturbances reaching the far-field con-
sist of acoustic waves only, (p,, us, p.). Assuming that these are isentro-
pic they can be written in the following form in spherical coordinates

Pa _ 1/¢
u, | ~ w 1/(p0)e, (4.4)
Pa 1

where the speed of sound wave propagation is defined as

vy=(T+7) e (4.5)

Radiation Boundary Conditions

Since only acoustic disturbances reach the radiation boundary, the so-
lution is given by equation 4.3 with ¢y = 0 and xy = 0 and the appropriate
boundary conditions are given by the differential equation satisfying
equation 4.4.

o (7 o 1\ [ °
En ul + vy (E + ;) I;I =0 (4.6)

Equation 4.6 is used to set up boundary conditions at all radiation
boundaries.

Outflow Boundary Conditions

In the outflow region both vorticity and entropy waves reach the boun-
dary as well as acoustic waves. Therefore, the full expression of equa-
tion 4.3 has to be considered. The pressure fluctuations are assumed
to be associated with the acoustic wave alone as shown in equation
4.3. Thus, the differential equation for the radiation boundary can be
retained for the pressure at the outflow boundary.

op’ o 1\,
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Taking the material derivative of density and velocity in equation
4.3 yields

/

0 0pq
—p+ﬁ-vp’:it+ﬁ-vpa

ot 0
ouf fuove =% g v o
ot ot ¢

The isentropic relation between acoustic pressure and density distur-
bances allows us to rewrite the density outflow condition, equation 4.8
as

op’ 1 (0pa | _

IRV = — - VPa 4.9

5 T VP c2(8t+u p (4.9)
Since the acoustic perturbations satisfy the linearized inviscid momen-
tum equation, the velocity outflow boundary condition, equation 4.8,
can be written as

ou’ 1

Y ow.vu = —2Vp, (4.10)
ot D
Since the pressure disturbances are assumed to be acoustic disturban-

ces alone, the system of equation to be solved in the outflow region is

S U U/ —
En +u-Vp = 2 (6t +u-Vp
o
ot
op o 1\,
ht — 4z =0
ot * (87‘ + r)p
These outflow boundary conditions, equation 4.11 and radiation boun-
dary conditions, equation 4.6 are typically applied by solving these
equations in the cells closest to the boundary instead of the full linea-

rized Euler equations. The spatial fluxes are taken with non-centered
schemes [21, 22].

1
+u-Vu' = —EVp' (4.11)

4.4 Buffer Layer

At the far-field and inflow boundary the only disturbances reaching
the boundary are acoustic waves. The energy content in sound wa-
ves is usually very small and even if there is a small fraction of the
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disturbance which is reflected back into the computational domain the
amplitude of the reflected wave will be very small.

At the outflow however there are vorticity and entropy disturban-
ces convected with the flow reaching the boundary as well as acoustic
disturbances. The energy content in vorticity and entropy waves is very
large at the outflow compared to acoustic waves. So if the boundary
condition at the outflow does not completely absorb all energy from
the vorticity and entropy disturbances very large acoustic disturban-
ces will reflect back into the computational domain. These waves will
be an artifact of poor boundary conditions and not part of the correct
solution. This contamination of the solution must be avoided. To en-
sure that there are no reflections from the outflow region a buffer layer
is often applied. The buffer region is an extension of the computational
domain in the downstream direction in which extra terms are added to
the equations. The way this is done was first proposed by Colonius et
al. [25]. Assuming that the buffer layer is in the z-direction, the terms
added to the governing equations are

0 _ __cozy) o
5 = (o — 70) (@ (4.12)
where
" 2
O'(.’l?, y) = Omax (7_2_0) (413)

The strength of the buffer layer, 0,,.., is chosen to achieve a certain
amount of damping and z, and z,,,, define the beginning and end of
the buffer region. The parabolic shape of o(z,y) reduces the risk that
the damping term will cause reflections into the computational domain.

4.5 Test of Absorbing Boundary Conditions

The boundary conditions by Thompson [17, 18] and Tam and Webb [15]
have been tested by Hixon et al. [23] using a monopole in an axisym-
metric flow field. In a 2D geometry Hixon et al. [26] also proposed
test cases including both vortical and acoustic waves. Bogey and Bailly
[22] have proposed two boundary condition test cases for boundary con-
ditions formulated in three dimensions. The first case consists of a
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Gaussian acoustic pulse in a uniform mean flow and the second is a
axisymmetric vortex in a uniform mean flow. The boundary conditions
tested in [22] were an extension to three dimensions of the boundary
conditions proposed by Tam and Dong [21]. The test showed that the
boundary conditions performed well as non-reflective boundary condi-
tions for an acoustic pulse. In the vortex test case there was some
reflection into the computational domain. For comparison the two test
cases suggested by Bogey and Bailly are in the present thesis perfor-
med using the boundary conditions based on characteristic variables
(Cvba) and the modified boundary conditions based on characteristic
variables (MCvba). The computational setup and the results are pre-
sented and discussed below.

The computational mesh consists of a N? mesh with N = 100 cells.
The spatial extent of the mesh is —50 < z;, 25, 23 < 50 with a constant
cell size A = 1. The following normalization is used

length scale A cell size
velocity scale : ¢ ambient speed of sound
time scale : Afc

density scale : pg ambient density
pressure scale : pyc3

In the test cases below the Ly-norm of the pressure disturbance is
computed for each time step. This is used as a measure of the perfor-
mance of the boundary conditions. The norm is defined by

1/2

N3
LZ(t) = !% prj,k(t)] (4.14)

1,5,k

Gaussian Acoustic Pulse

The first test case consists of an initial Gaussian acoustic pulse in a
mean flow in the z-direction with Mach number M = 0.5, mean density
p = 1 and mean pressure p = 1/v. The initial condition is

o = eexp|—ar?|

up = 0

wy = 0 (4.15)
up = 0

p = eexp[—ar?]
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where a = (In2)/b?, b = 3, ¢ = 1072 and r is the radius from the center
of the pulse located in origo. More details on the test case can be found
in [22].

The pressure disturbances |p'|/e¢ in the Oz,z, plane are shown in
figure 4.2. The left column represents the Cvba boundary conditions
at times ¢t = 40, 80 and 120. The right column represents the MCvba
boundary conditions at the same times. In the test by Bogey and Bailly
there were no visible reflections back into the computational domain
using the same scale for the iso-contours as in figure 4.2. The results
using the Cvba and MCvba show clear reflections. The outgoing wave
reaches the boundary with a level of |p’|/e =~ 0.02. The reflected waves
from the boundaries have an amplitude of [p'|/e ~ 0.001 or about 5%
of the original wave amplitude. In the test by Bogey and Bailly the
reflection was below 2% and below the scale of the iso-contours.

The time history of the L, norm for the acoustic pulse is shown in
figure 4.3(a). The norm is normalized by the initial value of the norm
at time ¢ = 0. The norm decreases in steps as the pulse reaches the out-
flow, side and inflow boundaries. The non-zero value of L, ~ 3 x 1072
at times ¢ > 150 represents the amount of reflected waves. This cor-
respond to about one order of magnitude lower compared to the initial
value. The corresponding result of Bogey and Bailly is about two order
of magnitude decrease of the L, norm at time ¢ = 150.

The results from the modified and the original Cvba boundary con-
ditions are similar with just slightly less reflection from the modified
boundary conditions. One would expect the modified boundary condi-
tions to perform better than the original boundary conditions. But it
should be noted that the direction of the one dimensional analysis was
specified as if the source was located in the center of the computatio-
nal domain, (¢, yo,20) = (0,0,0). The center of the source is however
moving with the local convection speed so the estimate is actually not
such a good approximation by the time the acoustic pulse reaches the
boundary.

To illustrate the point the same computation was performed using
the modified Cvba in which the origin of the moving source was spe-
cified as (xg, %o, 20) = (ut,0,0). The resulting pressure iso-contours are
show in the right column of figure 4.2 and the L, norm is the dash-
dotted line in figure 4.3(a). The result is much improved up till ¢ = 140.
The increase in the norm after ¢ = 140 is related to that the source by
then is outside the computational domain and thus inverting the direc-
tion of the one dimensional analysis for the outflow boundary. The
result is encouraging since the source location is often approximately
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@y

Figure 4.2: Scaled pressure disturbance [p|/c. Left column: Charac-
teristic variable based boundary conditions, Cvba. Center column:
Modified Cvba. Right column: Modified Cvba with moving source
correction. At times ¢ = 40, 80 and 120. Iso-contours from 2.5 x 10~ to
1.6 x 1072 using 4 levels with a geometrical ratio of 4.
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known and the modified boundary conditions would in that case be ef-
ficient as absorbing boundary conditions for acoustic disturbances.

0 50 100 150 200 0 50 100 150 200

t t
(a) Gaussian acoustic pulse in uni- (b) Axisymmetric vortex in uni-
form mean flow. Ly/L»(0) as a fun- form mean flow. L, as a function
ction of time. of time.

Figure 4.3: Evaluation of boundary conditions. (a) Gaussian acoustic
pulse in uniform mean flow, (b) axisymmetric vortex in uniform mean
flow. Solid lines: modified Cvba boundary conditions; dashed lines:
Cvba boundary conditions.; dash-dotted line in (a): modified Cvba
boundary conditions with moving source specified
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Convected Axisymmetric Vortex

The second test case proposed in [22] is that of a convected axisym-
metric vortex. The mean flow is defined by p = 1, a = (M, 0,0), M = 0.5,
P = 1/v. The initial velocity disturbance is defined by

Ug = e—2(r — ro)exp [—a (a2 + (r — 10)?)]
rTO (4.16)
up = —emexp [~a (2 + (r = ro)?)]

where
r=m, r=(32+22)Y2 0=arctan(vs/zs) (4.17)

The vortex radius is ry = 20, o = (In2)/b%, b = 5 and € = 0.03. The initial
density and pressure disturbances are set to zero.

The vorticity magnitude |ws| = |0ub/0x1 —0u'y/0xs| in the Oxix, plane
is shown in the left column of figure 4.4 and the pressure disturbance
in the right column. The times are ¢ = 50, 100 and 150. The figu-
res show the vortex as it is convected out of the computational domain.
The pressure iso-contours are chosen so that the initial pressure distur-
bance in the vortex is smaller than the lowest iso-contour. When the
vortex is convected through the boundary, it generates acoustic waves
which propagate into the domain and contaminate the computational
domain.

The time history of the L, norm of the pressure disturbance is shown
in figure 4.3(b). An initial disturbance is generated from the sudden
start of the vortex. The hydrodynamic pressure disturbance associa-
ted with the vortex is settled after ¢ ~ 20 with a norm L, = 6 x 107".
When the vortex reaches the boundary at about ¢ = 70, reflection of
acoustic waves cause a drastic increase in the L, norm with a peak of
Ly, = 2 x 102 when the vortex center reaches the boundary at ¢t = 103.
This represent an increase in the L, norm of about 3.5 orders of mag-
nitude. The corresponding result from the test by Bogey and Bailly
[22] is an increase in the L, norm of about 2 orders of magnitude.
Clearly the boundary conditions based on asymptotic analysis of the
Euler equations are much more efficient as absorbing boundary con-
ditions for vorticity than the characteristical variable based boundary
conditions.
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Figure 4.4: Vorticity magnitude |ws| = |0u)/0x1 — Ou'/0xs| (left) and
pressure amplitude [p’| (right) for times ¢ = 50, 100 and 150. Iso-
contours: vorticity from 5 x 10~* to 80 x 10~* and pressure from 5 x 10~°
to 80 x 107 using 5 levels with a geometrical ratio of 2.
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Chapter 5
Kirchhoff-Helmholtz Method

Kirchhoff-Helmholtz integration [27] is a method to predict a state va-
riable governed by the wave equation at a point, based on informa-
tion of the state variable from a closed surface enclosing all generating
structures. In aeroacoustics, this is used to predict the pressure distur-
bances outside of the computational domain for the flow field. Given
here is a short presentation of the Kirchhoff-Helmholtz method. For a
more detailed analysis, see [27, 28].

S

Figure 5.1: Closed Kirchhoff-Hemholtz surface, S, with outward poin-
ting normal n. y point on surface S and observation point x. Surface S
encloses all generating structures

A Kirchhoff-Helmholtz surface S is assumed to enclose all non-linear
effects and sound sources. Outside this surface the field is linear and
is governed by the wave equation. Let ® be a quantity satisfying the
wave equation, e.g. pressure, in the exterior of surface S.
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1 0°® 0

2 o Vo =0 (5.1)
® and its first derivatives, 0®/0t, 0®/0n, must be continuous outside
the surface S. ¢, is the speed of sound at ambient conditions. Using a
Green function it is possible to derive an expression for the solution of
equation 5.1 in terms of ® and its derivatives on the boundary surface.
The Green function G is a solution to the equation

1 0*°G

O VG=so- sy sz~ 7) 62

where § is the Dirac delta function. The observer position is denoted

by x = (z,y, 2,t) and the source is y = (', 4/, 2/, 7). Since the equation
is hyperbolic, the Green function must satisfy the causality condition

G = E =0 fOI" t< ’7" (53)
The solution to equation 5.2 is
! A o
G = o(r' + At —1) (5.4)
d7r

where r is the distance between the source and the observer. 7' is the
retarded time, i.e. emission time and At is the time delay between the
emission time 7 at y and the time ¢ of detection at x.

t=r+At=7+— (5.5)
Co
The Kirchhoff formulation for a stationary control surface S, can be
written as (Pierce [29])

B(x.t) = 1 /[CIJ or 10® 1 Or 0®
s

In the above equation [|» stands for evaluation at the emission time.
The normal derivative of the distance between the surface and the ob-
server, Or/0n, is actually cos(), where 6 is the angle between the vector
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r = x —y and the outward pointing normal vector n. Equation 5.6 gives
® at an arbitrary point x at time ¢ outside of the control surface S as a
function of the information given at y on the surface S at time 7'.

The method of Kirchhoff-Helmholtz integration relies formally on
the use of a closed surface enclosing all sound sources on which the
integration is performed. In a real jet case however, it is not feasible to
extend the computational domain in the axial direction to ensure that
all sound generating structures are inside a closed surface, see figure
5.2. There is always a portion of the downstream boundary through
which a considerable amount of vorticity is convected. To minimize the
error in the Kirchhoff-Helmholtz integration, the integration surface is
left open on this boundary. This is a violation of the conditions under
which the theory holds, however, Freund et al. [28] have shown that
the major contribution to the solution at an observation point comes
from a point on the surface that intersects a line between the observer
and the source point, see figure 5.2. The errors involved using the open
surface is smaller than what would have been the case if the surface
would have crossed the outflow region.

Observation point

Kirchhoff-Helmholtz surface

open region

Source region

Kirchhoff-Helmholtz surface

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 5.2: Kirchhoff-Helmholtz surface for jet case. - - - : Kirchhoff-
Helmholtz surface.

The Kirchhoff-Helmholtz integral method to extend the acoustic sig-
nal outside of the computational domain has been applied to a mono-
pole test case, see Billson [30]. Using a closed Kirchhoff surface the
results were in excellent agreement with the analytical solution.
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Chapter 6

Modified Linearized Euler
Equations

The linearized Euler equations are known to be unstable for some
flows. Free shear flows with mixing layers are typical flows when this
can occur. The coupling between the different types of characteristic
variables in these flows seems to be the reason for this phenomenon.
The solution to the linearized Euler equations can be split into two
parts. One is the particular solution given by the existence of source
terms in the system of equations. The other is the homogeneous so-
lution to the equations when there are no source terms. The equa-
tions can be unstable if the homogeneous solution have growing modes.
Since the equations are linear there is no limit to the amplitude of such
disturbances as long as they are still in the computational domain. In
many cases the amplitude of the homogeneous solution is bounded by
the fact that the solution is convected out of the computational domain.
The problem is that the sought solution (the particular solution) can be
masked by the homogeneous solution so that is is impossible to draw
any conclusions from the computations. In extreme cases numerical
problems could arise due to cancellation errors in the numerical repre-
sentation in the computer. But since the equations are linear the two
solutions are independent of each other and a modification of one does
not affect the other.

In an attempt to resolve these problems, modified linearized Euler
equations are developed. The aim is to make the resulting equations
stable in free shear flows without loosing too much of the physics held
in the original equations. The method used here is simply to discard
the spatial derivatives of the reference solution in the linearized Euler
equations. The resulting equations in compact conservative form are
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Q' Q' Q' 0qQ"
o + Ay o +Boa—y +Cop-=0 (6.1)

where the following terms have been neglected

04, 0B, 0C
0o 9% o

Ox oy 0z ¢ 6.2)

The neglected terms in the modified equations contain the spatial
gradients of the reference solution. The resulting equations are equal
to the full linearized Euler equations only for a homogeneous reference
solution in which the characteristic variables are decoupled. The modi-
fied equations have a much weaker coupling between different charac-
teristic variables and are therefore more stable in shear flows than the
original equations. This is shown in figure 6.1 where planar acoustic
waves are generated inside the nozzle of a Mach 0.9 low Reynolds num-
ber jet. The resulting sound field is represented by the axial acoustic
intensity p'u”.

The full linearized Euler equations are used for the result in figure
6.1(a) and the modified in figure 6.1(b). In both cases the sound waves
exit the nozzle and are refracted out of the core region due to the mean
flow. If there was no interaction between different types of disturban-
ces, these would be the only disturbances in the solutions. In figure
6.1(a) however, the sound waves excite vorticity waves which in turn
are amplified by the mean shear as they are convected downstream.
These are seen as the disturbances in the centerline region. The strong
excitation of vorticity waves in figure 6.1(a) are not present in figure
6.1(b). There are some disturbances in the centerline region which are
clearly not acoustical but the level is much lower than in figure 6.1(a).

The modified equations are clearly more stable than the full lineari-
zed Euler equations as disturbances are not amplified in the presence
of mean shear. There are however other differences in the solutions
from the different sets of equations. The refraction of the acoustic wa-
ves is not the same in figures 6.1(b) and 6.1(a). There is a much larger
intensity in the waves upstream of the nozzle using the modified equa-
tions than the full equations indicating that the modified equations do
not give the correct refraction in the nozzle exit.

Figures 6.2 show the pressure disturbances caused by a monopole
located in the shear layer of the same Mach 0.9 jet as before. From
the solutions in figures 6.2 there is a clear difference in the directivity
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(a) Full linearized Euler equations
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Figure 6.1: Axial acoustic intensity p'u” from plane acoustic waves ge-
nerated in the nozzle.

of the sound field. This shows that the refraction of the sound gene-
rated from a monopole is not the same for the two sets of equations.
The conclusion must be that the neglection of the mean shear terms
as described above affect the sound propagation in a non-physical way.
The modified equations are more stable which is positive but they seem
to lack some of the directional effects.

A continued study is necessary in this area to see if there are alter-
native stabilizing modifications of the linearized Euler equations that
can be made which have less severe effects on the solution.
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Figure 6.2: Pressure disturbances in Oz;x3 plane from monopole loca-
ted at (.’E(), Yo, Z()) = (87‘0, 0, 1.57'())
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Chapter 7

Acoustic Scattering of
Cylinder - Benchmark Test
Case

7.1 Introduction

This chapter concerns a benchmark test case for the linearized Euler
equations in two dimensions. The Benchmark problem is called Ac-
oustic scattering of a cylinder. The problem was one of many in the
Second Computational Aeroacoustic (CAA) Workshop on Benchmark
Problems in November 1996, [31].

In this test case the effects of different numerical schemes, grid re-
solution, time step and artificial numerical dissipation of high wave
numbers are evaluated.

7.2 Problem Description

The physical problem is to find the sound field generated by a propeller
and scattered off by the fuselage of an aircraft. Computationally, this is
a good problem for testing wall boundary conditions and diffraction. In
this work the problem is also used to test numerical schemes, required
grid resolution and time step and the effect of artificial dissipation.
The fuselage is idealized as a circular cylinder and the noise source
(propeller) as a distributed line source, see figure 7.1. In this way, the
problem can be solved in two dimensions. The problem is given in polar
coordinates and is non-dimensionalized with the variables in table 7.1.
The equations to be solved are the linearized Euler equations. For
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Yy

X
Cylinder

Figure 7.1:
length scale = diameter of circular cylinder, D
velocity scale = speed of sound, ¢
time scale = DJc
density scale = undisturbed density p
pressure scale = poc?

Table 7.1:

this problem, with zero convection and only isentropic acoustic distur-
bances, the linearized Euler equations can be written as

Op Ou Ov
ou Op
T 2
5 +ax 0 (7.2)
ov Op
h T 7.3
8t+8y 0 (7.3)

where S(z,y,t) represents the noise source explicitly implemented as

N2 2
S(x,y,t) = exp {—an (wﬂ sinwt (7.4)

w2
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where z;, = 4, w = 0.2, w = 8. To evaluate the quality of the solution a
property called the directivity, D() = lim,_,, rp2, should be computed
for 6 = 90° to 180° at Af = 1° and compared with the analytical
solution, see figure 7.1. The angular frequency of the source is w = 8.
The grid specification and At was also to be stated.

7.3 Analytical Solution

Start with the linearized Euler equations, equations 7.2 - 7.4. The
boundary conditions are

1. zero-normal-velocity at the surface of the cylinder

v-n=0 at 2?+9y*=(0.5)
2. radiation boundary condition for z,y — oo.

By eliminating v and v from equations 7.2 to 7.1 and separating the
pressure into p;(z,y) and p,(z,y) it is possible to derive an analytical
solution for the pressure at any point. Here p;(z, y) is the incident wave
generated by the source and p,(z,y) is the wave reflected off the cylin-
der. The solution is then given in the form

Pz, ,1) = Im(p(z, y) exp(—icot)) (7.5)

where

p(z,y) = pi(z,y) +pr(z,7) (7.6)

The solution for p;(z,y) is given by

pmg=/m0m@»mwme%w& 1.7)
0
where
| —meg(wr) BV (W), 0<r, <€
G(rs’é-) B { _%é-JO(wf)H(gl)(wrs)a 6 S Ts S oo (78)
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where J, and H(gl) are the zeroth-order Bessel and Hankel functions
respectively. r, is the radius with origin at z = z,, y = 0. With the so-
lution for p;(r,) found, the solution for p.(r, 6) is represented by Fourier
series

pr(r,0) = Z CkH,gl)(rw) cos(kd) (7.9)
k=0

where H{" is the Hankel function of the first kind. The radius r is com-

puted from the center of the cylinder. The coefficients C), in equation
7.9 are given by

€k

C. = /WB 6 k@)do (7.10)
F T D w2 — By Jo DO

Hereey =1, ¢, =2, k=1,2,..., and B(#) is given by

_ i
n

B(6) = at 22 +y> = 0.25 (7.11)

Inserting the solutions for p;(r;) and p.(r,8) from equations 7.7 to
7.11 into equations 7.6 and 7.5 gives the analytical solution for the
pressure. The directivity,

D) = rp? (7.12)

can then be computed for any value of the radius r.

7.4 Numerical Method

The numerical code is a 2D version of the code described in Chapter 3.
The solver is applied on a multi-block structured Cartesian boundary-
fitted grid. The numerical schemes used in this problem are the 4:th
order Dispersion Relation Preserving (DRP) scheme by Tam and Webb
[15] and a regular 4:th order numerical scheme. Selective artificial
damping is applied through the fluxes to attenuate spurious waves ari-
sing due to the discretization of the equations. This artificial damping
leaves waves with low wave numbers unaffected while high wavenum-
ber waves are effectively attenuated. The time stepping algorithm is a
4:th order four stage Runge Kutta time marching technique.
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7.5 Numerical Issues
A number of numerical issues will be addressed. These are

1. The capability of the DRP scheme to predict acoustic waves for
different configurations.

2. Required grid resolution for accurate predictions.
3. Required time step for accurate predictions

4. Allowable amount of artificial selective damping.

7.6 Boundary Conditions

Two sets of boundary conditions were employed in this study. These
are

1. Characteristic variable based absorbing boundary conditions
2. Perfectly Matched Layer (PML) by Hayder et al. [32].

The Cvba boundary conditions were used as initial test boundary con-
ditions. They absorb most of the outgoing waves although the reflected
part is unacceptable especially at high angle of incidence [30].

The PML boundary condition is a highly absorbing boundary condi-
tion which can handle many types of linearized Euler based problems
and has been applied to a number of cases [32], [33]. The full descrip-
tion of the PML can be found in [32] but a short description can be
appropriate here.

The PML is based on the idea that computational domain is sur-
rounded by a buffer layer of about 20 extra cells. In this buffer layer
the governing equations are modified with damping terms so that in
every time step the solution will tend towards an ambient solution.
The PML is the region outside the thick lines in figure 7.2. In this
way the outgoing waves will be attenuated on their way to the outer
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boundary and hopefully vanish before they reach the boundary. To im-
prove the performance of the PML, the mesh is stretched in the PML
layer. In this way the numerical scheme, due to numerical dissipation,
helps to attenuate outgoing waves.

7.7 Computational grid

The grid is a boundary fitted structured grid with 520 x 491 cells in
the z and y directions. The computational domain covers —10 < z < 6
in the physical domain and —11 < z < —10 and 6 < z < 7 in the
PML in the z direction. In the y direction the physical domain covers
0 <y <15and 15 < y < 16 is PML. This results in an almost uniform
cell size with a typical cell width of Az = 0.03125, except in the region
closest to the cylinder where an O-grid is used resulting in a cell width
closest to the cylinder of Az = 0.015625. With a wave length of A = 0.25,
the resolution in the problem is 8 points per wavelength or more. The
mesh is depicted in figure 7.2.
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Figure 7.2: Computational mesh. Every fourth grid line is shown.
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7.8 Results

The following setup resulted in quite satisfactory results.

Scheme = 4:th order DRP scheme

Time marching = four stage 4:th order Runge Kutta
Boundary condition = PML

Grid resolution = 0.03125 (8 points per wavelength)
Time step = 0.00342 (CFL =0.1)

0.001

damping coefficient

Table 7.2: Case 1

The instantaneous solution of the pressure disturbance can be seen
in figure 7.3. The predicted directivity D(f) is compared to the analy-
tical solution in figure 7.4(a). It is seen that the numerical solution is
quite good. The relative phase velocity and amplitude error (see Ap-
pendix 11.2) for the case can be seen in figure 7.5(a) and 7.5(b). The
vertical dashed line in the figures show the value of kAz of the wave
emitted from the noise source. As seen in figure 7.5(a) the value of
kAz is well within the region where the phase velocity is well predic-
ted. In the figure showing the amplitude error however the value of
kAx is very close to where the numerical scheme would attenuate the
solution.

In the following one parameter is changed in each case. The pa-
rameters changed are spatial resolution, numerical scheme, boundary
condition, time step and amount of artificial damping. The setup for
each case is shown in table 7.3.

Case | Scheme Resolution | Time step | B.C. | Damp. coeff
1 DRP 0.03125 0.00342 PML | 0.001
2 DRP 0.04166 0.00342 PML | 0.001
3 4:th order | 0.03125 0.00342 PML | 0.001
4 DRP 0.03125 0.00342 Cvba | 0.001
5 DRP 0.03125 0.01026 PML | 0.001
6 DRP 0.03125 0.01708 PML | 0.001
7 DRP 0.03125 0.00342 PML | 0.002
8 DRP 0.03125 0.00342 PML | 0.003

Table 7.3: Cases. The bold text shows which parameter is changed in
each case
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Figure 7.3: Instantaneous solution of pressure, Case 1

A resolution of 8 points per wavelength seems to give good results
for the DRP numerical scheme. To see if it is possible to decrease the
number of points per wavelength the same problem is computed with
6 points per wavelength (Case 2). The time step is kept at At = 0.00342
with a resulting CFL = 0.08 and the other parameters are kept the
same as shown in table 7.2. The result is evident in figure 7.4(b),
showing the directivity for this case. There is a clear increase in dam-
ping of the directivity curve compared to the first case implying that the
numerical dissipation is larger. This is confirmed by the slight ampli-
tude error in figure 7.6(b).

A standard 4:th order numerical scheme is also tested on the same
problem (Case 3). All other parameters are the same as in the first
case, see table 7.2. The effect of this is drastic. The directivity suffers
from numerical dispersion. This is seen as a shift in the peaks in figure
7.4(c). More evidence of this can be seen in figure 7.7(a) showing the
relative phase velocity (dispersion relation) of the full discretization
of this case. At 8 points per wavelength there is a small error in the
dispersion relation for the standard 4:th order numerical scheme.

As mentioned above, the characteristic variable based absorbing boun-
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dary condition (Cvba) was initially used in this benchmark problem.
The solution in this case is not satisfactory (Case 4). The computatio-
nal domain is full of reflected waves and the resulting directivity curve
are erroneous, see figure 7.4(d).

To see the effect of the CFL-number on the solution the time step is
increased to At = 0.01026 and At = 0.01708 equivalent of CFL = 0.3 and
CFL = 0.5 respectively (Case 5 & 6). The resulting directivity is shown
in figure 7.8(b) and 7.8(a). There is a slight increase in the deviation of
the numerical result from the analytic due to damping compared to the
first case. The effect is very small however. This is also supported by
figures 7.9(b) and 7.10(b) showing that the amplitude errors are very
small for these cases.

Finally the amount of artificial numerical dissipation is tested (Case
7 & 8). The value of the damping coefficient ¢ is increased to 0.002 and
0.003 respectively. The directivity curves for these cases are shown in
figures 7.8(c) and 7.8(d). The damping is more prominent when ¢ is
increased. Not only is the damping increased for high wave numbers,
but the range of wave numbers for which damping is large also incre-
ases. The effect is slight for this test case but the effect is shown in
figures 7.11(b) and 7.11(b).
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(a) Case 1, Baseline case as in

table 7.2

x10*

(c) Case 3, 4:th order discreti-
zation

(b) Case 2, 6 points per wave-
length

(d) Case 4, Cvba boundary con-
dition

Figure 7.4: Directivity computed at radius » = 7. Cases 1 to 4, see table
7.3. Solid line: analytical, dashed line: numerical
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Figure 7.5: Case 1 & 4. Dashed line: £Ax equivalent to 8 points per
wavelength
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Figure 7.6: Case 2. 6 points per wavelength. Dashed line: kAz equiva-
lent to 6 points per wavelength

54



Chap. 7: Acoustic Scattering of Cylinder - Benchmark Test Case

-100

08
-200

0.6 -300

-400
041

-500

0.2

]
l

I

— Exact !
—o- 4:th order | !
I

-600[-

kAx kAz |
(a) Relative phase velocity (b) Amplitude error

Figure 7.7: Case 3. 4:th order discretization. Dashed line: kAx equiva-
lent to 8 points per wavelength
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(a) Case 5, At = 0.01026 (b) Case 6, At = 0.01708
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(c) Case 7, ¢ = 0.002 (d) Case 8, ¢ = 0.003

Figure 7.8: Directivity computed ar radius r = 7. Cases 5 to 8, see table
7.3. Solid line: analytical, dashed line: numerical
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Figure 7.9: Case 5. At = 0.01026. Dashed line: kAz equivalent to 8
points per wavelength
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Figure 7.10: Case 6. At = 0.01708. Dashed line: kAxz equivalent to 8
points per wavelength
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Figure 7.11: Case 7. ¢ = 0.002. Dashed line: £Ax equivalent to 8 points
per wavelength
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Figure 7.12: Case 8. ¢ = 0.003. Dashed line: £Ax equivalent to 8 points
per wavelength
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Chapter 8

Acoustic Source Terms for
The Linear Euler Equations
on Conservative Form

8.1 Introduction

Using a Navier-Stokes solver for the near-field combined with an ac-
oustic analogy for the far-field is quite common in aeroacoustics. There
are a variety of analogies which could be used, Lighthill’s [1] ana-
logy for free turbulence in a homogeneous medium, Lilley’s analogy
[6], Curle’s [3] extension to Lighthill’s analogy for the presence of solid
walls just to mention a few. Lighthill’s analogy is most often solved as
an integral solution and limited by the assumption of sound generation
and radiation in a homogeneous medium and the same holds for Curle’s
extension to Lighthill’s analogy. Although Lilley’s analogy does include
refractional effects it is somewhat sensitive to the way the source terms
are evaluated [34]. The linear Euler equations with source terms are
not limited by the homogeneous medium assumption and can handle
refractional effects and reflection at solid boundaries. The scalar wave
equation governs acoustic wave propagation but not entropy and vorti-
city waves. The linear Euler equations on the other hand govern both
acoustic propagation as well as entropy and vorticity waves.

This work is a part of the evaluation and development of the SNGR
(Stochastic Noise Generation and Radiation) method originally presen-
ted by Bechara et al. [9] and further developed by Bailly and Juvé
[10]. The present work focus on the formulation of source terms for
the linear Euler equations. Bailly and Juvé [10] use a formulation of
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the linear Euler equations based on (p’, pu’, pv', pw', p') as solution va-
riables. In that formulation, the source terms only enter the momen-
tum equations. The formulation of the linear Euler equations used
in the present work is entirely based on the conservative variables,
(0, (pu)', (pv)’, (pw)', (peo)’). In this formulation the source terms enter
not only the momentum equations but also the energy equation. The
correct formulation of the source terms for the linear Euler equations
on conservative form are derived below. It is shown that the source
terms not only depend on the unsteady Reynolds stresses but also on
unsteady total enthalpy. This causes some problems in the SNGR met-
hod. In the present formulation of the SNGR [10], only velocity fluctu-
ations are modeled, assuming that all other variables are constant. For
this reason different simplifications of the source terms are derived.
The use of a forced 2D mixing layer as a test case for different met-
hods of sound prediction was first presented by Colonius [34]. Colonius
performed a direct numerical simulation of a free mixing layer forced
at its first three harmonics. The results were used and compared with
Lilley’s acoustic analogy[6]. Later Bogey [35] made a sound predic-
tion with LES and Lighthill’s analogy on a free mixing layer excited by
the first two harmonics. The results were in both cases in good agre-
ement between the direct simulations and the analogies. To validate
the derived source terms a forced mixing layer is computed by direct
simulation using a 2D compressible Navier-Stokes solver. The solution
from the direct simulation provides a reference solution (time average)
and is used to evaluate the source terms for the linear Euler equations
which are solved and the results are compared. Comparisons of the
computational results using the different source terms with direct si-
mulation of a forced free mixing layer are presented and discussed.

8.2 Theory

In this section a derivation of the linearized Euler equations and energy
equation on conservative form with source terms is presented. The de-
rivation starts with the Euler equations and is a rewriting of the full
Euler equations in a way that the left-hand side of the equations are
the linear Euler equations. The remaining non-linear terms in this
derivation are put in the right-hand side and form the source terms.
Start with the compressible Euler equations on conservative form.

60



Chap. 8: Acoustic Source Terms for The Linear Euler Equations on
Conservative Form

dp | Opu;

ot " om; 0 8.1)
0pu; 0 B
5 + %(Puiuj + pdij) =0 (8.2)
dpeg 0 .
5 + o (phouj) =0 (8.3)

where (p, pu, pv, pw, pey) are the density, the z, y and z momentum and
total internal energy per unit volume; phy is the total enthalpy per
unit volume. Introducing a decomposition of the variables in a time
averaged part and a fluctuating part as

p=p+p

u; = Ui + uy

p=p+p (8.4)
eyp = € + €

ho = ho + B!

where bar denotes time averaged and prime fluctuating variable. The
average of for example u; is a Favre time average defined by

b, = 2 (8.5)
p

and the double prime is the fluctuation associated with the Favre time
averaged velocity.
The momentum can be decomposed in two ways

pu; = p; + (pus)' = pu; + (pus)’  or

- ~ (8.6)
pu; = p(U; +uyl) = pu; + puy

= (pu;) = p'u; + pu) (8.7)
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The first decomposition in equation 8.6 is done by time averaging pu;
and the second by Favre averaging u;. Both are valid and will be used in
the following derivation. Combined they give equation 8.7. The same
holds for peq and phy which gives the following equalities

(peo)’ = p'eo + pegy

I} 7 n (88)
(pho)" = p'ho + phg
Furthermore

phou; = p(ho + hy) (i; + uf) 8.9)

= phoil; + phou!! + phiyii; + phiyu! '
= phou; = photl; + phigu!] (8.10)

Taking the time average of the continuity equation 8.1 gives
dp | Opy,

— =0 8.11
ot T o, 8.10)

Subtraction of equation 8.11 from equation 8.1 results in the continuity
equation for the fluctuations

op' | 9(pu;)’
= 8.12
5 T oz, 0 (8.12)

Averaging the inviscid momentum equation 8.2 gives

opi; 0 ..
o 67j(/)“i“j + puju +poi;) = 0 (8.13)

and subtracting the resulting equation 8.13 from 8.2 gives an equation
for the fluctuations

Opu; — pu;
i SR e TS

5 B (8.14)
%j(ﬂuzﬂj — puitij — pujui + (p — P)dij) = 0
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Using equation 8.6 on the first term and expanding pu,u; gives

D(pus)
o T

%(P'ﬂﬂj + pugt; + puju; + (8.15)
J

] — pulal + 15,5) = 0

Using equation 8.7 on the second term and rewriting the resulting
equation by moving all non-linear terms to the right-hand side gives

d(pus)'
ot

0 - - ——
g(%’(m&i)' + wi(puy)' — pugu; + p'oy;) = (8.16)
J

+

a n_n —n..n
- %(Puz U; — Puélu;‘l)

J

Equation 8.16 is the linearized momentum equation on the left-hand
side with source terms on the right-hand side. That the left-hand side
of 8.16 is the linearized momentum equation can be seen through dif-
ferentiation of the term pu,u; as

d(pus;) = d ((pui)[fpu]')>

= uid(pu;) + u;d(pus) — usu;d(p)

(8.17)

Now we proceed to derive the linear equation for total energy. Ave-
raging the inviscid energy equation (equation 8.3) gives

dopeg 0 B
5 8—351-('0%“”) =0 (8.18)

and subtracting equation 8.18 from equation 8.3

d(pey) O —
=t o, Phot = phot;) = 0 (8.19)
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Inserting the expressions 8.9 and 8.10 into equation 8.19 keeping the
linear terms on the left side and moving the non-linear terms to the
right-hand side gives

d(pey)’ 0 17~ T "~
(pco) + 52— (p'hoti; + phouj + phgu;) =

0 -
- %(Ph({u}' — phyuy)
J
Using the decomposition 8.7 and 8.8, equation 8.20 can now be rewrit-
ten on the form

d(pey)’ 0 ~ L~ ;T ~
N0 0 ooy + i oho — o) =
booom (8.21)

0 -
- aTj(Phgu}' - Phé’u}')
where the left side is the linear energy equation and the right-hand
side contains all non-linear terms.
The resulting linear Euler equations with source terms are here

summarized

o0 dlpw;)
Bt aiEj
O(pu;)’

a

0 . - o
B (Wi (pwi)' + Ui(puz)' — p'uitt +p'dy5) =

J

=0

— %(pué’u}' — pujuf) (8.22)
j
9(peo)’
a

0 ~ ! ~ ! /7~
%(ho(Pug‘) + uj(pho)" — p'hotij) =
j

0
- 6—.75] (ph()'u;-' - th)'u}')

The linear Euler equations above, equations 8.22, have been deri-
ved from the Euler equations without approximations or assumptions
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of the nature of the flow. The equations above are in fact still the non-
linear Euler equations. But if one argue that the right-hand side of
equations 8.22 is in some way known, then the equations on the left-
hand side are the linear Euler equations. The right-hand side could for
example be given by a large eddy simulation or DNS which also provi-
des the reference solution for the linear Euler equations. The equations
8.22 would then be an analogy for acoustic generation and radiation.

Unlike scalar wave operators, the linear Euler equations also sup-
ports vorticity and entropy waves. This is both an advantage and a
disadvantage for the linear Euler equations as an analogy. The advan-
tage is that entropy and vorticity waves generated by the source term
are indeed governed by the linear Euler equations. The disadvantage
is that this may cause instabilities. Stability analysis of the linear Eu-
ler equations show that vorticity and entropy waves can in some cases
grow without bound in the presence of mean shear. The near-field solu-
tion would then be dominated by this homogeneous solution instead of
the forced solution which is sought for. This does not necessarily mean
that the far-field solution is affected by these instabilities. The instabi-
lities will not radiate sound and contaminate the far-field as long as the
acoustic characteristic variables are not too strongly coupled with the
vorticity and entropy characteristic variables. There were no problems
with instabilities in the simulations presented in the present work but
it is important to know that control of entropy and vorticity waves may
be necessary in some flows to avoid potential problems.

8.3 Approximations of Source Terms

One of the purposes of this work is to evaluate the effect of simplifica-
tions of the source terms in the linear Euler equations. In the SNGR
only the velocities are modeled. This means that fluctuations of total
enthalpy and density are not known. The first step in simplifying the
source terms is to rewrite and approximate the heat source term in the
energy equation. Begin by identifying

phy =
p (p\) 1 1 - (8.23)

The first term can be written in terms of temperature. The first
Reynolds term can be decomposed in Favre averages of velocities and
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the associated fluctuations. The last term can also be decomposed and
rewritten in the same manner. After some algebra the following ex-
pression is obtained

~ 1 —
phi = pCyT" + pligy + 5 p (s — iy (8.24)
which leads to
C.T"y" + ot //+l A N A R (8.25)
pPLlpl " U; T PURULY; 2p UgUy — Uy ) U;

If we neglect trippel correlations of velocities we obtain

phou; = pCpT"uj + pliguguy (8.26)
and thus
ol — G =

_ (8.27)

n,n

Cy (pT"u — pT"ulf) + Uy, (pugu — puful)

The following notation is introduced

Q; = C, (pT"uff — pT"u))

Then the simplified source terms for the linear Euler equations can be
written as

Continuity =0

Momentum = _0 (Ti5)

9z (8.29)
0 _
Energy = 5 (Q; +uiTi;)
j

The next step in the simplification of the source terms is to neglect
temperature fluctuations. The source terms are then
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Continuity =0

0

Momentum = _a—a:j (Tij) (8.30)
0 -

Energy = _8—a:j (uiTi;)

In the last step of simplifications of the source terms fluctuations of
density are neglected, i.e.

Continuity = 0

— ——— A — o
Momentum = oz, (UZUJ “z“y) (8.31)
0
Buergy = g, wip (v~ i)

where the primed velocities now are fluctuations associated with the
ordinary time averaged velocities.

8.4 Numerical Simulation and Validation of
Theory

8.4.1 Numerical Scheme

The code for direct simulation and the linear Euler code are based on
the same numerical scheme. The convective terms are discretized with
a six point stencil. The coefficients of Tam’s [15] fourth-order disper-
sion relation preserving finite difference scheme is converted to the
equivalent finite volume coefficients. The diffusive terms in the direct
simulation code are discretized using a compact second-order scheme.
A fourth-order four step Runge-Kutta time marching technique is used
for the time stepping. Artificial selective damping is used to prevent
spurious waves from the boundaries and regions with stretching to
contaminate the solution. The manner in which the artificial selective
damping is introduced is described in Eriksson [14].

8.4.2 Boundary Conditions

The mixing layer consists of an upper stream with a Mach number of
M, = 0.5 and a lower stream with Mach number M, = 0.25. At the

67



Mattias Billson, Computational Techniques for Jet Noise Predictions

interface between the two streams a hyperbolic-tangent profile is used
as inflow boundary profile. The inlet streamwise profile is

U+ U Ui —Us 2y
Uiy, = 5 + 5 tanh <5w(0)> (8.32)

where U; and U, are the upper and lower velocities respectively. The
initial vorticity thickness 0,(0) defines the thickness of the incoming
velocity profile, see figure 8.1. The velocity at the inflection point is
defined by Uy = (U; + U,)/2. The spanwise velocity v, is set to zero at
the inlet. The pressure and density are constant over the inlet and are
set to normal atmospheric conditions. The Reynolds number for this
flow based on the initial vorticity thickness §,(0) is Re, = 6,(0)Uy/v =
1.58 x 10°.

The absorbing boundary conditions used are based on local analysis
of characteristic variables, Engquist and Majda [36, 37]. The boundary
conditions handle radiation boundaries quite well as long as the out-
going waves to be absorbed are not at too high incidence angle and
they are exact and non-reflecting for waves normal to the boundary.
The amount of reflection from the radiation boundary is very small for
these boundary conditions. The same holds for the inlet boundary. The
reason for this is that the only disturbances reaching these boundaries
are acoustic waves with comparably small amplitudes. At the outflow
boundary, however, there are vorticity and entropy waves as well as
acoustic waves convected through the boundary. The large difference
in energy of the vorticity and entropy waves leaving the computational
domain at the outflow compared to the acoustic waves cause a major
problem. Although most of the energy in the outgoing vorticity and
entropy waves is absorbed and only a small portion of the energy is
reflected back into the computational domain, the reflected part comes
back as acoustic waves contaminating the solution.

To aid the absorbing boundary conditions at the outflow region a
buffer region is applied at the last section of the computational do-
main. The mesh is also stretched in the flow direction in this region
to help attenuate disturbances through the artificial dissipation in the
numerical scheme. This method of taking care of outgoing disturban-
ces was successfully used by Colonius [34] and Bogey et al. [35]. The
term added to the governing equations is

00 _ . @) (8.33)
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where

2
(2, Y) = Omas (ﬂ) (8.34)
0

max — L

@ denotes the solution vector and o,,,, = 0.1; ¢ and z,,,, are the begin-
ning and end of the buffer region. The disturbance @' is in the direct
simulation computed as Q@ — Q. The term Q" is a time average cal-
culated using a low pass filter where the average from time step n is
calculated from the average at time step n — 1 and the solution at time
step n as

@?n) - O‘an—l) + (1= )Qm) (8.35)

where « is a number close to one (further details below).

The parabolic shape of o(z,y) ensures that the damping term will
not cause reflections into the computational domain. The stretching of
the mesh in the buffer region is also done gradually with very small
amount of stretching at the beginning and more aggressive once the
damping term in the buffer region is larger.

abs. b.c.

Buffer

abs. b.c. 5.,(0) abs. b.c.
Stretched grid

abs. b.c.

Figure 8.1: Computational domain
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8.4.3 Forcing

A two-dimensional laminar shear layer is unstable by nature and will
start to break up if the computational domain is long enough. This pro-
cess might take some time though and the laminar part of the shear
layer can be quite long in the streamwise direction. The acoustic field
produced in this process will also be more or less stochastic with peaks
in the spectra for the frequencies corresponding to the natural insta-
bility frequencies of the shear layer. To get better control of the shear
layer and to make it break up faster, forcing is applied at the inflow
boundary. This forcing is done using the inflow absorbing boundary
conditions. The incoming vorticity characteristic variable is modulated
at the fundamental frequency of the incoming profile. The resulting
forcing enters the spanwise inflow velocity component as

Vin = Vo + Asin(wot) (8.36)

where A is the amplitude of the forcing. The forcing is only applied in
the region of the hyperbolic-tangent profile. Since the forcing is inclu-
ded as a part of the absorbing boundary conditions, the forcing does
not interfere with the absorbing property of the boundary condition
and the amount of spurious waves created by the forcing is kept to a
minimum. An important detail is that the forcing added in the direct
simulation is also added in the linear Euler simulation. The reasoning
behind this is that unless this is done, the boundary condition for the
linear Euler simulation is not consistent with the sources evaluated
from the direct simulation. The result from not using forcing in the
linear Euler simulation is growing instabilities.

Bogey [35] computed the fundamental frequency based on the insta-
bility theory of Michalke [38] as

Uo
fo=10.132 [5w(0)] (8.37)

The shear layer is forced at two frequencies. The fundamental fre-
quency fo and half the fundamental frequency f,/2. In this way the
forcing at the fundamental frequency will induce the creation of vorti-
ces at a frequency of f, which are convected downstream by the convec-
tion velocity. The second forcing at half the fundamental frequency will
in turn induce a process where two successive vortices start to roll up
around each other. This pair of vortices will after a short period of time
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start to merge and form a larger vortex. The frequency of this pairing
will be denoted f, = f;/2 and the pairing time 7, = 27;. In this work,
A = 0.2 for the forcing at the fundamental frequency f, and A = 0.1 for

fo/2.

8.4.4 Computational Setup

The computational mesh consists of 551 x 261 (x,y) mesh points. The
physical size of the mesh is 0 < z < 6 and —3 < y < 3, equivalent
of 0 < z < 3006,(0) and —1506,(0) < y < 1508, (0) for 6,(0) = 0.02[m)].
The mesh is uniform in the streamwise direction for the first 451 points
with a cell length of Az = 0.3756,,(0). The last hundred points are used
to build the buffer region in which the mesh is stretched and damping
terms are added to the equations. The last cell at the outflow boundary
has a cell length of Az = 4.16,(0). In the spanwise direction the mesh
points are concentrated to the mixing region and stretched towards the
outer boundary. The minimum cell height in the mixing region is Ay =
0.1646,,(0) and increases slowly to Ay = 0.34,(0) at |y| ~ 56,(0). The
stretching continues all the way to the boundary where the cell height
is Ay = 3.00,,(0). With a fundamental frequency f, of 789Hz the emitted
sound waves have a wavelength of A = 0.87[m] which correspond to
14Ay in the outer region so the propagating sound is well resolved in
the entire domain. How the wavelength is related to the fundamental
frequency will be discussed when presenting the results below.

8.4.5 Direct Simulation

The direct simulation started with the hyperbolic-tangent profile as
initial solution. To achieve a periodic solution the simulation was run
for 30 000 time steps at CFL = 0.5 which is equivalent to 40 pairing
periods 7},. During this time the low-pass filter average (equation 8.35)
was sampled with increasing value of the factor «. For the last 20 pe-
riods o = 0.9999 was used before a was finally set to 1.0. This to ensure
that the reference solution for the buffer layer would be representative
of the true time average of the flow in the buffer layer. The sampling
of the solution was then performed during 18432 time steps. With a
fixed time step at CFL =~ 0.5 this is equivalent to 24 periods with 768
time steps per period. In each time step a limited part of the solu-
tion called the source region was saved. The source region was defined
as —200,(0) < y < 200,(0) and 0 < z < 3004,,(0). The total amount of
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disk space required for this simulation was about 30 Gigabytes and the
sampling took about 20 hours on an alpha XP-900 466 MHz processor.

8.4.6 Linear Euler Simulation

The linear Euler simulation used the solution from the direct simu-
lation as initial solution and was performed during 18432 time steps.
The time averaged solution from the direct simulation was used as re-
ference solution. At each time step the solution from the direct simu-
lation was used to evaluate the source terms. After the initial distur-
bances had left the computational domain the solutions could be com-
pared. This procedure was repeated with all four sets of source terms;
the full source terms (equation 8.22), the temperature based (equa-
tion 8.29), constant temperature (equation 8.30) and constant density
source terms (equation 8.31).

8.5 Acoustic Solution

The far-field acoustic solution is displayed by the dilatation du;/0xz;. It
is favorable to use dilatation as acoustic variable instead of pressure.
The pressure in the direct simulation has a tendency to fluctuate in the
computation at a very low frequency. The reason for this is probably
associated with the absorbing boundary conditions. This makes it hard
to compare the direct simulation with the linear Euler solutions. The
dilatation is in the far-field related to pressure as

0= or; <8t + ul&n,-) (8.38)

Given that the drift in pressure is linear in time the dilatation will
show a non-zero but constant time average. This seems to be confirmed
with the results of the dilatation of the time averaged solution which
show a nearly constant and non-zero dilatation in the whole domain.
The dilatation of the direct simulation is thus instead compared to the
dilatation of the fluctuations of the linear Euler solutions. Vorticity is
used to display the near-field of the mixing layer.
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8.6 Results

Figure 8.2 shows a snapshot of the vorticity in the near-field and the
dilatation in the far-field for the direct simulation and the linear Euler
simulation with full source terms (equation 8.22). The solutions seem
to be very similar. The phase and amplitude also seem to be correct.
Some wiggles that are visible in the direct simulation are absent in
the linear solution. The reason for this is probably non-linearities in
the direct simulation. The solutions from the linear Euler simulations
using the simplified sources (equations 8.29-8.31) are not shown due to
the fact that it is hard see any difference in the solutions compared to
the full source term simulatior

(a) Direct simulation (b) Linear Euler simulation with
full source terms

Figure 8.2: Vorticity and dilatation for direct simulation and linear
Euler equations using the full source terms, equation 8.22.
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Figure 8.3 shows the instant pressure fluctuation at a line at z =
2.0/m] and 0.5 < y < 3.0[m] for the direct simulation and the different
linear Euler solutions. The average pressure has been corrected for the
solution to the direct simulation to avoid the problem with the drift in
the average pressure. The phase and amplitude of the linear Euler so-
lutions are in good agreement with the direct simulation except very
near the mixing layer. The deviation in this region is probably a re-
sult of the error in the time averaged pressure. The solutions for the
different source terms are clearly very similar.

40

301 b

Figure 8.3: Pressure disturbance at x = 2.0[m], 0.5 < y < 3[m]. Solid
line: direct simulation; others: different source terms

Figure 8.4 shows a pairing of two vortices at four different stages.
The time difference between two subsequent figures from (a) to (d) is
equivalent to one fourth of a pairing period. The pairing takes place
at half the fundamental frequency so the pairing period time is 7}, =
2T,. During this time the merging vortices complete one half rotation
around each other. The vortex pair is a rotating quadrupole and has
as such four lobes. Thus, the merging process results in one full period
of sound emitted at a period time of 7}, i.e. at the pairing frequency f,
of the mixing layer. The resulting wavelength of the emitted sound is
A = ¢/ f, = 341.56/394.5 = 0.86[m]. It is during this time that most of
the sound is generated and emitted.
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So far the results are similar to the ones achieved by Bogey [35].
But because the physical region in this simulation is relatively a little
longer than the one in Bogey [35], there is room for merged vortices
to continue emitting sound as they are convected downstream. This is
evident from figure 8.4 where one can see that there are two regions
where more sound is produced than elsewhere. This gives a slightly
biased directivity with two lobes in the lower and upper regions and it
is especially clear in the upper half of the computational domain.

Figure 8.5 shows the directivity of the time average of the square of
the dilatation. Two lobes of directivity for the lower and upper regions
are clearly marked at ¢ ~ {—95°, —54°,39°, 76°}. This asymmetry in the
directivity is a result of the different velocities in the upper and lower
halves of the computational domain. One can again see that there are
very small differences in the solutions for the different source terms.

8.7 Conclusions

The exact source terms for the linear Euler equations and the inviscid
linear energy equation has been derived from the non-linear Euler
equations and inviscid energy equation. Simplifications of the source
terms have also been presented. These source terms have been valida-
ted through numerical simulations. The solutions from the direct simu-
lations and the solutions from the proposed equations are in good agre-
ement. Some differences are present but the cause is believed to be due
to effects of the boundary conditions. The differences are very small
between the solutions from the different source terms. Even when the
source terms are based only on velocity fluctuations and all other insta-
tionary effects are neglected, the solution was nearly exactly the same
as for the full source terms. This implies that the major source of sound
in this flow is fluctuations of vorticity. Whether this is true at higher
Mach numbers or with larger differences in temperature remains to be
seen.

75



Mattias Billson, Computational Techniques for Jet Noise Predictions

(a) (b)

() (d)

Figure 8.4: Vorticity and dilatation for direct simulation. 0 < z < 3.26,
~15<y<15
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o008l direct simulation
— full st
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Figure 8.5: Directivity displayed as time average of square of dilatation
at an arc around z, = 2.0, yo = 0 with radius r = 1.0 at angles —135 <
© < 0 degrees from the z-axis and xy = 1.6, yo = 0 with radius r = 1.0 at
angles 0 < ¢ < 135 degrees. Direct simulation, full source terms (full
st); temperature based (t-based st); constant temperature (c-temp st);
constant density (c-dens st).
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Chapter 9
3D Jet case - Stromberg Jet

The jet chosen for the validation of the SNGR method is a Mach 0.9 ax-
isymmetric jet without co-flow. The original experiments were done by
Stromberg et al. [39]. The Reynolds number based on jet exit diameter
and velocity is Re = 3600 with a nozzle diameter of D; = 7.9 x 10~*[m)].
This combination of Mach number and Reynolds number was in the
experiments achieved by performing the experiments in a low-pressure
chamber. The following parameters define the flow field

Exit Mach number M 09

Nozzle diameter D; 7.9 % 1073[m]
Jet exit velocity U; 284[m/s|

Jet Reynolds number Re 3600

Jet stagnation pressure po  3040[Pal
Chamber pressure pe 1765[Pa]

Jet stagnation temperature 7, 297[K]

The data from the experiments include half-velocity radius, center-
line velocity and Mach number, radial profiles of Mach number as well
as spectral information for several locations. The sound data available
are sound pressure level directivity and far-field pressure spectra. In
addition to the data from the experiments, a Direct Numerical Simula-
tion (DNS) of the same jet was presented by Freund [40,41]. The same
profiles and point data are available from the DNS as well as radial
profiles of turbulent quantities for various downstream locations. The
results from the DNS are in excellent agreement with the experiments
and both sources of data are used to validate the present methodology.
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9.1 Jet Characteristics

Due to the low Reynolds number it would be expected that the flow field
would be different from that of a typical high Reynolds jet. Jets at low
Reynolds numbers have a tendency to be more tonal than at high Rey-
nolds numbers as a result of large dominating instability modes emit-
ting sound. The experiments show however that the far-field sound
spectra is rather broad band [39] indicating that the major source of
sound is turbulence mixing.

9.2 Comparison of RANS to DNS and Expe-
riments

The Reynolds-Average Navier-Stokes solution (RANS) of the flow field
is computed using a standard k£ — ¢ turbulence model. The RANS so-
lution is computed in axisymmetric coordinates. The reason for this is
that the computational domain then can be extended to a very large
distance from the nozzle exit and still using quite few computational
cells. The computational domain for the axisymmetric RANS compu-
tation include a thin nozzle and is extended to a radius of R = 4007
from the nozzle exit. The nozzle has a area ratio of A;/A,,,, = 1/4 with
a smooth transition from the large to the small area.

-0.06 -0.04 -0.02 0

Figure 9.1: Nozzle in axisymmetric configuration. Solid line: nozzle;
Dashed line: axis of symmetry (z-axis)

To force the jet to be laminar inside the nozzle a limiter was used
to limit the turbulence length scale. By forcing the length scale to be
less than L, = 107°[m] for z < 0.006 the solution could be tuned to give
as good matching as possible with the maximum turbulence kinetic
energy of the DNS in the shear layer at z/ry ~ 12. It is easy to argue
that the requirement to tune the RANS solution is a major flaw in this
methodology. The purpose of this test case is however not to develop
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a perfect RANS solver for low Reynolds number jets. The RANS solu-
tion is first of all used as a reference solution for the linearized Euler
computations and as input to the stochastic modeling. Some tuning
is therefore motivated at this stage in the development of the SNGR
model.

1 1 1

0.8

0.6

2 0.4
0 10 i 30 40 0 2 i 6 8 0 2 i 6 8
0 0 0
(a) Centerline Mach (b) Radial Mach num- (c) Radial Mach num-
number profile ber profile z = 10rg ber profile z = 20rg

Figure 9.2: +++: Stromberg experiments; - - -: Freund DNS; —: RANS
in present study.

The centerline profile and two radial profiles of the Mach number
are shown in figure 9.2. Data from the experiments and the DNS are
also shown. The data from the RANS differ from the reference data
in that the potential core length is longer in the RANS than in the
experiments and in the DNS. Also the spreading characteristics of the
RANS jet differ somewhat as can be seen in figures 9.2(b) and 9.2(c).

The turbulence kinetic energy and two components of the Reynolds
stresses are shown in figure 9.3. The figure shows radial profiles of
the DNS data and the RANS solution at six different downstream loca-
tions. The DNS data show a laminar flow exiting the nozzle and a rapid
growth of turbulence quantities near the end of the potential core. The
turbulence kinetic energy has its peak value close to z/ry = 12.5 and
shows a decay further downstream. The Reynolds stresses show a si-
milar development. The RANS solution shows a similar but yet slightly
different picture. The peak value of the turbulence kinetic energy is
about the same and located in the same region as in the DNS. This was
the main tuning parameter in the RANS computation since a large part
of the noise is expected to be generated in this region. The agreement
with the DNS in other regions is slightly worse.

For use as reference solution in the linearized Euler computation
the RANS solution is mapped from the axisymmetric mesh onto a fully
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Figure 9.3: Profiles of turbulence quantities. Dashed lines: DNS by

Freund [40, 41]; solid lines: present RANS prediction.

3D mesh suitable for linearized Euler computations. This is done by
splitting all cells in the axisymmetric mesh into a uniform sub-mesh
of 10 x 10 cells and performing a linear reconstruction of the sub-cell
variation of the solution using information from the surrounding cells.
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The reconstructed solution in each sub-cell is then mapped in a volume
averaged way onto the 3D mesh to give the volume averaged solution.

9.3 SNGR Generation

The stochastic source term modeling is performed as described in Chap-
ter 2 with the parameters set as given here. The distribution of wave
numbers for which the SNGR model is applied is the same for the
whole source volume. The lowest wave number k; is chosen so that
ki = kemin/D5 Where ke, is the smallest value of k. in the source vo-
lume. The highest generated wave number ky was chosen so that
the corresponding wave length is resolved with eight points per wave
length, i.e. ky = 27/(7A;). The number of wave numbers in the SNGR
generation are N = 30 and have a logarithmic distribution given by
equation 2.6. To change the spectral content in the far-field acoustic
signals the integral time scale and length scale have been modified.
Each have been multiplied by a factor to change the properties of the
generated turbulence. The length scale in the computations is compu-

ted as A = fAcz'75E3/ 2 /e and the time scale as 7 = f.k/c where fy = 2
and f, = 5.

The stochastic modeling is performed in the set of points within a
cylinder extending from the nozzle exit down to z/ry = 36 where v;/v >
0.7. The reasoning behind this is explained in Chapter 2.

The simplified source terms which include neglection of density fluctu-
ations in the source terms, see equation 8.31, are used in the compu-
tations and the time averaged part of the source terms is computed as
the computation develops.

9.4 Linearized Euler Computation

The computational domain for the linearized Euler computation is ax-
isymmetric and extends from —15r, to 63ry in the axial direction. The
radial extent is 107, at the nozzle exit and 18r, at the outflow with
a smooth transition in between. The computational mesh is a curve-
linear boundary-fitted multi-block mesh with 34 blocks. Slices of the
block structure is shown in figure 9.4. The same nozzle geometry is
used as in the RANS computation.

The resolution in the axial direction is Az = A, = 0.21r; from 2z =0
from the nozzle exit to the end of the physical part of the domain that
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(a) z-plane through centerline.

(b) z-plane at nozzle (c) z-plane at end of computatio-
exit. Dashed line in- nal domain.

dicates nozzle exit di-

ameter.

Figure 9.4: Slices of the block structure of the linearized Euler mesh.

ends at z = 45r,. The resolution in the axial direction inside the nozzle
and upstream of the nozzle is stretched about 5% to save nodes.

The cell size in the radial direction is about Ar = 0.062r, inside the
nozzle and in the region of the nozzle exit. The mesh is stretched about
5—10% in the radial direction until the cell size is Ar ~ 0.23r,. Then the
radial resolution is held constant all the way to the radial boundary. At
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the outflow boundary (z ~ 60r;) the radial cell size is more smoothed
with a Ar ~ 0.14r, at the centerline and Ar ~ 0.27r, at the radial outer
boundary.

The number of cells in the azimuthal direction varies in the radial
direction. This is made possible by successively changing from polar to
Cartesian blocks, see figure 9.4. The cell size in the azimuthal direc-
tion is about the same as for the radial direction near the center line
and about twice as large at the radial boundary. This mesh supports
acoustic waves propagating in the radial and axial direction with a
Strouhal-number of St = fD;/U; < 1.5 without significant dissipation
errors or dispersion errors.

Boundary conditions based on characteristic variables, see Chapter
4 are used on all free boundaries. A buffer layer is applied for 45r; <
r < 63ry, see Chapter 4. The cell size in the buffer layer is stretched
to increase the artificial numerical dissipation. The size of the first 10
cells in the buffer layer is Az = A, and for the remaining 40 cells the
stretching is 3% per cell.

The time step in the computation is At = 1.44 x 10~"[s] equivalent to
a maximum CFL-number < 0.5. The total number of time steps in the
computation is 33000.

9.5 Near-Field Data

The pressure is recorded in a point located at (z,y, z) = (187, ry,0) and
the signal is shown in figure 9.5(a). The same data is available from the
DNS computations by Freund [40]. The frequencies are similar but the
amplitude of the present results is about one tenth of that in the DNS.
The low amplitude in the present simulation is due to the relatively
high factor f, on the time scale compared to the factor for the length
scale fy. Also shown in figure 9.5(b) is the spectrum of the same signal.
To reduce the effects of a truncated time-series when the spectrum is
computed, the pressure signal is windowed by a function w(¢) defined

by [40]
w(t) = % [tanh (5;1__210) + tanh <5tt2__22f>] (9.1)

where ¢y, t and ¢; are the start time, actual time and end time in the
recording and ¢; = 0.05(¢t; — ty) and t, = 0.95(t; — ty). The window
function w(t) scaled to fit in the figure is shown in figure 9.5(a). The
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spectrum has a peak at St = 0.1 with a decay for higher frequencies.
The spectrum is not available from the DNS so a comparison can not
be made.
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0.01f

. 0.005;

2
J

/(pj

~

, -0.005

-0.01

1
- 5
O'0]"10 100 200 300 400 0 0.5

1
tcoo/rO St

(a) Pressure history and window (b) Pressure spectrum
function (0.01 x w(t))

15 2

Figure 9.5: Near-field pressure data at x = 18r¢ and r = ry.

9.6 Far-field Data

Directivity of scaled sound pressure level, SPL is shown in figure 9.6(a).
The observation points for the SPL estimates are located on an arc at
angles 6 from 5 to 120 degrees from the jet axis at a radius of 30 jet
diameters from the nozzle exit.

The scaling of the SPL is performed to compensate for the low am-
bient chamber pressure compared to normal atmospheric conditions.
The SPL is computed as SPL = 20log,,(pl,,s/Pref) Where pr.oy = 2 X
1073(p./pa), where p. is the ambient chamber pressure and p, is nor-
mal atmospheric pressure. The SPL in the present simulation is wit-
hin 1dB to that of the DNS for large angles but with a less pronounced
directivity the difference is about 6dB at # = 30 degrees.

The spectrum of the pressure at a point located at (r,0) = (60r,, 30)
is shown in figure 9.6(b). The spectrum clearly shows that the spectral
content in the far-field is erroneous. The peak in the spectra is located
at a frequency of St = 1.5. This is about seven times too high compared
to the DNS data by Freund [40,41] in which the peak is located at
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Figure 9.6: Far-field pressure data.

St = 0.2. The DNS data are in agreement with the measurements in
the experiments by Stromberg et al. [39].

The errors in the spectral content in the far-field is not attributed to
the choice of the factors fy, and f.. These have been modified several
times with the same result in the far-field spectra. The SPL in the far-
field is receptive to changes in f, and f, but the spectral content is not.
An increase in length scale by a fy > 1 lowers the compactness of the
turbulence as a source of sound and results in a higher SPL in the far-
field. The same holds for a decrease in the integral time scale using a
fr < 1. The opposite relations holds of course. The length scale does
however not affect the frequencies of the far-field sound but the time
scale does so a change in time scale using a f, > 1 should change the
spectral distribution of the far-field sound.

The overestimation of high frequencies in the far-field sound, see fi-
gure 9.6(b), and the error in the directivity in figure 9.6(a) are in agre-
ement though. It is well known that high frequencies refract to higher
angles from the jet axis than lower frequencies. The underestimation
of the SPL at small angles compared to the SPL at large angles confirm
the errors in the frequency-distribution of the computed sound.

The errors in the frequencies must be attributed to some modeling
effect. Probable reasons are low spectral resolution ar high wave num-
bers in combination with non-linearities of the source term.
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Chapter 10

Conclusions

e The linearized Euler equations are an excellent wave operator for
acoustic waves. The source terms derived in the present thesis
give the correct driving force for the equations and result in an
accurate prediction of the acoustic far-field.

e The original boundary conditions based on characteristic varia-
bles are not really sufficient for an aeroacoustic application. The
reflection from an acoustic pulse is not too bad but there is cer-
tainly room for improvement by using the modified boundary con-
ditions based on characteristic variables or boundary conditions
based on asymptotic analysis of the linearized Euler equations.
The results from a convected axisymmetric vortex show that a
buffer layer is absolutely necessary to prevent reflection at out-
flow boundaries.

e The numerical accuracy and stability is up-to-date with what is
considered to be necessary for an aeroacoustic application. The
six cell fourth order spatial numerical scheme by Tam and Webb
together with a four stage fourth order Runge-Kutta time mar-
ching technique ensures high accuracy in terms of dispersion re-
lation and dissipation relation. Artificial numerical dissipation
through the numerical scheme provides a controllable dissipation
relation to ensure stability.

e The generation of turbulence through the SNGR method provides
the specified time and space correlations.

e The simulations of a full three-dimensional jet are encouraging.
There are however unresolved problems. The acoustic results so
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far show unphysically high frequencies of which the cause is not
known at present time. A probable reason is a combination of
non-linear effects in the source terms and poor spectral resolu-
tion at high wave numbers. An other concern is the stability of
the linearized Euler equations in highly sheared flows. A simple
modification of the equations by neglecting gradients of the re-
ference solution is probably too a drastic simplification even if it
solves the stability issues.

Further investigations

e The non-linear effects in the source terms in combination with the
spectral resolution of the SNGR generation needs to be investiga-
ted.

e The differences in the full linearized Euler equations and the mo-
dified Euler equations need to be investigated.

e Boundary conditions based on asymptotic analysis of the lineari-
zed Euler equations will be implemented. Their ability to absorb
disturbances is superior to the boundary conditions based on cha-
racteristic variables. Tests of the modified boundary conditions
based on characteristic variables and the boundary conditions ba-
sed on asymptotic analysis of the linearized Euler equations will
be conducted.
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Appendix

11.1 The Linearized Euler Equations

This section treats the linearization of the Euler equations on conser-
vative form and the transformation of the conservative formulation to
a primitive formulation.

The Euler equations can be written in a compact conservative form
as

9Q  9E OF 9G

— — 4+ — = 11.1
ot " ox oy o (L1
where

P pu pv pw

puU puu + p puv puUw

Q=1 p E = PUV F=1 pvw+p G= pow

pw puw pLW pwWwW + p

Peo phou phov phow

(11.2)

The solution vector can be decomposed into a reference solution and
a disturbance.

Q=0+ (11.3)

The reference solution does not need to be homogeneous in space or
constant in time but it is assumed to be given and not part of the new
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solution vector '. A linearization of the equations is given by

E(Q)=E(Q)+ (gg) Q' +HOT
F(Q)=F(Q)+ (gg) Q' +HOT (11.4)
G(Q) = G(Q)o + (gg) Q' + HOT

where subscript zero indicates evaluation at reference solution. Using
the relations above in equation 11.1 gives

0Q + Q'
or T

0 oF
3 (Pan+ (55),@) +
2 (r@n+ (%) @)+ e

2 e () 0) -re

The reference solution satisfies the Euler equations. Subtracting the
reference solutions and neglecting the higher order terms gives
6Q’ 0 0
— (B — "N = 11.
BN :v( Q)+ (0Q)+aZ(COQ) 0 (11.6)
where Ay = (0E/0Q)o, By = (0F/0Q)o, Cy = (0G/0Q)y. Equations
11.6 are the Linearized Euler Equations (LEE) on compact conserva-
tive form. In tensor notation the equations are

ap' | d(pu,)’

at + (9xj =0
d(pus)’ J . - o
o T %j(uj(pui)’ + Us(puy) — Pl + p'8i;) = 0 (11.7)
d(peo)’

0 ~ - ~
5 T BTj(ho(puj)l + Ui (pho)" — p'hotiy) =0

The (-)' is a fluctuation associated with an ordinary time average (-) and
(-)" is is a fluctuation associated with a Favre time average ( )= p(-)/p.
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The linearized Euler equations can also be written in primitive form
with solution vector ¢’ = [¢', u",v",w", p']. The transformation of equa-
tions 11.6 to primitive form starts with the Taylor expansion

! a !
Q=Q(p+q¢)=0Q+ (8—3) ¢ +HOT (11.8)
0
which in linear theory is the same as
0
Q=Q-Q= <8—Q> ¢ (11.9)
qa/
Using the definitions
5, ™ = (5)
My=|— and M;' =|—-—= (11.10)
’ ( 9q ) ° Q)
we can rewrite equations 11.6 as
oq' 0 (v, 0 (5 0 (~ _
o+ aw (o) + 5 (Bur) + 5 (Gor) = 0 (11.11)

where zzfo = MaleMo, EO = M(;IB()M(), 60 = MJICOM(). Equations
11.11 are the linearized Euler equations on compact primitive form. In
tensor notation the same equations read

apl — I~\ _
FR T (puj + p'ti) =0
6/1,1//‘/ 6 < "~ ﬁ)
ot Oz, 7D
op
o+ o, W) =0

11.2 Stability Analysis of Hyperbolic Equa-
tions

In this section Fourier analysis is used for a semi-discrete stability ana-
lysis of a one-dimensional convection equation. Relations for the dis-
persion relation and the dissipation relation for an even-order space

93



Mattias Billson, Computational Techniques for Jet Noise Predictions

discretization is derived. Artificial dissipation through upwinding is
also taken into account in the analysis. Also a fully-discrete stability
analysis is performed for a four stage Runge-Kutta time discretization.
Last, the correct way to introduce source terms in a 4:th order Runge-
Kutta time marching technique is presented.

11.2.1 Semi-Discretization

Start with the model equation (one-dimensional convection equation
with constant coefficient, c).

ou N ou

e g

ot ox
Assuming that the spatial solution to equation 11.13 is known, the ex-
act solution to this equation can be written as

0 (11.13)

u(z,t) = ug exp(st) exp(—ikx) (11.14)

where g is a constant amplitude and & is the wavenumber. The solu-
tion is decomposed into a time-dependent part and a space-dependent
part as shown in equation 11.14. Since the spatial dependence is known,
exp(—ikzx), the time-dependence is to be determined, i.e. s in the time
dependent part of the solution. Inserting the equation 11.14 into equa-
tion 11.13 results in

sug exp(st) exp(—ikz) — ikcug exp(st) exp(—ikz) = 0 (11.15)

which in turn gives a relation for s as

s = 1kc or s = 1w where w=kc (11.16)

where w is the angular velocity by which the solution varies in a given
point in space.

Reinserting this into the time dependent part of the solution, equa-
tion 11.14 gives that

z = exp(st) = exp(ikct) (11.17)
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which has a purely imaginary exponent. The result is that the exact
solution to equation 11.13 will have a periodic behavior in time wit-
hout damping or amplification. Furthermore, w is in direct proportion
to the wavenumber £, because the phase velocity, i.e. the velocity of
propagation defined by ¢ = w/k, is the same for all wave numbers.

Now, an expression for s will be derived in the case of a semi-discreti-
zation of the one dimensional convection equation 11.13. The equation
is discretized in space using a finite difference approximation. Discre-
tized, equation 11.13 becomes.

e I e A 11.1
5 +Caxj 0 ( 8)

where j is the number of the cell over which the equation is to be ana-
lyzed, see figure 11.1. Now we introduce a finite difference approxima-
tion of the space derivative on a equidistant mesh.

j-3 j-2 j-1 j j+1 j+2 j+3
Figure 11.1:
aU,j 1 M
— = — ; 11.19
83:]- Az l:z:N QU4 ( )

and limit this analysis to N = M and let a; = —a_; with ay = 0. We can
then construct a central difference scheme, i.e. an even-order approxi-
mation of the spatial derivative. Equation 11.18 then becomes

ou; ¢ l
7 + o l;M aujpy =0 (11.20)

We can write the solution to equation 11.18 on the form
u; = ug exp(st) exp(—ikAzyj) (11.21)
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Insert this into equation 11.20 above. The space-dependent part has
been modified according to the space discretization. Observe that the
time dependent part of the solution is still continuous, i.e. not discreti-
zed. This gives

sug exp(st) exp(—ikAzj) + ug exp( st Z a,exp(—ikAz(j +1)) =
l—f

(11.22)
which can be rewritten as
. M
=——— Y aexp(—ikAxzl) (11.23)
i
Using the fact that a; = —a_; allows us to rewrite the above expression
for s to
o M
S= A lz:; a;(exp(—ikAzl) — exp(ikAxl)) (11.24)
With the identity
sin(@) = &R0 ;,eXp(_"@) (11.25)
)
we get
2@0
Z a; sin(kAxl) (11.26)

The approximation of z = exp(st) (equation 11.17)in the semi-discretized
case is then

M
2
z(k,t) = exp (AZ—Z«t Z a sin(kAxl)) (11.27)

=1
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In this case with an even-order discretization, the expression in the
exponent of equation 11.27 is also purely imaginary giving a numerical
scheme with zero numerical dissipation. Semi-discretized w is however
not directly proportional to £ any more (cf. equation 11.16). The rela-
tion between w and k is called the phase velocity or dispersion relation
and is defined by

(11.28)

where w and ¢* are dependent on k. The discretization of the spatial
derivative in equation 11.13 results in an incorrect dispersion relation,
and the phase velocity will be dependent on the wavenumber. Higher-
order schemes generally result in more accurate dispersion relation for
a larger range of wave-numbers than lower-order methods.

As an example, the resulting dispersion relation for a 4:th order
space discretization is plotted in figure 11.2. The figure shows the
phase velocity as a function of wave number. The wave number is sca-
led with Aiw to give the quantity # = kAz. The phase velocity is scaled
with £ . This gives a periodic function 22Im(s) with period =. This can
be seen by using the definition of wavenumber k& = 27“ where ) is a wa-
velength. By writing the wavelength as a factor £ times Az, A = £Ax,
we can write

=" where 0<h< (11.29)

The £ represents the number of grid points per wavelength that cor-
respond to a certain kAz. For example, a value of kAz = 6 = 7 corre-
sponds to a spatial resolution of 2 points per wavelength, kAz = 6 =
/2 corresponds to a spatial resolution of 4 points per wavelength and
so on. The exact solution is linear in k£ (see equation 11.16) and is
shown as the dashed line in figure 11.2. The phase velocity of the 4:th
order semi-discretization is shown as the solid line in figure 11.2. For
low values of kAz corresponding to a high resolution (many points per
wavelength) the approximation follows the analytical solution but at
kAz =~ 7 /4 the phase velocity of the semi-discretized solution starts to
deviate from the analytical. To achieve a good numerical solution in
this case the required resolution according to this semi-discrete analy-
sis should be at least 8 points per wavelength (kAz < 7/4).
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Figure 11.2: Dispersion relation for semi-discretization, 4:th order
scheme

11.2.2 Artificial Numerical Dissipation

High even-order central numerical approximations to first-order de-
rivatives have no inherent numerical dissipation. This is the reason
why they are used in numerical solvers instead of odd-order approxi-
mations. But to ensure that numerical stability is retained, some kind
of numerical dissipation has to be added to the solution. This is done by
to the model equation (equation11.13) adding an even-order derivative
times a small coefficient . The model equation becomes

ou  Ou 0%y,
— te— = (—1)"Te—— 11.30
ot t o = U e (11.30)
where the sign of the term is given by (—1)"*!. To be dissipative, a
second-order derivative, n = 1, is added with a positive sign and a
fourth-order derivative n = 2 is added with a negative sign, and so on.
The semi-discretized model equation is then written as
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Ou; 1
uj (Z Qi+ € Z dluj_i_l) =0 (11.31)
|I=—N

The coefficients d; in equation 11.31 determine the order of the ap-
proximated term. The coefficients for a central difference approxima-
tion of a sixth-order derivative are given in Section 11.4. The amount
of dissipation added is controlled by the factor . The expression for s
in this case becomes

s = A 222@1 sin(kAxl) — € (do + QZE;dl cos kAa:l)) (11.32)
and
z(k,t) = exp(st) =
(11.33)
exp (Ax 222@; sin(kAxl) — ¢ (do + leldl COS kAxl)) )

When adding a dissipative term in this way, the exponent in the
expression for z is no longer purely imaginary but also includes a real
part. The effect of this can be seen if we rewrite equation 11.33 as

2 M
exp (A— Zal sin kA:cl)) exp (—CA—&Z (do + QZdl cos(kAxl)))

1=1 =1
(11.34)

If the exponent in the real part of equation 11.34 is positive for a
certain k£ then the corresponding wave will be amplified in time and if
the exponent is negative for a certain £ the corresponding wave will
decrease in time. Observe that including dissipation with this techni-
que does not affect the dispersion, only the dissipation. As an example
the dispersion relation and dissipation relation of the standard 4:th or-
der scheme and the “Dispersion Relation Preserving” scheme (DRP) by
Tam [15] are shown in figure 11.3. A 4:th order derivative is used to
add dissipation to the 4:th order scheme and a 6:th order derivative for
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the DRP. Figure 11.3(a) shows a clear difference between the standard
4:th order scheme and the DRP. The DRP scheme shows a negligible
error in the dispersion relation up to KAz ~ 7/2 while the standard
scheme gives the same amount of error at kAx ~ 7/4. Figure 11.3(b)
shows the real part of s as a function of kAz. Negative values of Re(s)
for a certain £Ax correspond to dissipation of waves with wavenumber
k. The ideal form of the curves in figure 11.3(b) would be a zero value
for all wavenumber kAz up to kAx =~ 7 and then a very large nega-
tive value of Re(s) at kAz ~ 7. With this in mind one can see that the
sixth-order derivative added in the DRP scheme gives slightly better
distribution of the dissipation over different wavenumber %k than the
fourth-order derivative added in the 4:th order scheme.

T T T T T >
3H - - Exact Seio 0.01
— 4:th order DRP
—— 4:th order DRP + 6th order derivative o
+ 4ith order
25/ o 4:th order + 4th order derivative
-0.01-
— —
2l
© oy -0.02F
N ~—
E 15 L ooa
=t seoso sl
E~3| ° o ® ) H| o
° ~0.04F
< A o o | 4 0.04
-0.05F
05F °. B —— 4:th order DRP
-0.06H{ —— 4:th order DRP + 6th order derivative
+ 4:ith order
; ; ; ; ; ; o 4:th order + 4th order derivative
0e ~0.07 : . : 1 . .
0 0.5 1 15 2 25 3 00 0 0.5 1 15 2 25 3
kAz kAz
(a) Dispersion relation (b) Dissipation relation

Figure 11.3: Dispersion relation and dissipation relation for semi-
discretization

11.2.3 Full Discretization

When stability analysis is based on the semi-discretized equations the
time variable is assumed to be continuous and the time derivative is
assumed to be evaluated exactly. In a numerical solver, however, the
time marching is not exact. When using a Runge-Kutta time marching
technique the time dependent part of equation 11.21 is approximated
by a Taylor expansion of z = exp(st). Begin by rewriting the model
equation, equation 11.18 on the form
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ou,;

B AU
where Au; is an approximation of the spatial derivative —cg—z at location
j. For a linear operator A, a four stage 4:th order Runge-Kutta applied
on the model equation can be written as

(11.35)

1
uf = + L AtA]

4 J
1
¥ _ T —AtAu*
Ui =y g At (11.36)

J

u]”-Jr1 = u? + AtAu;**

P n 1 *%

where u} is the solution at time step n and u?“ is the solution at time
step n+1 and j is the the current space location. This gives a 4:th order
time stepping in terms of the Taylor expansion

1 1 1
n+l __ 242 343 4447, n
u;t = [1+At+§A t +EA t +—24A t*Juy + HOT (11.37)

or equivalently

z =exp(st) ~ 1+ st+ %82152 + és?’t?’ + 21—434754 +HOT (11.38)

By inserting the resulting expression for s from the semi-discrete

analysis into equation 11.38 an expression is given for how the solution

develops in time when the time marching is done through a 4:th order

time marching technique. Two quantities will now be defined. The

amplitude error and the relative phase velocity. The amplitude error of
the approximation of z is defined by

2| -1
= 11.39
€A A7 ( )
and the relative phase velocity is defined by
cx =2z
- = 11.40
¢ kcAt ( )
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where /z is the phase of z and |z| is the amplitude. Although not ob-
vious here, ¢* is now not only a function of £kAz, but also of the CFL
number and hence has a dependence on At. This was not the case in
the semi-discrete analysis and this is the main difference between the
semi-discrete and the fully discrete analysis. The amplitude error and
relative phase velocity for a 4:th order space discretization and the 4:th
order DRP scheme combined with a 4:th order Runge-Kutta are shown
in figure 11.4. The amount of dissipation added is the same as in the
semi-discrete case above.

—— Exact
—o— 4:th order + 4th order derivative
—+— 4:th order DRP + 6th order derivative

—— Exact
—©- 4:th order + 4th order derivative
—+ 4:th order DRP + 6th order derivative
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kAx kAx
(a) Relative phase velocity (b) Amplitude error

Figure 11.4: Relative phase velocity and amplitude error for full discre-
tizations

The dependence of the amplitude error and the relative phase velo-
city on CFL-number is shown in figure 11.5. As can be seen in figures
11.5(a) and 11.5(b) the difference is small for all CFL-numbers in terms
of relative phase velocity and also for CFL-number up to 0.5 in terms of
amplitude error. For CFL = 0.6 there is a clear increase in amplitude
error. Based on this the conclusion is that the solution is more or less
independent of CFL-number up to approximately CFL = 0.5 with an
increase of numerical dissipation for higher values of the CFL-number.

11.2.4 Introducing Source Terms

Introducing source terms into the fully discretized equation 11.35 gives
an equation as
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Figure 11.5: Relative phase velocity and amplitude error for full di-
scretizations, for CFL= solid: 0.1, dashed: 0.3, dotted: 0.5, dash-dotted:
0.6

Ou;

5 = Auj+o (11.41)

where o is an arbitrary source. A four stage 4:th order Runge-Kutta
applied to this equation will be on the form

1
ui = uyj + ~AtAu; + Atfi(o)

4
K% n 1 x
ult =l + gAtAuj + At f3(0) (11.42)

1 k%
ui™ = uj + iAtAuj + Atfs(o)
u?“ = uj + AtAu;™ + Atfy(o)

where f(o) is some linear combination of o evaluated at different ti-
mes. Expanding the expression 11.42 and identifying the linear combi-
nations to restore a 4:th order time marching scheme gives
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1 1 1
ntl _ DOA242 L oA343 4 b oA44) 0n
u; T = [1+At+2At +6At +24At]uj
1 1 2 1 2 3 1 3 4 n
+ | At + —A(At)” + —A°(At)° + —4A (At)*| o
2 1 1 1
SAt+ ZA(AY)? + =A% (AL)?| o2
+[3 AW + A )]0 :
1
+ éAto"“ +HOT
or in terms of Runge-Kutta time marching
1 1 1 1
u;t = uy + gAtAu; + §At (50” + 50n+%>
(11.44)

1 1 1 2 1
ok *% +1

1
u]”-Jrl = u]” + AtAu;f** + éAt (0” + 4o™ s + 0”“)

By evaluating the source terms in the manner as in expression 11.44
the numerical accuracy of the time marching technique is restored to
4:th order. o, o™*> and o™ is the source evaluated at times n, n + :
and n + 1, respectively.
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11.3 Transformation of Solution to Charac-
teristic Variables

For a locally homogeneous flow the linearized Euler equations can be
written on the following quasi-linear form

Q' oE\ 0Q' oF\ 0@’ 0G\ 0@ _
o (@) o " (@) oy T (@) 5. —0

where the derivatives of £, F' and G with respect to @ are the flux
Jacobian matrices evaluated at the reference solution ;. Consider a
linear combination of the flux Jacobians in some direction n = (o, 3, 7).

- oF oF oG
Ay=al=— | +0 (—) + <—) (11.46)
: <6Q ) 0Q), "\aq),
Assuming that fluctuations are planar waves aligned with the vector
n they are governed by a one dimensional equation in the n-direction.

Q" - 0Q"

= 11.4
5 + Ao B¢ 0 (11.47)

where A, is defined as above and ¢ is the the spatial variable in the
n-direction. Equations 11.47 consists of five coupled equations. These
cannot be solved independently without decoupling. This is done by
introducing characteristic variables, . Let

w®
w®
Q=TW where W= we (11.48)
W@
w®)
where T and 7! are chosen to diagonalize A, according to
T~ AT = A = diag [A!, A%, A3, X%, )] (11.49)

Inserting the above relation into equation 11.47 gives
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ow ow
= + Aa_g =0 (11.50)

Equations 11.50 are now decoupled and govern propagation of wa-
ves in the ¢-direction. The columns of the matrix 7" are the eigenvectors
to the matrix A and )\ are the corresponding eigenvalues. The eigen-
values are also called characteristic speeds. The characteristic speeds
can be computed analytically and are given by

)\1:)\2:)\3:O{ﬂ+ﬁ6+’ym
N = ol + fU 49w + ey/a? + 32 + (11.51)
N =al+ U +yW — cy/a? + 2+ 42

where (u,v,w) is the local reference velocity vector. The sign of the
characteristic speeds )\’ gives information about the direction the cha-
racteristic variable W (9 is traveling. A characteristic variable W with
characteristic speed \* > 0 is traveling in positive n-direction and vice
versa.

The physical interpretation of the characteristic variables is

w® = entropy wave
W@ W = vyorticity waves (11.52)
W® WO = acoustic waves

The solution can be transformed back to physical variables @)’ using
equation 11.48.

11.4 Numerical Coefficients for
FVM vs FDM

A centered finite difference approximation of a volume-averaged first-
order derivative can be written as

N

90~ LS 3, (11.53)

or|. Az
i I=——N
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i+1/2
a_o a_q ag a1 a9 as
C_3 C_2o C_1 Co C1 Co C3
a_g a_1 Qo a1 as as
i—1/2

Figure 11.6: Definitions of coefficients.

where the coefficients are defined as in figure 11.6. The finite volume
approximation of the same volume-averaged first-order derivative is

1[5+ 9 1

; ~ Az a—xdx ~ Az (¢i+l/2 - ¢z‘—1/2) (11.54)

Ti—1/2

9¢
ox

$i+1/2 and ¢;_y/, are point values (or face averaged) of ¢ and the known
degrees of freedom are the volume-averaged ¢ in the cells. The estima-

tion of a face value must be given by the volume-averages and is given
by

N 1 Titi+1/2 N o
Pit1/2 = Z U pdx = Z Wi (11.55)
I=—(N-1) Titi-1/2 I=—(N-1)

Inserting equation 11.55 into equation 11.54 gives

N N

0 1 - -
% = E Z al¢i+l - Z al¢i+l—1 =
i I=—(N-1) I=—(N-1) (11.56)
1 B N-1 _ B '
E GN<Z5Z~+N + Z (al - al+1)¢z‘+l - a—(N—1)¢i—N+2
I=—(N—-1)

By comparing equations 11.53 and 11.56 the following relation can
be found between the finite difference and finite volume coefficients.
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C_N=—0_(N-1)
Cp = a; — Q41 — (N — 1) S l S (N — 1) (1157)
CN = an

Using the relations 11.57 the coefficients of a centered finite volume
approximation can be transformed to coefficients of the corresponding
finite difference approximation.

The coefficients for a standard 4:th order approximation of a first-
order derivative are

1 _ 1

Co = —C_9 = —12 o = -1 = 12

— — 8 _ _ 7

Cl = —C_1 = 12 a1 = Qg = 12
Cy = 0

The coefficients for a 4:th order DRP scheme [15] are

C3 = —C_3 = 0.02651995 a3 = G_9 = 0.02651995
Cp = —C_9 = —0.18941314 o = a1 = —0.16289319
Ci = —C_1 = 0.79926643 a; = ag = 0.63637324
Cyp = 0

The coefficients below relate to the addition of artificial numerical
dissipation by the addition of a dissipative, see Section 11.2.2. The
coefficients for a central difference approximation of a 4:th order deri-
vative are

dg == d_2 = 1
d1 == d_l = —4
do = 6

The coefficients for a central difference approximation of a 6:th order
derivative are

dg=d_3= -1
dy=d_o = 6
dy=d_1= -15
dy = 20

108



Chap. 11: Appendix

11.5 Definitions of Correlations

For isotropic homogeneous turbulence the longitudinal and transverse
correlation coefficients f(r) and ¢(r) are defined by

) = ur(X)Zr(y)

ﬁ (11.58)
U (X))t (y
g(r) = w2z
where u, is the velocity component aligned with the vector r = y — x,
u, is normal to r and u’ is the RMS of the velocity.

If the three-dimensional energy spectrum of isotropic homogeneous

turbulence is known then the correlation functions are given by [13]

2 o sinkr coskr
f(r)= ﬁ/@ E(k) ( 3r3  k2p2 ) dk
1 *° sinkr sinkr coskr
= — E — dk
9(r) u’2/0 (k)< kr k373 + k2r? >

11.6 Time Filtering

(11.59)

To generate a random signal with a specified autocorrelation one starts
with white noise. The white noise signal 2" should have the following
characteristics.

1
lim — Z 2™ = variance of sequence (11.60)

N—oco N
n=1

N
S 1
nyen—p — |j — NP — >
"z All_I}Icl)ON Elxx 0 forall p>1

where the superscript (-)” denotes the n:th sample.
A first-order asymmetric filter is defined by the formula

y" = ay™ ! + bz" (11.61)
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where a and b are real constants that can be related to a time scale and
relation of the RMS of the input signal =™ and the output signal y". The
average of y" is

y" = ay™ 1 + bx" (11.62)

Since z™ = 0 this gives that if ¢ # 1 then y» = 0. Further more we have
that

Yy = ayn—lyn—l + bxnx™ + abyn—lgjn (1163)

So that since "' and z" are totally uncorrelated (y»—!z" = 0) and also
ym~1lyn—1 = ymym the mean square of y™ can be computed as

b2

Y™y 1_a2ma: (11.64)

The autocorrelation of y” is defined through

ynyn—l — ayn—lyn—l + bxnyn—l = ay™y™
ynyn72 — aynflyan + bxnyan =a ynyn

(11.65)
yrynP = ayn Ty 4 by = dPytyT
The autocorrelation function thus becomes
Ny n—p
o =1L — g (11.66)

yry"
Since the index n refers to the time levels " of a time series, with
constant time intervals At¢, we obtain the following relationship between

the constant ¢ and the time scale defined as the time separation 7 for
which the autocorrelation function is reduced to exp (—1)

A A
T=— ¢ or a=exp _at (11.67)
In(a) T

It is thus possible to generate a new random sequence y™ with a spe-
cified RMS and time scale by using a white noise sequence z™ and a
first-order asymmetric filter.
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