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1 Introduction
The aim of the present report is to present a new statistical model for turbulence
which may be used in classical Lighthill’s analogy based jet noise theory. The focus
will be on the spatial two-point velocity correlation tensor ������� r � (defined below)
which is central in all statistical description of turbulence and of special impor-
tance in aeroacoustic theory.

Statistical models for turbulence-generated noise have been developed ever since�
	���

when Sir James Lighthill presented the first of two papers on aerodynam-

ically generated sound [1, 2]. In these models, the two-point velocity correlation
tensor is the basis of the statistical representation of the turbulence structure and
is strongly related to the sound emission directivity.

A model [3] based on Lighthill’s analogy for the sound generation from unsteady
flow and the relation to ������� r � will be described first. Next, two existing theories
(isotropic [4] and axisymmetric [5] turbulence) which have been used to model the
two-point velocity correlation tensor ������� r � are presented. The validity of these
theories in the sound generating region of a jet is then assessed using data from
an LES simulation of a high Mach number jet [6]. The basis of a more general
model of ������� r � for anisotropic homogeneous turbulence is then derived and pre-
liminary results are presented. It is however acknowledged that more theoretical
work is needed before a closed model of anisotropic homogeneous turbulence can
be presented.

2 The sound power in terms of turbulence statis-
tics

Based on Lighthill’s acoustic analogy [1, 2], Ribner [3] presented an expression for
the sound power emitted from localized unsteady flow as

� ������� ��� � ������� �"!�#"�� �$�%��� ���'&)( � ( � (+*,(+-(/.
� � 0 .0�1 . ����� *2- �$�3�245� 1 �"!�#24����� *2- �$�3�245� 1 ��� 67�869�,6�:* 6�:-67�;�'67�<�$�3��=>� 6 :* �'6 * �$�@?A45��=B? 1 �

(1)

where &C�ED�F,G�� �
H�IKJMLONF ( JOPQN � , D�F is the ambient air density,
L F the ambient speed of

sound,
P

is the convective amplification factor � ��RTSVUXW9Y[ZM\ � and
\

is the angle be-
tween the mean flow direction and the direction to the observer. The assumptions
implicit in the above formulation is that the observer location � is far away from
the source location � and that the length scale of the source is small compared to
the wave length of the emitted sound. The Reynolds number of the turbulence is
furthermore assumed to be high and entropy fluctuations small such that only D�6[��6]�
is retained in the Lighthill source term.

By decomposing the velocities into a mean and fluctuating part as
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67�;�����,����?��/� (2)
where the mean flow � is assumed to be in the �	� direction and �/� is the fluctuat-
ing velocity component, the fourth-order velocity correlations in equation 1 can be
written as

�
�������3� � J � �/: J� ?
����� : �����/: �� JXJXJXJ � � JJ �/: JJ� #X#X#X# � � J# �/: J#�
� J � J�� J � J � � � JXJ � � J ��� J � ����� J � : � � : J ?���� : � J � : J�
� # � # � # � # � � � #X# � � # ��� # � ����� # �/: � �/:# ?���� : � # �/:#� J # J # � # J # J�� J #X# J�� # JXJ # � � J � # � : J � : #�
��� JXJ�� JXJ ���3� � J � � : JJ�
��� #X# � #X# ���3� � J � �/: J#� JXJ #X# � #X# JXJ � � JJ � : J#

(3)

where the notation ��� � *2- is short for ����� *2- �$�3�245� 1 � . The correlations involving fluctu-
ations only and combinations of fluctuations and the mean flow in equation 3 were
by Ribner denoted by self-noise and shear-noise contributions respectively. The
shear-noise terms involve second order correlations of velocity fluctuations whereas
the self-noise terms involve fourth-order correlations of velocity fluctuations. All
other combinations of velocity correlations as a result of the decomposition of the
velocities in equation 2 are shown by Goldstein and Rosenbaum [7] to be zero for
homogeneous turbulence.

Under the assumption of joint normal probability distribution between velocity
components, the fourth-order velocity correlation can be written as [4]

�/��� ��� : * � : - � �/��� � � : * � : - ? �+��� : * � ��� : - ? �/��� : - � ��� : * (4)
but upon noting that �+��� � � : * � : - is independent of time separation

1
this term will

vanish when evaluating equation 1 and can therefore be omitted in the analysis.
The correlations �+���/:� are postulated to be factorable into a space factor and a time
factor as

�/���/:��� ��� ����� ��4 � 1 ��� � �������3�24����;� 1 � (5)
where ��� ����� ��4�� � �������$�3�245� 1 ����� is the two-point velocity correlation tensor with
zero time separation between the points ��� � and ��� � : . The time factor �B� 1 � will for
now be unspecified but a number of different functions have been suggested [3, 8–
10].

The emission directivity !! �" �$#�%�&�' � � � ( � ( � (+*](+- �>G�� ( . � of different terms ����� *2- �$�3�245� 1 �can in polar coordinates � ( ��(�� \ � defined by (see figure 1)

( ��� ( W]Y[Z+\( J � ( Z  �) \%W]Y[Z (( # � ( Z  �) \%Z  �)*(
(6)
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Figure 1: Orientation of spherical coordinate system for directivities

be expressed as

�
	���
����������������������
�
	���
! � � � �������	�"#�$�%�&���'�)(
�
	���
+*�*�*�*,������	�" � �%�'	�" � (
�
	���
��- .�� ����������0/1�%�'	�"2/��3�&���0/$(
�
	���
���*2�4*,���������0/1�%�'	�"2/��3�'	�"
/$(
�
	���
! �*, 5*,������	�" � �%�&����/6(7��	8"2/$(

(7)

where the indices are interchangeable, for example
�2	���
��� .�- ����9�
	���
����- � ��

as long
as the values of the indices are not changed. The directivities in equation 7 show
that different correlations :<;>=@?0A 
CBED0F,D�GH� generate sound which will have different
directivity patterns. The specific model of :I;>= 
CBED0F�� which gives :7;>='?�A 
CBED0F,D�G1� through
equations 4 and 5 will thus have an impact on the directivity of the emitted sound.

For the purpose of jet noise predictions, the two-point velocity correlation ten-
sor :7;>= 
JBED0F�� has in previous presentations been modeled based on isotropic [3, 9]
turbulence theory by Batchelor [4] as well as based on axisymmetric [7, 8, 11–13]
turbulence theory by Chandrasekhar [5]. The impact of choosing different models
for :7;>= 
JBED0F�� will be addressed in the following sections and a new more general
anisotropic model will be proposed.
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3 Existing models of the two-point velocity corre-
lation tensor

There are two main turbulence theories which have been used to express a func-
tional form for �������$�3�24�� . These are shown in the table below together with ref-
erences of different presentations where they have been applied. The models for�������$�3�24�� based on these theories (isotropic and axisymmetric) will briefly be pre-
sented in the following subsections. See the references for more details.� Isotropic turbulence (Batchelor) [4]

– Ribner [3]

– Bailly et al. [9]� Axisymmetric homogeneous turbulence (Chandrasekhar) [5]

– Goldstein and Rosenbaum [7]

– Khavaran [8]

– Bechara et al. [11]

– Devenport et al. [12]

– Jordan and Gervais [13]

– Bailly et al. [9]

3.1 Isotropic model by Batchelor
For isotropic turbulence, Batchelor [4] presented a simple form of the structure of������� 4���� � �������3�24�� in terms of the longitudinal correlation function

� ���[� . The deriva-
tion of the relation was based on using the symmetries and direction independence
of isotropic turbulence and is presented in Batchelor [4]. Isotropic turbulence is
also homogeneous so there is no � -dependence in �������$4�� . The final expression reads

� �������� � 4���� � J	� � ���[� R �B���[�� J �]�
�M��?
�;���[���,����� (8)

where
� �
��� and �B���[� are the longitudinal and transversal correlation functions re-

spectively. The transversal correlation function �;�
��� is for isotropic turbulence re-
lated to

� ���[� as

�;�
���%� � �
���B? � 
 0 � ���[�0 � (9)

The amplitude � J is the mean-square of any velocity component since for isotropic
turbulence they are all the same. The length scales related to � �������� � 4�� are isotropic
and controlled by the longitudinal correlation function

� �
��� which is the same for
all directions.
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3.1.1 Model by Ribner

Ribner [3] used the isotropic model of the velocity correlation � ���
���� �$4�� by Batchelor to
model the source term in equation 1 for the purpose of jet noise predictions. What
was left to model before the isotropic velocity correlation tensor could be evaluated
was the functional form of

� ���[� . Ribner used a Gaussian shape of
� �
��� as� ��� �������
	��
��� � J � � J� ? � JJ ? � J# (10)

following Lilley [14]. The length scale � in equation 10 is the longitudinal length
scale and the amplitude � J in equation 8 was chosen by Ribner to be computed from
the axial velocity component in the jet, i.e. � J � � J � .

The assumption of local isotropy in the model of the correlation tensor is not
very accurate in the interesting regions of a jet. It is well known that the energy
of the different velocity components differ quite a lot with � � -component being the
largest one for the jet mixing layer and transition region [6]. The length scales are
also highly anisotropic in the inhomogeneous regions of a jet.

The effect of using an isotropic model of the correlation tensor is that the self-
noise part of the emitted sound will have a uniform directivity (if the effect of
convection is neglected) which would not be the case if an anisotropic model would
be used for � �����$4�� .
3.2 Axisymmetric model by Chandrasekhar
To be able to introduce some degree of anisotropy in the model, Goldstein and
Rosenbaum [7] used the theory of axisymmetric homogeneous turbulence devel-
oped by Chandrasekhar [5] to model the correlation tensor �������$�3�24�� . The the-
ory of axisymmetric homogeneous turbulence was derived for turbulence which
is isotropic in a plane perpendicular to a direction vector � but anisotropic with
respect to directions out of the plane. Similar models based on axisymmetric tur-
bulence have been presented by Khavaran [8], Devenport et al. [12] and Jordan
and Gervais [13].

Chandrasekhar [5] presented in
� 	�� � a complete theory governing axisymmet-

ric turbulence including the determination of the functional form of the two-point
correlation tensor � �����$4�� in terms of a set of scalar functions. The derivation is
quite extensive and only the final expressions are given here.

In a coordinate system �� with separation vector � � ��� �O��� J ��� # � where index
�

is a
direction parallel to an axis of symmetry � and � � �O� � J � � # � are the corresponding ve-
locity components, the following holds for homogeneous axisymmetric turbulence.

� JJ � � J#
� J � � 
 � & R � JJ � (11)

where � J� are the normal components of the Reynolds stress tensor and & is the
turbulence kinetic energy. A more general statement related to axisymmetric tur-
bulence is that ”the mean value of any function of the [fluctuating] velocities and
their derivatives be invariant, ... for rotations about a preferred direction � ” [5].
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This means that the velocity correlation tensor � � ���$4�� also experiences this axisym-
metry.

Under the assumption of homogeneous incompressible axisymmetric turbulence
the two-point velocity correlations can be expressed as

��� � ���� � ������ ��� �/��� :� � � � - � 0�� � �0 � - (12)

where �+� � �/�X� ��3��=>� and � :� � � ��� �� ? �B�>= ? 1 � . The skew tensor
� � � in equation 12 is

defined by � � � � � * � � � � * � �K? � ��� * � � � � � J ? � � � # �
	 (13)

where scalar functions
� � , � J and

� # are functions of the separation distance �
and the direction �+G � . It is possible to reduce the number of independent scalar
functions from three to two by using the identity � ���+:� � � ��� : � in equations 12 and
13. This leads to the following relations between

� � , � J and
� #� � # 00 � J R � J 00 � # � � �;� � � # � � � 
 (14)

and � # � � 00 � � R � �
� #

00 � # � � � (15)

Equation 15 is used to reduce the problem into having to specify only two scalar
functions

� � and
� J . The resulting velocity correlations (equation 12) are axisym-

metric in the � � -direction with the following single point ( � � � ) properties

� J � J � � # � #���������� � J � J
���������� � # � #����� J � � � � #� J � # � �

(16)

where �� denotes ”not necessarily equal to”.

3.2.1 Model by Goldstein and Rosenbaum

Goldstein and Rosenbaum [7] suggested the following exponential forms of the two
scalar functions

� � and
� J compatible with equation 14 (the time separation de-

pendence in the original formulation has been omitted in the present form)

� �]� ������ J # � � �>��� R �
 � J �
��
�� �� R�� � � J #� J � J ? � � �
� � �

J���� � 	 J
����
� J � ������ J # � � �>��� R � � JJ R � J � � ��
�� �� R�� � � J #� J � J ? � � �

� � �
J���� � 	 J
���� (17)
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where � J # � ��� JJ ? � J# � � 	 J and �� is the source location. The resulting turbulence
has a certain length scale in the � -direction ��� and a different length scale in the
directions normal to � , i.e. � J � � # . The parameters left to specify in equation 17
are the length scale � � and normal stresses � J � as well as the ratios � ��G � J and � J � G � JJ
determining the anisotropy of the axisymmetric turbulence.

The orientation of the axisymmetry � is arbitrary and two special cases were
suggested by Goldstein and Rosenbaum to be of special interest for the round jet.
These were the cases where � was oriented in the axial and the radial directions of
the jet respectively.

Radial direction

Goldstein and Rosenbaum considered the use of the radial direction as the direction
of turbulence axisymmetry based on measurements in the shear layer of a jet by
Bradshaw et al. [15]. The measurements were performed at the center of the
shear layer at two diameters downstream of the jet nozzle exit. At this location the
longitudinal correlation function and turbulence intensity in the direction of the
flow were equal to those in the circumferential direction but differed from those
in the radial direction. This supported the choice of the radial direction as the
axis of symmetry � (based on length scales and intensities). The resulting self-
noise directivity from a unit volume presented in [7] showed


�� �
dB larger intensity

levels in the axial direction than in the radial direction.

Axial direction

Goldstein and Rosenbaum also considered the use of the axial direction as the di-
rection of turbulence axisymmetry. In the data from [15] further downstream (four
diameters from the jet nozzle exit) the relation between the turbulence intensities
in the radial and circumferential direction were equal but significantly smaller
than that in the axial direction. If this direction (axial) was chosen as the direc-
tion of turbulence axisymmetry (based on turbulence intensities), the difference in
self-noise directivity was

H
dB between the axial and radial directions.

3.2.2 Model by Khavaran

Khavaran [8] presented a modified model of the axisymmetric turbulence and ap-
plied it to a jet flow. The same axisymmetric theory was used for the functional
form of the velocity correlation tensor � � � ���� � ��3���/� but Khavaran suggested the follow-
ing two Gaussian forms of the scalar functions

� � and
� J compatible with equation

14 (the time separation dependence in the original formulation has been omitted
in the present form).

� �]� ��3��� J # ��� �"��� R �
 � J � ��
�� �MR I � � � J #� J � J ? � � �
� � �

J�� �
� J � ��3��� J # ��� �"��� R � � JJ R � J � � ��
�� �2R I � � � J #� J � J ? � � �

� � �
J � � (18)
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In Khavaran [8] only the axial direction was chosen as the axis of symmetry but
the ratios � ��G � J and � J � G � JJ in the model were varied and the effect on the emitted
sound was investigated. It was found that the self-noise directivity was sensitive
to changes in the ratios, see Khavaran [8] for more details.

4 Considerations for real jets
In the applications above, the axisymmetric model of the velocity correlation tensor
has been used in order to introduce turbulence anisotropy in Lighthill’s analogy
when applied to turbulent jets. The model is an improvement compared to the
isotropic model of the velocity correlation tensor. The axisymmetric turbulence
model is however not representative of turbulence in the sound producing regions
of a jet such as the shear and transition regions. This is demonstrated by the plots
in figures 2 and 3 where the Reynolds stresses in the middle of the shear layer of a
Mach � ���[� are plotted for different axial positions. The stresses are sampled from
an LES by Andersson et al. [6].

If the axial direction is chosen as the axis of symmetry � in equations 12 and
13 the single point statistics in equation 16 are required to be approximately true.
These stress terms evaluated from the LES are plotted in figure 2(a) and 3. Fig-
ure 2(a) shows that the normal stresses � J � J and � # � # are quite similar for all
positions and � ����� is considerably larger. This is in accordance with axisymmetric
turbulence. The cross-stresses � ��� J and � ��� # in figure 3 are however not of sim-
ilar magnitude which is required by equation 16. The � ��� J correlation is about
the same magnitude of � J � J and should thus contribute to the sound directivity
whereas � ��� # is almost zero and should not. These correlations would though in
an axisymmetric turbulence model oriented in the jet axial direction be equal and
thus contributing equally to the generated sound. The axial direction is thus not
suitable as an axis of turbulence symmetry and it is obvious from these arguments
that a radial direction cannot be chosen as the axis of turbulence symmetry either.
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Figure 2: Normalized normal Reynolds stress tensor components in the ( � -plane
in the shear-layer (normalized by 	�G�� 
 &�� ). Solid line: � ����� ; dashed line: � J � J ; dotted
line: � # � # .
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Figure 3: Normalized cross Reynolds stress tensor components in the ( � -plane in
the shear-layer (normalized by 	�G�� 
 &�� ). Solid line: � ��� J ; dashed line: � ��� # ; dotted
line: � J � # .

A third direction could be attempted to be used as the axis of symmetry for
the turbulence, namely a direction along one of the principal axes of the Reynolds
stress tensor. In this coordinate system, all cross-stresses are zero which is valid
in axisymmetric turbulence. No pair of the normal stresses are of equal magnitude
however, see figure 2(b), so none of the principal axes can be used as axis of sym-
metry. Since the axisymmetric model does not accurately represent the turbulence
in the shear layer of a jet, the isotropic model will not either.

5 Derivation of a more general model of the two-
point velocity correlation tensor

The sections above demonstrate the need for a more general model of the two-point
velocity correlation tensor �������$�3�24�� . Both the isotropic and axisymmetric turbu-
lence theories above are complete and govern exactly the functional form of �Q� �����3�24��
under the respective assumptions. When applied in equation 1 in order to perform
a jet noise prediction however, there are complexities in the flow which are not
valid in the assumptions of these theories.

Both theories include the assumption of homogeneous flow which, of course, is
not the case in a jet flow. This assumption is though very hard to avoid in the
derivations since quantities such as correlations and length scales are difficult to
define unambiguously in general inhomogeneous flows.

As demonstrated in the section above the turbulence in a jet is neither isotropic
nor axisymmetric. The choice of local length scales and turbulence stresses are
thus somewhat arbitrary when these models are used to model ��� ����� ��4�� . A more
general model of �������$�3�24�� where anisotropy in turbulence intensities and length
scales are part of the basis of the model is necessary to avoid these deficiencies.

An attempt to construct a more general model of �������$�3�24�� based on the homo-
geneous turbulence assumption but including anisotropy in turbulence intensities
and length scales will be presented. A functional form of �������$�3�24�� in terms of six
one-dimensional correlation functions is achieved. A closure model where these
correlation functions are related to single point statistics is also presented. This
closure is however preliminary and is not to be taken as a ready-to-use model.

The strategy is to express the second order two-point velocity correlation tensor������� 4�� in terms of a correlation �������� � � �>� where � � � denotes a separation in a coordinate

12



system �� which has �( � parallel to 4 . Define two coordinate systems �V� � ( �O� ( J � ( # �and �� � � �( �,� �( J � �( # � with the same origin, see figure 4. Let �� be rotated compared to� such that �( � is parallel to a separation 4Q� ��� �O� � J � � # � expressed in the � coordinate
system. One possible orthonormal set of rotation vectors relating � to �� is then

��� � � � �� � � J� � � #������	� � � R � J��
 � � ���
 ��� � ���
 � � � � � #� ��
 � � J � #� ��
 � R � J
� ��
 � �
(19)

where � � �
� J� ? � JJ ? � J# � � � 	 J
� and ��
 � �
� J � ? � JJ � � � 	 J
� respectively. A rotation matrix� � � ��� � �	� � �	
 � will relate � to �� and vise versa as

� � � � �
�� � � � � (20)

and the spatial separation � 4�� � � � �,� � � J � � � # � will be related to 4 as

� 4�� � � 4Q� � ��� � ��� � �	
 � � 4Q� �
�7��� ���[� � (21)

i.e. any separation 4 results in a separation in the first component � � � in the coor-
dinate system �� . For simplicity the notation will here after be changed to tensor
notation. The rotation matrix will be denoted by � ��� � �

.
With the assumption of homogeneous turbulence a velocity correlation tensor

can be defined in the � coordinate system as

������� 4���� �/� �$����� �����@? 4�� (22)

where the overline ��� � denotes an appropriate average and � � , � � are velocity com-
ponents. For homogeneous turbulence there is no dependence of � for ������� 4�� . By
using the rotation matrix � ��� , the correlation tensor ������� 4�� can then be expressed
as

������� 4������ � * �3� - �� *2- � � 4������ � * �3� - �� *2- �
�7��� ����� (23)

where ���� ������� � ����� are correlations of pairs of velocity components � � , � 6 and �� with
separation in the � � � -direction. These can be expressed individually as

��
���]�
�7��� � ����� R �� ��� �� �
���
�� JXJ �
�7��� � ����� R �� JXJ � � �
���
�� #X# �
�7��� � ����� R �� #X# � � ���[���
� J �
�7��� � ����� R �� � J �� � J �
���
��
� # �
�7��� � ����� R �� � # �� � # �
����� J # �
�7��� � ����� R �� J # �� J # �
���

(24)
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Figure 4: Original and rotated coordinate systems � and �� . Velocity components �+�
and �� � in respective coordinate system.

where �� ���[� is the longitudinal velocity correlation function and � � �
��� and � � �
��� are
the transversal correlation functions related to � 6 and �� respectively. �� � J ���[� , �� � # �
���
and �� J # �
��� are the corresponding cross correlation functions. The assumption of ho-
mogeneous turbulence also ensures that ��������
�7��� ������� �� �<�X���7��� ����� . The normalization
is done by the correlation tensor at zero separation, i.e. the Reynolds stress tensor
�� ��� which is computed from the stress tensor in the original coordinate system � as

�� ��� � � * � � - � � *2- (25)

Equations 23 to 25 show that the two-point velocity correlation tensor ������� 4�� can
be expressed in terms of six scalar correlation functions and the Reynolds stress
tensor. How well equations 23 and 24 represent a true homogeneous anisotropic
turbulence field lies in the accuracy of the modeling of the scalar functions.

The true functional forms of the scalar functions for a homogeneous anisotropic
velocity field is not known. A simple of the correlation functions which is based
on the isotropic model will nevertheless be presented. The longitudinal correlation
function can for example be modeled as

�� ���[����� ��������	 . � � (26)
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where � is the longitudinal length scale in the direction of the spatial separation
� � � . Following the expressions for isotropic turbulence [4] and using equation 26 the
transversal correlation functions are related to the longitudinal as

�;�
����� � ���[��� � �
���K? � 
 � � �
���� � � � � J3RVI � J
� � J � ����� � 	 . � � (27)

For simplicity, the cross correlation functions are modeled in the same way as the
longitudinal correlation function, i.e.

�� � J ���[��� �� � # �
����� �� J # �
������� ����� � 	 . � � (28)

The functional form of the correlation functions and especially their relative shapes
(equations 27 and 28) are not validated to any anisotropic turbulence. Further
work is needed to develop models for these functions for a general homogeneous
anisotropic turbulence.

Length scale anisotropy

Recent results from the SNGR [16] method where anisotropy has been included
in the synthesis of artificial turbulence suggest that the length scale of the tur-
bulence in different directions can be deduced from the individual components of
the Reynolds stress tensor. The results indicate that the length scale in a certain
direction is related to the relative magnitude of the corresponding normalized nor-
mal stress tensor component. The following relation can for example be used as a
model of the length scale anisotropy for the length scale in the � � � -direction.

� � � ���
� � 	��� ���
�� ��� ? �� JXJ ? �� #X# �

� 	 J
(29)

where � ����� is the longitudinal length scale in limit of isotropic turbulence.
Equations 23 to 29 together with the rotation matrix

� ��� ��� defined by the vec-
tors in equation 19 can be used to model a general anisotropic two-point correlation
tensor ��� ���$4�� for homogeneous turbulence. The full expressions for the different
components of the correlation tensor are quite large and are thus not given here.

For the isotropic case the cross correlation functions �� � J �
��� , �� � # ���[� and �� J # ���[� as
well as the off-diagonal components of the Reynolds stress tensor will be analyti-
cally zero and equations 23 and 24 reduce to the isotropic model of ������� 4�� given by
Batchelor [4].

������� 4���� � �������� � 4���� � J � � ���[� R �;���[�� J �]� �2��?
�;�
��� �O��� � (30)

The accuracy of the model lies in the correctness of the expressions for the cor-
relation functions in equations 26 to 28 and the length scale anisotropy in equation
29. One flaw of the model is that when the expressions in equations 26 to 29 are
used to model the correlation functions, the resulting two-point correlation tensor������� 4�� will not fulfill the continuity condition0 �����[�$4��0 �]� � 0 ������� 4��0 �M� � � (31)
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These relations can be used to constrain the models of the correlation functions
in order to construct a more accurate model of the two-point velocity correlation
tensor.

6 Preliminary Results
As ������� 4�� is a function of the three-dimensional separation vector 4 it is difficult to
illustrate. For special cases though the general features can be viewed in suitably
chosen planes. Figures 5 to 9 show correlation fields from the proposed anisotropic������� 4�� in the ( � -plane for � � � . The interesting correlations in this slice are � ��� ,� JXJ , �
� J where the dependence of 4 is omitted in the notation below.

The different cases are described in tables 1 and 2. They correspond to one
isotropic turbulence case (case

�
) and four anisotropic turbulence cases (case



- � ).

The degree of anisotropy in cases


- � is the same but the principal axes of � ��� in

cases � and
�

are rotated in the ( � plane by � � degrees compared to cases



and
	 . The modeled length scale anisotropy ( � ����� � � � � ) is used in cases 	 and

�
but a

constant length scale ( � � � � � ) is used in cases



and � . The Reynolds stress tensors
used for the different cases are given in table 2.

Case Description�
Isotropic

Anisotropic, Principal axes of � ��� � degrees, Isotropic length scale

	 Anisotropic, Principal axes of � ��� � degrees, Anisotropic length scale
� Anisotropic, Principal axes of � ��� � � degrees, Isotropic length scale�

Anisotropic, Principal axes of � ��� � � degrees, Anisotropic length scale

Table 1: Case descriptions. Isotropic length scale denotes that equation 29 has not
been used.

Case Reynolds stress tensor� � ��� � R � �$� � � ��� ���[�,�7�$� � � � � �����,�
� � ��� � � � ��� 	
 � 	 � ��� � R � � H � � ��� ���[�,�7�$� � 
 � � �����,�
� � ��� � � � ��� 	
��� � � ��� � R � �$� � � � 
 � � �����,�
� 
 � � � � � � � ���,�7�$� ��� ��� � ��� 	

Table 2: Reynolds stress tensors � ��� expressed in � coordinate system

The isotropic reference case is plotted in figure 5, where � ��� and � JXJ are iden-
tical but rotated by

	 � degrees. They are positive with a Gaussian shape in the
longitudinal direction but have a dip with a negative region in the transversal di-
rections as prescribed by the isotropic model. � � J has two positive and two negative
lobes and is zero on the coordinate axes. The correlations � ��� , � JXJ and �
� J are in
equation 1 multiplied by the directivities in equation 7 and the isotropic correla-
tions in case

�
result in a direction-independent sound field when the integrals are

evaluated.
With an anisotropy in case



where � ����� � JXJ the corresponding two-point cor-

relations experience the same relations as seen in figure 6. The general shapes of
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�
��� , � JXJ and �
� J are otherwise the same as for the isotropic case. The increased am-
plitude of �
��� and decreased � JXJ will cause a sound field directivity with increased
sound power in the ( -direction and reduced in the � -direction.

With a length scale anisotropy (see equation 29) in case 	 the contours of � ��� ,� JXJ and �
� J are separated in ( -direction and compressed in � -direction. The length
scale anisotropy emphasizes the sound power directivity mainly by making the � ���
correlation less compact.

Case � , with the same degree of anisotropy as in case



and 	 but with the
principal axes of � � � rotated by � � degrees about the � -axis the � ��� , � JXJ and �
� J
slices become as in figure 8. The � ��� and � JXJ fields are slightly modified by the
rotation of the stress tensor. The big difference is however the � � J field in which
the positive lobe is increased and the negative lobe is decreased both in magnitude
and in size. The resulting sound power directivity will through the directivities in
equation 7 be increased in the � � degree direction and decreased at

R � � degrees.

01002003004000.1

-0.2

0

0

0.1

-0.1

0.2

0.2

-0.1

-0.2

PSfrag replacements � �
� J

(a) �����

01002003004000.1

-0.2

0

0

0.1

-0.1

0.2

0.2

-0.1

-0.2

PSfrag replacements � �
� J

(b) �����

-60-40-200204060

0

00.10.2

0.1

-0.2

-0.1

-0.1

0.2

-0.2

PSfrag replacements � �
� J

(c) �����

Figure 5: Case
�
. Isotropic. Iso-contours. Light contours: high levels, dark con-

tours: low (or negative) levels. Levels: a) and b) [-10:50:540]; c) [-60:10:-10 and
10:10:60]

Finally with length scale anisotropy included, the correlations are increased in
the � � degree direction and reduced at

R � � degrees which again emphasizes the
sound power directivity.
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Figure 6: Case


. Anisotropic. Principal axes � degrees. Isotropic length scale.

Same scaling as case
�
.
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Figure 7: Case 	 . Anisotropic. Principal axes � degrees. Anisotropic length scale.
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Figure 8: Case � . Anisotropic. Principal axes � � degrees. Isotropic length scale.
Same scaling as case
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7 Conclusion
In this report a first step is taken toward a general anisotropic model of the velocity
correlation tensor for homogeneous turbulence. The immediate application of this
model is in acoustic analogies following Lighthill where the sound directivity of
the self-noise components will be properly considered through the anisotropy of
the proposed model.

The anisotropic model of the two-point velocity correlation tensor includes aniso-
tropy in terms of both velocities (Reynolds stresses) and correlations (length scales).
The proposed length scale anisotropy is based on single point statistics. The length
scale anisotropy is proportional to the square root of the relative magnitude of the
corresponding normal Reynolds stress component.

Time scale anisotropy has not yet been included in the proposed method. A
recent model of time scale anisotropy has though been presented by Jordan et al.
[10]. The model is based on the integral and Taylor time scales which allows control
of the spectral content of the turbulence.

The model is still in a developing stage and only preliminary results are pre-
sented. The results are however encouraging and the work will continue toward a
closed anisotropic model of the noise generated by turbulence.
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