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The paper presents the performance of an improved pressure-based algorithm for tur-
bulent transonic aerodynamic flow simulations. There are few successful computational
reports for transonic airfoil flow worked out with the pressure-based method. In this
study, an advanced approach based on a pressure correction scheme, which was validated
earlier in solving the Euler equations, is extended to solve the Reynolds-averaged Navier-
Stokes equations for turbulent transonic flow around the airfoil RAE 2822. An implicit
numerical dissipation model is adopted to extract just enough dissipation mechanism
from pressure gradients to damp the destabilizing numerical effects, without smearing
the physical discontinuity at shocks. The standard k — ¢ turbulence closure with a near-
wall one-equation model 1s used. The computational results are compared to experimen-
tal data. Several discretization schemes such as the second-order upwind, hybrid and
MUSCL schemes for convection terms are investigated. The computational results show
that the proposed pressure-based method has a comparable resolution for the turbulent

transonic external aerodynamic flows to the time-marching methods.

1 Introduction

For a long time, most compressible aerodynamic
flow simulations have been carried out with density-
based methods (as time-marching methods are often
called) in which density is used as a primary vari-
able in the continuity equation, while pressure is ex-
tracted from the equation of the state. It is well known
that this class of methods is inefficient for incompress-
ible flow calculations, because the density variation in
these regions becomes negligible, leading to conver-
gence problems. On the other hand, pressure correction
based methods'™ which use pressure as a dependent
variable, show excellent performance in predicting of
incompressible turbulent and chemically reacting flow.

For transonic flow simulations, however, some dif-
ficulties have been encountered due to the complicated
nature of the flow, including both subsonic and su-
personic regions as well as shocks. In recent years,
many improvements have been made for pressure-
based methods, such as non-staggered (collocated) grid
arrangement,” 7 the use of mass flux components
(pU,pV) as primary variables®'0
ties (U, V) and advanced numerical artificial dissipa-

instead of veloci-

tion models.* %810 Some successful results have been
reported. However, most of them deal with internal
flow simulation. A few'% 12 successful calculations for

*Copyright ©American Institute of Aeronautics Astronau-
tics, Inc., 1994. All rights reserved

the transonic airfoil flow, which is the most challeng-
ing case for the demonstration of how well a pressure-
based method can resolve physical discontinuities, such
as external shocks, are available in the literature. In
this work, an improved pressure correction based al-
gorithm is demonstrated and validated for turbulent
transonic airfoil flow computations using Reynolds av-
eraged Navier-Stokes equations.

Among all the difficulties encountered when us-
ing the pressure-based method for predicting transonic
flows, the most important issue is which type of and
how much artificial dissipation should be included in
the calculations in order to prevent the unphysical be-
havior which is caused by the elliptic nature of the
pressure correction equation. How well a computa-
tional algorithm can capture the physical discontinu-
ities depends on a proper choice of a numerical dissipa-
tion model. For the pressure-based method, one must
find a mechanism for introducing just enough artificial
dissipation to damp the unphysical behavior without
smearing the physical discontinuity at shocks. Many
efforts have been focused on this. For the density-based
methods, it is well-known that a proper numerical dis-

13715 ghould be a combination of fourth

sipation mode
and second order differencing of the dependent vari-
ables. Some successful pressure-based methods® 910
have also demonstrated (some directly and others indi-
rectly) a similar requirement for the dissipation model.

This work uses an implicit artificial dissipation



model which consists of second and fourth order deriva-
tives of pressure only, in all equations. The model was
first adopted to test the airfoil flow calculations for the
Euler equation in a previous paper.'? It was found that
two level filters should be used to adjust second-order
dissipation for inviscid flow simulations. The results
have shown a good capability of predicting both in-
ternal and external inviscid transonic flows. For the
turbulent viscous flow case, only one level filter needs
to be used, which introduces less amount of numerical
dissipation. Consequently, the physical dissipation in
this case dominates over the numerical dissipation, in-
troduced by the second level filter used for the inviscid
flow cases.

Many turbulence models have been designed, such
as algebraic turbulence models,'”'® a number of k — ¢
models!® and Reynolds stress turbulence models, (of-
ten referred to as second moment closure). The ma-
jor objective, here, is not to implement or evaluate a
new turbulence model, but rather, use a standard k —¢
turbulence closure with a one-equation model near the
wall. The results of the prediction of the transonic flow
around airfoill RAE 2822 for case 6, case 9 and case 10
of Cook et. al.2? will be presented and discussed.

The main features of the proposed algorithm are:

Using a collocated grid arrangement in which all
variables are stored at the center of the cell. Since
the convection contribution to the coefficients in
the discretized equations is the same for all vari-
ables in this arrangement, it is attractive to employ
high order differencing schemes.

Solving for Cartesian mass flux components
(pU,pV). Since mass flux components (pU, pV)
vary smoothly across shocks, solving for mass flux
components reduces discretization errors in the
shock regions.

Assuming constant stagnation enthalpy every-
where in the flow field. Since the maximum Mach
number of the test cases is moderate (< 1.4), it is
reasonable to assume that the viscous dissipation
is relatively low.

Adopting an implicit dissipation model, which
mainly includes second and fourth order differenc-
ing terms expressed in pressure only.

Standard two equation turbulence closure with a
near-wall one equation model.

Several schemes, such as hybrid, second-order up-
wind and MUSCL, for convective terms.

Following the description of the proposed scheme,
the computational results, compared with the experi-
mental data of airfoil RAE 2822/ are presented.

2  Governing Equations

and Turbulent Closure

The transonic mean flow is modeled by the
Reynolds-averaged conservation equations of mass, mo-
mentum and energy. These mean equations, in terms of
the Favre-averaged concept, can be expressed in Carte-

sian tensor form for ideal gas as?!
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Here j is the mean density, P the mean pressure, ;
the mean velocity in the direction of 2;, H the total en-
thalpy per unit mass, and p the coefficient of molecular
viscosity. In the above equations, the overbar (—) de-
notes Reynolds averaging and tilde (~) denotes Favre
averaging.

It will be assumed that the ratio of specific heats
~ is constant, and that total enthalpy may be consid-
ered to be constant. Such an assumption is reasonable
for the present moderate Mach number (M < 1.4)22
cases. This assumption avoids solving the energy equa-
tion and modeling of turbulent heat fluxes. Therefore,
the closure of the Reynolds-averaged equations only re-
quires the modeling of Reynolds stresses (no need for
modeling heat flux). Here the Boussinesq eddy viscos-
ity assumption is used to express the Reynolds stresses
tensor as :

o o ~ ~ 2 ~
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2
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where p; is the eddy viscosity, and k is the turbulent
kinetic energy per unit mass:

= l——

pk = 5P U - (7)

In the present study, the values of the eddy viscos-
ity p; is estimated by solving two transport equations
for the turbulent kinetic energy k and its dissipation



rate € :
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where the production term has the form:

Pk = —pu: u;ﬂiyj (10)
and the eddy viscosity, away from the wall, is modeled
as

2

pe = upe (11)

The standard k — ¢ model is unable to model low
Reynolds number turbulent flow near the wall. Many
near wall treatments'® can be chosen to calculate k and
€ down to the wall. A near-wall one-equation model
for the turbulent kinetic energy, which was suggested
by Wolfshtein?? and modified by Chen and Patel?*
has been tested by many researchers, Refs. 21,25-27.
Such an one-equation near-wall model is applied in this
study. The model defines two different length scales
and [, one for turbulent stress and one for turbulent
dissipation. Then, the dissipation rates of the turbu-
lent kinetic energy and the eddy viscosity are modeled

by

312
€= I (12)
and
pe = p_cuicl/Qlu. (13)

Therefore, close to the wall, the closure of the Reynolds
averaged equations with the one-equation model is re-
duced to solving the k-equation and specifying the tur-
bulent dissipation length scale I, and turbulent length
scale [,,.

An exponential expression,
the viscous sublayer and inner-layer dissipation length
scale, and turbulent length scales as:

AVEN
l, = Ciyn ll —exp (Tl;u)] (14)

_];1/2yn
le = Ciyn [1 —exp (W)] (15)

Cy = kC* (16)
A, =170

23,24 jg used to combine

where y, 1s the normal distance from the wall. The
matching position between the viscous sublayer and the

outer region is chosen along a fit grid line where the
minimum value of the term /;1/23/“ /v is of order 250.

In the present turbulent closure modeling the con-
stants are :

ey =0.09; c1e=1.44; cz.=1.92;
op=1.0; o.=1.3. (17)

3 Numerical Approach

The governing equations given above can be cast
into the standard transport equation for a general de-
pendent variable ® (here, the bars indicating the aver-
aging are dropped), in Cartesian coordinates as

O, + (U;B),; = lm (%)

where @ can be the Cartesian mass flux components,
turbulent kinetic energy, dissipation rate of turbulent
kinetic energy, etc., I'g 1s the effective diffusivity, and

+ S® (18)

’

,2

Se denotes the source per unit volume for the depen-
dent variables ®.

3.1 Discretization

Integrating Eq.(18) over a control volume, by using
the Gaussian theorem, we get the following discretized
equation

(@-@0)%+ (FeA)—> (TeVdeA)

m m

= SQ(S'U (19)

where F = (pV, V@)T is the flux tensor, dv the volume
of the cell, and ®° the value at previous time level, and
m refers to each face A of the control volume. The
discretizing equation can be cast into standard form

(See 6,10)
ap®p = Z ans @b + SE (20)

where subscript nb denotes neighbor and

P
ap = E anp — Sp.

The coefficients a,p contain contributions from
both convection and diffusion. S& and S§ contain the
remaining terms. When Eq. (19) is cast into Eq.(20),
some additional source terms S& and S§ must be con-
sidered, due to the choice of dependent variables as
mass flux components, and due to the choice of full
description of the stress tensor.

The first addition term is referred to as the

convecting source term which represents the errors of

the convection parts of coefficients a,;, over the control
volume.! Since the convection does not include density
in this variable option, it is also referred to as ”volume
errors” instead of mass errors. It can be written

(SP) gaar = ; [%]

m



This term has to be added onto S§. It should
be pointed out that in order to balance the discretized
equation, the retarded density?®  should be used in
the term (S%)addl’ since the left hand of Eq. (20)
has adopted the numerical model which includes the
retarded density.

The second additional term is referred to as the
diffusion source term, due to the adoption of a full de-
scription of the stress tensor Eqs (4) and (6). This

term
N 2. .
(i 4 pie) { @i = g0igtimm ||
J

),

)

(Sg) add?2

is added to S&. At boundaries, the values of the deriva-
tive of the terms in brackets [ ] and () have been ob-
tained by extrapolating from the inner field.

The third additional term is referred to as the
compressible source term due to a decoupling of the
derivative of mass flux and velocity. It is shown ex-
plicitly as follows

0 0] I's 0O
i (0)-tse
dx; \ p p Ox;
The third source term consists of the second terms on
the right hand side in the above equation. For smooth

density variations, the term is negligible. Therefore,
this term is important only in varying gradient regions,

La® 0p
p2 81‘]' '

such as shocks.

It should be noticed that the first term is crucial
to momentum conservation and numerical stability. At
shocks, the third source term is also important.

3.2 Numerical Dissipation

There are a variety of numerical dissipation mod-
els which are used to suppress spurious odd and even
point oscillations and to damp unphysical overshoots
near shock waves. Most of them use a combination of
second and fourth order terms of the dependent vari-
ables ®, (p, pU, pV and pE), either explicitly or im-
plicitly. In this study, an implicit numerical dissipa-
tion model is used which just includes the second and
fourth order terms expressed in pressure for all trans-
port equations. The fourth-order terms of the numeri-
cal dissipation model are due to the use of Rhie-Chow
interpolation,? and the second-order terms are due to
the use of retarded density,® ?® which is equivalent to
the retarded pressure concept.® It can been shown that
the model, for uniform grid and two-dimensional flow,
can be written explicitly'®

DP = D,P + D,P (21)

where D, P and D, P are the contributions for the two
coordinate directions, respectively, which have the form

(for Uy, Us > 0):
D,P = {diyij2;—di—1/2;};

DyP = {dijyr12—dij-1/2} (22)
The d's in the above equation can be written

dip1/2,5 = Acttivijz (Pig1/2,5 = Pic1/2,)
+B; (Pt —3Piy1;+3P; ; — Pi_15) (23)

where A and B are coefficients imposed by momentum
and state equations, and p;41/2 is a smoothing function
due to the use of retarded density?® which reads

p=p— pAzp. (24)

A two-level filtering smoothing function has been
designed!? as

Mref >2
ix1/2 =max< 0.0, Ky |1 - [ ——
Hit1/2 { 1 l <Mi+1/2,j ]

() e

Tiy1/2,5 = max(Tipq 5, Tij)

+ K>

where

and
_ NP1 = 2Pij + Py
|Pig1,j+ 2P + Pioa

Ti;

It was found that only one level filter is needed
for turbulent flow calculations to switch on the second-
order dissipation which is needed to enhance the sta-
bility in supersonic regions. The constant dominating
second-level filter was set at zero.

The numbers Ky = 1., Ko =0. and M.y = 1.0 ~
1.10. The details of the present model are given in the
Appendix in Refs.10,12.

3.3 Pressure Correction Equation

In this study, mass flux components instead of ve-
locities, are selected as the dependent variables. Such a
variable option allows for a direct relationship between
momentum and pressure by truncating the momentum
equations in the same way as in the conventional STM-
PLE method®©

A-(pv) ==Y A VP, (26)
)= |

where / means correction terms.
In order to enhance stability of the original pres-
sure correction equation, the density correction is taken

aSS

P = P :
(v=1) (Ho =05V

(27)

Therefore, the pressure correction equation becomes

4
v .
Poret > <EA : vp'> +Amp=0 (28



where Amp is the continuity error.

This manipulation gives the pressure correction
equation a hyperbolic appearance with respect to time.
As Mach number becomes small and density gradients
become negligible, the quasi-time-dependent term dis-
appears and the scheme degenerates to the standard
iterative scheme for incompressible flow.

In the curvilinear coordinates, the diffusion term
of Eq. (28) forms

0P’
(A'Vpl)i 1/2 = {| A | n'glglj—}
T 9¢; i+1/2
which can be rewritten so that
{A - Vpl}i+1 2 — D§i+1/2 (Pz'l+1 - Pil)
/
+ Dyiyi/2 (Pi'+1/2,j+1/2 - Pi'+1/2,j_1/2)

where the D’s contain the metrics of the grid. The
discretized equation for P’ can also be cast into the
form

apPp =) anyPay + Sc (29)

where S¢ is mass residual.

Since the pressure correction equation has been al-
ready discussed in many references, other aspects of the
discretization of this equation are omitted here. The
detailed discretization of Eq. (28) is performed in a way
similar to the diffusion terms of Eq. (18) (See 6,10).

3.4 Initial and Boundary Conditions

The calculations start from a uniform free stream
condition for all variables.

Boundary conditions everywhere, except at solid
walls, are applied by using the same strategy as in
solving the Euler equations.'® At the far field, the lo-
cally one-dimensional Riemann invariants, entropy and
tangential velocity component are obtained by using
A far field circulation
correction based on the compressible potential vortex
solution is used to modify free stream velocity. On
solid walls, no-slip and zero turbulent energy bound-

the theory of characteristics.

ary conditions are applied. A first-order extrapolation
is adopted for both pressure and pressure correction at
the wall. The values of k, ¢ and pressure correction at
the outlets are extrapolated from the inner field.

4 Results and Discussion

Three calculation cases are examined for airfoil
RAE 2822, which has been extensively investigated ex-
perimentally by Cook et al. and computationally by
many aerodynamists. All cases use a 256 x 64 C-grid
with 208 cells on the airfoil’s surface and finer clus-
tering near the leading and trailing edges. The grid
extent is about 10 chords in all directions. The normal
spacing of the first point off the wall is of the order
1 x 1075 of the chord which corresponds to O(y*). For
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Figure 1. Pressure distributions for RAE 2822

case 6, MUSCL scheme

Figure 2. Mach number contours

case 6, MUSCL scheme

Figure 3. Pressure contours,

case 6, MUSCL scheme




all cases the pure MUSCL3? scheme, namely for the
convective terms of both momentum and k — ¢ equa-
tions, is adopted first. Then, the calculations using the
pure hybrid scheme' and second-order upwind schemes
LUDS3%35 or the combination of hybrid and second-
order upwind are also performed and will be discussed
later.

In the first case referred to as case 6 of Ref. 20
is M = 0.725, R, = 6.5 x 10% and the flow at a an-
gle of attack @ = 2.92 deg (uncorrected). The transi-
tion location for this case is fixed at z/C = 0.03, the
same as in the experimental data. Since the calcula-
tions are carried out in free flow, the angle of attack
must be corrected from the geometrical angle of attack
due to the presence of wind tunnel interference. Vari-
ous types of correction on Mach number and angle of
attack have been proposed in airfoil flow simulation.?'
In this calculation, the corrected angle of attack is cho-
sen as a = 2.60 which is the same as in Ref. 11, while
no correction is made for the free stream Mach number.
Figure 1 shows the pressure coefficient distributions on
the upper and lower airfoil surfaces from the present
calculations in comparison with experiment data. The
Mach number contours are shown in Figure 2, and the
pressure contours are shown in Figure 3.

It can be seen that the computed results show good
agreement with the experiments. A sharp disconti-
nuity in appearance is achieved successfully for both
shock strength and location. On the lower surface of
the airfoil the pressure is slightly overpredicted. such
a feature is common in almost all the computational
results in Ref. 31. The results shown in Ref. 11 which
also used the pressure-based method have shown bet-
ter agreement with experiments on the lower surface
of this airfoil, but the shock strength and location was
underpredicted.

A another difficulty in this computation with the
exception of shock location, is a proper prediction of
pressure distribution in the transition region on the
upper surface of the airfoil. The presented results show
that the peak at the transition point and at the wavy
pattern of pressure on the upper surface agree very
well with experiments. Just after the transition point,
pressure is slightly overpredicted.

The second case presented corresponds to case 9
of Ref. 20, in which M = 0.73, R. = 6.5 x 10%, and
a = 3.19 deg (uncorrected). The transition location is
at /C = 0.03. The corrected angle of attack is chosen
as @ = 2.80. The Computed pressure coefficient, Mach
number and pressure contours are compared with the
experiment in Figure 4-6. Again, a good agreement
with experiments is achieved for both shock strength
and location. Down stream the transition point, the
wavy pattern of pressure shows a tendency similar to
that in experimental data. It can be seen that the
discrepancy between numerical results and experiments
just after the transition point increases.

The last case referred to as case 10 of Ref.20 is

-0.8 - + Numerical results
o Experiments

0.0 0.5
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Figure 4. Pressure distributions for RAE 2822
case 9, MUSCL scheme

Figure 5. Mach number contours

case 9, MUSCL scheme

Figure 6. Pressure contours,

case 9, MUSCL scheme
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Figure 7. Pressure distributions for RAE 2822
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Figure 10. Pressure distributions for RAE 2822
case 6, hybrid scheme

M = 0.75,R. = 6.2 x 105 and o = 3.19. This
is the most difficult RAE 2822 case, since the shock
wave causes a significant amount of boundary-layer
separation. In this calculation, the corrected angle
of attack is chosen as a = 2.57. Figure 7 compares
computed pressure coefficient distributions with exper-
imental data. Almost all the calculations have overpre-
dicted the shock strength and the location.?!: 2127 The
presented results also show the same tendency. After
the shock on the upper surface of the airfoil the pres-
sure is overpredicted similarly to the results obtained
from any of the density-based methods. This indicates
that the numerical error involved in the pressure-based
method is of comparable order to that in the time-
marching method for this case.

On the other hand, the fact that both pressure-
based and density-based methods overpredict the shock
strength and its location indicates that the discrepancy
between numerical results and experiments in the case
with the strong shock, must be due to modeling er-
rors, most probably in the turbulence model, or exper-
imental uncertainties. The Mach number and pressure
contours are shown in Figures 8 and 9. The transition
location for this calculation is still at /C = 0.03. Tt
can be seen that the pressure in the transition region
is overpredicted. Such an overprediction shows a ten-
dency similar to the results of Refs. 21 and 27, which
also used an one-equation turbulence model near the
wall.

In order to investigate the difference in perfor-
mance between different schemes, hybrid' and second-
order linear upwind schemes (LUDS)?* 35 are also used
for calculating all the cases. Results show that there
are no significant differences between these schemes in
the global results and the pattern of iso-lines of Mach
number and pressure for the moderate shock case 6
and case 9. For case 10 some differences in the shock
location and the pressure peak at the transition region
appear as will be discussed below.

It should be mentioned that some adjustment
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Figure 16. Pressure distributions for case 9
Comparison between LUDS and LUDS /hybrid

schemes

of the constant M,.; in the smoothing function are
needed. In the MUSCL scheme, Ky = 1., M,.; = 1.04
for case 9. In the hybrid scheme Ky = 1., M,.; = 1.06.
And in the upwind scheme Ky = 1., M,y = 1.05. Such
a adjustment indicates that slightly more dissipation is
needed in the MUSCIL scheme. an adjustment of con-
stants like this can be accepted as each scheme includes
different amounts of numerical dissipation. Therefore,
the amount of dissipation needed to be added to the
calculations depends on which scheme will be used.
The pressure coefficient distribution obtained from the
pure hybrid scheme is presented in Figures 10 to 12.
Figures 13 to 15 show the predicted pressure coefficient
distribution from the second-order upwind scheme.

Comparing Figures 1, 4, 7 and Figures 10, 11, and
12, we can see that a similar resolution of negative pres-
sure peak at the transition region has been achieved
with both the hybrid and MUSCL schemes. The hybrid
scheme is significantly better at predicting the pressure
distribution on the lower surface of the airfoil. But the
shock location and the pressure after the shock on the
upper surface of the airfoil are underpredicted a little,
as is shown in the figures.

The unbonded second-order upwind scheme
shows an impressive ability to predict pressure distri-
bution on almost the entire surface of the airfoil in all
cases, except for a slightly retarded prediction of the
shock location in case 10. No numerical stability prob-
lems occur. The most interesting performance of the
second-order upwind scheme is that the scheme can
capture the negative pressure peak at the transition
point in a much better way than the other two schemes.

34,35

As shown in the figures, the negative pressure peak
pierces through experiment data. Considering that the
predicted pressure distribution just after the transition
point follows data with a satisfactory accuracy, this in-
dicates that a sharper peak might be more acceptable
since there is a sharp stimulus at the transition point.

Figure 16 shows the comparison between the re-
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Figure 17. Pressure distributions for case 9
Comparison between MUSCL and LUDS schemes
With same constant, M..; = 1.04

sults obtained from pure second-order upwind scheme
and those from the combination of hybrid scheme for
the k—e¢ equations and second-order upwind scheme for
momentum equations. From this figure we can see that
there is no significant difference between these two com-
putations. The reson for this is fact that k—e equations
are dominated by diffusion and source terms. There-
fore, the choice of a discretization scheme for relatively
small convection terms does not influence the global
calculated flow field much. Nevertheless, the resolu-
tion of the pressure just after the transition point is
lower in the latter computation.

It is noticed that the computational results are not
very sensitive to the numerical constant M,ef. Fig-
ure 17 shows the results from the second-order upwind
scheme with M,.; = 1.04 compared with Figure 14
with M,.; = 1.05. A comparison of MUSCL and LUDS
schemes with the same constant, M,., is also shown in
this figure. The main difference is in the resolution of
the pressure at the transition region. It seems that the
limiter in the MUSCIL scheme, constructed so to make
the scheme bounded in order to avoid non-physical os-
cillations, implicitly introduce too much numerical dis-
sipation in this region where the pressure has a reverse
gradient.

5 Concluding Remarks

A pressure-based method using a k — ¢ turbulence
closure with a one-equation model near the wall has
been used to calculate the turbulent transonic flow over
an airfoil. An implicit nonlinear dissipation model was
successfully used in different schemes to suppress oscil-
lation without smearing the physical discontinuity at
shocks. To substantiate the validity of the proposed
method, three calculations for the airfoil RAE 2822
have been carried out. The computational results ob-
tained from the proposed method, with several second-
order discretized schemes, have shown a good agree-



ment with experimental data compared with density-
based methods. Among the schemes adapted, the
second-order upwind scheme has shown the sharpest
behavior. The pressure on the lower surface obtained
from the MUSCIL and the hybrid scheme was slightly
overpredicted.

One important conclusion that can be drawn from
this work is that an advanced pressure-based method is
also capable of predicting turbulent transonic aerody-
namic flows around airfoils, even though its popularity
is due mainly to its excellent performance in predicting
incompressible turbulent flows. Some improvement in-
cluding convergence acceleration and advanced turbu-
lence modeling should be undertaken for the proposed
method in the future.
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