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ember 13, 2009)The k � "ModelThe k � " is an eddy-vis
osity model. The dimensions of thelaminar (kinemati
) vis
osity � = �=� is [m2=s℄, whi
h alsomust be the dimensions for the turbulent vis
osity. Thus,we 
an write�t / U` [m2=s℄where U and ` denote a turbulent velo
ity and length s
ale,respe
tively. The turbulent length s
ale is taken as thesquare-root of the turbulent kineti
 energy k [m2=s2℄, i.e.�t / pk`For �nding k a transport equation will be used. We 
ouldalso use a transport equation for the turbulent length s
ale`, but it has been found that it is better to solve an equationfor the dissipation " of k. Thus we want to express �t in kand ", i.e.�t = 
�ka"bwhere 
� is a 
onstant to be determined, and where a and bwill be determined by dimensional analysis. The dimensionof " is [m2=s3℄. The dimensions for the above equation mustbe the same on the left-hand and the right-hand side, andthis will give us a and b. The dimensions are:m2s = �m2s2 �a�m2s3 �b :This gives us an equation system with one equation for me-ter ([m℄) and one for se
onds ([s℄), i.e.m : 2 = 2a+ 2bs : �1 = �2a� 3b;LD Chapter 3: Two Equation Models



Lars Davidson: Numeri
al Methods for Turbulent Flowhttp://www.tfd.
halmers.se/gr-kurs/MTF071 83whi
h has the solution a = 2, b = �1. We get the followingexpression for �t�t = 
�k2" ; �tot = � + �t (78)The turbulent kineti
 energy k and its dissipation " aredetermined from their transport equations.From the Navier-Stokes equations we 
an derive an ex-a
t equation for k (below it is given in boundary-layer form):� �Uk�x + � �V k�y = �uv� �U�y � ��y �1�pv + vk0 � ��k�y��� �ui�xj �ui�xj :On the left-hand side: 
onve
tion. On the right-hand side:produ
tion, diffusion and dissipation. The diffusion hasthree parts: due to pressure, velo
ity �u
tuations and vis-
osity.We see that the above equation in
ludes unknown termssu
h as uv, pv and �vk0; the last term in the k equation rep-resents dissipation and it is obtained from its own trans-port equation. The unknown terms must be modelled.� Produ
tion term Pk = ��uv� �U=�y: the shear stress ismodelled in the same way as for the momentum equations,i.e. using Boussinesq assumption so thatPk = �t�� �U�y �2� Diffusion term: for the velo
ity 
orrelations a gradienthypothesis, i.e. we assume that the term transports k fromregions of high k to regions of low k (
f. Fourier's law for
ondu
tion of energy qx = �k�T=�x)vk0 = � �t�k �k�y :LD Chapter 3: Two Equation Models
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an write the modelled k equation� �Uk�x + � �V k�y = ��y ��� + �t�k� �k�y�+ �t�� �U�y �2 � ": (79)An exa
t equation for " 
an be derived, but it is very 
om-pli
ated. From the exa
t equation we do get some informa-tion: as the k equation, the produ
tion term in the " equa-tions in
ludes both mean �ow gradients (su
h as � �U=�y)and turbulent quantities, and the destru
tion term in
ludesonly turbulent quantities. Thus we derive the modelled "equation by looking at the modelled k equation. We writethe right-hand side as��y ��� + �t�"� �"�y�+ 1� (
"1Pk � 
"2") :In the diffusion termwe have simply added a 
onstant whi
hrepresents a turbulent Prandtl number for ". Similarly twoadditional 
onstants have been added for the sour
e terms,one in front of the produ
tion term and one in front of thedissipation (destru
tion) term. Furthermore, a time s
alehas been added to make sure that 
orre
t dimensions arere
overed. This time s
ale should be a turbulent one, and� = k=" [s℄ is a natural 
hoi
e. We 
an now write the mod-elled " equation as� �U"�x + � �V "�y = ��y ��� + �t�"� �"�y�+ "k "
"1�t�� �U�y �2 � 
"2"# :(80)Equations 78, 79 and 80 form the k � " model (see 3.5.2in V & M and Se
tion 3.3 in LD). It in
ludes �ve universal
onstants: 
�, 
"1, 
"2, �k and �".LD Chapter 3: Two Equation Models
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�" equation) 
"1 = fun
f
"2; �"; 
�g� De
aying turbulen
e�Udk=dx = �"�Ud"=dx = �
"2"2=kexp : k / x�m 9>=>;) 
"2 = fun
(m)� �k and �" determined from 
omputer optimizationThe 
� 
onstantIn the log-law of the boundary layer we know from experi-ments that the produ
tion term Pk and the dissipation " inthe k equation are mu
h larger than the other terms (seeSe
tion 3.1 in LD), and 
onsequently the k equation reads0 = Pk � ":This form of the k equation is valid when the turbulen
eis in lo
al equilibrium, whi
h means that transport effe
ts(i.e. the 
onve
tion and diffusion term) are negligible. Theprodu
tion is equal to Pk = �t(� �U=�y)2. Multiply the equa-tion above by �t so that��t� �U�y �2 = �t":The Boussinesq assumption�uv = �t� �U�yLD Chapter 3: Two Equation Models
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osity (Eq. 78) sothat(uv)2 = 
�k2 ) 
1=2� = juvjk :From experiments it is found that in the log-region, theratio between juvj and k is 0:3, whi
h gives 
� = 0:09.The 
"2 
onstantThis 
onstant is obtained from grid-de
aying turbulen
e.Turbulen
e is generated when free �ow (U1) goes througha grid whi
h generates mean-�ow gradients �U=�y; �U=�z,whi
h in turn, via the produ
tion term, generates turbu-len
e. Suf�
iently far downstream the velo
ity �ow is 
on-stant (i.e. the velo
ity gradients are zero), so that the pro-du
tion term in the k and " equations are negligible. Thediffusion terms are also small, and hen
e we 
an write the(modelled) k and " equations asU1dkdx = �"U1 d"dx = �
"2"2k :Let's assume that k de
ays as k = Cx�m. From the k equa-tion we obtain " = CU1mx�m�1. Insert this into the " equa-tion �U1CU1m(m+ 1)x�m�2 = �
"2�CU1mx�m�1�2Cx�m) m(m+ 1)x�m�2 = 
"2m2x�2m�2x�m ;LD Chapter 3: Two Equation Models
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h gives 
"2 = (m + 1)=m. Experiments give m = 1:25�0:06, and 
"2 = 1:92 is 
hosen.The 
"1 
onstantThis 
onstant is obtained by looking at the " equation inthe log-region of a boundary layer, whi
h reads0 = 
"1 "kPk + ��y � �t�" �"�y�� 
"2"2k : (81)Note that in the " equation, the turbulent diffusion term isnot negligible, whereas in the k equation it is. The reason isthat while �k=�y ' 0 in the log region, the derivative of thelength s
ale �`=�y is not negligible. We start by introdu
ingthe usual approximations valid in the log region:Pk = " ' U3` = u3��y�t ' U` = u��y; k = 
�1=2� u2� (82)Let's start with the diffusion term (re
all that �, �" and u�are independent of y)��y � �t�" �"�y� = ��y ��u�y�" ��y �u3��y�� =u4��" ��y �y ��y �1y�� = u4��" ��y �y(�y�2)� = u4��"y2 : (83)Insertion of Eqs. 82 and 83 into Eq. 81 gives0 = (
"1 � 
"2)u3��y 1
�1=2� u2� u3��y + u4��"y2) 
"1 = 
"2 � �2
1=2� �"LD Chapter 3: Two Equation Models
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oef�
ients are: 
� = 0:09,
"1 = 1:44, 
"1 = 1:44, �k = 1, �" = 1:3Wall Fun
tionsIn industrial CFD wall fun
tions are often used. In thisway the CPU time 
an be redu
ed substantially. Using wallfun
tions means that the boundary near a wall is not re-solved, but the �rst node is lo
ated in the log-law regionwhere 30 � y+ � 100 (the upper limit is dependent of theReynolds number). The �ow between the �rst node and thewall is supposed to be as in �at-plate boundary layer �ow.This assumption is often well satis�ed, but it many �owsituations it is not true at all.As mentioned above, the ratio between juvj and k is 0:3.And, furthermore, the total (vis
ous plus turbulent) stressis 
onstant from the wall out into the log-law region (seethe �gure below)
PSfragrepla
ements

y
� �lam �turb�tot
y+ ' 10A wall-fri
tion velo
ity u� is de�ned from the wall-shearstress �w as�w = �u2�;so that u2�=k = 0:3 � p
�. This gives us a 
ondition for k atthe �rst interior node (not the boundary node). The fri
tionLD Chapter 3: Two Equation Models
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ity u� is obtained from the log-law (see Eq. 3.21 in V& M and Se
tion 3.2 in LD)�UPu� = 1� ln(Ey+)where E is a 
onstant, y+ = u�y=�, and �UP denotes the ve-lo
ity 
omponent parallel to the wall, 
omputed with our�nite volume method. The equation is solved by rewritingit so thatu� = � �UPln (Eu�y=�):A few iterations are usually suf�
ient to obtain u�.The boundary 
ondition for " is derived as follows. Asmentioned above, in the log-region we 
an write the k equa-tion as0 = Pk � ":In the log-region we have from experiments that �uv 'u2� (see Fig. 2.1 in LD). The produ
tion term 
an thus bewrittenPk = �uv� �U�y = u2�� �U�y = u3��ywhere the velo
ity gradient was taken from the log-lawabove. In this way the dissipation is set at the �rst inte-rior node as" = u3��yThe velo
ity 
omponent normal to the wall is set to zero.For the 
omponent parallel to the wall we pres
ribe a for
eLD Chapter 3: Two Equation Models
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f. when in the temperature equation the heat �ux is pre-s
ribed rather than the temperature itself). The for
e perunit area is the wall shear stress �w, whi
h should have op-posite sign to the velo
ity 
omponent, see the �gure below(an ex
eption is when the wall is moving, driving the �ow).
PSfrag repla
ementsy��lam�turb�toty+ ' 10 12 �w

U
The wall shear stress is put in the SP part of the sour
eterm (re
all that S = SP�P + SU ; SP < 0)SP = ��wA�UP = ��u2�A�UP = � ��u�Aln (Ey+)where A denotes the wall area of the 
ell; the log-law wasused to obtain the last expression in the above equation.We 
an summarize the wall fun
tions:1. k is �xed at the near-wall node as k = 
�0:5� u2�; the fri
-tion velo
ity u� is obtained from the log-law2. " is �xed at the near-wall node as " = u3�=(�y)3. The wall shear stress is used as a for
e-boundary 
on-dition for the velo
ity 
omponent parallel to the wall.The k � ! ModelThe k � ! model is a another two-equation model whi
h isbe
oming more and more 
ommon. This model was origi-LD Chapter 3: Two Equation Models
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ox [8℄. In this model the k equationis used together with an ! equation. The variable ! is de-�ned as! = "��k;and its exa
t transport equation is derived from the exa
tk and " equations (see Peng [5℄). As 
an be seen from thede�nition of ! its physi
al meaning is an inverse time s
ale([s�1℄). The k � ! model reads in boundary layer form (seeSe
tion 3.4 in LD)�� �Uk�x + �� �V k�y = ��y ���+ �t�!k � �k�y�+ �Pk � ���!k�� �U!�x + �� �V !�y = ��y ���+ �t�!� �!�y �+ !k � (
!1Pk � 
!2k!)The turbulent vis
osity is obtained from�t = k!:

LD Chapter 3: Two Equation Models


